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LOCAL STRUCTURAL STABILITY
OF C2 INTEGRABLE 1-FORMS

by Alcides LINS Neto

In this paper we define a class of C'(r > 2) locally structu-
rally stable integrable 1-forms with singularities. The main
idea 1s to consider integrable 1-forms on R" with singularities
such that the 2-jet of the form in the singularities satisfy a
« hyperbolicity condition » to be defined in § 1. With this
condition we show in theorems A, B and E that the foliation
induced by the form in a neighborhood of the singularities is
topologically equivalent to a foliation induced by a hyperbolic
linear action of R*™! on R" In theorem C we show that
the set of singularities of the form is a cell complex which is
stable if we impose transversality conditions. In theorem D
we show that the foliation induced by the form in a neighbor-
hood of the singularities is locally like a product of a singular
codimension one foliation in R? by codimension three planes
in R". In §1 we give the definitions, state the results and give
some examples. In § 2 we prove the results.

I wish to thank specially A. S. Medeiros and C. Camacho
for helpful conversations and ideas.

1. Definitions and results.

1.1. General definitions.

Let M be a C” manifold of dimension n. We shall
denote the set of C° k-forms on M by Ab"(M) and if
k=1, A*"(M) = A"(M). A 1-form on M will be integrable
1f o A do =0. The set of integrable C" 1-forms on M
will be denoted by 9" (M). In A"(M) we shall consider the
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198 A. LINS NETO

Whitney’s C" topology and in 97(M), the induced topology.
If «e A" (M) we set sing (x) = {p € Mla, = 0}. A point
p € sing («) 1s called a singularity of «. Frobenius’ theorem
implies that « € 9"(M) defines a codimension one foliation on
M-sing (®), which will be denoted by # (o).

1.1.1. DeriniTioN. — Let o € (M), & € 9"(M). We say

that o and & are topologically equivalent if there exists a
homeomorphism h: M — M such that h (sing (»)) = sing (&)
and h sends leaves of #(w) onto leaves of #(&). If peM,
qeM, wesaythat o and & arelocally equivalent at p and q,
if there exist neighborhoods U of p and V of gq, such that
the restrictions o|U and &V are topologically equivalent.

1.1.2. DErintTioN. — We say that o € 9"(M) is structurally
stable if there exists a neighborhood v of o in 9"(M) such
that for all & ev, ® and & are topologically equivalent. We
say that o s locally structurally stable at p € M if for each
neighborhood V of p, there exists a neighborhood v of o
in 9"(M), such that if & €v there exists p eV, such that o
and & are locally equivalent at p and p.

1.2. Some known results.

Singularities of integrable 1-forms were considered by
Reeb in [1]. In his work Reeb showed that an integrable 1-

form with non degenerate linear part of the type 3 wxdu,

=1
is locally equivalent to the linear part. Furthermore he showed
that in the case that the form is analytic it is sufficient that
the linear part be non degenerate, for the local equivalence.
Kupka in [2] considered this problem from the structural
stability point of view. In this paper he gave some necessary
conditions for (! structural stability. In [3] Medeiros extends
the results of Reeb to the case in which the form is C' and

the linear part of o is of the type 3 exdz; (¢, = 1)
i=1

and the number of ¢,;, with minus and plus sign is not two.
Furthermore he considered the case w,=0 but dw, #0
and in this case he showed that singular foliation induced by o
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is locally equivalent to the product of a singular codimension 1
foliation on R? by codimension 2 planes in R" (see the
picture below).

AN

, )=

Fig. 1.

In this paper we analyze the case in which the linear part
is zero but the two jet of the form in the singularity is not zero.

1.3. The results.
Let o € 9%2(V), where V is an open set of R". If
jHe), =0 and j*e), =g,

then ¢ is a 1-form with coefficients homogeneous of degree
two and ¢ A dg=0. Let Q(n) = {ge9R")|qg= Y ¢ dux,
where ¢, is a homogeneous polynomial of degree Lt_wo}. I
o € AY(R3?), we define rot (o) to be the unique vector field X
in R3 such that do= ix (dx; A dz, N\ dz;), where for a
k-form = in R" ix(n) is the (k — 1)-form such that

iX(ﬂ)("l) o Vk—l) = YI(X’ Y1y ey ‘)k—l)' If q¢€ Q<3) then
rot (g) is a linear vector field in R2

1.3.1. DErinition. — Let ge Q(n), n > 3. We say that q
is simple if there exists a 3-plane ™ < R" such that rot (g/=)
is a hyperbolic vector field in w, where q[n us the restriction of
q to =. If we€¥*(M) and peM 1is such that

JHe), = q + df,

where q is simple, then we say that p is a simple point of w
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We shall see below in 2.2.2 that a simple point of o is
a singularity of , therefore in this case we shall say that p
1s a simple singularity of «. Observe that if n = 3, rot (o)
depends of a volume form on M, but the fact that p is a
hyperbolic singularity does not depend. If Ay, A,, A3 are the
eigenvalues of the linear part of rot(w) in p, then

Mt 2 =0.

This 1s a consequence of the fact that rot(w) preserves
volume.

1.3.2. Prorosition. — Let ¢geQ(n), n > 3, be simple.
Then there exists a linear isomorphism A of R" such that
A*(q) has one of the following forms:

1) A*(q) = amyzs dzy + bayxs dwy + 217, das.

1) A*(q) = (az, + bxy)zs dzy + (— bxy + ax,)zs dx,
+ c(a? + 22) da,
m) A*(q) = (azy, + bxy)zs doy — bayxs dwy + ca? dus.

