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ANALYTIC FUNCTIONS
IN A LACUNARY END

OF A RIEMANN SURFACE
by Zenjiro KURAMOCHI

Dedie a Monsieur M. Brelot a V occasion
de son 70e anni^ersaire.

Let R be a Riemann surface and {R^}(n === 0, 1, 2, . . .)
be its exhaustion. We suppose Kerekjarto-Stoilow's topology S
is defined on R + B? where B is the set of all ideal boundary
components. Also we suppose Martin's topology M is defined
over R — Ry + A as follows :

K(^ px) K(z, p,)dist (pi, pa) == sup
.eR<-B, 1 + K(., p,) 1 + K(^, p,)

pi, p2 e R — Ro + A, where K(po, p) = 1, po e Ri — Ro
and A is the set of the ideal boundary points. We denote by
AI the set of all minimal boundary points in A. Let y be
a boundary component. If there exists a sequence {^} in
R — Ro such that z^ —s^- p (convergence relative to S) and
^—M^ p (relative to M), we say p lies over y. We denote
by V(y) the set of Martin's points over p. Let G be an
end of a Riemann surface R with null boundary. Let

F,(i - 1, 2, . . .)(F, n F, = 0 for i ^ /)

be a compact continuum in G such that {FJ clusters
nowhere in R and G / = = G — F / F = = = ^ F t \ is connected.

We call G' a lacunary end. Let p be a boundary component



354 ZENJIRO KURAMOCHI

of G. If there exists a determining sequence t^(p) of y
such that ^nW ls ^ dividing cut and

lim min G'(z, qe) > 0 : q^ e G',
n ^^^nW

we say F is completely thin at p, where G'(z, ^o) ls a Green's
function of Gf. We proved.

THEOREM 1 [1]. — Let G be an end of a Riemann surface R
with null boundary. Let ¥ be a completely thin set at a boundary
component y. If there exists an analytic function

w = f{z) : z e G' = G — F
such that its value falls on the w-sphere and

sup n(w) = HQ < oo,
w

then A! r\ V(p) consists of at most HQ number of points^
where n(w) is the number of times w is cohered by G\ The
purpose of the present paper is to extend Theorem 1.

Let V{w) be a/» lower semicontinuous function and

UH ̂ f V^^-G^^ds
^J^c °^

for any circle C in D, we call U(w) a quasisubharmonic in
D, where G(^, w} is a Green's function of C.

LEMMA 1. — Let ^1 be a domain in R with a relative boun-
dary ^0. consisting of at most countably infinite number of
analytic curves. Let E be a compact set on 0 of positive capa-
city. Let w = f{z) be an analytic function in ^ + E and
{Q.^}(n = 0, 1, 2, . . .) be an exhaustion i.e. ^ is compact in
0. and bti^ consists of a finite number of analytic curves. Let
n°^{w) be the number of points in /*-l(w) n E^ : E^ === {z:

1 )dist (E, z) ^ —^ Suppose there exists a number mo such
m i

that sup n^{w) = N < oo and dist (/*(^ — E^), f(E)) > 0
w

for any n. Let u(z) be the harmonic measure of E relative to
0. and put V{w) = ̂  u(z,) : f{z,) = w. Then U(w) is quasi-

i
subharmonic in C(f(E)) and V{w) < N.
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Proof. — Let E^ : m = 1, 2, . . ., be a closed set such that
E,, c E», dist (&E,,, E) > 0, E^E and 6E» consists
of a finite number of analytic curves. Let {Q,} : ra == 1, 2
be an exhaustion of D — E in the direction of O O ' — E
satisfying conditions.

a) OQ, — E^ is compact in Q and (Q,, n EJ consists
of a finite number of components for any n and m and
f^'n/ Q - E as re-^ oo.

^) a^n n 6i2 = &Q n E
and OQ, n Q n E = = Q n E for any n.

c) &Q,-E°^=6^-E^
for any n. Since /'(z) is analytic on ^ — E^ by a)

^
°o > n == sup n(w}

ln A^n) — /'(EJ, where ra(w) is the number of points in
^n — E,, lying over w. Let w,(z) be harmonic measure
of E relative to Q,. Then u'^z) / u{z). Let 0' be a
domain such that £T c= ̂  ^/ n E^ == Q^ n E^. Let
0' / Q,. Then sup |u,(z) — u'{z)\ on Q^ — E^ < s"up u^z)
on OQ' — E^ -^ 0, where u'(z) is a harmonic measure of E
relative to 0'. Hence for any s > 0 we can find a domain
0' = D, such that a ' ) Q' n E^ = D, n E^. &')/-(&D' - EJ
intersects itself at a finite number of points w^, Wg, . . . w
c ' ) . Any subarc of /•(OQ' - EJ is covered only'once'by

&Q' — E,n except ^ ^ andi
|u,(z) — u'(z)| < s in D' — E.,.

n

Hence by a), 6'), c') f(o£l' - EJ divides C(/-(EJ) into a
finite number of domains o ,̂ 0)2, . . . , (Q,. Let n[w} be the
number of points in 0' — E^ lying over w. Then n{w) == n,
in M, and n{w) jumps 1 in crossing /Y&Q'). Let D be a
circle in C(/-(EJ).

Case 1. D is contained in <o,, then

v'(w) = sy^z.) (w)=y(z.)
is harmonic in D.
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Case 2. D == (o>, + o),-n + f^^)) n D. Suppose

^H-I ^ ^i-

Then n^i = n^ + 1- There exists a domain G' (or sum of
domains denoted by G' also) of n^ leaves of disks and
another domain G" of one leaf such that f{G"} == co^^ n D.
Put U' (w) == Su^) : /t^) == w : z, e G'. Then U'(w) is
harmonic. Put U^w) = u'(z) : w = f{z) : z e G" and U^w) == 0
on D — <o,+i. Then since u'(z) = 0 on 60' and U^w) == 0
on ^o), n D by (̂ 4.1 n D) c f^a' — E^) and

bco. n /•(EJ = 0.

^(w) is continuous and subharmonic in D and

U^w) = U^w) + U^w)

is continuous and subharmonic in D.

