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Hecke algebras of simply-laced type with
independent parameters

Jia Huang

ABSTRACT We study the (complex) Hecke algebra Hg(q) of a finite simply-laced Coxeter system
(W, S) with independent parameters q € (C\{roots of unity})°. We construct its irreducible
representations and projective indecomposable representations. We obtain the quiver of this
algebra and determine when it is of finite representation type. We provide decomposition for-
mulas for induced and restricted representations between the algebra Hgs(q) and the algebra
Hr(q|r) with R C S. Our results demonstrate an interesting combination of the representa-
tion theory of finite Coxeter groups and their 0-Hecke algebras, including a two-sided duality
between the induced and restricted representations.

1. INTRODUCTION

Let W := (S :(st)™t =1, Vs,t € S) be a Coxeter group generated by a finite set
S with relations (st)™st = 1 for all s,t € S, where mss = 1 for all s € S and
mst = mys € {2,3,...} U {oo} for all distinct s,¢ € S. Given a parameter ¢ in a field
F, the (Twahori-)Hecke algebra Hs(q) of the Coxeter system (W,S) is the (unital
associative) algebra over F generated by {7 : s € S} with

e quadratic relations (Ts — 1)(Ts +¢) =0 for all s € §, and

e braid relations (T3T;Ts - - )m., = (TiLsTy -+ ), for all s,t € S.
Here (aba - - - )., denotes an alternating product of m terms. The Hecke algebra Hs(q)
is a one-parameter deformation of the group algebra FW of W. It has an F-basis
{Ty : w € W} indexed by W, where T, := Ts, - Ty, if w = s1---sp is a reduced
(i.e. shortest) expression in the generators of W. The Hecke algebra Hg(g) naturally
arises in different ways and has significance in many areas (see, e.g. Lusztig [24]).

Tits showed that, if W is finite, F = C is the field of complex numbers, and ¢ € C
is neither zero nor a root of unity, then the Hecke algebra Hg(q) is semisimple and
isomorphic to the group algebra CW. The representation theory of Hecke algebras
at roots of unity has been studied to some extent, with connections to other topics
found (see Geck and Jacon [11]), but has not been completely determined yet even in
type A (see Goodman and Wenzl [12]).

Another interesting specialization of Hg(q) is the 0-Hecke algebra Hs(0), which is
different from but closely related to the group algebra of W. It was used by Stem-
bridge [30] to give a short derivation for the Mobius function of the Bruhat order of
the Coxeter group W and its parabolic quotients.
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For a finite Coxeter system (W, .S), Norton [25] studied the representation theory
of Hs(0) over an arbitrary field F using the triangularity of the product in Hg(0).
Her main result is a decomposition of Hg(0) into a direct sum of 2% many indecom-
posable submodules; this decomposition is similar to the decomposition of the group
algebra of W (over the field of rational numbers) by Solomon [28]. Norton’s result
provided motivations to later work of Denton, Hivert, Schilling, and Thiéry [7] on the
representation theory of finite J-trivial monoids, as Hs(0) is a monoid algebra of the
0-Hecke monoid {T,|q=0 : w € W}, an example of J-trivial monoids.

In type A, Krob and Thibon [21] discovered an important correspondence from
representations of 0-Hecke algebras to quasisymmetric functions and noncommuta-
tive symmetric functions. This correspondence is analogous to the classical Frobenius
correspondence from complex representations of symmetric groups to symmetric func-
tions. Duchamp, Hivert, and Thibon [9] constructed the quiver of the 0-Hecke algebra
H,(0) of type A,,—1 and showed that H,(0) is of infinite representation type for
n > 4. Tewari and van Willigenburg [31, 32] and Koénig [20] studied connections be-
tween H,,(0) and a new basis of quasisymmetric functions called the quasisymmetric
Schur functions. After further investigation of combinatorial aspects of the represen-
tation theory of H,(0) [14, 15] using the correspondence of Krob and Thibon, we
recently extended this correspondence from type A to type B and type D [17, 18].

Motivated by the similarities and differences between various specializations of
the Hecke algebra Hg(g), we generalized its definition from a single parameter ¢ to
multiple independent parameters and studied the resulting algebra in recent work [16].
The Hecke algebra Hs(q) of a Coxeter system (W, S) with independent parameters
q=(¢s €F:s€8)ecTFS is the F-algebra generated by {T; : s € S} with

e quadratic relations (Ts — 1)(Ts + gs) = 0 for all s € S, and
e braid relations (TsTiTs -+ )., = (TeTsTt -+ )m,, for all s,t € S.

We constructed a basis for Hg(q) when (W,S) is simply laced and characterized
when Hg(q) is commutative. In type A, a commutative Hecke algebra Hg(q) has its
dimension given by a Fibonacci number and its representation theory has interesting
features analogous to the representation theory of both symmetric groups and their
0-Hecke algebras.

In this paper we investigate the representation theory of the (not necessarily com-
mutative) algebra Hg(q) when (W, S) is a simply-laced Coxeter system. Our result
shows an interesting combination of the representation theory of Coxeter groups and
0-Hecke algebras, but there are certain features of the representation theory of Hg(q)
that are unlike both symmetric groups and 0-Hecke algebras. For example, restrictions
of projective Hg(q)-modules are not projective in general.

We do not consider roots of unity here, but allowing these parameters would still
give interesting algebras whose representation theory is yet to be determined. Al-
though we focus on simply-laced Coxeter systems, some of the preliminary results in
Section 2 are valid for all finite Coxeter systems, and it may be possible to extend
our results to non-simply-laced Coxeter systems.

This paper is structured as follows. In Section 2 we review the representation theory
of finite dimensional algebras, finite Coxeter groups, and 0-Hecke algebras, and also
develop some basic results for later use. Next, in Section 3 we study the structure of
the algebra Hg(q) and give a formula for its dimension. In Section 4 we construct the
projective indecomposable H s (q)-modules and simple Hg(q)-modules, and determine
the Cartan matrix and (ordinary) quiver of Hg(q). In Section 5 we obtain formulas for
induction and restriction of representations between Hr(q) and Hg(q|g) for R C S,
and verify a two-sided duality between induction and restriction. Lastly, we give some
remarks and questions in Section 6.
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2. PRELIMINARIES

2.1. REPRESENTATIONS OF ALGEBRAS. We first review some general results on rep-
resentations of algebras; see references [26, 6, 10] for more details.