Case 1i1) occurs only when the eigenvalues of rot (q[x) are of
the form A, A, — 2x(x # 0), where = < R" is like in 1.3.1.

1.3.3. Remark. — Let S = §( (n) = Q(n) be the set of
simple 1-forms in Q(n). Then S is open (but not dense) in
Q(n). We remark that if g€ S, then it is not difficult to see
that the three canonical types i), i) and 1i1) can be obtained
in the following way : Take two linear comutative vector fields
im R3 say X and Y. Let Z=X >< Y where X denotes

the cross product in R3, If Z = 2 Z i3 We take

=1 i

3
q(Z) = Y, Z, dx.
It is not difficult to see that the map (X, Y) - ¢(X X Y) €S
is surjective, therefore the singular foliation induced by
g €S can be obtained as a foliation induced by an action of

R™! in R" such that two of the generators are linear and
the others are constant.
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1.3.4. Remark. — We shall prove in § 2 that cases 1) with a,
b,c # 0 and 11) with b, ¢ # 0 are locally stable. We remark
here that case 1i1) is not locally stable. In this case

q = (ax, + bay)xs dovy — bayxs doy + ca? dag
and
sing () = {x e R"2; =2, =0 or 2; = 23 = 0}.

If ¢>0, let § =g+ ax,25dz, + Bajdxs where ac = Ba
and |«|, |8] < e. Then §eS and

sing (§) = {z]z, = x, = 0}

if Bc >0 or sing(§) is the union of three codimension
2 subspaces if Bc < 0. Then case 1) is not locally stable.

1.3.5. DériniTioN. — Let g€ S(n), n > 3. We say that q
s hyperbolic if there exists an isomorphism A of R™ such
that A*(q) us of type1) (of 1.3.2) with a, b,c # 0 or of type 1)
with b, ¢ # 0. Let 0w €ed (M), r > 2, n > 3. We say that
peM is a hyperbolic singularity of o if j?(w),=g¢q 1is
hyperbolic.

We have the following results :

1.3.6. TueoreMm A. — Let » € 92(M), dim (M) = 3. Suppose
that p e M 1s a hyperbolic singularity of « and that

Ja(w), = ¢.

Then o and q are locally equivalent at p and 0 respectively.

1.3.7. CororLrary B. — If peM, dim (M) =3, s a
hyperbolic singularity of o € 92(M), then o 1is locally struc-
turally stable at p.

1.3.8. Remark. — In [4] C. Camacho proves the local struc-
tural stability of hyperbolic actions of R? on R3. We remark
that this result can be obtained « generically » in the C?
case as a corollary of theorem A and corollary B, by using the
construction of 1.3.3. Observe that if we apply the construction
of 1.3.3 to the vector fields X = (z,, z,, 73) and

Y = (2, 2x,, 3x3)
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we obtain the 1-form o = xx, do, — 22,75 dzy + 212, dag
which is not simple and not stable.

If ¥ and M are manifolds we denote by &2, M) the
set of C* embeddings of X in M with the C* Whitney’s
topology.

1.3.9. Taeorem C. — Let o € 9" (M), dim M) =n, r > 2,
n > 3. Suppose that « 1is simple in the points of sing (dw).
Then sing (dw) < sing (o) and in fact jY(w), =0 if

p € sing (do).

Furthermore sing (do) isa C1' codimension three embedded
submanifold of M. Now suppose that sing (dw) intersects dM
transversally and r > 3. In this case there exists a neighborhood
v of o in ¥(M) such that if & e€v then sing (d&) is
diffeomorphic to sing (dw) and it is possible to define a conti-
nuous map £:v — 2 (sing (do), M) such that the image of
E(®) ts sing (d&).

We say that a 1-form on R" depends of p variables in a
open set U < R" 1if there exists a decomposition

R* = R? X R"?

l}
such that o/U= Y o,dz, where o;: U— R depends

only of the variables z;, ..., z,e R?, for 1 =1, ..., p.

1.3.10. TueoreEm D. — Let o €d" (M), dim (M) =n > 4,
r > 4. Suppose that p s a simple singularity of o. Then
there exist open sets 0e U <R peV<M and a C-3
diffeomorphism o : (U, O)—(V, p) such that o¢*(w) e $"(U)
and depends of three variables. In particular the foliation indu-
ced by o in V is equivalent to the product of a singular folia-
tton in R3 by a regular foliation of codimension three.

1.3.11. Remark. — Let o €9 (M), dim (M) > 4, r > 4.
Suppose that o is hyperbolic in the points of sing (dw).
It follows from theorems A, C and D that there exists a neigh-
borhood V of sing (dw) such that sing () NV 1is a cell
complex with codimension 2 and 3 cells.
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1.3.12. Cororrary E. — If p s a hyperbolic singularity
of o€ (M), then o tis locally structurally stable at p.

A global structural stability theorem for forms with singu-
larities of the type above can be found in [10].

1.4. Some problems.

There are some problems and questions which arise natu-
rally :

1. In which situation is the hyperbolicity condition neces-
sary for local structural stability?

2. Let o be the integrable 1-form in R" defined by

n
o= ar ... %4 Ty ... T, dr;

i=1
Is it locally stable for a dense set of a;,?

3. Generalize the definitions and theorems for systems of
integrable 1-forms or for A-forms.

4. Study k-parameter families of integrable 1-forms.
In 1.3.4 we have an example of a 2-parameter family of
1-forms. Is it stable?

