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A CLASS FORMULA FOR L-SERIES IN POSITIVE
CHARACTERISTIC

by Florent DEMESLAY

ABSTRACT. — We prove a formula for special L-values of Anderson modules,
analogue in positive characteristic of the class number formula. We apply this
result to two kinds of L-series.

REsuME. — Nous prouvons une formule pour les valeurs spéciales des séries L
associées aux modules d’Anderson, cette formule étant un analogue de la formule
analytique du nombre de classes. Nous appliquons nos résultats & deux types de
fonctions L.

1. Introduction

Let F, be a finite field with ¢ elements and # an indeterminate over F,,.
We denote by A the polynomial ring F,[6] and by K the fraction field of A.
For a A-module M having a finite number of elements, we denote by [M]4
the monic generator of the Fitting ideal of M. The Carlitz zeta value at a
positive integer n is defined as

1 _
Caln)i= D = € Koo = Fo((671)),
a€A
where A, is the set of monic polynomials of A.

The Carlitz module C is the functor that associates to an A-algebra
B the A-module C(B) whose underlying [F -vector space is B and whose
A-module structure is given by the homomorphism of F,-algebras

©Yc A— End[pq (B)
0— 0+,
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1150 Florent DEMESLAY

where 7 is the Frobenius endomorphism b — b%. Similarly, we denote by
Lie(C) the functor where the A-module structure is given by scalar mul-
tiplication. For P a prime of A (i.e. a monic irreducible polynomial), one
can show (see [8, Theorem 3.6.3]) that [C(A/PA)]a = P — 1. Thus

1\ ! Lie(C)(A/PA
o I (-3) I S

P prime P prime

Recently, Taelman [11] associates, to a Drinfeld module ¢ over the ring
of integers R of a finite extension of K, a finite A-module called the class
module H(¢/R) and an L-series value L(¢/R). In particular, if ¢ is the
Carlitz module and R is A, thanks to (1.1), we have

L(C/A) = Ca(1).

These objects are related by a class formula: L(¢/R) is equal to the product
of [H(¢/R)]a times a regulator (see [11, Theorem 1]).

This class formula was generalized by Fang [7], using the theory of
shtukas and ideas of Vincent Lafforgue, to Anderson modules over A, which
are n-dimensional analogues of Drinfeld modules. In particular, for C®",
the n* tensor power of the Carlitz module, introduced by Anderson and
Thakur [2], we have

L(C®"/A) = Ca(n)

and this is related to a class module and a regulator as in the work of
Taelman.

On the other hand, Pellarin [9] introduced a new class of L-series. Let
t1,...,ts be indeterminates over C,,, the completion of a fixed algebraic
closure of K. For each 1 < i <'s, let x¢, : A — Fylt1,...,ts] be the F,-
linear ring homomorphism defined by x¢,(0) = ¢;. Then, Pellarin’s L-value
at a positive integer n is defined as

L Xt (@) xt,(a)
L(th .. -th7’r[,) = Z — S Fq[tl, . ,ts] ®Fq K.

a
a€Ay

In this paper, we prove that these series are naturally attached to some
Anderson module (see Section 4.2) and that a class formula (Theorem 2.9)
links these series to a class module a la Taelman [11]. Let us describe briefly
our main result (Theorem 2.9).

Let L be a finite extension of K and L o := L&k Fy(t1,...,ts)((071)).
Let 7 be the continuous F,(t1,...,ts)-endomorphism such that 7(x) =
z? for all x € L @k Fy((071)). For all n > 1, we naturally extend 7 in
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A CLASS FORMULA FOR L-SERIES IN POSITIVE CHARACTERISTIC 1151

a Fy(t1,..., ts)-algebra endomorphism of My (Lsoo) @ T((aij)i<ijn) =
(7(aij)1<ij<n)s @iy € Ls,00- We set

Ry :=TFy(t1,...,t)[0] ~ A®p, Fy(ty,.. . ts),

and let Rr s be the integral closure of R, in L(ty,...ts) (Rrs ~ O ®F,
F,(t1,...,ts) where Oy is the integral closure of A in L).

We recall that an Anderson t-module v is in particular a morphism
of Fg-algebras A — M, (F){r} where F is a F,-algebra equipped with a
structure of A-module and where V z € F,7(x) = x%. In the case where
F = L is a finite extension of K and ¢ : A — M, (Or){7}, Taelman ([11])
and Fang ([7]) proved an “analytic class number formula” for its associated
L-series. In this article, we will replace A by R, O, by Ry, s, and we will be
interested by a variant of Anderson modules and their associated L-series
in this context. More precisely, let ¢ be an “Anderson module” defined
on Ry g, i.e. a morphism of Fy(t1,...,ts)-algebras ¢ : Ry — M, (R s){7}
for a certain integer n such that

¢(0) = 01, + Ny mod 7, with Ny € M, (R ) verifying Ng = 0.

If B is an Ry, s-algebra, we denote by ¢(B) the F,(t1,. .., ts)-vector space
B™ of column vectors with coeflicients in B equipped with the Rs;-module
structure induced by ¢. We also define Lie(¢)(B) as the Fq (1, . .., t5)-vector
space B™ whose Rs-module structure is given by

0-b=(0I,+ Ny)b for all b € Lie(¢)(B).

According to the work of Taelman [11], we can associate to this object the
infinite product

L(¢/RL,s) = H [Lie(¢)(Rr.s/mRBL.s)|R,

[6(Rr,s/mRL s)|R,

where m runs through maximal ideals of Oy, the integral closure of A in L

and, if M is a finitely generated and torsion Rs-module, [M]g, is the monic
generator of the Fitting ideal of the R; module M. This product converges
to an element of 1+ 07'F,(t1,...,t:)(()) (see Proposition 3.5).

For example, if L = K and ¢g = 0 + (t; — 0) --- (ts — )7, we have (see
Propositions 4.10 and 4.13)

L(¢/R,) = Z th(a)"n'th(a)'

a€AL a
Thus, we recover L-series introduced by Pellarin in [9] and we have an equal-
ity in the manner of (1.1). The interest of these series, as they are in the
Tate algebra in s indeterminates t1, ... ,ts with coefficients in Fy((071)), is
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1152 Florent DEMESLAY

that we can evaluate them specializing t1, ..., ts in elements of the algebraic
closure of IF,. Such specializations give us special values of Dirichlet-Goss
L-series (see for example [4]).

Let us return to the general case and let ¢ be an Anderson module
over Ry, s. There exists a unique series expy, € Mp(L(t1,...,ts)){{7}} such
that

expy (01, + Ng) = ¢(0) exp,, -

Moreover, exp, converges on Lie(¢)(Ls o) (Proposition 2.5). Then, we set

U(¢p/RL.s) := {x € Lie(¢)(Ls,00), exp¢(:1c) € Lie(gb)(RLts)}

_ Lie(6) (Ls.cc)

Lie(¢)(RL,s) + expg (Lie(¢)(Ls,00))
We show that U(¢/Ry s) is an Rs-lattice in Ly o and that H(¢/Ry ) is a
finitely generated Rs-module and a torsion Rg-module (Proposition 2.8). If
s = 0, these objects coincide with unit module and class module introduced
by Taelman in [11]. As U(¢/Rp s) and Ry, ¢ are two Rg-lattices in Lg o,
we can define a “regulator” (see Section 2.3)

[Rrs:U(¢/Rrs)lr, € Fylty, .., t:)((071)".

Inspired by ideas developed by Taelman in [11], we prove that we have the
class formula

L(¢/Rrs) = [Rrs : U(¢/RLs)r. [H(¢/RL s)R,-

In particular, for s = 0, we recover Theorem 1.10 of [7]. Note also that a
weak version of this class formula play a significant role in [4]. We mention
that one could work with a Fg-algebra k instead of Fy(t1,...,ts), in that
case one should replace R, by A®r, k, Ry s by Op ®r, k, Ls o by (L ®F,
Fo((671))) ®r, k and 7 : L ®p, Fo((071)) — L @, Fo((071)),z — 27 by
7 ® 1. However, for the arithmetic applications we had in mind, we have
focused on the case k = Fy(t1,...,1s).