Case 3. D — f{^') consists of a finite number of domains,
in this case similarly as before U'(w) is continuous and subhar-
monic. Put ^ (^==0 in C(/'(EJ). Then U'(w) is conti-
nuous and subharmonic in C(/*(E^)). Now

0 ^ U,(̂ ) - U'H ^ Su,(z,) - u'(^) ^ n*.-^- s
*t

in ^(<a/) _ ^(EJ. Let s -^ 0. Then V{w) uniformly
-> U^(w) in f^n) — f{^m) and U^(w) is continuous and
subharmonic in C(f(E,n)) by putting U^(w) == 0 in C(/*(E^)).
For any given number n by (c) there exists a number m{n)
such that

dist (f(bE,) - AE)) < dist ((^(Q. - EJ, AE)) : m > m(n).

Then f-1^) n £!„ (for w e f(E^) and m > m{n)} consists
of only points in E^, whence /*-l(w) : w e f(E^) : m > m(n)
consists of at most N number of points. By u{z) ^ 1,
U(w) ^ N in /*(E^). Since U/,(w) is continuous and subhar-
monic in C(/*(E^)), by the maximum principle U^(w) ^ N
in C(/*(E^)). Let m -> oo. Then U^(w) is continuous and
subharmonic and ^ N in C(/*(E)). Let ^ -> oo. Then
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l^(w) / U(w) by a) and U(w) is lower semicontinuous and
^ N in C(f(E)). Evidently

UH ^ ± f U(?:) ^- G(^ w} ds
^Joc OM

for any circle C in C(/*(E)). Hence U(w) is quasisubhar-
monic and ^ N in C(/*(E)).

Lemma 1 is very simple but interesting. For example
we apply it to the theory of value distribution. Then we have

PROPOSITION. — Let w = f(z) be an analytic function in
(0 <)r < \z\ ^ 1 such that \f{z)\ ^ 1 and f{^) covers
H==l no times as Q varies from 0 to 2n. Then /-^w) :

H < 1 consists at most m( ^ n0-} number of points in
r1-^ < \z\ < 1. \ a 7

In fact, let H = {1 > \z\ > r} and E = {\z\ = 1}. Then

u{z) =1— î̂ 1. Let z,{i == 1, 2, . . .) be a point in

r^ < \z\ < 1

such that w == f(z,). Then u{z,) > a and

U(w) = Su(^) ^ no.

Hence we have the proposition.

LEMMA 2. — Let Q. be a domain in R — Ro and let

F^=l,2, . . . )

be a compact set clustering nowhere in R. Put

^f = Q - F : F = SF,

Let cp(^) be a non negative continuous function on bQ, — F.
Let U(js) be the least positive harmonic function in O,1 such
that V^) = 9(^) on Ot2 - F. Then

U(^) = ± f <p(^) ̂  G(?:, z) ds,
^JOQ-F ()7Z v

w/iere G(^, z) is a Greens function of Q'.
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Put î  = (^ n RJ -- F. Let U,(z) be a harmonic func-
tion in ^ such that U^(z) = (?(!:) on (bO —- F) n R^ = 0
on (F n bQ) + (bR, n 0) + (F n 0). Then U,(z) /^ U(z).
Let G^, z) be a Green's function of £1'^ Then

Vn{z)=1- f <P(^G^, z)d..
^7r J(^Q-F)nRn e)n

Since — G^, z) / — G(^, z) on 50, we have Lemma 2.

Let Di =» Dg be two domains. Let U be a positive harmo-
nic function in D^, We denote by rU the greatest subhar-
monic function in D2 vanishing on <)Da not larger than U.
Let V be a positive harmonic function in Dg vanishing on
5 Da except at most a set of capacity zero. We denote by sV
the least positive superharmonic function in Di larger than V.
Then the following are well known.

rU and, ^V (for s\ < oo) are harmonic and rsrV = rV
and srs^ = ̂ V.

Let U be minimal in Di. Then if rV > 0, srV = U
and rU is minimal in Da.

Let V be minimal in Dg. If ^V < oo, rsV = V and sV
is minimal in Di.

If U, / U, rU = lim rU,.
In the sequel we suppose R is a Riemann surface with

null boundary and Martin's topology M is defined over

R — RO + A hy K(z, p) = v ? ̂  where po is a fixed
(p? p o )

point in Ri — Ro and G(z, p) is a Green's function of R — Ro.
We remark there exist consts. M and N such that
M > G(z, po) > N > 0 in R — Rg. Let G be an end in
R — RO and let G' be a lacunary end such that

G7 = G — F : F = SF,.
Degree of irregularity 8(p)(p e G + Ai) at p. Let G7^, qo)

(^o is a fixed point in G7 n R^) be a Green's function of G ' .
We define 8(p) as follows :

8(p)= Urn G^q^'.q.eG' n R .̂
M

2-^P

We see at once 8(p) > 0 for p e G' and 8(p) > 0(p e A^)
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if and only if there exists a sequence {^} such that G^z, z;) ->
a positive harmonic function. Let 8'(p) the one defined
with respect to G'(z, q'o). Then since there exists an exhaustion
{R^} such that 6R^ n F == 0, there exists a const. K such
that

-^S(p) ^ 8'(p) ^ K8(p) for peA , .

Let p1 and p2 in A^. If there exists a sequence of curves
{yJ (l =:=: I? 2, . . .) with two end points p} and p? such
that p^-^p1, P2-^?2 and -^ tends to the ideal boundary
of R and

lim min G'{Zy qo) > 0,
i ==oo ^eY^.

we say p1 and p2 are chained. Let p° and p"0. If there
exists p1, p2, . . . 5 p"0"1 such that p3 and p^1 are chained :
/ ̂  0, 1, 2, . . ., no — 1, we say p° and p"° are kindred.
It is clear if p1 and p7 are kindred, p1 and pj lie over the
same boundary component. Kindredness does not depend on
the choice of go.

Definition of G(z, p) and G^Zy p) : p e G + A^.