5. Does the space of germs in 0 of hyperbolic 1-forms
have a structure of a Banach manifold? Notice that Medeiros
has a proof that in the case dw, # 0 the answer is yes.

1.5. Pictures.

Here we sketch the pictures of the foliations induced by the
forms 1) and 11) of 1.3.2 1n R3.

Case 1. © = az,y dx; + bxyxs doy + cxy7 dzy With
a, b,c # 0.

We have two cases: 1.1) a, b, ¢ have the same sign and 1.2)
a, b, ¢ do not have the same sign. In the pictures below we
sketch the pictures of the intersection of the foliations with
a sphere. Some of these pictures can be found in [4].
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Fig. 2.1 (case 1.1).

Fig. 2.2 (case i.2).
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Case 11.

o = (am, + bxy)wy doy + (— by + axy)zs doy + c(af + 23) das
with b, ¢ # 0. We have three cases: 1.1) a, ¢ with the
same sign, 1.2) a >0 >¢ or ¢ >0 > a, 1.3) a=0. We

Fig. 3.1 (case ii.1).

Fig. 3.2 (case ii.2).



*0

Fig. 3.3 (case ii.3).

Fig. 3.4.
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remark that all these cases are topologically equivalents as

we shall see in the proof of corollary B. We sketch below some
typical leaves.

2. Proof of the results.

2.1. Proof of proposition 1.3.2.
Fuirst case: n = 3.

By definition we have dg = ix(I') where
' =dx A dz, \ dzg and X = rot (gq)

is linear and trace (X) = 0. Let A be a linear transfor-
mation of R2® Then

d(A*q) = A* (dg) = A*(ix(T)) = tas(A*T) = det (A)iam(L),

where A*(X) = A-%(X.A). Let A be a linear isomorphism
of R3 such that det (A) =1 and A*(X) is in Jordan’s
canonical form, with respect to the canonical base of R3.
We have three possibilities :

a)

d(A*q) = nay day N doy + Ny dag N day + May doy A da,
where A, + 2, + 23 = (.

b)

d(A*q) == (ax]_ —l" sz) dxr_) /\ dx3 + <— Bxl _I“ 015132) dx3 /\ d(l)l
— 2025 dz; N\ dx,
c)

d(A*q) = Azy day A dag + (2, + Ax,) dag N\ dxy
- 27\% dxl /\ dxg.

Now suppose we have a). The other cases are analogous.
Let § = MNaxyx3 day, — May25 dz,. We have di = d(A*q), the-
refore A*q = § -+ df, where f:R®—> R 1is cubic. By the
integrability condition we must have d§j A df=0, or
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3 [ . ..
3 )\,-x,-sl;— = 0. As f 1is homogeneous of degree three, it is
i=1 i

not difficult to see that we have two possibilities.

a') n #x if ¢ # 7. In this case f= kxya,2; and
A*(q) = azyx; dzy + by d2y + c2y75 dizs,

where a=x +k, b=k — 7, c=k.

a") Ay =r =%, Ag= — 2. In this case
f = x3(kai + lzy 2y + mad)

and § = Axs(z, dx, — x; dz,). Observe that if B is any
linear transformation such that B(z, 2, z3) = (By(ay, 2,),
By(2y, 5), #5), then B*(§) = det (B)§. Let B be such that
B*(ka2? + loyx, + maj) = k(a} + 23) or kzyz, or kal. Then
we have B*A*q = B*§+ d(B*f) has one of the forms 1),
1) or ii1).

Second case: n > 3.

It is sufficient to show that ¢ can be reduced to a 1-form
depending of 3 variables. Let ¢ge Q(r) and = < R" be
such that dimnm =3 and o/t 1s s1mple Suppose that
(%, Ty 23, 0, ..., 0) 1s the parametrization of =. Let

q = é q; dxi) dt] - 2 Oij dxi FAN dxj,

i=1 i<j
0g; 0gq; . .- .
where «; = — a; = —/ — L. By the integrability condi-
0x; ox;
tion we have ¢ A dg =0, and then dg A dg =0 so that
(*) &%t + Ay e + A%y = 0

Let X: R*"—>R?® and Y,: R"->R?® (k=4, ..., n) be
defined by X = (a3, %51, %15) and Y, = (ay, ayy, ag,). Observe
that X and Y, arelinear and the condition «g¢/x is simple »

means that the matrix M = (2X,/ox;) _ ,_. is non singular.

Assertion: sing (dg) = ker (X). Let M, = (awfox), _, j<s
By (*) we have X.Y, =0 and by differentiation

MY, + M X =0,
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where M' M| are the transposes of M and M,.As M! is
non singular, Y, = — (MY)1.M,.X and then

ker (Y,) = ker (X) (k= 4, ..., n).