Finally, let a € A be squarefree and L be the cyclotomic field associated
with a, i.e. the finite extension of K generated by the a-torsion of the
Carlitz module. It is a Galois extension with group A, ~ (A/aA)*. Let
x: (A/aA)* — F* be a homomorphism where F is a finite extension of F,.

and H(¢/Rps):

The special value at a positive integer n of Goss L-series associated to x is
defined as

b
L(n,x) = Z % € F®p, Koo,
beA,

where b is the image of b in (A4/aA)*. Combining the techniques used to
prove Theorem 2.9 and ideas developped in [5, Section 8], we give some new

ANNALES DE L’INSTITUT FOURIER



A CLASS FORMULA FOR L-SERIES IN POSITIVE CHARACTERISTIC 1153

information on the arithmetic of the special values of these Dirichlet—Goss
L-series L(n,x). We can group all the L(n, x) together in one equivariant
L-value L(n,A,). Then, we prove an equivariant class formula for these
L-values (see Theorem 4.16), generalizing that of Anglés and Taelman [5]
in the case n = 1.

Acknowledgements

The author sincerely thanks Bruno Angles, Lenny Taelman and Floric
Tavares Ribeiro for fruitful discussions and useful remarks. He also thanks
the referees for several useful remarks and suggestions.

2. Anderson modules and class formula

Let I, be the finite field with g elements and 6 an indeterminate over Fj,.
We denote by A the polynomial ring F,[0] and by K the fraction field
of A. Let co be the unique place of K which is a pole of # and v, the
discrete valuation of K corresponding to this place with the normalization
Voo(f) = —1. The completion of K at oo is denoted by K. We have
Ko = Fy((671)). We denote by Co a fixed completion of an algebraic
closure of K. The valuation on C., that extends v, is still denoted by v.

Let s > 0 be an integer and t1,...,ts; indeterminates over C,,. We set
ks :=TFy(t1,... ts), Rs := ks[0], Ks := ks(0) and Ky o := ks((67")). For
f € Cxltyy ..., ts] a polynomial expanded as a finite sum

= Z ail:--<7istil to tisa
Tl genny is €EN

with o, ... € Cy, we set
Voo (f) = inf{voo(aihm,is) | i1y...,05 € N}.

For f € Cuool(ty,...,ts), there exists g and h in Cylt1,...,ts] such that
f = g/h, then we define vo (f) := Vo0 (g) Voo (h). We easily check that v., is
a valuation, trivial on ks, called the Gauss valuation. For f € Cyo[t1, ..., ts],
we set || floo := ¢ V=) if f # 0 and [|0]|c = 0. The function | - ||« is called
the Gauss norm.

We denote by Cy o the completion of Co(t1,. .., ts) with respect t0 voo.

TOME 72 (2022), FASCICULE 3



1154 Florent DEMESLAY

2.1. Lattices

Let k be a field of characteristic ¢ and 6 be an indeterminate over k. We
set R := k[f] and F := k((6~')). We equipped R with the discrete valuation
v trivial on k£ and normalized such that v(f) = —1. This valuation extends
naturally to F and, for f € F, we set |f| = ¢~ ) if f # 0 and |0 = 0.

Let V be a finite dimensional k-vector space and || - || be a norm on V
compatible with |- | on F,ie.: Yo e V,V f € F, || fv]| = |f]||v]]. For r > 0,
we denote by B(0,r) := {v € V| ||v|| < r} the open ball of radius r, which
is a k-subspace of V.

DEFINITION 2.1. — A sub-R-module M of V is an R-lattice of V if it
is free of rank n and the F-vector space spanned by M is V.

We can characterize these lattices.

LEMMA 2.2. — Let V be a F-vector space of dimension n > 1 and M
be a sub-R-module of V. The following assertions are equivalent:
(1) M is an R-lattice of V;
(2) M is discrete in V' and every open subspace of the k-vector space
V/M is of finite co-dimension.

Proof. — Let us suppose that M is an R-lattice of V| i.e. there exists a
family (eq,...,e,) of elements of M such that

M= éRei and V = éFei.
i=1 i=1

Any element v of V can be uniquely written as v = >, v;e; with v; € F.
Then, we set ||v|| := max {|v;| | ¢ =1,...,n}. Since R is discrete in F, this
implies that M is discrete in V. Now, let m > 0 be an integer. We have

n

B(0,g™) =P o k[0 e

i=1

In particular, we have V.= M ¢ B(0,1) and
B(0,g7™)
dimy, ———~-=n
" B0, 1)
This implies that every open k-subspace of V/M is of finite co-dimension.
Reciprocally, let us suppose that M is discrete in V' and every open

subspace of the k-vector space V/M is of finite co-dimension. Let W be

ANNALES DE L’INSTITUT FOURIER
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the F-subspace of V' generated by M and m be its dimension. There exist
€1,...,6m in M such that

W = éF@Z
i=1
Set
N =P Re;.
i=1

This is a sub-R-module of M and an R-lattice of W. In particular, M/N
is discrete in W/N. Since any open k-subspace of W/N is of finite co-
dimension, we deduce that M /N is a finite dimensional k-vector space. This
implies that M is a finitely generated R-module, and therefore, since R is a
principal ideal domain, we conclude that M is a free R-module of rank m.
Finally, observe that, if m < n, V/M can not satisfy the co-dimensional
property and thus W =V. g

In Section 2.3, we will introduce some R -lattices needed for the state-
ment of the class formula.

2.2. Anderson modules and exponential map

Let L be a finite extension of K, L C C,. We define Ry ; to be the
subring of Ly := L(t1,...,ts) generated by ks and Op, where Oy, is the
integral closure of A in L. We set Ly := L ®x K o0. This is a finite
dimensional K o-vector space. We denote by S (L) the set of places of
L above co. For a place v € Sx (L), we denote by L, the completion of L
with respect to v. Let 7, be a uniformizer of L, and F,, be the residue field
of L,. Then, we define Lg,, = F,(¢1,...,ts)((7,)) viewed as a subfield of
Cs,00- Let’s observe that L, , is the completion of L, for the Gauss norm
attached to v. We have an isomorphism of K ..-algebras

Lo~ [] Lsw
veSs (L)

Observe that Ry, s is an R,-lattice in the K o-vector space L .
Let 7: C5 o0 — Cy,o0 be the morphism of ks-algebras given by the g-
power map on Cg.

LEMMA 2.3. — The elements of C, o, fixed by T are those of k.

TOME 72 (2022), FASCICULE 3



1156 Florent DEMESLAY

Proof. — Obviously, ks C (Cfol) Reciprocally, observe that (C;ié C{fe
Cs.00 | Voo (f) = 0}. But we have the direct sum of Fy[r]-modules

{fe Cs,00 |veo (f) = 0} :Fu(tla-~-ats) ©{fe Cs,00 | Voo (f) > 0} .
Since F, (t1,...,ts)"~ = k,, we get the result. d
The action of 7 on Ls oo = L @i K, « is the diagonal one 7 @ 7.

As Rs = ks[0], a morphism of ks-algebras is entirely defined by the image
of 6.

DEFINITION 2.4. — Let r be a positive integer. An Anderson module F
over Ry, ; is a morphism of k,-algebras

gf)El Rg — Mn(RL,S){T}

0— ZAjTj
§=0
for some Ao, ..., A, € My(Ry,s) such that (A9 — 01,)" = 0.

These objects are usually called abelian t-modules as in the terminology
of [1] but, to avoid confusion between ¢ and the indeterminates ¢y,...,ts,
we prefer called them Anderson modules. Note also that Drinfeld modules
are Anderson modules with n = 1.

For a matrix A= (a;;) € M,,(Cs ), We set oo (A) :=min; < j<n{voo(aij)}
and 7(A) := (7(a;;)) € Myp(Cs 00)-

PROPOSITION 2.5. — There exists a unique skew power series expp :=
> iso €7’ with coefficients in M, (Ls) such that
(1) eg = Iy;
(2) expp Ao = ¢p(0) expg in My (Ls){{7}};
(3) lim; oo qu(fj) = +o0.
Proof. — See [1, Proposition 2.1.4]. O

Observe that expy is locally isometric. Indeed, by the third point,

¢ := sup <_U.°°(€j))
21\ @ —1

is finite. Then, for any = € LY , such that v (x) > ¢, we have

Voo go e; T (x)—x | = IJn>1111 (voo(ej) + q]voo(as)) > Voo ().
Jz

If B is an Ry, s-algebra together with a F,(1,...,ts)-linear endomor-
phism 75 : B — B such that 75(rb) = 7(r)75(b) for allr € Ry, s and b € B.