LEMMA 3. — Suppose Martin s topology is defined on

R - Ro + A,

G is an end in R — Ro and G/ = G — F be a lacunary end.
Let G{z, Zi) and G(z, ^) be Green s functions of R — Ro
and G/ respectively. Then:

1) Let {z^ be any sequence such that z^—^peG+^i.
Then G{z, z^) converges to a uniquely determined positive
minimal harmonic function in R — Ro denoted by G(z, p)

and G(z, p) = ocK(z, p), where a == 2n / ^ —K(z, p) ds
I J^^n

and N7 = min G(z, po) < a < M! == max G(z, po).
ze^i ze^R,

2) Let {zj be a sequence such that z^—^peG+^i and

G'{z, z.) -> G'{z, {z,}).

Then G'(z, {z.}) == prG(z, p), wit/; 0 < P < 1 and where
the operation r concerns domains R — Rg and G'. Let {z,}
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be a sequence such that z^ ——>• p e G + A^ and

G'(^ go) -> Up} > 0.

Then G(z, ^) —> a uniquely determined positive minimal
harmonic function denoted by G'(z, p) and

G ' ( z , p ) ^^rG{z,p),

where M == max G(z, qo)
: e ̂ +1

Proof of 1. — Let { z ^ } be a subsequence of {zj such that
G(z, z^) —^ a harmonic function G(z). Then

G{z)|Mf ^ K{z, p).

By the minimality of K(z, p), G(z) === aK(z, p). On the other

hand, by the compactness of ^Ro ( — G(z) ds === 2Tc.
/ r ^ ^Bo^^Hence oi=2n/ j —K(z, p) ^5. Now {z[} is an arbi-

/ JoRo ̂ n

trary sequence for which G(z, ^i) converges. Hence
G(z, z^) -> a uniquely determined harmonic function denoted
hy G^ ?)•

Proof of 2. — Let {zj be a sequence such that G^z, ^)
-> a harmonic function G^z, {zj). Then by 1)

G7^, {zj) ^ G(^ p)

and we have G'(z, {sj) ̂  rG(z, p). By the minimality of
rG{z, p) G{z, {z,}) =prG(z, p) : 0 ^ P < 1. Let {z[} be
a subsequence of {zj such that G'(z, ^/) converges and
lim G'(Zp ^o) == ^(p)- I11 ̂ is case P attains the greatest value

i
P* given by

Hp)lrG(q^ p)

Now {zl} is an arbitrary subsequence with

limGf{^q,)=S(p).

Hence G{z, z^) -> a uniquely determined positive minimal
harmonic function in G' — p denoted jby G'(z, p). Now
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lim G'(z., qo) > 8^) G(^,, p). Hence

G'(9o, P) ^ 8^ G(g,, p) > ̂ l rG(<fa, p) and ^ ̂ l.

Thus we have 2).
We shall discuss the behaviour of Green's functions of a

planar domain. Let Q be a domain in the z-sphere such
that Q has a Green's function G(z, p). Let ^ be a fixed
point in Q and v{to) be^a neighbourhood of to in 0. and put
8(p) == I™ G(z, ^o) : p e ti. Then 8(p) is upper semicontinuous

in 0 and 8(p) ^ max G(z, <o). We see 8(p) > 0: p e bQ
^e^Oo) w / /

if and only if p is irregular. We introduce Martin's topology
over Q + A by K(s, p^1) : p^ e ^ + A with K(^ pM) = 1.
By Brelot's theorem [2] there exists only one point ^M on p
for 8(p) > 0 and ^M is minimal. We denote by ^M = ^(p).
Then also this implies <p(p) is continuous at p wdth 8(p) > 0.
Clearly K(z, p^^) is continuous with respect to jA Hence
K(z, 9(p)) is continuous at p with 8(p) > 0 and we
denote pM by p simply in the following. Let {zj be a
sequence such that z, -> p, G(z,, t^) ^ ^ > 0. Then there
exists a subsequence {z[} with G(z, z\) -> a harmonic func-

tion G(z). Then G(z) ^ M K(z, p) : M == max G(z, ^o). By
. . ,. £0 ^e^«o)

the minimality of K(^ p) G(z) = aK(z, p) : 0 < a < oo.
Let {zj be a sequence such that z, -> p, G(z,, ^) -> 8(p).
Then we see easily^ G(z, z,) -^ a harmonic function
G(z) = aK(^, p) and a is the maximal value and G(z) is
the limit of {G{z, z,)} such that z, -> p and

G(^, z) -> lim G(w, z)
w-> p

for any z. We make G(z) correspond to p and denote it by
G(z, p) : p e OQ : 8(p) > 0. Thus the domain of definition of p
of G(z, p) is extended to Q. + {p e of2 : 8(p) > 0} : This
fact means G(z, p) is upper semicontinuous with respect to p.
Let p € ^ with 8(p) > 0. Then by K(^ p) = V we have
G^ P) = ̂ PWz, p). Let ^ be a positive mass distribution
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over 0. + [p e &Q : 8(p) > 0} : Then a potential

fG{z, q) d^ (q) and 8{q)^{q)

are defined well. Then we have

LEMMA 4. ~ 1) Let {z^} be a sequence such that z, -^ p
and G(z, ^) -> a harmonic function G(z, {^i}). TTien

G^, {^}) ^ G{z, p).

2) Le( y[p) be a neighbourhood of p, then there exists a
const. L such that G(z, p) < L on C ^(p).

3) Let V{z) be a potential U(z) == J. G(2;, gr) dpi (g) and
Jdp.(g) < oo.

If G(.,p) ^ V(z)^imf^d^q) ^ 1:

/ ^ ^ i 1 )
^n{p) = f\Z—— P\ < -^^

Proof. — 1) is evident. We shall prove 2). Let {z^} be
a sequence such that G(Zi, to) -> 8(p) and ^ -> p. Then
G(z, ^) -^ G(z, p). Let ^(^o) = {z: \z — to\ < r ' } such that
^{to) e ^1. Let G^z, ^i) be a Green's function in n — ^(^o)-
Let H((^) be the least positive harmonic function in

^ - ̂ o)

such that Hi(z) == G(z, z^) on ^p'(^). Then

G(z, z.) - H^^G'^ z,).