Let A be a (unital associative) algebra over a field F. Let M be a (left) A-module.
All algebras and modules in this paper are finite dimensional. We say A is of finite [or
infinite, resp.] representation type if the number of non-isomorphic indecomposable
A-modules is finite [or infinite, resp.]. The radical rad(M) = rada(M) of M is the
intersection of all maximal A-submodules of M. We have rad(M) = rad(A)M, where
A is treated as an A-module. Let rad”t* (M) := rad(rad’(M)) for i = 1,2,.... The top
of M is top(M) = top,4 (M) := M/ rad 4 (M), which is the largest semisimple quotient
of M. The socle soc(M) = soca(M) of M is the sum of all simple submodules of M,
which is the largest semisimple submodule of M.

There exists a direct sum decomposition A =P & --- & Py where Py,..., P are
indecomposable A-submodules. For i = 1,2,...,k, the radical rad(P;) is the unique
maximal A-submodule of P; and C; := top(P;) is simple [26, Proposition 1.4.5 (c)].
Moreover, every projective indecomposable A-module is isomorphic to P; for some i
and every simple A-module is isomorphic to C; for some j.

The algebra A is basic if Py,..., P} are pairwise non-isomorphic. In general, we
may assume, without loss of generality, that {P1,...,P,} is a complete set of pairwise
non-isomorphic projective A-modules and {Cy, ..., C,} is a complete set of pairwise

non-isomorphic simple A-modules for some r < k. The Cartan matriz of A is [c;5]} ;—;
where ¢;; := dimy Hom 4 (P;, P;) is the multiplicity of the simple module C; among
the composition factors of the projective indecomposable module P;.

The Grothendieck groups Go(A) and Ko(A) of A are free abelian groups with bases
{C1,...,C,} and {Py,...,P,}, respectively. f 0 - L - M — N — 0 is a short
exact sequence of A-modules [or projective A-modules, resp.], then M is identified with
L+ N in Go(A) [or Ko(A), resp.]. If A is a semisimple algebra then Go(A) = Ky(A).

If M and N are two A-modules then define (M, N) := dimy Hom 4 (M, N). Since
(C;,Cj) =6, ; for all 4 and j by Schur’s Lemma and since f(rad(M)) C rad(N) for
any f € Homy (M, N), we have

1) (M,Cj) =(C;,Cj) =6;; if top(M) =C;

where § is the Kronecker delta. Taking M = P; gives the duality between Go(A) and
Ky(A).
We next provide some basic results on representations of algebras for later use.

PROPOSITION 2.1. Let A and B be two algebras. Let M be an A-module and N a
B-module. Then the following statements hold for the A ® B-module M @ N.

(i) We have rad(M @ N) = rad(M) ® N + M ® rad(N) and top(M ® N) =
top(M) ® top(NN).
(ii) If M and N are both simple then M ® N is also simple. Conversely, any
simple A® B-module can be written as M @ N for a unique A-module M and
a unique B-module N .
(iii) We have rad(M ® N)/rad*(M @ N) = (rad(M)/radQ(M)) ® top(N) +
top(M) ® (rad(N)/rad?(N)).

Proof. Part (i) and Part (ii) follow from a standard result [10, Theorem 2.26] and its
proof. Applying (i) gives rad*(M ® N) = rad*(M) @ N + rad(M) @ rad(N) + M ®
rad?(N), which implies (iii). O
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PROPOSITION 2.2. Let A =P1 @& --- &Py and A’ = P & --- @& P}, be direct sum
decompositions of two algebras A and A’ into indecomposable submodules. Then

kL
AR A = P Pp (P¢®P;)
i=1j=1

where each summand P;@P’; is an indecomposable A® A'-module with top(P; ®P?)
top(P;) ® top(P7).

Proof. By the distributivity of tensor product over direct sum, A® A’ is a direct sum
of P;@P) foralli=1,...,kand j = 1,...,{. By Proposition 2.1, top(P; @ P’;) =
top(P;) ® top(P;) is a simple A ® A’-module. Hence P; ® P’; is indecomposable. []

Now suppose that there is an algebra homomorphism ¢ : A — B. Any B-module
M becomes an A-module by am := ¢(a)m, Va € A, Ym € M. We call this A-module
the restriction of M from B to A and denote it by M | &. The induction of an
A-module N from A to B is the B-module N 1 E ;= B®a N, where B = gBj4 is
regarded as a (B, A)-bimodule.

PROPOSITION 2.3. Suppose that ¢ : A — B is an algebra homomorphism and M is a
B-module.
(i) If M | B is a simple [or indecomposable, resp.] A-module then M is a simple
[or indecomposable, resp.] B-module.

(ii) If M is projective indecomposable both as an A-module and as a B-module,
and if rad4 (M) is a B-submodule of M, then rads (M) = radg(M).

Proof. Any B-submodule of M restricts to an A-module. This implies (i)

If M is a projective indecomposable A-module then rad 4 (M) is the unique maximal
A-submodule of M [26, Proposition 1.4.5 (¢)] and the same result holds for radz (M)
if M is a projective B-module. Since radg (M) restricts to a proper A-submodule of
M, it is contained in rad 4 (M). On the other hand, if rad 4 (M) is a B-module then it
is contained in radg(M). Thus (ii) holds. O

The proof of the following proposition is left to the reader as an exercise.

PROPOSITION 2.4. Let A — B be a surjection of algebras.

(i) Any B-module is simple (or indecomposable) if and only if its restriction to
A is simple (or indecomposable).
(ii) Two B-modules are isomorphic if and only if their restrictions to A are iso-
morphic.
(iii) If A is of finite representation type then so is B.

Under certain circumstances, e.g. when A and B are group algebras over the com-
plex field C, one has

2) Homp(N 1 5, M) = Hom(N, M | B).
This is known as the Frobenius reciprocity. The other possible adjunction
(3) Homp(N | 5, M) = Homa(N, M 1 %)

holds for the group algebras (over C) of the symmetric groups and their 0-Hecke
algebras (over F), giving the duality between certain graded Hopf algebras (see § 2.4).

Next, recall that a quiver @ is a directed graph possibly with loops and multiple
arrows between two vertices. Its path algebra CQ has a basis consisting of all paths
in @ and has multiplication given by concatenation of paths. The arrow ideal Rq
is the two-sided ideal of CQ generated by all arrows in Q. A representation of @ is
a CQ-module. Gabriel’s theorem classifies connected quivers of finite representation
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type as type A,, D,, Eg, E7, and Eg, meaning that these quivers do not contain
oriented cycles and their underlying undirected graphs are given by Coxeter diagrams
of the corresponding types (cf. Section 2.2).