ANNALES DE L’INSTITUT FOURIER
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We denote by E(B) the ks-vector space B™ equipped with the structure of
Rs-module induced by ¢g. For example, if n = 1 and ¢(6) = 6 + 7, then
the action of 8 on B is given by 6.b = 0b+ 15(b).

We can also consider the tangent space Lie(E)(B) which is the ks-vector
space B™ whose Rs;-module structure is given by the morphism of k-
algebras

0: Ry — M,(RL )
0 — Ao.

In particular, by the previous proposition, we get a continuous Rg-linear
map

expg: Lie(E)(Ls,o0) — E(Ls,c0)-

2.3. The class formula

In this section, we define a class module and two lattices in order to state
the main result.

LEMMA 2.6.
(1) A =09"1, ;
(2) infjez (voo(AY) + j) is finite.
Proof. — See [7, Lemma 1.4]. O

. A7
jzm a; Ao
converges in M,,(Ls ). Thus, O can be uniquely extended to a morphism
of ks-algebras by

By the second point, for any a; € ks and m € Z, the series )

0: Ksoo — Mp(Ls,oo)
1 .

D aig— > aA”

jzm jzm
where a; € ks and m € Z. Then, Lie(E)(Ls o) inherits a K o-vector
space structure. Observe, by the first point of the lemma, that, for any f €
ko((6=9")), we have O(f) = fI,, i.e. the action is the scalar multiplication
for these elements. In particular, we get an isomorphism Lie(E)(Ls o) =
L} as ks((0~9"))-modules. We deduce that Lie(E)(Ls ) is a ks((079"))-
vector space of dimension ng"”, so of dimension n over K o.

PROPOSITION 2.7. — The Ry-module Lie(E)(Ry s) is an Rs-lattice of
Lie(E)(Ls,00)-

TOME 72 (2022), FASCICULE 3



1158 Florent DEMESLAY

Proof. — By the first point of the previous lemma, Lie(E)(RL s) and
R} , are isomorphic as k; [07"]-modules. Thus, Lie(E)(Ry ) is a finitely
generated k[0 ]-module. On the other hand, the action of an element
a € Ry is the left multiplication by al,, + N where N is a nilpotent matrix.
Since al,, + N is an invertible matrix, Lie(E)(RL s) is a torsion-free R,-
module. Moreover, the k,((6~%"))-vector space generated by Lie(F)(Ry ;)
and K o is LY o, = Lie(E)(Ls o). Therefore, Lie(E)(RL ) is a free R,-
module of finite rank. Looking at the dimension as K-vector space, the
rank is necessarily n. O

PROPOSITION 2.8.
(1) Set
E(Ls )
expp(Lie(E)(Ls,)) + E(RLs)

This is a finite dimensional k4-vector space, thus a finitely generated

H(E/RLs) =

Rs-module and a torsion Rs-module, called the class module.
(2) The Rs-module expy' (E(Ry s)) is an Rg-lattice in Lie(E)(Ry ).

n
5,00

Proof. — Let V be an open neighbourhood of 0 in L
acts as an isometry and such that expy (V) = V. We have a natural sur-

on which expp

jection of ks-vector spaces
n
Ls,oo

e — H(E/RL..)
L,s

By Proposition 2.7, the left hand side is a finite dimensional k,-vector space,
hence a fortiori H(E/Ry, ) is as well.

Now, let us prove that exp,' (E(Ry s)) is an R,-lattice in Lie(E)(Lg ).
Since the kernel of exp and Lie(E)(Ry, ) are discrete in Lie(E)(Ls, o), S0
is expp' (E(RL.s)). Let V be an open neighbourhood of 0 on which expp,
is isometric and such that expz (V) = V. The exponential map induces a
short exact sequence of k,-vector spaces

Lie(E)(Lsoc)  expg E(Laoo)
expp' (E(Rps))+V  B(RLs)+V
Since the last two ks-vector spaces are of finite dimension, the first one is

of finite dimension too; thus exp;'(E(Ry s)) satisfies the co-dimensional
property. O

0— — H(E/RL,s) — 0.

An element f € K; o is monic if
1 1
f= o + E miﬁa

i>m

ANNALES DE L’INSTITUT FOURIER
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where m € Z and x; € k. For an Rs-module M which is a finite dimensional
ks-vector space, we denote by [M]g, the monic generator of the Fitting
ideal of M.

Let V be a finite dimensional K -vector space. Let M; and My be two
Rs-lattices in V. There exists 0 € GL(V') such that o(M;) = M. Then,
we define [M; : Ms]g, to be the unique monic representative of k) deto.

The aim of the next section is to prove a class formula a la Taelman for
Anderson modules:

THEOREM 2.9. — Let I/ be an Anderson module over Ry, 5. The infinite
product

Lie(F RLs ITLRLS R,
11 [Lie(E)(Ry,s/mRL )]

L(E/RLs) = [E(RL,s/mRL s)|R,

m maximal
ideal of Op,

converges in K, .. Furthermore, we have

L(E/Rys) = [Lie(E)(Re,s) : expp' (E(Rr.s)|r,[H(E/RL 5], -

3. Proof of the class formula

The proof is very close to ideas developed by Taelman in [11] so we will
only recall some statements and point out differencies.

3.1. Nuclear operators and determinants

Let k be a field and V' a k-vector space equipped with a non-archimedean
norm | - ||. Let ¢ be a continuous endomorphism of V. We say that ¢ is
locally contracting if there exist an non empty open subspace U C V
and a real number 0 < ¢ < 1 such that ||¢(u)|| < c||lu|| for all u € U.
Any such open subspace U which moreover satisfies p(U) C U is called
a nucleus for ¢. Observe that any finite collection of locally contracting
endomorphisms of V' has a common nucleus. Furthermore if ¢ and ¢ are
locally contracting, then so are the sum ¢ + 1 and the composition ¢.

For every positive integer N, we denote by V[Z]/ZN the k[Z]/Z"-
module V®@,k[Z]/ZN and by V[Z] the k[Z]-module V[Z] ::@V[[Z]]/ZN
equipped with the limit topology. Observe that any continuous k[Z]-linear
endomorphism ®: V[Z] — V[Z] is of the form

P = Z(pnzn7

n=0

TOME 72 (2022), FASCICULE 3



1160 Florent DEMESLAY

where the ,, are continuous endomorphisms of V. Similarly, any continuous
k[Z]/Zm™-linear endomorphism of V[Z]/Z" is of the form

N-1
Z onZ".
n=0

We say that the continuous k[Z]-linear endomorphism ® of V[Z] (resp. of
V[Z]/Z"N) is nuclear if for all n (resp. for all n < N), the endomorphism
wn of V is locally contracting.

From now on, we assume that for any open subspace U of V, the k-vector
space V/U is of finite dimension.

Let @ be a nuclear endomorphism of V[Z]/Z™. Let U; and U, be com-
mon nuclei for the ¢,, n < N. Since Proposition 8 in [11] is valid in our
context,

detyzy/zv (1+@ | V/U; @ k[2]/2N) € k[ 2]/ 2V
is independent of 7 € {1,2}. We denote this determinant by
detypzp/zy (L+@ | V).

If ® is a nuclear endomorphism of V[Z], then we denote by detypz(1+ @ |
V) the unique power series that reduces to detyz1/z~ (1 + @ | V') modulo
ZN for every N.

Note that Proposition 9, Proposition 10, Theorem 2 and Corollary 1
of [11] are also valid in our context. We recall the statements for the con-
venience of the reader.

PROPOSITION 3.1.

(1) Let ® be a nuclear endomorphism of V[ Z]. Let W C V be a closed
subspace such that ®(W[Z]) C W[Z]. Then ® is nuclear on W[Z]
and (V/W)[Z], and

detk[[z]](l +o|V)= detk[[zﬂ(l +o | W) detk[[z]](l + o | V/W).

(2) Let ® and ¥ be nuclear endomorphisms of V[ Z]. Then (14 ®)(1+
W) — 1 is nuclear, and

THEOREM 3.2.