Since ^(^o) ls compact, Hi(z) —> H(z), where H(z) is the
least positive harmonic function in Q. — ^'{to) such that
H(z) = G{z, p). Whence G^z, z^) -> a uniquely determined
function denoted by G(z, p). On the other hand, there exists
no singular minimal point on planar domains (this is equi-
valent to there exists no bounded minimal positive harmonic
function). Whence sup G(z, p) = oo. But

sup H(z) ^ max G(z, p).
2 2-ebufto)
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Hence G^, p)>0. Let v^) = {\z — ^| < r} such that
r > r' and ^(<o) c: Q. Now

min G^, z,) = N; -> N^ = min G7^, p)
2-e^o) 2-€^((o)

and max G(jz, ^) == M, -> M = max G(z, p). Clearly
^e^«o) z€^«o) v r/ J

M, > N;, G(z, ^)/N; and G(z, ^)/M,

have log singularities with coefficients 1/NJ and 1/M; respec-
tively and G'(z, ^)/N; ^ G(z, ^)/M, on 0^(<o). Hence by
the maximum principle and by letting i -> oo we have
G'(z, p)/N' ^ G{z, p)/M in C^o). Let ^ = ^-sphere - ^((o)
and let G(z, p) be a Green's function of ^. Then

G{z, p) ^ G(z, p).

Clearly there exists a const. L such that

LN'/M ^ G(z, p) ^ G{z, p)

on C^(p). Hence L ^ G{z, p ) on Cp(p) for any neigh-
bourhood ^(p). Hence we have 2).

Proof of 3). Case 1. p e 0.. Let ^(p) == {z:\z — p\ < l/n^}
such that ^{p) c= £2. Then G(z, q) = G{z, q) + H(^, g) or
G(z, 9) according as q e p(p) or q i = ^ ( p ) , where G7^, g)
is a Green's function of <>(p) and H(;s, g) and G(z, q):
q ^ y{p) are least positive harmonic functions in ^(p) such
that H(z, q) = G(z, g) and ^ G(z, gr) = G(z, g) on Op(p).
Since for any q and any neighbourhood p(g) there exists
a const. L{q, ^(gr)) such that G(z, g) < L(g, p(^)) on C^(q)
and since ()^(p) is compact, there exists a const. L such
that H(z, q) ^ L and G(z, q){q ^ ^(p)) ^ L on

^n/P) c: ^(P) : î > ^o-
Hence:

G^z, p) ^ G(z, p) ^ V(z) = f^ G{z, q) d^(q)

+ f^ H(^ q) ̂  {q) + f^ G(z, q) d^ {q)

^ f^ Gf^ ?) ̂  (?) + L / ̂  in ^(p).
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Let H^(z) : n > no, be a harmonic function in p(p) — ^(p)
such that H^(z) == 0 on ^(p) and == L' on ^(p) :
L7 = L J* d|i. Then U(z) ^ f^ G'^, g) ̂  (g) + H,(z) on
b^(p). Since G^z, p) == 0 on ^(p),

^(^P) ^ J^^^^^^+H^)

on (>^(p) + ^^n(p). G'^, p) is harmonic and

J^G^)^)+H^

is superharmonic in ^(p) — ^n(p). By the maximum principle
and by letting n — oo G^z, p) ^ j , . G'{z, q) d\L {q). This

implies 1 ^ j ( \ ̂  {q)' Now ^(p) is arbitrary and

lim LP) d[A ^ L

Case 2. p e & Q . In this case p is irregular. Let g e c ) Q
and G(^, y) > 0. Then by definition

G(z, q) = lim G(z, g,),
i

where q, e Q, ^ -> g, G(gi, <o) -^ ^(9) = ̂ lm ^(2, ^o)- Hence
z->q

G(z, g) === 8(g)K(z, q): K(<o, g) = 1. Since the greatest sub-
harmonic minorant of Green's potential (in ordinary sense) = 0,
we have by

G^ P) ^ f^ G^ 9) ^(?) + JL G^- 9) ̂  (?)
G^ P) ^ J^Q G^ ^ ̂ ^) Le-

8(p)K(.,p) ^ f^{q)K^q)d^q).

Now 8(gr)pi(g) is a canonical representation, hence

8(p) ^ 8(9)^(9)

and 8(p) ^ ^ / ) d;(8(?)[Jl(g))• On the other hand, 8(gr) is
upper semicontinuous. Hence lim \ . ^^(^ ^ 1-

n J^v^Pf

Suppose an analytic function in a lacunary end G' :

G7 == G - F
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of a Riemann surface R with null boundary such that

w == f{z) : z e G'

falls on the w-sphere. We investigate the behaviour of f(z)
and the structure of A^. Then

THEOREM 2. — Suppose f{G) does not co^er a set E of
positive capacity. Then:

1) Let {zj be a sequence in G' such that z^ —>- p e A^
and lim G(z;, ^o) > 0. Then f(z^) -> a point not depending on

i

the choice of {zj. We denote it by /*(?).
2) If AI n ^(p) consists of at most countably infinite

number of points {pj and S(p^) > 8 > 0 /or any i. T/^M
/'(p^) === f^pj) for two kindred points p^ and pj in A^ n V(p).

Proof of 1). — The complementary set of E relative to the
w-sphere consists of domains. Let Q be the one containing
f{Gf). Let G^w, Wo) be a Green's function of Q. Then
Gw(f(z), f(Zi)) ^ G^z, ^). Consider a sequence {zj such that
Zi-^p and limG^, ^o) > 0. Assume /'(z^) has two

i
limiting points ^ : ? == 1, 2, ^ 7^ t^ on Q + ^^- Then we
can find two subsequences {zf) of {z[} such that zf—^ p,
/*(zf) -> t^ G^z, zf) -^ a harmonic function Gl'{z) in G'
and G^w, /'(^i')) -^ a positive harmonic function G(w, {/^(zf)})
in 0. — t^ Then by Lemma 4

(1) 0 < G^) ^ G-(^, ^(.f)}) ^ G^ t,):w= f{z),

where Gw{w, t^) is the function defined in Lemma 4. Now
by Lemma 3.2, G^z) = a^-ROG(;^, p) : 0 < o^ < oo, whence

(2) G1^) == &G2^) : 0 < b < oo.