Let A be a finite dimensional C-algebra whose projective indecomposable modules
are Py,..., P, and let C; := top(P;) for all i. The (ordinary) quiver Q4 of A is the
direct graph with vertices Cy,...,C, such that the number of arrows from C; to
C; is the multiplicity of C; among the composition factors of rad(P;)/ rad*(P;). In
particular, the quiver of a semisimple algebra A consists of isolated vertices.

If A is a basic algebra then there exists an ideal I of the path algebra CQ 4 such
that A~ CQa/I and I C R?, where R is the arrow ideal of Q4 [26, Theorem 11.3.7].
If A is not basic then there is a basic algebra A® such that the categories of finitely
generated modules over A and A are equivalent [26, Corollary 1.6.10] and the quiver
of A is the same as the quiver of A’ (cf. Li and Chen [22, Proposition 1.2]).

Assume A; and A, are two algebras whose quivers ()1 and @2 are loopless. The
quiver of A; ® Ay is the tensor product Q1 ® Q2 of @1 and )2, a loopless quiver
defined below: its vertex set is the Cartesian product of the vertex sets of )1 and @2,
and the number of arrows from (u1,us) to (v1,ve) is

the number of arrows from u; to vy, if u; # v1 and ug = v,
the number of arrows from wuy to vy, if w3 = v1 and ug # vs,

Zero, otherwise.

2.2. COXETER GROUPS AND THEIR REPRESENTATION THEORY. We recall some basic
definitions and results on Coxeter groups from Bjorner and Brenti [4]. A Coxeter
group is a group W generated by a finite set S with quadratic relations s> = 1 for
all s € S and braid relations (sts- -+ )., = (tst---)m,, for all distinct s,¢ € S, where
mst = mys € {2,3,...} U{oo} and (aba---),, denotes an alternating product of m
terms. The Cozeter system (W,S) can be encoded by an edge-labeled graph called
the Cozeter diagram of (W, S); the vertex set of this graph is S and there is an edge
labeled mg; between distinct vertices s and ¢ whenever mg > 3. If mg < 3 for all
distinct s,t € S then (W, S) is simply laced. We say (W, S) is finite if W is finite.
If the Coxeter diagram of (W, S) is connected then (W,S) is irreducible. There is a
well-known classification of finite irreducible Coxeter systems as type A,, Bn, Dy,
Is(m), Eg, E7, Es, Fy, Hs, Hy [4, Appendix Al].

Let (W, S) be a Coxeter system and let w € W. We say that w = s;---s; is a
reduced expression of w if s1,---, s, € S and k is as small as possible; the smallest k&
is the length ¢(w) of w. The descent set of w is defined as D(w) := {w € S : l(ws) <
£(w)} and its elements are called the descents of w. One has s € D(w) if and only if
some reduced expression of w ends with s.

Given I C S, the parabolic subgroup Wy of W is generated by I. The pair (W7, I)
is a Coxeter system whose Coxeter diagram has vertex set I and has labeled edges
(s,t) of the Coxeter diagram of (W, S) for all s,t € I. Each left coset of W in W has
a unique minimal representative. The set of all minimal representatives of left Wj-
cosets is W1 := {w € W : D(w) C S\I}. Every element of W can be written uniquely
as w = w! - jw, where w! € W! and jw € Wr; this implies £(w) = £(w!) + £(;w).

Let I C S. The descent class of I in W is {w € W : D(w) = I'}. When W is finite,
the descent class of I is nonempty by Lusztig [24, Lemma 9.8] and becomes an interval
[wo (1), wy(I)] under the left weak order of W by Bjorner and Wachs [5, Theorem 6.2].
Here wo(I) and wy (I) are the longest elements of W; and WS\ | respectively, and the
left weak order is a partial ordering on W defined by setting u <y w if there exists
some reduced expression w = Si - - - S, such that s; --- s = u for some 1.
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Another important partial order on W is the Bruhat order: given u,w € W, define
u < w if a reduced expression of u is a subword of some (or equivalently, every) reduced
expression of w. When W is finite, its longest element wg is the unique maximum
element in Bruhat order and can be characterized by the property ¢(swg) < £(wy) for
all s € S [4, Prop. 2.3.1].

An important example of a finite Coxeter group is the symmetric group &,,, and we
will review its basic properties in Section 2.4. The representation theory of &,, is well
studied and can be extended to finite Coxeter groups of other types (see, e.g. Adin—
Brenti-Roichman [2, 1] and Humphreys [19, § 8.10]). With that in mind, we adopt
some notation below for the complex representation theory of a finite group.

The group algebra CG is semisimple and every CG-module is a direct sum of
simple/irreducible CG-submodules. There exists a complete list {Sy : A € Irr(CG) } of
pair-wise nonisomorphic simple CG-modules, where Irr(CG) is in bijection with the set
of conjugacy classes of G. By Schur’s Lemma, the Cartan matrix of CG is the identity
matrix [0z )5 perr(ca), Where 6 is the Kronecker delta. The span of o(G) := deg g
is the trivial representation of G, whose complement in CG is spanned by the set

(4) oG =10 cgicg€C, Y =0

geG geG
The regular representation of G has a decomposition

(5) CG=Co(G)@Co(G):= @ (S,
XeIrr(CG)
Here dy be the dimension of Sy for each A € Irr(CG); in particular, dy = 1 if Sy =
Co(Q) is trivial.
Let H be a subgroup of G. There exists an integer c;\L > 0 for all A € Irr(CG) and
p € Irr(CH) such that

C/\

C)\
(6) S.TH= @ Sy and SilfH= @ S/
Aelrr(CG) n€lrr(CH)

Thus the Frobenius Reciprocity holds: if A € Irr(CG) and p € Irr(CH) then
(58,1 5) = (514 6.5,).

The above restriction formula (6) implies the following lemma, which will be useful
in Section 5.

LEMMA 2.5. Let H be a subgroup of G. If Sy is trivial, where A € Irr(CG), and cf; #0
for some p € Irr(CH), then S,, is also trivial.