(1) Let ¢ and v be continuous k-linear endomorphisms of V' such that
w, ey and Y are locally contracting. Then

ANNALES DE L’INSTITUT FOURIER
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(2) Let N > 1 be an integer. Let ¢ and v be continuous k-linear endo-
morphisms of V such that all compositions o, o, P, p?, etc. in @

and v, containing at least one endomorphism ¢ and at most N — 1
N—1

endomorphisms 1, are locally contracting. Let A = Y " v, Z"
such that
1-Q1 Z
1+A:—( + )Y mod ZV.
1—¢(1+¢)Z

Then A is a nuclear endomorphism of V[Z] and
detyz(1+ A |V)=1 mod Z"V.

3.2. Taelman’s trace formula

Let L be a finite extension of K and E be the Anderson module given by
¢: Ry — M, (Rp s){r}

01—y AT
=0
for some Ag,...,A, € M,(RLs) such that (49 — 0I,)" = 0. Let
M, (Ryp s){7}[Z] be the ring of formal power series in Z with coefficients
in M, (R s){7}, the variable Z being central.

We set
©:=Y (99— ¢9)0y ' Z" € My(Rps){7}[Z].
n>1
LEMMA 3.3. — Let m be a maximal ideal of Oy, In K , the following
equality holds:

[Lie(E)(RL,s/mRL )R,
[E(RL,s/mRL )R,
Proof. — We have:

=dety 177 (1+© | (RL,s/mRL,s)n)il | 7—g-1.

1

0= (1—%2)@—

1.

Furthermore:

[Lie(E)(RL,s/mRL )R,
= detks[z—l] (271 — g | (RL7S/mRL7s)” Rk, ks[Zil]) |Z*1:97

[E(RLs/mRrL )R,
=dety (z7-11 (27" — ¢g | (Rp,s/mRLs)" @, ks[Z7M]) |7-120.
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Now:

detkS[Z_l] (Zfl — Op | (RLys/mRL,s)" Rk, kS[Zfl])

dety,(z-1)(Z71 = ¢o | (Rr,s/mRLs)" @y, ks[Z7])
dety,z)(1 =99 Z | (Rp,s/mRL )" ®p, ks[Z])
- detks[z] (1—¢oZ | (Rr,s/mRL s)" ®p, ks[Z])’

and:
detkS[Z] (1—-007 | ((RLVS/mRLS)" Q. ks[Z])
dety, (7] (1 — ¢oZ | (Rp,s/mRLs)" @k, ks[Z])
=dety, [z (1 +© | (Rp/mRy )™) .

Thus:
dety, (z-1 (271 — 09 | (Rp,s/mRL )" @k, ks[Z7]) | 2120
dety,(z-1] (Z71 = ¢o | (Ri,s/mRLs)" @k, ks[Z71]) [z-120
= dety 1z (1 +© | (Rps/mRL)™) " |zmp-1. O

Let S be a finite set of places of L containing S, (L). Denote by Og the
ring of functions regular outside S. In particular O, C Og. Let Rg s be
the subring of Ls generated by Og and ks. For example, if S = S (L), we
have Rs s = Rp, .

Let p be a maximal ideal of O, which is not in S. The natural inclusion
O = Og induces an isomorphism Ry s/pRrs — Rss/pRss. By the
previous lemma, we obtain

[Lle(E)(RL s/pRLAs)]R‘ -1
3.1 ’ ’ 5 — det 1+ 0 | (Rs.s/pPRs s n .
(31 [E(RL,s/pRL,s)|R, et 21 (1+ O (Rs,s/pRss)") | 7
Let v, de notes the p-adic Gauss valuation on L[t1,...,ts], i.e.
3 NED DI TR NS G B
i150ris EN 10esta

where v, is the normalized p-adic valuation on L. Then v, extends to a
valuation on Ly and we denote by Lg, the completion of L, for the p-
adic valuation vp. Denote by Oj , the valuation ring of Ly ,. By the strong
approximation theorem, for any n > 0, there exists m, € L such that
vp(mp) = —n and v(m,) > 0 for all v ¢ S Up. Thus, we have

(3.2) Ls,p = Os’p + RSU{p},s and RS,s = Os’p n RSU{p},s-

Finally, denote by Ls g the product of the completions of L with respect
to places of S. For example, if S = S (L), we have Ls s = Ly oo.
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Recall that Rg . is a Dedekind domain, discrete in L, g and such that ev-
ery open subspace of Ly g/Rg s is of finite co-dimension. Observe also that
any element of M, (Rgs s){7} induces a continuous ks-linear endomorphism
of (Ls,s/Rs,s)™ which is locally contracting. In particular, the endomor-
phism © is a nuclear operator of (Ls s/Rs.s)"[Z].

LEMMA 3.4. — Let p be a maximal ideal of O, which is not in S. Then
LssxLsp \"
det, 2] (1 +6‘ ( Rsuipy,s ) )
Les\"

Proof. — The proof is the same as that of Lemma 1 of [11], using equal-
ities (3.2). O

dety, 21 (1 +© [ (Rss/pRs,s)") =

PROPOSITION 3.5. — The following equality holds in K o:
L(E/Rps) = dety, 171 (1 4+ O | (Lso0/RL,s)") | 7=0-1-
In particular, L(E/Ry, s) converges in K .
Proof. — By Lemma 3.3, we have

L(E/RLs) = Hdetks[[z]] (1+© | (Rps/mRp)™) " | 701,

where the product runs through maximal ideals of Op. Fix S D So (L) as
above (the case S = Sy (L) suffices). By equality (3.1), we have

[ detr.iz1 1+ 0O | (Rpo/mR )™~
m
=[] detijz1 1+ © | (Rss/mRs)") ",
m
where the products run through maximal ideals of Oy, which are not in S.

Define Sp n as in [11]. It suffices to prove that for any 1+ F € Sp v,
the infinite product

RS S "
det v+ F ;
H ety [2]/z ( + ‘(mRs,s) )

m¢S\Se (L)
converges to
ny\ —1
Ls S
det 1+ F| (== .
el [2]/2N < + ’ <R5,3> >
Let my, ..., m, be the maximal ideals of O, which are not in S and such

that m; Rg  is a maximal ideal of Rg s verifying dimy, Rss/m;Rs s < D.
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Applying successively Lemma 3.4 to Rs s, Rsu(m,},s» BsU{m1,ms},s» €C,
we obtain the following equality:

Les\" Rss \"
dety, 2] <1+F’ <R375> )Hdetksﬂzﬂ <1+F’ (mRSQ > >

Lgs X L, X+ X Lgm, \"
= defi, 2] <1 +F’ < RSU{ni m,} ) )
1s000,Myp g, S

Rs, \"
X H detksﬂz]] (1—|—F‘ (ml‘ti) >

m#my,...,m,

This allows us, replacing Rs s by Rsu{m;,...,m,},s> t0 suppose that Rg s has
not maximal ideal of the form mRg ; with m maximal ideal of O, which is
not in S such that dimy, Rss/mRs s < D. Then, we can finish the proof
as in [11]. d

,,,,

3.3. Ratio of co-volumes

Let V be a finite dimensional K o-vector space and || - || be a norm on
V' compatible with || - |lcc on K, o. Let My and Mo be two Rs-lattices in
V and N € N. A continuous ks-linear map v: V/M; — V/Ms is N-tangent
to the identity on V if there exists an open ks-subspace U of V such that

(1) UﬁMl = UﬂMg = {O},

(2) ~ restricts to an isometry between the images of U;

(3) for any u € U, we have ||y(u) — ul| < ¢ V||ul.
The map = is infinitely tangent to the identity on V if it is N-tangent for
every positive integer N.

PROPOSITION 3.6. — Let v € M,,(Ls){{7}} be a power series conver-
gent on L" __ with constant term equal to 1 and such that v(M;) C M.

5,00

Then vy is infinitely tangent to the identity on LY .