Let v(t^) be a neighbourhood of ^ such that

î) ^ ^2) = 0.

Then by Lemma 4 G^w, ^) is bounded in C^(^). Whence
by (2) and (1) Gl\z) and G21{z) are bounded in G' and
G1^) === G2 (z) == 0. This is a contradiction. Hence we have 1).
Because the following fact is well known : Let co be a domain
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tn a Riemann surface with null boundary and let U(z) he a
hounded harmonic function in <o with U(z) ==0 on &co,
then V{z) == 0.

For the proof of 2) we use following:

PROPOSITION 1. — Let {z^ be a sequence in G' such that
Zi—^y, f(z^ —^ w* e D + ̂ 0, satisfying.

a) G {z, z^) -> a positive harmonic function G'(z, {^i}) in
G'.

b) G^w, f(Zi)) -> a positive harmonic function Gw(w, {f{Zi)})
in Q. — w*. Let EG^z, {^i}) be the least positive super-
harmonic function in 0. larger than G^z, {^i}). Then

EG^, {z,})

is minimal in 0. — w* and = aG^w, w*) : 0 < a ^ 1.
In fact by Lemma 4

G'(z, {zj) ^ G-(/-(z), {f(z,)}) < G"'(/-(z), ^)

and by the minimality of G"'(w, w*) EG'(z, {z.}) == aG"(w, w*)
and EG'(z, {zj) is minimal in Q — w*.

PROPOSITION 2. — Let {z,} fee a sequence z, -—»- p e G' + ̂ i
sucA that G'(z;, gg) ->• 8(p) > 0. Then by Lemma 3

G'(z, z.) -> G'(z, p), G(z, z,) -^ G(z, p).

5y 1) o/' Theorem 2 /'(Zj) ̂  /'(p) and by Lemma 4

G'(z, p) < Urn G"(w, /-(z.)) < G"'(w, /•(?)):

peAi+G' ,S(p) > O,AZ)=^.

Proo/' of 2) — By 1) of Theorem 2 /'(p,) : p, e A^ n V(p)
is denned. Let p^ and pa be two points chained. Assume
f{pi) 7^ /'(pa). We can find a circle

c={^:k-Api)l <^-IApi)-Ap2)|}
00

and C 0 ^ f{pi) = 0- By the definition there exists a
i=i

sequence of curves Yn with endpoints z^ and z^ such that
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^n-^Pi, ^-^p2 and G'(z, q^) > §0 > 0 on y,. Whence
fW -^ f{Pi), fW -> AP2). Consider /•(yj. Then /•(yj inter-
sects C for n > TZo. Let ^ be one of intersecting points
^h f^n) == ^n and ^ e y^ Since C is compact, there
exists a limiting point w* of {w^} :

w* e ^ +OD, w* n S f{pi) =0.

Hence we can find a subsequence {z^} of {^} such that
^m c: Ym? ^m^"P? /'(^m) -^ w* and G'(js, jsj -^ a positive
harmonic function G^z) < Gw(f{z), w*) by Proposition 1)
and G(z, {z^}) -̂  a positive harmonic function G(z) in

R - Ro by f -̂ G(z) ̂  = 27r.
J^RO^^

Suppose Martin's topology is defined over R — Ro + A by
K(z, p): K(po, p) = 1 and po e Ri — Ro. Then G(z) is
represented by a canonical distribution over Ai n V(p),
i.e. G(z) == ^ ^K(z, p,), where ^ a, == G(po) < oo. By

Lemma 3 K(z, p^) = G(z, p^/a(p^ and

G^z) ^ G(z) = S (^(PO)G(^, p.) < N'-i S a,G(z, p,),
» i

where N7 ^ a(pi) and N' === min G(z, po)- Put
^ebRi

U,(z) = S (a,/a(p.))G(z, p.).
1=1

Then Un(z) / G(z). By proposition 2

0 < G'{z) ^ rG(z)^S ^'•G(z,p,)

< (M/N') ^W(p,))G'{z,p,) < (M/N'8) S a,G'{z,p,)

^ (M/N'S)^ a.G"'(^,/-(p.)),
I

where M == max G{z, qo) : w = f{z).
^•ebR^

By proposition 1

•EGf{z)=a,GW{w,^) ^ (M/N'S)^^^,/'^)) < oo.

Now w* G C and C n ^ /•(p,) = 0. G^w, w*) has mass at
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w*y on the other hand, the term on the right hand has no
mass at w*. This contradicts 3) of Lemma 4. Hence

/•(Pi) - f{p2) and f{p,)=f{pj)

for kindred points pi and pj. Thus we have 2).

THEOREM 3. — If the spherical area of f{G) < oo, then:
1) Let {Zi} be a sequence in Gf such that z^—>-p and

lim G'(z^ ^o) > 0. Then f{z^) -> a point not depending on the
choice of {^}. We denote it by f(p).

2) Let p1 and p2 be two chained points. Then f(p1) ̂  f{p2)'
Hence f{p1) == f{pJ) for two kindred points p1 and p7.

At first we define R and G as follows. Since spherical
area of f{G) < oo, we can find a number HQ such that

spherical area of f{Gf n (R — RJ) < 7- and OR,, n F == 0.

Evidently f(G' n (R — RnJ) does not cover a set E of
positive capacity. Now f{z) is analytic on ^R^,

G' n (R - RJ

consists of a finite number of components G^, . . ., G^. and
bR^ consists of ^R^, . . . , ^R^- We can find an arc Fj
on ^R^ such that /*(r/) is a simple arc,

f(r,) n/'(r,)=o:^/
and ^ /*(r^) n E == 0. Let ^ be the whole w-sphere.