Proof. Since G acts trivially on Sy, so does its subgroup H. Thus cf; # 0 implies S,
is trivial. 0

2.3. 0-HECKE ALGEBRAS. Now we recall the definition and properties of the 0-Hecke
algebras; see, e.g. Krob—Thibon [21], Norton [25], and Stembridge [30]. The 0-Hecke
algebra Hg(0) of a Coxeter system (W,S) over an arbitrary field F is the special-
ization of the Hecke algebra Hg(q) of (W, S) at ¢ = 0, i.e, the F-algebra generated
by {ms : s € S} with quadratic relations 72 = 7, for all s € S and braid rela-
tions (memms -+ Jm,, = (MeTeTe -+ )m,, for all distinct s,¢ € S, where 75 := Ts|q=0.
There is another generating set {7s : s € S} for Hg(0), where Ty := 7; — 1 (so that
TsTs = TsTs = 0), with quadratic relations ﬁ? = -7, for all s € S and the same
braid relations as above.
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There are two F-bases {m, : w € W} and {7, : w € W} for Hg(0), where
Ty 1= Mgy - Tg, and Ty, = Ts, - g, for any reduced expression w = s - -- sg. For
each w € W we have

(7) Tw = Z T and T, = Z(_l)f(w)ff(u)ﬂu
uLw u<w

where “<” is the Bruhat order of W. (M) If s € S and w € W then

(8) memy = {st’ if £(sw) > L(w),

Tw, otherwise,

and Ty = Tsw, if £(sw) > £(w),
—Tw, Otherwise.

Assume the Coxeter system (W, S) is finite. Norton [25] obtained a decomposition

(9) Hs(0) = I@S P?.

Here PY := H.5(0)Tu, (1) Tuwo(s\1) is an indecomposable submodule of Hg(0) with basis
{ﬂ'wﬁwo(S\I) rw e W, D(’LU) = I} .
If s € S and w € W then by the multiplication rule (8) and the relation =7 = 0 for
any t € S, we have
Tw Mg (S\I)» if s € D(wil),
) if s ¢ D(w™1), D(s;w) # 1,
Wswfw()(s\]), if s ¢ D(w_l), D(Slw) =1

=)

(10) 7rs7'rwﬁwo(S\I) =

where I := D(w). The top C¥ of P7 is a one-dimensional simple Hg(0)-module on
which 7, acts by 1if s € I or by 0 if s € S\I. The socle of P7 is a one-dimensional
simple module generated by ., (1) Tw,(s\1)-

Every cyclic Hg(0)-module Hg(0)v admits a length filtration

0=HEO)w CHE ) C - CHE(0)v =Hs(0)v

for some positive integer k, where H%(0) is the span of {m, : w € W, l(w) > i} for
alli=0,1,...,k. Given I,J C S, refining the above filtration to a composition series
for the cyclic module P5(0) gives
¢} ; = dimg Homy, () (P7,P5) = #{we W :D(w™ ') =1, D(w) = J}

by (10). Thus the Cartan matrix of Hg(0) is the symmetric matrix [c}qﬂ]][ Jest

We next study certain quotients of projective indecomposable H.g(0)-modules,
which will help with our study of restricted representations in Section 5. Examples in
type A are given by Figure 1 in Section 2.4.

Given I,J C S, define N?J to be the F-span of m, 7y, s\r) for all w € W\W;,

with D(w) = I, and define Qf ; := Pf/N}g’J. With [a] denoting the image of a € P7
in Q}g} 7, we have the following F-basis for Q*Ig’ gt
(11) {[ﬂ'wﬁwo(s\j)] w e Wy, D(w) = I} .

If there exists w € W; with D(w) = I then I C J. Thus Q}g’J = 0 unless I C J.
Since the descent class of I in W is an interval between wo(I) and w;(I) under the

left weak order, and the only element w € W; with D(w) = I is wo(I), we have
N7 ; =rad(P7) and Q7 ; = C7. The general result on Q7 ; is below.

(DThe two equalities in (7) are equivalent via the automorphism m; — —7; of the algebra Hg(0).
This gives the short derivation for the Mébius function of the Bruhat order of W by Stembridge [30].
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LEMMA 2.6. Assume I C J C S. Then Q}g’J is an indecomposable Hg(0)-module with
top(QiJ) = Cf, nonprojective unless J = S, and isomorphic to PJ as an H;(0)-
module with 7TSQ§J =0 for all s € S\J.

Proof. By the equation (10), N}g’J is an Hg(0)-submodule of P¥. Thus the quotient
QiJ of P? by this submodule is an Hg(0)-module. If s € S\J then 7, P% C N?,J by
the equation (10) and thus W‘QQ}QJ = 0. Comparing the basis (11) for QiJ with the
basis {Wwﬁwou\l) cw e Wy, D(w) = I} for PJ we have a vector space isomorphism
Qf ; = Py which preserves H. J(O) actions. It follows from Proposition 2.3 (i) that
Q}g’J is an indecomposable Hg(0)-module. The top of QI,J is isomorphic to C¥ since

rad (QF ;) = rad (Ms(0)) (PF /N§ ;) = rad (Pf) /N3,
Thus if Qi ; is projective then it must be isomorphic to P¥, which forces J = 5. O

Lastly, we recall from our earlier work [18, § 2.3] the induction and restriction
formulas for representations of 0-Hecke algebras. Let I C J C S and let w be any
element of W with D(w) = I. The equalities

Hs(0 ’H 0
(12) PI1 70 = Y Pk and Cf 1350 = 3 ¢y
KCS\J €W

hold in the Grothendieck groups Ko(Hs(0)) and Go(Hs(0)), respectively. If K C S
then the equalities

Hs(0 . H 0 .
(13) Pyl = > Phooand Cf | 20 =Clok

K'eKl$

hold in the Grothendieck groups Ko(#;(0)) and Go(H.(0)), respectively, where
K | 5 consists of certain subsets of S that can be explicitly determined by a result

from our earlier work [18, Prop. 17]. Furthermore, the following two-sided duality
holds for induction and restriction of 0-Hecke modules:

(P10 ©8) = (v ok 1)
(Pi+ 2slo ©f) = (PR €11 250)-

2.4. THE SYMMETRIC GROUPS AND 0-HECKE ALGEBRAS OF TYPE A. In this
subsection we summarize the representation theory of the type A Coxeter groups
(i.e. symmetric groups) and 0-Hecke algebras, as well as the connections to combina~
torics. We put all these in a more general framework using the notion of Grothendieck

(14)

groups of a tower of algebras A, : Ag — A; < Ay < -- - defined as
Go(As) == @ Go(An) and Ko(As) = @ Ko(4n).
n>=0 n=0

Let M and N be finitely generated (projective) modules over A,, and A, respec-
tively. Extending the duality between Go(A;) and Ky(A;) for each fixed i, we define
(M,N) :=0 if m # n. Also define

(15)  ME@N:=MaN)t 4"y and AM)= Y M|4mw, .

o<i<m

Bergeron and Li [3] showed that, if A, satisfies certain conditions, then with the
pairing (—, —), the Grothendieck groups Go(A.) and Ky(A.) become dual graded
Hopf algebras whose product and coproduct are defined by (15).