Proof. — See [11, Proposition 12]. O
For example, by Proposition 2.5, the map
Lie(F)(Ls o E(L;
oy LB Lece) | E(Luce)

expy (E(RL.s)) E(Rp,s)

is infinitely tangent to the identity on LY .
Now, let H; and Hy two finite dimensional ks-vector spaces which are
also Rs;-modules and set N; := % x H; for i = 1,2. A ks-linear map
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~v: N1 — Ny is N-tangent (resp. infinitely tangent) to the identity on V' if
the composition

v 5 V
— — N — N —
M, ! 2T My
is so. For a ks-linear isomorphism v: N; — N, we define an endomorphism
1—~"1opvZ 1 1
Yy 1 _ a@Z Z( 0 ’Y 97)

i>1
of N1 [[Zﬂ

PROPOSITION 3.7. — If~ is infinitely tangent to the identity on V', then
A, is nuclear and

[Ha]r,
“[Hi]r,

Proof. — See [11, Theorem 4]. O

dety, [z7(1 + Ay | N1)|z=p-1 = [M;1 : Ma]R

3.4. Proof of Theorem 2.9

By Theorem 3.5, L(E/Ry, ) converges in K o, and
L(E/RL,S) = detks[[Zﬂ (1+6 | (Ls,OO/RL,S)n) ‘Z=0*1~
The exponential map expy induces a short exact sequence of Rg;-modules
Lie(E)(Lone) . ElLys)
expp' (E(RL,s)) E(Rp,s)
By Proposition 2.8, the ks-vector space H(E/Ry ) is of finite dimension.
Moreover, since the Rs-module on the left is divisible and R; is principal,

the sequence splits. The choice of a section gives rise to an isomorphism of
R,-modules

0— — H(E/Rp ) — 0.

Lie(E)(Ls,00)

expy (B(RL.s))

This isomorphism can be restricted to an isomorphism of k¢-vector spaces
~ Lie(E)(Ls )

~expy (B(RL,s))

Observe that v corresponds with the map induced by expp. By Proposi-
tion 3.6, the map + is infinitely tangent to the identity on Lf .. By the

« H(E/Rp4) ~ 7?; ((;Lw))

~ Ly \"
x H(E/Ry,.,) > () .
RL,S
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second point of Proposition 2.5, we have expg Oy expgl = ¢y, hence the

equality of ks[Z]-linear endomorphisms of (%Lm) 1Z]:
1—~v00y 12
1 (—) = —-—m—m—t—mm—— e —
- - 0,7

Thus, by Proposition 3.7, we obtain

detks[[zﬂ(]. + O | (Lspo/RL,s)n)'Z:Q_l
= [Lie(E)(Rp,s) : expp' (B(Rps))|r,[H(E/RrL )R, -

This concludes the proof.
4. Applications
4.1. The n'* tensor power of the Carlitz module

Let o be a non-zero element of R,. Let E, be the Anderson module
defined by the morphism of ks-algebras ¢: Ry — M, (Rs){7} given by

$9 = 0p + NaT,
where
6 1 --- 0 0 -+ - 0
Og = 0 R and N, =
| 0
o --- 0 4 a 0 0
In other words, if *(z1,...,z,) € C!_, we have
Ox1 + 2

917”_1 +

n Oz, + at(xy)

The case o = 1 is denoted by C®", the n'" tensor power of Carlitz
module, introduced in [2]. In this section, we show that the exponential

map associated to C®™ is surjective on C{ o and we recall its kernel.
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4.1.1. Surjectivity and kernel of expcen

By Proposition 2.5, there exists a unique exponential map expsen asso-
ciated with C®™ and by [2, Section 2], there exists a unique formal power
series

logeen = ZPiTi € M, (Cs 00){{7}}
i>0
such that Py = I,, and logcen C?" = 0Oplogoen. These two maps are in-
verses of each other, i.e. we have the equality of formal power series

logcen €Xpoen = €xpaen logoen = I,.

Furthermore, by [2, Proposition 2.4.2 and 2.4.3], the series expce- (f) con-
verges for all f € C{  and logeen (f) for all f = (f1,..., f,) € C{, such

5,00
that veo (f;) >n—i—% for1<i<n.
For an n-tuple (r1,...,7,) of real numbers, we denote by D, (r;,i =

1,...,n) the polydisc
{feCl lv(fi)>ri, i=1,...,n}.
PROPOSITION 4.1. — The exponential map expgen is surjective on Cy .
To prove this, we reduce to the one dimensional case.

LEMMA 4.2. — The following assertions are equivalent:

(1) expgen is surjective on C{ . ;

(2) C$™ is surjective on Ct oos

(3) 7 — 1 is surjective on Cg .

Proof. — 1Tt is easy to show that (1) implies (2). Indeed, let y € CY .
By hypothesis, there exists z € CY , such that expcen (v) = y. Hence we
have

C™ expeen (0, '7) = expgen () = y.

Next we prove that (2) implies (3). Since Cffm is supposed to be surjective

on CY{ ., for any y = (y1,...,yn) € C{ ., there exists x = (v1,...,2,) €

5,007

C§ » such that
Ox1 + 22 = 11

933"_1 + Tn = Yn—1

Ox, + 7(21) = Yn-
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In particular, we get

n

(4.1) (1) = (=0) 21 =Y _(—0)" ys.

i=1
Thus 7 — (—6)™ is surjective on C, . But we have
r((-0)7T) = (-0)" (-0)7T,

hence 7 — 1 is also surjective on C; .
In fact, it is also easy to check that (3) implies (2). As in the previous
case, the surjectivity of 7 — (—0)" is deduced from the surjectivity of 7 —

1. Hence, for a fixed y = (y1,...,yn) € C{, there exists 71 € C;
verifying equation (4.1). Then, by back-substitution, we find successively

Ta,...,Tn € C4 o0 such that z = (z1,...,z,) satisfies C?”(az) =u.

We finally prove that (2) implies (1). Since logeen converges on the
polydisc D, (n — i — %,i = 1,...,n) and expcen logcen is the identity
map on it, this polydisc is included in the image of the exponential. We will
“grow” this polydisc to show that expgen is surjective. For i =1,...,n, we
define

. ng ) n
70,3 I:n—l—m:—l—qj,

and for k > 1,
Tki+1 1f1<1<n—1
Tk+1,0 =

gry,  ifi=n.

By induction, we prove that for any integer £ > 0 and any 1 << n —1,
(4.2) Thyi+1 < Tkyi — 1.

We also prove that for any integer k¥ > 0 and ¢ € {1,...,n}, we have
Tk < ro; — k. In particular, for any 1 <4 < n, the sequence (ry ;) tends to
—00, i.e. the polydiscs D, (r 4,4 = 1,...,n) cover C{ oo+ Thus, it suffices
to show that D, (1,7 =1,...,n) C Imexpgen for any integer k > 0.

The case k& = 0, corresponding to the convergence domain of logaen,
is already known. Let us suppose that D, (rg;,¢ = 1,...,n) is included
in the image of expcen for an integer & > 0. Let y be an element of
Dy(re+1,i,9=1,...,n)\ Dy(ris,i=1,...,n).

We claim that there exists z € D, (14,4 =1,...,n) such that C§"(z) = y.

Assume temporally this. Since Dy, (r ;.4 =1,...,n) C Imexpcen, there
exists z € C?  such that expgen(2) = x. Thus

expeen (9p2) = Cy" expoen (2) = C3"(z) = v.

In particular y is in the image of the exponential as expected.
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It only remains to prove the claim. By hypothesis, there exists x =
(z1,...,2,) € CY , such that

Ty =y — Ox;

Tn = Yn—1 — exn
n

(1) = (=0) w1 = Y (=0)" ys.

i=1

We need to show that x is in Dy, (rg;,¢ = 1,...,n). Let begin by showing
Voo(@1) > 1. If vo(z1) = q__—”l, then veo(z1) > 10,1 > 7%,1. SO we may
suppose that veo(21) # q%"l. Then

Voo (T(21) — (—0)"21) = min(queo (1) 5 Voo (1) — 1).