Put ^ = ^ — S^r^.). Connect ^/ with G;, . . . , G^.
at an adequate side of /'(r,) with Fj of G} so that

^/ + 5 AG;)
may be a connected covering surface. By deforming R^

^ + i G,
can be considered a domain and ^! + G n (R — RJ
can be considered an end G of another Riemann surface R

k
with null boundary. Now c)G consists of ^R/io — S ^j
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and the other side of f(r^(j =1,2, . . ., k) where ^ ' and
Gj are not connected. Put G' = ̂ ! + (G' n (R — R )).
Then f(z) can be continued analytically into ^ by putting
f(z) = projection of z over w-sphere, which we also denote
by f(z) : z e G'. Let po and ^o be points in G' n (R — RJ.
Then Martin's topology M will be defined over G. Then
M-top. and M—top (given originally on R — Ro + A)
are isomorphic on (R — RJ -4- A and the minimality does
not change. Also let G'(z, ^) be a Green's function of G' :
^Rn n F == 0, there exists a const. K such that

G^, q,)IK < G'(^ q,) < KG^z, q,)

in G' n (R - RJ and k-^^p) < 8{p) < K8(p) for p e Ai,
where §(p) is defined in G' relative to q^. Put

^ = G' - E^,

then f(*G') does not cover a set E of positive capacity,
where E^ is the set of ^ over E.

Proof of 1). -— So long as we investigate f(z) in a neigh-
bourhood of the ideal boundary of R, we can consider *G'
instead of G\ Then we have at once 1) by 1) of Theorem 2.

Proof of 2). — For the purpose we consider only

G' n (R - RJ

such that spherical area of /*(& n (R — RJ) < -TC-.

G n (R - RJ

consists of a finite number of ends. Let *G be one of them
and^put •G'^ 'G-F. Let 'G'(^ q^) be Greens function
of Tr'. Then there exists a const. K such that

(3) -^ G'(^ q,) ^ -G^, q,) ^ KG'(z, q,)

in G' n (R - RJ, where q^ and ^ e G' n Rm,~r
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Hence limmm^G^, ^) > 0 for {yj defining chained-
n zer^

ness of points. Hence for simplicity we denote *G, TS',
•G^,^) by G, G7 and G^z, ^).

By Evans's [5] theorem there exists a positive harmonic
function U(z) in G7 == G — F such that

1) U(z) =0 on bG + F, D (min(M, U(z)) == 27rM,

f -̂ - U(z) ds = 27T
^^ ̂

for almost L < oo, where O.j^ = {z e G' : U(z) > L}.
2) V(z) -> oo as z -> B in any

G§= { z e G ' : G^go) > S } :

8 > 0. ^SL consists of at most countably number of domains.
Let Q.i be one component of ^L- Then Q,i is a domain
in a surface with null boundary, whence sup U(z) == oo.

7T zeQL

Since spherical area of /'(G7) < —? by 1) we see by length

and area's method there exists a sequence Li: i == 1, 2, . . .
such that L, /^ oo and spherical length of

f(bQ^) == s; -> 0 as i -> oo.

Let {y^} be a sequence of curves defining the chainedness
of pi and pa- Then limminG^z, ^o) > O? and there

n zeTn
exists a subsequence {y^} of { Y n } such that

min G'(z, gro) > 8 > 0.
^e^

Since y^ -^ boundary of R, by 2) for any given L^, there
exists a number ^(L^) such that U(z) > Li on

Y^: m > m(L;).

Hence for any L^ there exists 7n(Li) such that

QL, ^ Ym : ̂  > (̂L;)

and there exists only one component ^(y^) °t ^L, such
that ^(yj ^ T^ where Q^Ym) depends on Ym-
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By Evans's theorem there exists a harmonic function V(z)
in G such that

1) V(z) == 0 on ^)G, D (min (M, V(z)) == 27rM,

f ^- V(z) ds = 2n
J^^ri v /

for M, where DM == {z e G : V(^) < M}.
2) V(z) ->oo as z ~> boundary of R. Similarly as U(z),

there exists a sequence My such that spherical length of

/•(^DM, n G) = ̂  -> 0

as / -> oo. Since ^(y/n) :::= lim ^I(Ym) n DM^, there exists
a number M, such that ^(Ym) n DM^ ::> Ym- P^

n./yj = Q;(YJ n DM,.
Since Q^.(Y^) is compact boundary of

/•(n;,(yj) c: /•( ;̂,(Y.))

and the spherical length of f^Q.^^)) < £1 + s/. A^^v^Tm))
divides the w-sphere into a number of domains G^, G^, . . . .

1
Since the spherical length of /'(^^^(Ym)) < £i + £/ < ~T~'
there exists only one domain with spherical area

^ 47T - (e, + e .̂

We denote such domain by G. Then since spherical area

of /-(^(yj) < ̂  fWA-r^) n G == 0 and /-("y(Yj)
is contained in a semisphere and the spherical diameter of
/^Ym) ^ spherical diameter of /*(^(Yw»)) < ^ + £/-

Let / -> oo.

Then spherical diameter of /'(Ym) < ^ Let 2^ and z^
be endpoints of Ym- Then fz^-^fipi) and f^^f(p^) as
m -> oo. Let m -> oo and then ^ -> oo. Then /'(pi) == /'(j^)
for chained points pi and pg. Thus we have 2).

THEOREM 4. — L^ G ^ G be two ends of a Riemann
surface R with null boundary and let G' = G — F be a
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lacunary domain. Let E^ be a compact set of positive capacity
in G — G. Suppose an analytic function f(z) in G— F
and there exists a neighbourhood ^(E^) of E^ with the property :
f{z) is uniwient in ^(E,.), f{G — F — ^(E,.)) does not cowr
E == jf(E^) (clearly E is of positive capacity). Let u{z) be
a harmonic mesure of E^ with respect to G — F — E^. Sup-
pose Martins topology M is defined over R — R Q + A .
Let G{z, go) ^e a Green's function of G' and let

S(p) : p e G7 + AI = lim G(z, go) :?o ^ G' n R^.
M

T/zen by theorem 2 f^) -> f{p) for ^ -^>- p and

HmG^go) > 0.
Then

1) L^ {zj 6e a sequence such that ^—^ p e A^ and
lim G'(Zi, go) > 0. Then f(Zi) -> f(p) and there exists a uni-
quely determined connected piece <x> o^er |w— f(p)\ < r

such that f{Zi) e co /or i ^ io and f(Zi) -> f(p).