Now it is sufficient to show that ker (xj;) > ker (X) if
J, k > 4. This is an immediate consequence of

Hpa® ji + AppXoj + A2 = 0

and ker (Y,) @ ker (X)(k =4, ..., n). By the assertion
sing (dq) 1s a codimension three sub-space of R", transversal
to ©. Let # = {(%, ..., z,)|®y =2, =23 =0} and A be

a isomorphism of R" such that
A(r) == and A(%®) = sing (dg).
Assertion: A* (dq) depends of three variables. Let
A* (dq) = 3, By da; N\ da;.

i<j
Then 8;; 1s linear and B;(0, 0, 0, z,, ..., @,) = 0. Let us
show that 8;,=0 if j >4 and 1 <i<n As A*(dg

. of3,; 0B, 0 .
is exact we have 2By + OB - B — 0 and taking k > 4,
ox, dx; ox;

we have OPU—0 therefore OBur _ OBy, particular if
0x, 28 ox; 0x;
j >4 and @ <3, £ =0, therefore B;,, =0 if j k> 4

As 2o OB (3 5 4) we have B, = df,, where

ox; ox;
@j = 2 (3ij dx;.
i=1
By the condition A* (dg) A A* (dg) =0 we have
B Adfy=0,
where f = ¥ B;dx A dx;, which implies that 8; =0

1<i<j<3
if j > 4 Th;{efore A* (dq) depends of three variables
(xla Zas .’E3>-

We have to show now that A*(q) depends only of the
variables x, %y, ;. As A* (dgq) depends only of =z, z,, 3,
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there exists an integrable 1-form g e Q(rn) depending only
of the variables =, z,, a3, such that dgq = A* (dg) (take
q = A*q/x). We have A*q =gq + df, where f is homo-
geneous of degree three. By the integrability condition we

have df A dg =0, or

of g 2 g
By T Buy T Pugy =0

1f i,/ <3 and k > 4, we have p,.jg- — 0, where B, # 0,
k

which implies that 2L =0 for k > 4.
0x;,

2.1.1. Remark. — Observe that in the above proof we use
only that dg/= 1is hyperbolic and the relation dgq A dg=0
to show that there exists a linear isomorphism A of R®
such that A* (dg) depends of three variables.

2.2. Proof of Theorem A.
As the theorem is local we shall consider M = R3 and

p = 0. We need some lemmas.

2.2.1. Lemma. — Let o € 3 (M") and suppose that the
interior of sing (dw) is empty. Let X be a vector field in M
such that ix (do) = 0. Then ix(w) =0 and the Lie derivative
Lx(w) = 0. In particular if peM and y is the orbit of X
by p then y < sing(dw), y < sing(w) or y < L, if

p € sing (dw), sing (o)

or L respectively, where L is the leaf of F(w) by p, if
pé¢sing (o). If n=3 M=R?® and X =rot(w) then

ix (do) = 0.
Proof. — Let peM — sing (do). Then

0= (ix(ﬁ) A dw))p = mp(X(p))' d(")p — o, A (ix (dm))l’
= 0,(X(p)) do,.

But do, # 0, then (ix(w)), = 0. As the interior of sing (dw)
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i1s empty, ix(w) =0 in M. We have
Lx(0) = ix (do) + d(ix(e)),

therefore Lx(w) =0. Now suppose p ¢ sing (o). By the
condition ix(w) =0, the orbit y of X by p is contained
in the leaf by p. Now suppose p €sing (o) and let X, be
the local flow of X. By the condition Lyx(w) =0, we have
%( fo)isy =0, therefore o,(¢) = wx(DX,p).¢) =0 if
¢ € TM,, so that the trajectory of X by p is contained in
sing (w). The proof for p € sing (dw) is analogous. If n = 3,
M = R? then rot(w) 1s the unique vector field X in R3
such that ix (dz; A da, A dz;) = de and of course

ix (do) = 0.

2.2.2. Lemma. — Let o € 9*R3®) and suppose that p € R3®
is a simple point of ». Let X =rotw and W, be the stable
or unstable manifold of X in p. Then j'(w),=0 and W,
is the union of leaves of F (o) and singularities of «. Further-
more if dim (W,) =1, then W, < sing (o).

Proof. — Suppose W, = W5 the stable manifold of X
(the other case is analogous). Let ¢e W5 and ¢ e T, (W5).
If X, is the flow of X, we have

©,y(v) = oxu(DX(q).9), t € [0, o).
But ¢ e T,(W:) therefore lim DX,(q).¢ =0, which implies

t>0

that ,(¢) = 0. This proves that W3 and W! are the union
of leaves and singularities of «. Since

T,(W3) @ T,(W) = T,(R?%), then w, = 0.

p

Let us show that j'(w), =0. We can suppose p =0 and
J*(w)y = df + ¢ where [ and the coefficients of ¢ are qua-
dratic. The integrability condition implies that

0= A dol = df A dg,
of |, of _

9 T s 0, where oy, a,, o3 are the
0, or, 0x3
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components of rot (¢), which is linear hyperbolic. Let A be
the jacobian matrix of rot (q) and B be the jacobian matrix
of grad (f) = (3f/om,, df[dx,, df/dx;). By the above relation we
have AB 4+ BA =0, where B is symmetric and A 1is
non-singular and has trace zero. This implies that B =0,
therefore df =0 and j'(w), =0.

It remains to show that if dim (W$) =1 then

W: < sing (o).

Let geW;, ¢eT/(R?) — T,(W;). We must show that
w,(¢) = 0. We have for

t 20, |oio)] = loxgp(DX(g).9)] < Joxgl IDX(q).0l.
Let Ay, Ay, A3 be the eigenvalues of rot (¢) and B, = Re ().
We have 3 8, =0 and 8 #0, i =1, 2, 3, therefore we
can supposie=1that Bs < 0, By, B2 > 0 and

max {8, B2} = p < [Bs].

Let 2|B3l — p > 3¢, € > 0. Then using Gronwall’s inequa-
lity (cf. [9], pg. 243, thms. 6.1 and 6.2) and j(w), =0 we
have

IX{QI < CreIB2 Jayx gl < CoemClbk-ot
and [|DX,(q).¢] < Cue®td) therefore
0,(9)] < Ce-Ubite+sot = Cem, o > 0,
which implies that w,(¢) = 0.