The symmetric group &,, consists of all permutations on the set [n] := {1,2,...,n}.
It is generated by the adjacent transpositions si,...,8,—1, where s; := (i,7 + 1),

Algebraic Combinatorics, Vol. 3 #3 (2020) 674



Hecke algebras of simply-laced type with independent parameters

with the quadratic relations s? = 1 for all i € [n — 1] as well as the braid relations
8iSi418; = Si118iSi41 for all ¢ € [n — 2] and s;5; = s;s; whenever 1 < 4,5 < n
and |i — j| > 1. The group W = &,, and the set S = {s1,...,8,-1} form the finite
irreducible Coxeter system of type A,,_1. The descent set of w € &,, is D(w) = {i €
[n —1] : w(i) > w(i + 1)} where we identify s; with ¢. The length of w € &,, is
fw) = #(i,4) : 1< i < j < m, wli) > w(j)}.

A partition A = [A1, ..., A¢] is a weakly decreasing sequence of positive integers Ay >
-+ 2 Ag. We use square brackets for partitions to distinguish them from compositions
(defined later). The size of X is |A| := Ay + - -+ + Ap. The length of X is £(X\) := £. We
say A is a partition of n = |A| and write A F n. The Grothendieck group Go(C&,) =
Ky(C6.,) of the tower of algebras CS, : C&y — CS; — CSy — --- is a free abelian
group with a basis {S) : A F n, n > 0}. There exist integers cf;’,j > 0, known as the
Littlewood—Richardson coefficients, for all A = m +n, u = m, and v F n such that

(S, ©8,)1 St = @ SI and S, | S = @ (S, ®8,) %
v) 1 6,6, A Sm®6, I v
AFm—4n pEm
vkn

It follows from the above formulas that, with the product ® and coproduct A defined
n (15), the Grothendieck group Go(C&,) becomes a self-dual graded Hopf algebra,
which is isomorphic to the Hopf algebra Sym of symmetric functions via the Frobenius
characteristic map defined by sending Sy to the Schur function sy for all partitions
\. The antipode is defined by Sy +— (—1)*S,. for all partitions A\, where ! is the
transpose of \. See, e.g. Grinberg and Reiner [13, § 4.4] for more details.

A composition a = (ai,...,qp) is a sequence of positive integers. The size of
ais la| := a3 + -+ + a¢ and the length of « is ¢(a) := £. The parts of « are
a1, ...,ap If |a| = n then we say « is a composition of n and write a = n. Sending
a to its descent set D(a) = {a1,01 + @a,...,a1 + -+ + ap_1} gives a bijection
between compositions of n and subsets of [n — 1]. If & = (a1,...,a¢) | m and
B =(B1,...,0k) E n then we have compositions « - 8 := (aq,...,as B1,...,8) and
aDﬁ = (alv"'7a£71aa€+ﬂ1762,”'75k) of m+n.

Given I, J C S, there exist unique compositions o and 8 of n such that D(a) =1
and D(B) = S\J. Let P, := P? C, := CY, N, 5 := N*Ig”,, and Qq, g == Q*Ig”, (see
§ 2.3). Examples are given in Figure 1.

—_ = — ™2 —_ = — 3 — — —
P(1,3) : TQTQT3Ty ——>= TN TN 3TMy ——>= N3TNTM1T2T3T2
m1=1,m3=0 m1=0,m2=1 m1=me=0,m3=1
— = — —_ = — 3 _ = —
C(173) and N(173),(2,1,1): [77171'2773772] T TT2T3T2 > 3T TTRT3T2
m1=1,mo=m3=0 m1=0,m2=1 m1=mo=0,m3=1

Q(1,3),(3,1) and N(1,3),(3,1)1

T2

[M1ToTT3To| —— [Mom TaT3T2) M3MoMI T3
m1=1,m3=0 m1=m3=0,m2=1 m1=m2=0,m3=1

FIGURE 1. Some examples of H,(0)-modules
The Grothendieck groups Go(H.(0)) and Ko(H.(0)) of the tower H.(0) : Ho(0) —

H1(0) < Ha(0) — --- of algebras are free abelian groups with bases {C, : a |
n, n = 0} and {P, : @ = n, n > 0}, respectively, where Ho(0) := F. With the product
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® and the coproduct A given by (15), Go(H.(0)) and Ko(H.(0)) become graded Hopf
algebras, which are dual to each other by the two-sided duality (14). By Krob and
Thibon [21], there is an isomorphism between Go(#H.(0)) [or Ko(H(0)), resp.] and
the Hopf algebra QSym of quasisymmetric functions [or the Hopf algebra NSym
of noncommutative symmetric functions, resp.]. The antipode maps are defined by
C, — (-1)llC, and P, +— (—=1)I°IP ., respectively, for all compositions «, where
o' is the transpose of a. See, e.g. Grinberg and Reiner [13] for details.

We next recall the formulas for the product ® and coproduct A of Go(H.(0)) and
Ko(H(0)). Let a =m and § |= n. For any u € &,,, and v € &,, with D(u) = D(«)
and D(v) = D(B), let u W v be the set of all permutations in &,,;, obtained by
shuffling w(1),...,u(m) and v(1)+m,...,v(n)+m; this is the (shifted) shuffle product
of permutations. Let oLl 8 be the multiset of compositions of m 4 n in bijection with
ulllv via the descent map; this definition does not depend on the choice of u and v. For
example, the elements of the multiset (2)L(2) are (4), (2,2), (3,1),(1,3), (1,2,1),(2,2)
since 12 11112 = {1234, 1324,1342,3124, 3142, 3412}. One has

m+n (0
(Pa®Pp) T HmJ(r() Eg)%-( 0) = =Pag+Pasp

Hmtn(0)
(Ca®Ca) T 3 (omam = 2. Ca
YEaB

where P, g is treated as 0 if & or § is the empty composition. If a = m + n then

Hmtn 0) _
Pol 3 0 eHa0) = Z Pso P,
(:317)6 alm
\L m+n (U) C ® C
a ¥ g (0@, 0) = Cacm @ Casy

where « ], is a multiset consisting of certain pairs (3, ) of compositions 8 = m and
7 = n constructed in our earlier work [17, Proposition 4.5] and a¢,, and as,, are the
unique compositions of m and n, respectively, such that o € {@<msm, @gm > @sm}
(e.g. a=1(2,1,3,1), aga = (2,1,1), asq = (2,1)).