In particular,

QUoo (1) 2 Voo (Z(—G)”iyz)

i=1
> mi N ) . L .
> 1r\<nil£n(voo(yz) n+1i)> 1r<nil£1n(r;€+17Z n+1i),
where the last inequality comes from the fact that y is in Dy, (154140 =
1,...,n). But, by the inequality (4.2), we have
Thtln S Thtin—1 — 1< <rppr1—n+ 1
Hence we get
Qoo (T1) > Thy1,n = qTk 1,
as desired.
Finally, we show that veo(z;) > rg,; for all 2 < i < n. Since y €
Dy (ris1,4,9=1,...,n), we have
Voo (T2) 2 MiN (Voo (Y1) 5 Vool(®1) — 1) > min(rgq11 5 rh1 — 1) = 782,
where the last equality comes from the definition of ;41 and from inequal-
ity (4.2). On the same way, we obtain the others needed inequalities. [

LEMMA 4.3. — The application 7 — 1: C; oo — C; o is surjective.

Proof. — Since } ;- 7'(z) converges for x € C;  such that v (x) > 0,
we have

{z € Cs,00 | Voo (x) > 0} CIm(r —1).
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Thus, since Coo(t1,...,ts) is dense in C; o, it suffices to show that
Coo(t1,. .. ts) € (1 — 1)(Cs,00). Observe that (7 — 1)(Coo[ty, ..., ts]) =
Coolt1y ..., ts]. Now let f € Coo(ty,...,ts). We can write

f= % with g, h € Cuo[ty, ..., ts] and veo(h) = 0.

Now write h = § — z with § € F,[t1,...,ts] \ {0} and z € Cuo[t1, ..., ts]
such that ve(z) > 0. Then, in C, o, we have

9~ 97"
h Sk+1°
k>0

f=

On the one hand, since the series converges, there exists ky € N such that

g2*
Voo Sk+1
k>ko

> 0.

In particular, this sum is in the image of 7 — 1. On the other hand, we have

ko—1 k

gz 1
> sEHt € 670((300[151,...,155],
k=0

But we can write ;- = 8 with B € F [t1,...,ts] and vy € Fy[t1,...,ts]\{0}.

5
Hence
ko—1 k
9z 1 1
S 7coo[t1 ts] - (T— 1) (Coo[tl t5}> .
k»_j’_l ) b ) )
=0 v v
Thus, by linearity of 7 — 1, we get f € (7 — 1)(Cs,00)- d

Denote by A,, the kernel of the morphism of R;-modules
expaen : Lie(C®™")(Cy o) — C®™(Cy.o0).
Recall that the Carliz period 7 is defined as
. 1 o i\ —1 1
7i=0(-0)7 [[ (1 _gl-a ) € ()T K.,
i=1

where (76‘)11%1 is a choosen (¢ — 1)-th root of —6.

PROPOSITION 4.4. — The Rs-module A, is free of rank 1 and is gener-
ated by a vector with ™ as last coordinate.

Proof. — See [2, Section 2.5]. O
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4.1.2. Characterization of Anderson modules isomorphic to C®"

We characterize Anderson modules which are isomorphic, in a sense de-
scribed below, to the nt" tensor power of the Carlitz module. We obtain
an n-dimensional analogue of Proposition 6.2 of [4].

DEFINITION 4.5. — Two Anderson modules E and E’ are isomorphic if
there exists a matrix P € GL,,(C; ) such that EgP=PEj in M, (C; o ){T}.

Let a € R;. Denote by E,, the Anderson module defined at the beginning
of Section 4.1. Note that E, and C®™ are isomorphic if and only if there
exists a matrix P € GL,,(C; o) such that

(4.3) 0pP = P0y and N;7(P)= PN,.
Let us set
Uy := {046((::7 ‘El BeECE,yEF, (t1,. .., ts), Voo <a — TSY)) >vm(a)}.
LEMMA 4.6. — The map which associates to any element x of C;
the element T(m of C§ , induces a short exact sequence of multiplicative

groups
1—k; —Ci o — U — 1.

Proof. — The kernel comes from Lemma 2.3.

Let a € Cj , such that there exists x € C; , verifying 7(z) = ax. Since
Cx is an algebraically closed field, one can suppose that vy, (a) = 0. We
write £ = y+m withy € F, (t1,...,ts) and m € C;  such that v (m) > 0.
Then, we have v (7(7) — a7y) > 0, i.e. a € Us.

Reciprocally, let o € Uy and 8 € C%, v € F,(t1,...,ts) such that

Voo (a - ﬁT(’y)) > Voo ().

We set § := BT("’ Observe that [[;-, Tb(a)) converges in C* __. Now, since
7 is ks-linear, there exists € € C_F, (¢1,...,ts) such that 7'( ) = 4. Then,
we set

'(9)
4.4 = , C: .-
(44) Ya 6};[0 74 € S0

Thus, we have 7(wa) = aw,. Observe that w, is defined up to a scalar
factor in F; whereas it depends a priori on the choices of 3, v and e. U

We are now able to characterize Anderson modules which are isomorphic
to C®",
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PropPOSITION 4.7. — Let a € R,. The following assertions are equiva-
lent:
(1) E, is isomorphic to C®™,
(2) a €U,
(3)
(4) kerexp,, is a free Rs-module of rank 1,

exp,, Is surjective,

where exp,, is the exponential map associated with E, by Proposition 2.5.

Proof. — Setting P = w,I,, where w,, is defined by (4.4), we see that (2)
implies (1).

We prove that (1) implies (3). Let P € GL,(Cs ) such that C§" P =
PEy. Using equalities (4.3), we check that

P~ lexpgen POy = EgP ! expaon P.

Thus, by unicity in Proposition 2.5, we get P~! expren P = exp,,. In par-
ticular, by Proposition 4.1, we deduce that exp, is surjective.

Next, we prove that (3) implies (2). We can assume that v (a) = 0. By
Lemma 4.6, it suffices to show that ker(ar—1) is not trivial. Let us suppose
the converse. As at the beginning of the proof of Lemma 4.2, we easily show
that the surjectivity of exp, on CY ,, implies that of ar —1 on Cs . Thus,
at — 1 is an automorphism of the ks-vector space C; . We verify that
Voo (f) = 0 if and only if veo (a7 (f) — f) = 0. Let @ € F,(t1,...,ts) such
that voo(aw — @) > 0. Then, @r — 1 is an automorphism of the k,-vector
space F,(t1,...,ts), which is obviously false.

It is easy to show that (1) implies (4). Indeed, since E, is isomorphic to
C®" we have

1
kerexp, = — ker expcen -
Wa

Thus, by Proposition 4.4, ker exp,, is a free Rs-module of rank 1 generated
by a vector with % as last coordinate.

Finally, we prove that (4) implies (2). Let f be a non zero element of
ker exp,, such that 9, ' f ¢ kerexp,. Thus, the vector g := exp, (9, ' f) €
C% « is non zero and Fy(g) = 0. Denote by g1, ..., gy, its coordinates. We
have

091 +92=0

Hgn—l + gn = 0
0g, + at(g1) = 0.
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Since g # 0, we deduce that g; # 0 for all 1 <4 < n. Summing, we obtain
at(g1) — (—60)"g1 = 0. Thus

ot ((=0)75 1) = (~0) 77 g,
We conclude, by Lemma 4.6, that o € Us. O

Example. — Looking at the degree in ¢1, we easily show that ¢t; ¢ Us.
So Ej, is not isomorphic to C®" and exp,, is not surjective.

4.2. Pellarin’s L-functions

Let o € R,\{0} and E, be the Anderson module defined at the beginning
of Section 4.1. By Theorem 2.9, we have a class formula for

[Lie(Ey)(Rs/PRs)|r
L(Ea/Ro) = [] .
PEA [Ea(RS/PRS)}RS
prime
We compute the Rs-module structure of Lie(E,)(Rs/PR;) and Eo(Rs/PRs).
Then, we show that we recover special values of Pellarin’s L-functions if
we take a = (t1 — 0) -+ - (ts — 0).

4.2.1. Fitting ideal of Lie(E,)(Rs/PRs)

Let us recall some facts about hyperdifferential operators. For more de-
tails, we refer the reader to [6].

Let j > 0 be an integer. The ;" hyperdifferential operator Dj is the
ks-linear endomorphism of Ry given by D;(0%) = (I;)G‘k_j for k > 0. For
any f,g € Rs, we have the Leibnitz rule

D;(fg) = Z Dy (f)Dj-k(9)-
k=0

LEMMA 4.8. — For any a € Rs, we have
0 Dn_l(a)
o) || =|
0 Dl(a)
1 a
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Proof. — By linearity, it suffices to prove the equality for a = 6%, k € N.
The action of 9(6*%) is the left multiplication by

o 1 ; 0 1 :
=|0I,+
1 1
0 0
0 1 '
E . .
io \ |
0
hence the result comes from the definition of hyperdifferential operators.
O
LEMMA 4.9. — Let P be a prime of A and m a positive integer. Then

O(P™) is zero modulo P if and only if m is greater than or equal to n.