2.2.3. Remark. — Let p = 0 be a simple singularity of o
and S% = {zeR? |z|®> = p?}. In S} we take coordinates
x; = pu;, where u = (uy, Uy, ug) € S2. Define the « inter-
section » of w with 8% as the cross product

Y (z) = u X grad (v),,

3

where u=ﬁ and grad (0)= (0, 05, 03), 0= N o, dz,. Itis
i=

obvious that Y, is tangent toboth #(w) and S3 and Y (z)=0

iff xesing (0) NS3, or S? is tangent to the leaf of #(w)
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through z. By projection, we can consider Y, as a vector
field in S2. Now j'(w), =0, then o =g+ R, where

4= 3 qdzneQE),R =3 R dz and lim 2@ — 0. There-
i=1 ‘ ) ’ i ) ) t>0 lelz '

fore Y, = u X grad (o) :192(Z0 + R;) = ¢?Z, where

Zo(u) = (uaqs(u) — usqe(u), usqr(u) — u1gs(u),
U1G2(u) — uzq1(u))

and R, (u) = —g—u X (Ry(pw), Rs(eu), Re(pu)), ue St We
2

call Z, the « blowing up » of the intersection. Now let r!(S2)
be the Banach space of C! vector fields in S2 with the uni-
form C!-topology.

Assertion. — lpin(l’ Z, =17, in the G topology.

Proof. — It 1s sufficient to show that

lim - Ry(pu) =0
p>0 P
and

The first 1s only a consequence of the fact that j'(w), = 0.

d /1 1 dR;
For the second we have b_u; <;2— Ri(pu)) = - 23, (pu) and as

i

o 1s C* we have limiﬁ(pu)=0, uniformly in w.
p>0 P z)xj

2.2.4. Remark. — Suppose now that 0 1is a hyperbolic
singularity of «. By 2.2.2 we can suppose that

Hw) = g€ Q(3)

and by proposition 1.3.2 that ¢ has one of the two forms 1)
or.i1) of 1.3.2. Let us analyze Z, in these two cases.

Case 1: q = amyxs dzy + bayxs doy + cayzy das; a, b, ¢ # 0.
In this case Z, = (uy(bu? — cu?), uy(cu? — aad), ug(aa — bal))
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and we have two sub-cases:
') a, b, ¢ have the same sign.
1") a, b, ¢ do not have the same sign.

Case 1'): We can suppose a, b, ¢ > 0. In this case Z,
has 14 singularities: 8 centers, corresponding to tangencies
of #(q) with S? and 6 sadles corresponding sing (¢q) N S2.
The phase space 1s like in picture 2.1. In this case Z; is not
structurally stable.

Case 1"): We can suppose b > ¢ > 0 > a. In this case Z,
has 6 hyperbolic singularities corresponding to sing (¢) N S2.
These singularities are 2 sadles, 2 sinks and 2 sources. In
fact it is not difficult to see that Z,, in this case, is a Morse-
Smale vector field in S2 (cf. [5]) and its phase space is like
in picture 2.2.

Case 1) :

g = (az; + bxy)wg day 4 (— by + azy)zs doy + c(a? + a) dx,

where b, c # 0. In this case

Zo = (ud(aus — buy) — cug(u2 + ug),
u(— an — bug) + eu(uf + u),  bus(1 — ug))

and it is not difficult to see that the non-wandering set of Z,
is the union of two hyperbolic singularities (which are sinks
or sources) and one hyperbolic closed trajectory. The phase
portrait of Z, is like in pictures 3.4. Observe that Z; is
Morse-Smale in all cases. By 2.2.3 and 2.2.4 we can conclude
the following facts:

1) If ¢ is small, then Z, and Z, have the same number
of singularities. This fact implies that the restrictions «/S3
and ¢/SZ have the same number of singularities. Furthermore
Z(») and #(q) have the same number of tangencies with S2

and sing (w) N S, sing (g) N S3 have the same number of
points.

2) For casesi”) and 11) Z, is topologically equivalent to Z,
if o 1is small, which means that the restrictions of » and ¢
to 5% are topologically equivalent.

Now let » € 9%(R?) and 0 be a hyperbolic singularity of o.
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Let j2(0), =¢€Q(3), X =rot(w), L =rot(q). Suppose
that dim Wi(L) =2 and WjL) = {z € R¥z; = 0}. Let
Ug,. be the cilinder {z e S3||zs| < ¢} and U, (X), U, (L)
be the saturated sets of U,. by X and L restricted to
B, = {zeR? |a] < ¢}

2.2.5. LEmmA. — There exist gy, g5 > 0 such that:

a) X and L are transversal to U, = U, ., and
Up(X) U Wi(X), Uy(L) u Wi(L)

contain neighborhood Vx and V. of the origin, where Vy,
Vi = U,.

b) The restrictions of o and q to U, are topologically
equivalent.

c) If 1 us aleaf of the restriction of o to Vx, then I n U,
has only one connected component. The same tis true for the
leaves of q.