3. STRUCTURE AND DIMENSION

Let (W, S) be a Coxeter system and let F be an arbitrary field. The Hecke algebra
Hs(q) of (W, S) with independent parameters q := (g5 : s € S) € FS is an F-algebra
gencrated by {T; : s € S} with

o quadratic relations (Ts — 1)(Ts + ¢gs) = 0 for all s € S, and

e braid relations (TsTiTs -+ )., = (TeTsTt - - )m,, for all distinct s,t € S.
Taking ¢gs = ¢ € F for all s € S in the definition of Hg(q) gives the usual Hecke
algebra Hg(q) of (W,S) over F with a single parameter q. When F = C and ¢ €
C\{0, roots of unity}, there exists an algebra isomorphism ¢ : Hg(qg) = CW by a
general deformation argument of Tits or by an explicit construction of Lusztig [23].
If one only insists gs = ¢; whenever mg, is odd, then Hg(q) becomes a Hecke algebra
with unequal parameters studied by Lusztig [24].

3.1. PREVIOUS RESULTS. In this subsection we summarize the main results of our
earlier work [16] on the Hecke algebra Hg(q) with g € F¥ arbitrary. Let w € W with
a reduced expression w = s --- 5. Then T, := Ty, --- T, is well defined, thanks to
the Word Property of W [4, Theorem 3.3.1]. If s € S then

T, — {Tsw, if {(sw) > (w),

(16) GsTsw + (1 — q5) Ty, if £(sw) < £(w).

Algebraic Combinatorics, Vol. 3 #3 (2020) 676



Hecke algebras of simply-laced type with independent parameters

The set {T,, : w € W} always spans Hg(q). This spanning set is indeed a basis if and
only if Hs(q) is a Hecke algebra with unequal parameters, i.e. g5 = ¢; whenever mg;
is odd [16, Theorem 1.2].

For any subset R C S, we use Hr(q) = Hr(q|r) to denote the Hecke algebra of
the Coxeter system (Wg, R) with independent parameters (g, : r € R). We warn the
reader that Hz(q) is not necessarily isomorphic to the subalgebra of Hs(q) generated
by {T. :r € R} [16, § 3].

The collapsed subset R C S consists of all s € S connected to some other ¢t € S
with g5 # ¢¢ via a path in the Coxeter diagram of (W, S) whose edges all have odd
weights and whose vertices (including s and t) all correspond to nonzero parameters.
We have [16, Theorem 3.2]

(1) Tr=1forallre R, (2)Ts¢FforallseS\R, and (3) Hs(q)=Hs\r(q).

Thus we may assume Hg(q) is collapse free, meaning that gsq; = 0 whenever g5 # q;
and mg; is odd. We will keep this assumption throughout the paper.

LEMMA 3.1. [16] Suppose there exists a path (s = sg, $1,S2,...,S, = t) consisting of
simply-laced edges in the Cozeter diagram of (W,S), where k > 1. If ¢ = 0 and
qs; # 0 and mgs, < 3 for alli € [k], then T,Ty = T1Ts = Ts.

Lemma 3.1 played an important role in our derivation of the following results [16].
First, the algebra Hs(q) is commutative if and only if the Coxeter diagram of (W, S)
is simply laced and exactly one of ¢s; and ¢; is zero whenever mg = 3. Next, a com-
mutative Hg(q) has a basis indexed by the independent sets in the Coxeter diagram
of (W, S), which is a simple bipartite graph in this case. In particular, the dimension
of Hg(q) is the Fibonacci number F 1o := F, 11+ F, with Fy := 0 and F; := 1 when
(W, S) is of type A,, for all n > 1, or the Lucas number L, := F,11 + F,—1 when
(W, S) is of affine type A, for all even n > 4. We conjectured that if the Coxeter
diagram of (W, S) is a simple bipartite graph then the minimum dimension of Hg(q)
is attained when Hg(q) is commutative and verified this conjecture for type A. We
also constructed a basis for Hg(q) in the special case when (W, .S) is simply laced.

THEOREM 3.2. [16] Suppose (W, .S) is simply laced and Hg(q) is collapse free. Then
the following statements hold.

(i) The set S decomposes into a disjoint union of subsets Si,...,Sk such that
the elements of each S; receive the same parameter and are connected in the
Cozxeter diagram of (W,S), and that if s € S;, t € S;, i # j, then either
mg = 2 or exactly one of qs and q; is zero.

(ii) There is a basis for Hg(q) consisting of all elements of the form Ty, - - Ty, ,
where w; € Wg, fori =1,...,k and if there exist s € S; and t € S; with
1 # j such that qs = 0, mg = 3, and s occurs in some reduced expression of
wj, then w; = 1.

EXAMPLE 3.3. For Hg(q) represented below, where ¢ € F\{0}, we have a partition
S = 51 U Sy USs with Sy of type Dy, So of type Er, and S3 of type As. We will
compute the dimension of Hg(q) later.

1 ~ . 0—0—c—c
P 1—1—0—0 ~
1 0—0—0
EXAMPLE 3.4. Let (W, S) be the Coxeter system of type 4,,,i.e. W =&, 11 and S =
{s1,...,5,}. We can view q € F° as a vector (qi,...,q,) € F* whose ith component
is the parameter for s;. Thus we can write H(q1,...,¢,) ;= Hs(q). For instance, the

Hecke algebra H(0,0,1) of the Coxeter system (W, S) of type Az with independent
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parameters (q1, ¢2,¢q3) = (0,0, 1) is generated by T, 75, T5 and has dimension 642 = 8
since by Theorem 3.2 it has a basis {T,,Ty}, where w € S3 and u € S, satisfy the
condition that if so occurs in some reduced expression of w then u = 1.

3.2. NEW RESULTS IN THE SIMPLY-LACED CASE. In this paper we focus on the Hecke
algebra Hg(q) of a finite simply-laced Coxeter system (W, S) with independent pa-
rameters q € F¥. We may assume Hg(q) is collapse free. We further assume that
q1, - - -,qe are not roots of unity to avoid technicalities. It would still be interesting to
explore the case when ¢, ..., qe are allowed to be roots of unity in the future.