Proof. — By the previous lemma, it suffices to show that for any &k >
the congruence Dy (P™) = 0 mod P holds if and only if m > k + 1. The
case k = 0 being obvious, let us suppose the result for an integer k. By the
Leibnitz rule, we have

Dppa(P™)= Y Di(P"')D;(P)
i+j=k+1

= PDyy 1 (P™) + Dy(P)De(P™ ) + -+ - 4 Dyya (P)P™ 1,
which is zero modulo P if m > k + 2. Reciprocally, observe that
D1 (P*™) = PDyy1(P*) + D1(P)Dy(P")
+ Dy(P)Dg—1(P¥) + -+ 4 Dyy1 (P)P*
= Dy(P)Dy(P*) mod P
which is non zero modulo P by hypothesis. O

Thanks to this lemma, we can compute the first Fitting ideal.

ProrosIiTION 4.10. — Let P be a prime of A. The Rg-module
Lie(E,)(Rs/PR;) is isomorphic to Rs/P"R, and is generated by the
residue class of t(0,...,0,1).

Proof. — By definition, Lie(E,)(Rs/PRs) is the kg-vector space
(Rs/PRs)™ equipped with the Rs-module structure given by 9. This Rj-
module is finitely generated and, since (P9") = P? I, by Lemma 2.6,
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the polynomial P?" annihilates it. Since R, is principal, by the structure
theorem, there exists integers e; < - -+ < e,, such that

RS RS
Lie(E4)(Rs/PR;) ~ Dol S X PR,
Since Lie(E,)(Rs/PRs) is a ks-vector space of dimension ndeg P, we
have e; + --- 4+ €, = n. But, by the previous lemma, the residue
class of ¥(0,...,0,1) is not annihilated by P"~!, hence e, > n. Thus,
Lie(Eq)(R /PR) is cyclic and generated by the residue class of this
vector. 0

4.2.2. Fitting ideal of E,(Rs/PRs)

Let P be a prime of A and denote its degree by d. We consider R :=
Rs/PR; and E,(R) the Rs-module R™ where the action of R, is given
by ¢, as defined at the beginning of Section 4.1.

For i = 1,...,n, we denote by e;: C”

ith coordinate. By analogy with [2], we define the Rs-module

Wa(R) == {w e R((t™"))/R[t] |ar(w) = (t — 6)"w mod R[]},
where 7(w) = > 7(r;)tt if w =Y rit* € R((t71)).

— C;,00 the projection on the

5,00

PROPOSITION 4.11. — The map
i Eq(R) — R((t™1))/Rlt]

cr— — Z e1¢gi-1(c)t™"

i=1

induces an isomorphism of Rs-modules between E,(R) and W, (R).

Proof. — See [2, Proposition 1.5.1]. O

Observe that for any ¢ € E,(R), we have ¥(¢g(c)) = tdo(c) mod R[t].
Moreover, since it is a ks-vector space of dimension nd, W,,(R) is a finitely
generated and torsion k,[t]-module.

For w € W,(R), applying d — 1 times a7 to the relation ar(w) =
(t — 0)™w, we get

ar(a)- - () (w) = d]:[l (- oqi)"w.
=0

But 7¢(w) = w in W,,(R) and Hf;ol (t—69) = P(t) mod R][t] where P(t)
denotes the polynomial in ¢ obtained substituting ¢ form 6 in P. Thus we
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obtain
(4.5) P(t) —ar(a)--- 7% (a) = 0 in W,,(R).
Since we have the isomorphism
RS ~ i QF ksv
PRy, PA ¢

for any = € R, there exists a unique y € k¢ such that z7(z)--- 7971 (z) =
y mod PR;. We denote by p,(P) the element of ks such that p,(P) =
at(a)--- 7% (a) mod PR. Note that, since P is prime, p,(P) = 0 mod P
if and only if P divides o in R,. Then, by (4.5), we deduce that W, (R) is
annihilated by P"™(t) — pa(P), or equivalently

(4.6) Eo(R) Ckerdppn_, py={x € R" | ¢pn_, (p)(x) =0}.

LEMMA 4.12. — For any a € k[t] prime to P(t) := P,,_,, the ks-vector
space Wy, (R)[a] of a-torsion points of Wy, (R) is of dimension at most deg, a.

Proof. — By definition, we have

Wo(R)[a] = {w € éR[t} /R[]

ar(w) = (t—60)"w mod R[t]}

S R((t™))/R[t].

Let w € W, (R)[a]. Since the t/a for i € {0,...,dega — 1} form an R-basis
of LR[t]/R[t], we can write

dega—1

i
w = E )\iiv
a
=0

where the \; are in R. Using the binomial formula and writing ¢/ /a for
j = dega in the above basis, the functional equation satisfied by w becomes

dega—1 t,L dega—1
Z at(A; Z Zb J)\
i=0 =0 j

where the b; ; are in R. Identifying the two sides, we obtain 7(A) = BA
where A is the vector *(Ag, ..., Adega—1) and B is the matrix of Myegq(R)
with coefficients b; ;/cv.

But the ks-vector space V := {X € Rdesa ’ T7(X) = BX} is of dimension
at most deg a. Indeed, observe that, if vy, ..., v,, are vectors of R8¢ such
that 7(v;) = Bu; for all 4 € {1,...,m}, linearly independent over R, there
are also linearly independent over R™ = k, (by induction on m, see [10,
Lemma 1.7]). O
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PROPOSITION 4.13. — Let P be a prime of A. We have the isomorphism

of Rs-modules
R,

(P — pa(P))Rs

Proof. — Recall that we denote R;/ PR, by R. Observe that if P divides
a, we have po(P) = 0 and the isomorphism of Rs-modules Lie(E,)(R) ~
E,(R). Then, the result is the same as in Proposition 4.10.

Hence, let us suppose that o and P are coprime. The ks-vector space
E,(R) is of dimension nd. We deduce from Lemma 4.12 that E,(R) is a
cyclic Rs-module, i.e.

E.(Rs/PRy) ~

RS

fRS ’

for some monic element f of R; of degree nd. On the other hand, by
the inclusion (4.6), E,(R) is annihilated by P™ — po(P) thus f divides
P"™ — po(P). Since these two polynomials are monic and have the same
degree, they are equal. O

E.(Rs) ~

4.2.3. L-values

Let a be a monic polynomial of A and a = P;* --- Pt be its decompo-
sition into a product of primes. Then, we define

pala) == Hpa(Pi)ei-

By Propositions 4.10 and 4.13, we get
Lie(Fy)(Rs/PRs)|R, pP”
L(Ea/Ré) — H [ le( a)( 3/ )]Rb — H

Pea [Ea(RS/PRS)]Rs PeA pr— Pa(P)
prime prime
=y e
a€Ay a

As in [4, Section 4.1], observe that for any prime P of A, p,(P) is
the resultant of P and « seen as polynomials in 6. In particular, if a =
(t1 — 0)---(ts — 0), we obtain p,(P) = P(t1)--- P(ts). Thus, by Theo-
rem 2.9, we get a class formula for L-values introduced in [9]:

L(xt, -+ Xt,.m) = Z W

a€A+
= [Lie(Eq)(Rs) : eXp;Jl(Ea(RS))]RS [H(Ea/Rs)]R.,
where x;,: A — Fy[t1,...,ts] are the ring homomorphisms defined respec-

tively by xt,(0) = t;.
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4.3. Goss abelian L-series

This section is inspired by [5].

Let a € A besquarefree and L be the cyclotomic field associated with a,
i.e. the finite extension of K generated by the a-torsion of the Carlitz mod-
ule. We denote by A, the Galois group of this extension, it is isomorphic
to (A/aA)*.