Proof. — From the theory of invariant manifolds (cf. [8]),
if o 1s small, the intersection of the stable manifold of X
at 0 with U,. is a closed curve and X restricted to

WiX) n U, .

is transversal to U, .. If we take ¢ small enough then X
is transversal to U, . and the same is true for L. By the
A-lemma (cf. [B]), i Uy = = U, . then U, (X) U WX)
contains a neighborhood of the origin Vx 2 U,. Let us prove
b). As the restriction of w and ¢ to S are topologically
equivalent to Z, and Z, respectively, it is enough to show
that Z, and Z, are topologically equivalent in a neighbor-
hood U;=U;; of {3 =0} in S In cases 1”) and 1),
it is obvious, since Z, and Z, are Morse-Smale and are trans-
versal to dU; if & and p are small (cf. [6]). Let us consider
case 1'). In this case Z, is not transversal to dU; but Z,
has eight tangencies with dU;, which are generic, therefore
if p issmall, Z, has eight tangencies too. As W5(X) N Uo ¢
is a closed curve C, and Z, must have four sadle points in
U;, this sadles must liein C and C-{sadles} has four compo-
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nents which are sadle connections. The phase space of Z,
in U; 1s like in the picture below

Fig. 4.

Using a known argument of arc length it 1s possible to cons-
truct a topological equivalence between 7, and Z, in U;
(cf. [6] and [7]).

Let us prove ¢). It is sufficient to show that the intersection
of any leaf of #(w/Vx) with S2 has only one connected
component, because 7, is transversal to d2U; in cases 1")
and ii) and in case i’) the tangencies of Z, with dU; are
generic (of the type y =22). Consider X = rot (o),
L = rot (¢). It is not difficult to see that if p is small then
the set of tangencies of X with 53 is the union of two closed
disjoint curves vy;(p) and yu(p). Let 3&(p) = Wj(X) n 53
and {pi(p), p2(p)} = Wi(X) N Sz Then it is not difficult to
see that 5% — [{pi(p), Ps(e )} v Y1( ) Y Yz( ) U 3(p)] 1s the
union of four c1hndrlc regions A, B, 1 =1, 2, as in the
picture below.
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Fig. 5.

By a know construction we can define two Poincaré trans-
formations f;: A, —> B, 1 =1, 2, so that if ¢ge A, fiq
is the first point of the positive trajectory of X by ¢ in B,
In fact f; can be extended to y,(p) U A, = A, by setting
filg) = q if gev(p). Now, let [ be a leaf of « restricted
to the interior region V bounded by S2. Let C be a compo-
nent of I N S such that C N A; # @. Then the projection
of C in S} is a trajectory of Z,, which implies that

C N YI(P) # Qa

. R — .
if p 1s small. Let Cx = U qfi(q), where g¢fi(q) 1s the

geXinc
segment of the orbit of X between ¢ and fi(q) (inside S3).

Then Cx = ! (because ix(w) =10) and it is open and closed
in ! (because X has no singularities in ), therefore Cy =l
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If C N y,(p). is just one point (cases i’ and ii) then
InSE=Cx nSt=C.

If C N y(p) contains two points, say ¢ and ¢, then the

image of the segment of C between ¢, and ¢,, ¢,¢:, by
fi 1s a curve with ¢, and ¢, as end points, therefore C is
a closed curve and we have | N 53 = Cx N 52 = C.

Observe that the above argument shows that in case i)
the phase portrait of Z, is like in the picture 2.1, if o is
small.

2.2.6. End of the proof. — Let 0 € R® be a hyperbolic singu-
larity of o, j*(w), =¢, X =rot (w), L =rot (¢). We can
suppose that ¢ has one of the forms 1) or 11) of 1.3.2 and that
Wi(L) = {z € R¥|a; = 0}, Wi(L) = {z € R}z, = 2, = 0}. Let
flay, x5, x5) = 2% 4 23 — 23. Then 1t is not difficult to see
that the non-singular trajectories of L are transversal to
the surfaces f(c), c € R, and the same is true for X in a
small neighborhood of the origin. We shall define a topolo-
gical equivalence h between « and ¢ in a neighborhood V
of the origin, such that fok(z) =f(z) for every ze V.
Observe that Wi(X) and Wj(L) intersect each f(c)(c < 0)
in a unique point. Let A, .= {z e Rf(z) = ¢, |z5] < ¢}.
By lemma 2.2.5if ¢ and ¢ are small we have:

a) X and L are transversal to A = A_ . and the sets
A(X) u Wi(X), A(L) u WiL) contain neighborhood Vyx
and V. of the origin.

b) The restriction of o and ¢ to A are topologically
equivalent.

¢) If [ 1s aleaf of the restriction of @ to Vg, then I n A
has only one connected component.

Let h: A — A be a topological equivalence between «/A
and g/A. We want to extend h to h: Vy — V.. If pe Vg
we have two possibilities: p e Wi(X) or the negative trajec-
tory 0-(X, p) of p in Vyx intersects A in a unique point
p. I peWyX) we define h(p) to be the unique point of
Wi(L) such that f(k(p)) = f(p). 1t p ¢ WyX), let

p = 0-(X, p) N A.
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We define h(p) to be the unique point of the positive trajec-
tory O+(L, h(p")) (of A(p’) by L) such that

f(k(p)) = f(p)-

It is not difficult to see that if h 1is continuous then it is
a local equivalence between o and ¢. The continuity of h
in Vx — W%X) is obvious. Let us show that A is continuous
in WiX) nVy. Let p,>peWiX) as n—> . Then
f(p.) = f(p) and the sequence p,= 0-(X, p,) N A has
its acumulation points in Wj(X) N A, therefore the sequence
h(p;) acumulates in Wg(L) N A which implies that

0+(L, A(pa) O f(f(pa))
accumulates in  Wg(L) n f(f(p)) = h(p), therefore

lim 4(p,) = k(p)

n>0

and & is continuous.