DEFINITION 3.5. Let S = S1 U --- U Sk be the partition given by Theorem 3.2. For
each i € [k], we write W; := (S;). There exists a partition [k] = Lo U Ly such that
gs = 0 for all s € S;, i € Lo, and that g # 0 (we can actually assume q. = 1 by
Proposition 3.9 below) for all t € S;, j € Li. Define W° := (S°) and W' := (S1),
where

SO ={seS:q.=0}=| ]S and S':={teS:q#0}=|]S;

i€Lg JELy
Given J C Ly and i € Ly, let WZJ be the parabolic subgroup of W; generated by
F;I ={s €85, :my =2 whenevert € S, j € J}.
By Lemma 3.1 and Theorem 3.2, we have the following alternative description for

the algebra Hs(q).

(i) The subalgebra H°(q) of Hs(q) generated by {Ts : s € S°} is isomorphic to
Hs0(0) = Qier, Hs: (0).
(ii) The subalgebra H!(q) of Hs(q) generated by {T} : t € S'} is isomorphic to
CW'= Q,cp, CW;.
(iii) The two subalgebras H°(q) and H!(q) commute.
(iv) If s € SO and t € S? satisfy mg = 3 then T, Ty = TyT, = T.
It follows that

(17) Hs(q) = HO(qQ)H (q) = Hso(0) @ CW /(T T, — Ty : s € S°, t € S*, my, = 3).

PROPOSITION 3.6. The dimension of Hs(q) equals

> TTowil -1 W/

JCLy jeJ iel

Proof. Let Wg(q) denote the set of all tuples (w € W; : i € [k]) such that w; € W;]
for each ¢ € Lo, where J := {j € L1 : w; # 1}. By Theorem 3.2, Hg(q) has a
basis {To, -+ Tw,, : (w1, ,wi) € Ws(q)}. For each k-tuple (wy,...,w;) € Ws(q),
we define ¢(wn,...,wx) := {j € L1 : w; # 1}. Summing up the cardinalities of the
fibers of all subsets of L; under the map ¢ gives the dimension of Hg(q). O

EXAMPLE 3.7. We revisit the algebra Hg(q) in Example 3.3. We have Ly = {2} and
L; = {1,3}. By Proposition 3.6 and the tables below, the dimension of Hg(q) is

1-72-8'4+191-7'+5-2°-6! 4191 -5- 6! = 4 - 1621 - 6! = 4668480.

—J
Group | Type | Order T e, (W5 = 1) W
W, D, 192 (%] 1 72 - 8!
W, | E; |72-8 {1} 191 7! (Ae)
Wiy Ay 6 {3} ) 2% 6! (DG)
1.3 1915 61 (A5
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ExAMPLE 3.8. By Proposition 3.6, for any positive integers a,b,c > 1, we have
dim #(0%1°0°) = (a + 1)!(c+ 1)! + a!((b+ 1)! = 1)c! and

dim H(190°1¢) = (b+1)!+((a+1)!=1)b! b ((c+1)!=1)+((a+1)!=1) (b—1)!((c+1)!—1).
In earlier work [16] we gave these two formulas and also showed that, for n > 0, if q
is an alternating sequence in {0, 1} of length n, then H(q) is a commutative algebra
whose dimension equals the Fibonacci number F, o := F, 41 + F,, with initial terms
Fy := 0 and F; := 1. Now combining this with Proposition 3.6 we have, for any
integers k,7 > 0 and n > 1,

dim H(: - - 1010 1"710101 - ) = FryoFpqo + (0! — 1) Fpy 1 Fry sy
T
This recovers a well-known identity FjyoF,+2+ Fry1Fr+1 = Fiqrys when n = 2, and
gives the number Fy o + (n! — 1)Fj11 = Fy + nlFi41 when r = 0, which satisfies the
usual Fibonacci recurrence with initial terms 1 and n! (see OEIS [27, A022096 and
A022394] for n = 3,4). We also have

dim H(---01010™" 11010 - - -) = Fryq(m! +2(m — D) + (m — 2)!) Frpq
k T
=(m*+m—1)(m —2)!Fe1 Fryr.

Next, using the algebra isomorphism ¢ : CW?! = H!(q) given by either Tits or
Lusztig [23] together with the algebra homomorphism ¢ : H!'(q) — C defined by
c(Ty) = 1 for all t € S*, we show that each parameter g, € C\{0, roots of unity} of
the algebra Hg(q) can be assumed to be 1, without loss of generality.

PROPOSITION 3.9. The Hecke algebra Hg(q) over F = C of a finite simply-laced Coz-
eter system (W, S) with independent parameters q := (¢s € C\{roots of unity} : s € S)
is isomorphic to the algebra Hg(q'), where @' = (¢} : s € S) is defined by

oo [0 ifa=o.
L ifgs #0.

Proof. Let {Ts : s € S} and {T7 : s € S} be the generating sets of Hs(q) and Hs(q’)
given by the definition of the two algebras. For each s € S° define T? := Tj. For each
t € St define T} := ¢;¢(t), where ¢; := c¢(6(t)) = £1 since ¢(t)? = 1.2 One sees that
{TY : s € S} is another generating set of #g(q). Since Hg(q) has the same dimension
as Hs(q'") by Proposition 3.6, it suffices to show that the relations for {77 : s € S}
are satisfied by {TV : s € S} as well.

It is clear that {77 : s € S} = {T, : s € S°} satisfies the same relations as
{T!: s € S°}. Moreover, {T}' : t € S'} satisfies the relations for {T] : ¢t € S'} by the
following argument.

e For each t € S', the relation satisfied by T/ is (7T7)? = 1, and we also have
(T/)? = 3ot = 1.

e For any r,t € S! with m,, = 2, the relation between T and T7 is the commu-
tativity, which is also satisfied by T} = ¢.¢(r) and T} = ¢;¢(t) since m,; = 2
implies that ¢(r) and ¢(t) commute.

e For any r,t € S* with m,; = 3 we have ¢(r)o(t)d(r) = ¢(t)¢(r)¢(t) which
implies ¢,cic, = cierey, and thus the braid relation between T, and T is also
satisfied by T/ = ¢, ¢(r) and T} = c1¢(t).