Note that A[A,] = [], Fi[0] for some finite extensions F; of Fy. In par-
ticular, A[A,] is a principal ideal domain and Fitting ideals are defined as
usual. If M is a finite A[A,]-module, we denote by [M]4(a,] the unique
generator f of Fittaa,) M such that each component f; € Fi[f] of f is
monic.

We denote by A, the group of characters of A, i.e. A, = hom(A,,F,>).
For x € ﬁa, we denote by F,(x) the finite extension of F, generated by the
values of x and we set

o) € Fylx)[Ad.

Y oen,
Then e, is idempotent and oe, = x(o0)e,, for every o € A,.
Let I be the finite extension of Fy generated by the values of all char-
acters, i.e. F' is the compositum of all IF,(x) for x € A,. If M is an AlA)-
module, we have the decomposition into y-components

Far, M= P ey (Fer, M).

XEE
Let V be a free Koo[Ag]-module of rank n. A sub-A[A,]- module M of
V is a lattice of V if M is free of rank one and Ko [A,] - M = V. Let
M be a lattice of V and x € A,. Then M(x) = e, (Fq(x ) M) is a

free A(x)-module of rank n, discrete in V(x) := ey (Fq(x) ®r, V), where
A(x) := Fq(x) ®r, A. Now let M; and M3 be two lattices of V. For each
X € Ay, there exists oy € GL(V(x)) such that oy (M;(x)) = Ma2(x). Then,
we define [M;(x) : Ma(x)]a(y) to be the unique monic representative of
det oy in Koo(x) := Fy(X) ®r, Koo Finally, we set
[My : Ma]aja,) = Z [Mi(x) = Ma(x)]apyex € KoolAa]™.
X€Aaq

4.3.1. Gauss—Thakur sums

We review some basic facts on Gauss—Thakur sums, introduced in [12]
and generalized in [3].
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We begin with the case of only one prime. Let P be a prime of A of
degree d and (p € F, such that P(Cp) = 0. We denote by Ap the P-
torsion of the Carlitz module and let Ap be a non zero element of Ap.
We consider the cyclotomic extension Kp := K(Ap) = K(Ap) and we
denote its Galois group by Ap. We have Ap ~ (A/PA)*. More precisely,
ifb € (A/PA)*, the corresponding element o, € Ap is uniquely determined
by op(Ap) = Cp(Ap). We denote by Ok, the integral closure of A in Kp.
We have Ok, = A[Ap].

We define the Teichmiiller character

wp: AP — F;d
oy — b(Cp),

where o}, is the unique element of Ap such that Ub()\p) = Cy(Ap). Let
X € A p. Since the Teichmiiller character generates A p, there exists j €
{0,...,q% — 2} such that xy = w}. We expand j = jo + j1g+ - + ja—1q% "
in base q¢ (jo,---,da—1 € {0,...,q — 1}). Then, the Gauss-Thakur sum
(see [12]) associated with y is defined as

d—1 , s

g0 = [ (= X2 «p” @)50r) | €Fy(0) ®2, O,

i=0 seAp
We compute the action of 7 =1 ® 7 on these Gauss—Thakur sums (see [12,
proof of Theorem II]). Let 1 < j < d — 1. Since by the Carlitz action
ogop(Ap) = bop(Ap) + 7 (Jb(/\p)), we have

m(9wh)) == Y wh(on) (@on(rp) = ou(Ar)).
o,EAP

Then, by substitution, we get

j j j
(4.7) m(9t)) = (¢F —0) g(t).

Now, we return to the general case. Since a is squarefree, we can write a =
P - P Wlth Pl, ..., P, distinct primes of respective degrees dq,...,d,.
Since A Apl -+ X Ap,_, for every character x € A,, we have
(4.8) X = wgll . ~w£’:,
for some integers 0 < N; < ¢ di _ 9 and where wp, is the Teichmiiller
character associated with P;. The product f, =[] Ni#£0 P; is the conductor
of x. Then, the Gauss—Thakur sum (see [3, Section 2.3]) associated with x
is defined as

T
= [[9wr) € Fer, O,

=1
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or equivalently

r d;—1 )
J o
900 = [T IT a(wi)Ne,
i=1 j=0

where the N; ; are the ¢g-adic digits of N;. By equality (4.7), we obtain
T dri—l

(49) ~(900) =TT II (& - 6)™ atw.
i=1 j=0
a(x)
LEMMA 4.14. — The ring Oy, is a free A[A,]-module of rank one gen-
erated by n, := erga g(x).
Proof. — See [3, Lemma 16]. O

4.3.2. The Frobenius action on the y-components

Recall that L is the extension of K generated by the a-torsion of the
Carlitz module. Let Lo, := L ® ¢ Ko, on which 7 acts diagonally and A,
acts on L. As in Section 2.2, we have a morphism of A[A,]-modules

expoon : Lie(C®™)(Loo) — C®"(Loo).
Let x € ﬁa. We get an induced map
EXPcen - €x (Lie(C®n)(Fq(X> QF, Loo)) — " (ex(Fq(X) QrF, Loo)) )

where the action of 7 on Fy(x) ®r, Lo is on the second component. But,
by Lemma 4.14, we have

ex(Fg(x) ®F, L) = 9(x) Koo (X),

where Koo (x) := Fy(x) ®F, Koo
We have the obvious isomorphism of modules over A(x) := F,(x) ®r, A

900 Koo (x) — Koo(X),
where the action on the right hand side is denoted by 7 and given by 7(f) =
a(x)(1®7)(f) for any f € K (x), where a(y) is defined by equality (4.9).
In particular, this isomorphism maps C§" into Jp+ N1 7 = 9 +No(x
notation of Section 4.1 and expgen into exp,(yy. Thus, by Lemma 4.14, we
have the isomorphism of A(x)-modules

€x (Fq(X) Qr, H(C®n /OL))

)T with

~ Ea(x) (KOO(X))
B expa(x) (Lle(Ea(x))(Koo (X))) + Ea(x)(A(X))
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We denote the right hand side by H (Ea(x)/A(X))' Note that we have also
ex (Fg(X) ®r, expgb, (C*(0L))) = exp ) (Bago (A(X))) -

4.3.3. L-values

Let x € 3 and denote its conductor by f, . Recall that the special value
at n > 1 of Goss L-series (see [8, Chapter 8]) associated with x is defined by

y= 3 M) e ),

bEA,

where the sum runs over the elements b € A, relatively prime to f,. If
b€ A and f, are not coprime, we set x(op) = 0. Then, define the Goss
abelian L-series

L(n,Ag) == ) L(n,x)ey € Koo A]”
XE€Aq
LEMMA 4.15. — The infinite product
[Lle(C®”)(0L/P(9L)}
[C®™(OL/POL)] ,

Adl

PcA

AlAa]
prime

converges in Ko [Ay] to L(n, A,).

Proof. — On the one hand, for all x € ﬁa, we have

Lin,x) = ] (1— ng,f))_l’

PecA

prime

where x(op) = 0 if P divides f,. On the other hand, let x € A,. We write
X = wgll . ~w}1¥: as in equality (4.8) and denote by N; ; the g-adic digits
of N;. Then, as in Section 4.2.2, we can prove that

r d;—1

[Bao (A0)/PACO) 4y =P~ TT I P (gP) o

1=1 5=0

- HP(CPL)N

=pP" —X(O’p).
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Thus, we obtain
[Lie( o)) (A0)/PAN))] 4,
5 [Ea(x)(A(X)/PA(XMA(X)

prime

L(nv X) =

Hence, we get the result by the discussion of Section 4.3.2 and definition
of L(n, A,). O

Finally, we obtain a generalization of Theorem A of [5]:

THEOREM 4.16. — Let a € A, be squarefree and denote by L the ex-
tension of K generated by the a-torsion of the Carlitz module. In Ko[A,],
we have

L(n, A,) = [Lie(C*")(Op) : expga, (C¥(OL))] 40, [H(CO" /OL)]

AlA, AlAq] "

Proof. — By the previous lemma, L(n,A,) is expressed in terms of
Anderson module and Fitting. Then, as in Proposition 3.5, we express
L(n,A,) as a determinant. The proof is similar but we deal with the x-
components e, (F,(x) ®F, Or) for all x € A,. Then, since A[A,] is prin-
cipal, we conclude as in Section 3.4. We refer to [5, Section 6.4] for more
details. O
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