2.3. Proof of Corollary B.

Let p be a hyperbolic singularity of o € 9"(M?), r > 2,
and j?(w), =qe€Q(3). Taking a parametrization of a
neighborhood of p, we can suppose p =0, 0 € 9"(R3). As
rot (q) is hyperbolic, there exist neighborhoods & = Q(3) of
q such thatif §e{ then § is hyperbolic. As ¢ is hyperbolic
we can take { in such a way that §e @ 1s topologically
equivalent to ¢. Now it is sufficient to show that given
a neighborhood V of 0, there exists a neighborhocod p of
o 1n ¥ (R)® such that if & ey, there exists pe V such
that jY(&); =0 and j*&);e@. This is an immediate
consequence of the fact that 0 1s a hyperbolic singularity
of rot (o) and of lemma 2.2.2.

2.4. Proof of Theorem C.

Let us show that sing (do) < sing (o) and sing (do)
1s a €' codimension three submanifold of M. By lemma
2.2.2 we can suppose dim (M) > 4. Taking a parametrization
of a neighborhood of p we can suppose that o € 9" (R"),
p=0. Let R*=R3 X R*® be a decomposition of R"
such that o/R® X 0 is simple. Let (2, s, 23, 0, ..., 0) be
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the coordinates of R® X 0 and (0,0, 0, 2, ..., z,) be the
coordinates of 0 X R"3. Then we have
do = ¥ Q;dx Adx,
1Li<j<n
As o/R® X 0 is simple, the map ¢ = (Qy, Qyy, OQy,) : R* — R?
has rank three at 0 and in fact the « Jacobian » matrix
A(z) % i1s non singular at 0. Let &k > 4 and
(@, Xy, T3)
O = (g, Q1 Qg). By the integrability condition we have
do A de =0 so that the scalar product ¢.¢, = 0. Taking

partial derivatives with respect to (2, x;, z;3) we have
AL, + ALY =0,

o,
(1, Xy, T3)
and A,. As A is non-singular in a neighborhood V of 0,
in V we have ¢, = (A")AL), so that sing (¢) < sing (¢,).
Now it is sufficient to show that sing () < sing (Q;) if
i, ] = 4 (this implies

sing (do/V) = sing ($) = {z € V|{(z) = 0}).
Let p esing (¢). By the integrability condition we have

where A, = and A!; A! are the transposes of A

(%) Qyp Qy + Q5 Qy; + Q;Qp; = 0.
As A 1s non-singular in V, there exists 1 <1 < 3 such
that %%1—2(1)) # 0. Taking the partial derivative of (#)
1

with respect to z; at p and using the fact that

Qi(p) = Qai(p) = Quy(p) = Qoy(p) = Qua(p) =0
we have Q,(p) =0.
Let us show that j(w),=0 1if pesing(do). We can
suppose p = 0. As sing (dw) < sing (o) we have o, =0,
so that o =14 ¢+ R where [ 1s hinear, g 1s quadratic

and lim UIC:HQ; = (0. We want to show that [ =0. As
z>0

0 esing (do), dl=0 and [=df

where [ 1is of degre 2. By the integrability condition we have
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df Ndg=0 and dq A dg=0. By remark 2.1.1 we can
suppose that dg depends of three variables. The equation

df A dg =0 implies %’;‘ ap+ L a0 —0

where
0x; [

dg= Y o dx A dz

1<i<j<3
and «; =0 if v >4 If 1<j<hk<3,i>4 wehave
bf ajy = 0, therefore of _ =0 if ¢ > 4. This implies that f

xl
depends only of the variables (z;, z,, z;). By lemma 2.2.2
we have df =0, therefore [ =0.

Let us show the existence of p < 9" (M) and
E: b — & (sing (dw), M),
Let V be a tubular neighborhood of sing (dw) and
n: V= sing (do)
the projection, which we can suppose to be C™' and
nl(z) < dM if xedM N sing (dw).

The fibers n'(z) are C' embedded 3-disks. We can consi-
der for each =z €sing (do) and each @& e Av"(M) the Cr-2
2-form d&[n~'(z), which intersects transversally the zero
section of A?™%(n~1(x)), 1f & 1s near o 1inthe C" topology
(r = 3). As we are comldermg At"(M) endowed with Whit-
ney’s topology, it 1is sufficitent to show that for each
x € sing (dw) there exist neighborhoods U, of z in sing (dw)
and yu, of o in AV"(z71(U,)) such thatif & ep, N 9"(M)
then

1) If 2’ e U, then d&/=~'(2’) has one and only one singu-
larity in ='(a’) NV = =1(2").

2) The projection = : sing (do) N =*(U,) - U, is a C!
diffeomorphism.

3) There exist a continuous map
£:p, NO(M) - £2(U,, =1(U,)),
such that the image of £(&) 1s sing (d&) N =1(U,).
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To see 1, 2, 3 above, let K < sing (do) be a compact
neighborhood of 2. Let f: D* X K— x%K) be a (-
diffeomorphism such that f(0, ) =« and

nofly, 2) ==, xe€ K, ye D2

The map f*: A¥"(=zY(K)) - A»"1(D® X K) 1is continuous,
therefore we can suppose that =1(K) = D3 x K,

n:D*x K=K

is w(y, 2) =2, o € A*™1(D? X K) and 0 X K = sing (dw).
Define
¢: DX K X AL™1(D?® X K) - A2(D?)