2) L^ u(p) ==== lim u(z) peAi. L^ {zj &6 a sequence such
^P

that Zi-^-p and u(z,) -> u(p) > 0. Let G^(z, ^) be a
Green's function of co. Then G^z, Zi) -> a unique positive
minimal harmonic function G^s, p) and

(P)= f u(^) ̂  G'̂ , p) ̂ ,
Jo^ onu

where ^o) 15 ̂  par( o/1 5o) ^uc/fc (Aa^

/•(6ico) cr {w. \w-f(p)\ =r}.

3) Let w he a point and let pi e A^ wi(/i ^(pi) > 0 and
/•(p^) == w and let qj e G' == G — F — E^ wi(A f(qj) = w'
Then

^u(pi) + ̂ u(^•) ^ l f01* ̂ y w-
Ca^ 1. Wo e E. Let 0 < r < dist (^o, /'(^(E,)) ( > 0 by

the univalency of f(z) in ^(E^)). The part of G — F — E^
over \w — WQ\ < r consists of a most countably infinite
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number of domains (connected pieces). Let { ^ / } be the set
of connected pieces contained in ^(E^) and let < o ^ : i = 1, 2, ...
be pieces except {co'}. Then G), n ^(E^) = 0. By the
assumption, there exists no point z in G -— E^ — F such
that f{z) = WQ. Further let p e A^, then for any sequence
{Zi} with ^ -> p, there exists a number &o such that
Zi ^ ^(E^) for i > io. If there exists a point p e A^ such
that 8(p) > 0, f{p) = Wo, there exists a certain ^j
containing ^ (in this case clearly WQ is an irregular point
of the domain •== w-sphere — f(G — F -— E^). Let o be
one of {o)J. Then by ^(E^) n f-l[^\= Q it is proved simi-
larly as Lemma 1 U^w) = Su(^) : f(^) === w, ^ e co.

Ca^ 2. WQ ^ E. The part of G — E, — F over

\w — WQ\ < dist (E, Wo)

consists of connected pieces 0^(1 = 1, 2, . . .). In this case o\
does not tend to E^ by the univalency of f{z) in ^(E~).
In both cases it is sufficient to consider only 0)1: i = 1, 2, . . .
Let o) be one of {coj. Then co is compact or non compact
in G — E^ — F and ()co consists of b1^ and b2^ such that
/^co) <= {w : [w — WQ\ = r} and ^2(o = ^co — ^lco. Then
u(z) is harmonic on ^l(o and > 0 on b1^ — F and u{z) = 0
on ^co and ^(w) is quasisubharmonic in \w — Wo[ < r
and by Lemma 1.

S ur(w) < u(w) ^ i.i
Proof of i}. — There exists a const. K such that

KG-^o) > u{z) > ^G^go)

in G' n (R - R^): R^ -> g,.
Hence without loss of generality we can suppose

u(z,) > 8 > 0

and l/*^) — WQ\ < - , . Suppose a connected piece o -̂  ^.
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Then by Lemma 2

^) - ± f ^) ̂  G-(^ z0 ̂^ j^o on

where G^, z) is a Green's function of co.
Let G"'(w, T]) be Green's function of \w — WQ\ < r. Then

by G^z), f(z,)) > G^z, z.)

(4) ^G"W),/-(z.)) ^ ^G^z.) > 0

on S1^. Let («>„ == <ii n R,, then (On/^ci). Hence by consi-
dering <o, we have similarly as Lemma 2

r u(^& G"(f(^), /-(z.)) ̂
Jb^J on

= r U^) & G^^, AZ.)) ds.
J\w—WQ\=r OTI

On the other hand, there exists a const. K' such that

(5) ^ G-(7], ^) ^ K7 ^ G^T], ^o)
on 072

on

\r^ — WQ\ = r tor \w — WQ\ < y

Hence

(6) 8 < u(z,) = i f u(^) ̂  G^ z,) ds
^K Jco^ 0^

^ ^ f U-(wo + re^) dQ ^ K7

IT: J
/ Y^\

Assume there exist m ( > - . - ) number of connected pieces
\ ° /

(x>,: i = 1, 2, . . . , m containing at least one ^ of {zj.
Then by (6) and 1 ^ ^ U^w)

t

m8 ^ i K7 S fu^o + ̂ i9) rfO ^ K'.
^7r i J

This is a contradiction. Hence there exists at least one <o
containing a subsequence {z[} of {z.}. Let {z[} be a
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subsequence of {z\} such that u«) -> a{ >0), G^z, z") -̂  a
harmonic function G"(z, {z;'}).

Then by (4), (5), (6) and by Lebesgue's theorem

(7) 0 < 8 < Hm M«) = lim 1 f u(E:) -6- G^, z.) ds
' • ^"Jacu 5/i

.̂L^0 .̂'"*and
G^z, {<}) > 0.

Put co7 = co n (R - R,). Then a/ c: co. Since ^ - ̂
is compact and G^, <) < G(^, <) is uniformly bounded
on co — co7 for ^ ^ ^, the convergence of {G(0(^, z ' ) }
implies G^z, ^) -^ a positive harmonic function G^\z, {z1^})
and

(*)
G^^, {<}) == S G"'(z, {<}) > 0,

(i)'

where^ G(o(z, ^) and G(z, z,) are Green's function of a/
and G respectively. We suppose Martin's is defined over
R — Re ^ G. Now co7 c: R — R^ and by Lemma 4

G^(z, {z,}} = arK(z, p) : 0 < a < 1.

"J1106 ,,° < Ga)(^ {zi}} = a5rK^ P) and rK(z, p) and
^(^ {^}) is minimal (where r is relative to R — Rg, o/;
5 relative to o, co7) (8). Assume there exists another connected
piece (o* containing a subsequence {zj of {zj. Then as
above we can find a subsequence {z;.} of {z,} such that
(for r, 5 relative to R — Ro, co*7, co*, with

co*7 = co* n (R - R,))
(9) 0 < G-^z, {z;}) = srK{z, p) and rK(z, p) > 0,

It is well known for minimal function V(z) in R — R^
if rV > 0 (relative to R - Ro and D) rV(z) == 0 (rela-
tive to R -- Ro and CD for any domain D in R — Ro).
Hence (8) contradicts (9). Thus there exists only one connected
piece co contains z^ for i ^ i'o.