by oly, #, &) =dég, »n(2) = ddy /D> X 2. Then ¢
1s G2 and the partial derivative of ¢ 1n a point (0, z, )
in the direction of D® is 9,¢(0, z, 0): gy € R® > Ly, where L
is the linear part of dw/D® X 2 at 0. But y — Ly is non-
singular because 0 1is a simple singularity of do/D?® X z.
By the implicit function theorem there exist neighborhood U,
of z in sing (do) =0 X K and p, of o in A 1(D? X K)
and an unique C2 map¢: U, X p, > =n1(U,) such that
¢(«’, ®) 1is the unique singularity of dé&/=—(z") which is,
hyperbolic. Now if & € 97(D® X K) N p,, by the first part
of the theorem, {(2’, &) € sing (d®) and

sing (da/=1(U,)) = 4(U,, &),

therefore = : sing (da/=1(U,)) > U, 1s a €2 diffeomor-
phism and =': U, — sing (d&) N = (U,) is $z(z) = (2, &).
If we define £:u, N 9"(M) - £2(U,, =*(U,)) by

E(a)(@) = ¢(a, &)
then £ 1is continuous and £(&)(U,) = sing (d&) n = 1(U,).

2.5. Proof of Theorem D.

Taking local coordinates in M and using proposition 1.3.2
we can suppose that o €9 (R"), p=0 and j%}w),=gq
depends of the three variables z;, ,, z; only. Let o = ¢ + R

where lim "l;{”“; = (0. We need one lemma.
z>0
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2.5.1. Lemma. — Let @ = q + R be as above. Let
R"=R"1 X R

be a canonical decomposition of R"™, where R™ 1s generated by
the elements (z, 0), x = (21, ..., ,_;) and R by the elements
1

O, ..., 0, 2). If o=23 wda, let 6= wlz 0)ds,

i=1 i=1
considered as anintegrable 1-form in R"=Y. Then there exist neigh-
borhoods 0eU < R* and 0eU < R*™1, a real number
e >0 and a C-3 diffeomorphism f: U X (—¢, e) > U
such that f*(o) =& and f/U X 0 s the identity.

Lemma 2.5.1 implies theorem D, because & depends of
n — 1 wvariables (n > 4), @ 1s G and %), = j3(w)y = q.

Proof. — We shall construct a €2 vector field X in a
neighborhood V of 0 satisfying X(z) # 0 if z eV,

ix (do) =0

and X(0)=(0,...,0,1) €0 X R. Bylemma 2.2.1 we have
ix(w) =0 and Lyx(w) =0 and the trajectories of X are
contained in the leaves of #(w), in sing () orin sing (dw).
Let X,(z) be the local flow induced by X. If r > 4, by
the inverse function theorem, there exist a neighborhood
0elU < R*! and ¢ > 0 such that the map

f: U X (—¢¢)—>R"

defined by f(z, t) = X,(x) 1s a C-* diffeomorphism of
U X (—¢, g) onto f(U X (—e¢, €)) =U. Now it is not
difficult to see that f*(0) =& and f/U X 0 = identity.
Let us construct X. Suppose X = (A}, Ay, A3, 0, ..., 0,1).
The condition ix (dw) = 0 is equivalent to
*) Ay Qg+ ApQy; + A3 Q55 + Q= 0,7=1,...,n,
where do = Y Q;dx A z;

1<i<j<n

Assertion. — The two conditions

(**) - AZQH + A3931 - an
AIQI2 - Aagza = an

imply the conditions (*) in a neighborhood of 0.
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Proof. — Let sing (Q;) = {2|Q;(xz) = 0}. By the proof
of theorem C, there exists a neighborhood V of 0 such that

. Q. . . .
the matrix <——‘1 1s non singular in V and
Ty J1<i<i<s
1<k<L

sing (do) NV = {z € V|Qyu(z) = Qu(z) = Q5(2) = 0}.

This implies in particular that the interior of V N sing (Q;)
1s empty, 1 <t <j < 3. By the integrability condition
do A do =0 and QuQ., + Q4:Q,, + Q,Q;, = 0. Substi-
tuting (**) in the above relation we have

Q15(Qs, — A Q3 — A, Qy5) =0,
therefore A; Q3 + A3Qp + Q3 =0 1in V, which i1s (*)
for j = 3. Applying do A do = 0 against, we have
Qo Q10 + QjQyp + Q10 = 0
and substituting (**) we have
Qua(Q — A, Qy; — A,Q,) + (e Qy; + Q3 QA = 0

or
Qa(Qy — 810y — 8,0y — A30y) =0

which implies A;Qq; 4 A,Qp; + A3Q5; + Q,; =0 in V and
the assertion 1s proved.

Let us show now that (**) i1s satisfied for some Ai's of
class C3. Let X =sing (Qy) N sing (Qy,) NV, Then
2’ < sing (©;,) NV, because if pe X’ we have

Qus(p) Q1.(p) = 0,
by the relation do A do =0 (If Qu(p) =0 then
pesing (do) NV and Q. (p) =0).

As X' < sing (Q;,) NV, by the implicit function theorem

we have Q;, = — A,Q;, + A;Q,;; where A, and A; are
C—2. Let f=A,, + A;Q,. By the relations
Q= — 83Qp + A3Qy

and Q,Q;, + Q3,Q,, + Q,,Q;, = 0 we have
Q:nf‘f" le(an - A2923> = Oa
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so that sing (Q;) NV < sing (f) n'V. By the implicit
function theorem there exists A; of class C—-® such that
f=A,Q;,, which implies that Q,, = A;Q;, — A;Q, and
we have (**).
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