Proof of 2). — Let z, be a sequence such that z, -M^ p,

limu(z,) == u(p). Then limG(z,, q,) ^ u-^ > 0. Hence by
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(1) of this theorem ^ is contained in the only one connected
piece o) and by (8)

(io) ^(P) - ± r ^) ̂  G-(Z, {zj) ds^Jba) on

and G^(z, {zj) is the function when the value

G-(z, {zJ)/.rK(z, p),

(with r relative to R — Ro, o/ and 5 relative to co, co')
attains the maximal value and the function G'(z, {zj) is
uniquely determined. We denote it by G^z, p). Thus we
have 2).

Proof of 3. — For p e A^ and ^(p) > 0, there exists
a uniquely determined connected piece <o(over \w—f(p)\ < r)
containing a sequence ^ —^ p and Inn u(z,) > 0. In this
case we say co contains p.

Case 2. WQ ^ E. Let <o be a connected piece over

1
\w — Wo| < -^ dist (^o, E).

Let pi e AI : /*(p^) == <^ be a point contained in co. Then
G0^, p.) is minimal and ^ G"V(z), ^o) == lim Gw(/l(z), /*(z,)).

i
Let ^ be a point in o such that f(qj) = ̂ o. Then G^z, g,)
is minimal in co and ^ Gw(/>(z), Wo). Hence

G'(A^). ^o) ^ S G^ p,) + S G^^, ^).i y

Clearly u^,) = 1 f u(^ -&- G'0^, 9,)^. Hence by (10)
JT: /̂ oyi

(i-i.) r v " ^ ) 6 G^s, ^o) ̂  > s "(P.) + s »(^).
>/jW_W,|=r Oft i J

Summing up over all connected pieces over \w — Wo| < r.
Then by ^ U"i(w) < U(w) ^ 1 we have

(12) 1 ^ S ^(P.) + S u(^•
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Case 1. WQ e E. In this case there exists no point qj in co
such that f{qj) = WQ. It is sufficient to consider coi, cog, . . .,
remarked at the top of Theorem 4. Hence similarly as case 2)
we have

(12)

Thus we have 3).
l •> S "(p.).

i

THEOREM 5. — Let G be an end of a Riemann surface with
null boundary. Let Gf be a lacunary end: Q' == G — F.
Let f{z) be an analytic function in G7 and on ^)G. If f^G')
does not cover a set E ofpositive capacity^ or spherical area of
/"(G7) < oo, then there exists a const. K not depending on w
such that

S8(p,) ^ K,

where f{pi) = w and p, G A^.

Proof. — Suppose f{G) does not cover a set E of positive
capacity. Let ^ be w-sphere. Let F be an arc on OG
such that f(F) is a simple arc and f(F) n E = 0. Put
.// = y — /*(r). Then we can connect ^/ with G' at F
(at adequate side of /*(?)) so that we may have a prolonged
surface G = ^ ' + (G — F) and G + ^/ may be an end
of another Riemann surface R with null boundary. Let
Ey be the set of ^ over E and put

G' =G- Ey: E,/ <= y\

For the case [spherical area of f{Gf)] < oo, we can define G,
G' and R as above (see the proof of Theorem 3). Hence f(z)
can be continued analytically into G. Then since f(z) is
univalent in neighbourhood ^(E^), 1 ̂  U(w) = ̂  uiz^):

f{z,) = w : z, e G^

where u(z) is a harmonic measure of Ey relative to G'.
Since ^R^ n F == 0, there exists a const. K such that

— G'(z, q,) ^ u(z) ^ KG{z, q,) in (R - RJ n G' :K
G' n R^ -> ?o,

15
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where G'(z, go) is a Green's function of G' c G7. Now
/'(G7) does not cover E. Hence by Theorem 4 we have
Theorem 5.

COROLLARY 1. — Suppose spherical area of f{Gf) < oo.
1) Let pi, pg, . . . be kindred points of pi. Then there exists

a const. K {defined in Theorem 5) such that ^ S(p^) ^ K.

2) If F == SFf î  completely thin at ^, ^en A^ n V(y)
consists of at most m points {with:

m ̂  — : 8 == Inn min G^(z, go)
6 n

on 0^(p) ^ K).
1) Is evident by Theorem 3 and 4.

Proof of 2). — Let p e A^ n V(p). Then there exists a
path r tending to p. F must intersect (^(p), where
l\(y) is a determining sequence of p and ^(p) is a divi-
ding cut such that Km min G'(z, qo) > So > 0. Whence

n ^5^(^)

8(p) ^ So- Also any two points in A^ n V(p) are clearly
chained. Hence by Theorem 3 and 1) of corollary 1 we have 2).

COROLLARY 2. — Suppose f{Gf) does not cover set E of
positive capacity and A^ n V(y) consists of at most countably
infinite number of points p^ with 8(p^) > §o > 0.

1) Let pi, pg, . . ., p^ be a set of kindred points. Then there

( TC \
exists a const. K such that m ^ — )•

so )
2) If F is completely thin at p, then A^ n V(y) consists

of at most m points^ where m is the integer given in Corollary 1.

By corollary 1 and 2, we /ia^ at once :

COROLLARY 3. — Let G be an end of a Riemann surface
with null boundary. Suppose F is completely thin at p.

1) If the harmonic dimension of p is countably infinite
(this is equivalent A^ n V(p) consists of countably infinite
number of points) and 8(p,) ^ 80 > 0, then there exist no
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analytic functions in G' == G — F such that f{G1) does not
co^er a set of positive capacity.

2) If the harmonic dimension of p is infinite^ then there
exist no analytic functions in G' with spherical area of

f(G') < w.
.Remark. — The ameliorations of this paper appear [6].
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