(2)Lusztig [23] gives an explicit isomorphism between Hg(q) and CW; it is likely that the coeffi-
cient ¢; € {£1} appearing in our proof can be determined using that isomorphism.
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Finally, let s € S; with ¢; = 0 and ¢t € S; with ¢; # 0. Then T} = ¢;¢(t) lies in the
subalgebra of Hs(q) generated by {7} : r € S;} since S; is a connected component of
the Coxeter diagram of (W', S*) by Theorem 3.2. If my, = 2 for all r € S; then the
relation between T and T} is the commutativity, which is also satisfied by T = T
and T} = ¢, ¢(t) since T,T, = T, T, for all r € S;. Otherwise by Lemma 3.1, the
relation between T7 and T} is T.T] = T = T;T. and we also have

T'T] = ;Tsp(t) = 3Ty =T = 2T, = c,0(t)T, = T]' T
where Ts¢(t) = ¢,Ts = ¢(t)Ts holds since T,T, = T, = T,.T; for all r € S;. O

4. SIMPLE AND PROJECTIVE INDECOMPOSABLE MODULES

Let Hgs(q) be the Hecke algebra of a finite simply-laced Coxeter system (W, S) over
F = C with independent parameters q € (C\{roots of unity})®. In this section we
construct all simple Hg(q)-modules and projective indecomposable Hs(q)-modules,
and use them to determine the quiver and representation type of Hg(q).

By Proposition 3.9, we may assume q € {0,1}*, without loss of generality. Recall
that S can be partitioned into S = S; - - - U S such that the elements of each S; are
connected in the Coxeter diagram and all receive the same parameter. There is also
a partition [k] = Lo U Ly such that gs = 0 for all s € S;, i € Ly, and that ¢; = 1 for
allt € S;, 5 € L.

4.1. DECOMPOSITION OF THE REGULAR REPRESENTATION. In this subsection we
give a decomposition of the regular representation of Hg(q) and obtain all simple
and projective indecomposable Hg(q)-modules.

DEFINITION 4.1. Let A € Irr(CW1). We can write Sy = e, Sai where PYANS

Irr(CW;) for all j € L. We define LY to be the set of all j € Ly such that W;
acts on Sy nontrivially. Then Sy = S} ® S} where

(18) Sii= ® Sy and ST:= @ Sy

JEL\L?} JEL
Let I C SO and let SO denote the set of all s € SO such that mg = 2 whenevert € Sj,
j € LY. Define P}g)\ = P}S'OSA C Ms(q), where P50 is identified with a submodule of
H2(q) = Heo(0) and Sy is identified with a submodule of Hi(q) = CW?.
PROPOSITION 4.2. Suppose X € Irr(CW?1) and M is an H go.x (0)-module. Then M®S

becomes an Hs(q)-module if we let Ty act by zero for all s € SO\S**, by its action
on M for all s € SO, and by its action on Sy for all s € ST.

Proof. One can verify the defining relations of Hg(q) for the above Hg(q)-action on
M ® S,. O

LEMMA 4.3. Let I C S° and X\ € Irr(CW?1). Identify Sy with a submodule of CW1 =
H'(q) € Hs(q).

(i) If s € SO\S** then T,Sy = 0. Consequently, if I Z S%* then P?A =0.

(i) If I C S%* then we have an isomorphism P}gy)\ = P*Igo'A ® Sy of Hs(q)-

modules.

Proof. (i) If s € SO\ S%* then my = 3 for some t € S; with j € L?, and it follows
from Lemma 3.1 that TsSy = 0 since Sy, C o(W;)* by the equation (5). If I ¢ SOA
then 7, (1) = Tw,(1)sTs for some s € SO\ S92 and using 7,8y = TS, = 0 we obtain

P7 \ = M50 (0) Ty () Fug(s0\1)Sa = 0.
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(ii) Now assume I C S%*. Since 7, and 7, act on Sy by 0 and —1, respectively, for all
5 € S\S%* one can use the multiplication rule (8) of the 0-Hecke algebra to obtain

0,
Pi)\ = 7‘[5'0)\(O)Tl'w()(])ﬁwo(so,k\[)sx = P}g Si-

We have Sy = S ® S% where S} is spanned by o := [Lier, o> o(Wj). Thus P58t
is spanned by

{ﬂ_wﬁwg(sn))‘\l)o— W E <SO’>\>, D(’UJ) = I} .
This spanning set is indeed a basis, since the expansion of 7,7, (s0.2\ )0 in terms
of the basis of Hs(q) in Theorem 3.2 has a scalar multiple of 7, as the leading term
(i.e. the term with the smallest length) by Equation (7) and Lemma 3.1. Therefore

P$"*st =~ P$"” © S, . Combining this with the definition of 5%, we have the desired
isomorphism Pfﬁ)\ ~ P*Igo"A ®8Sy. If s € S°\S%* then T, = 7, annihilates the left hand
side of this isomorphism and hence the right hand side as well. O

THEOREM 4.4. With Irr(Hg(q)) := {(I,A) : A € Ir(CW?), I C S}, we have a di-
rect sum decomposition

Hs(q) = S (7))
(I,Melrr(Hs(a))

where each summand Pi)\ is a projective indecomposable Hs(q)-module satisfying
P}g’/\ =~ wa ® S\ and C}g)\ =top P\ = C‘?O’A ® Si.

Proof. We can write Hs(q) = H°(q)H'(q) as a sum of dy copies of Pi/\ for all
I C 8% and all A € Irr(CW!) by applying the decompositions (5) and (9) to Hi(q)
and H2(q), respectively. A summand Py ) is nonzero if and only if (I, \) € Irr(Hs(q))
by Lemma 4.3. To show this is indeed a direct sum, we compute the dimension. For
any J C Ly, the sum of the dimensions of the summands P, with (I, A) € Irr(Hs(q))

and L} = J is
—J
[Tawsi=v IT |
jeJ i€Lg

Summing this up over all subsets J C L; gives the dimension of Hg(q) by Proposi-
tion 3.6. Hence the desired direct sum decomposition of Hs(q) holds.

Let (I,\) € Irr(Hs(q)). Since Pi)\ is a direct summand of Hg(q), it is projective.
Lemma 4.3 implies

Py, =P 08,2 P;" st @Sk
Thus P7, can be viewed as a module over the algebra Hgo.»(0) ® (®j€L% (CWj).

This module is indecomposable with top isomorphic to Cfm ® Sy by Proposition 2.2
and its radical is rad (Pfo'k) ®S, by Proposition 2.1 (i), which is an Hg(q)-submodule
of Pf)\ with T acting by 0 for all s € S\ S%* and with T} acting by 1 for all t € S;,
j € Li\L3. Then Proposition 2.3 (i) implies that PiA is an indecomposable Hg(q)-
module, and Proposition 2.3 (ii) implies that the top of Pf,x as an Hg(q)-module is
. . SO,X

isomorphic to C7 ~ ® S,. O
COROLLARY 4.5. The sets {Pyx : (I,\) € Irr(Hs(q)} and {Crx: (I,\) € Irr(Hs(q)}

are, respectively, a complete list of non-isomorphic projective indecomposable Hg(q)-
modules and a complete list of non-isomorphic simple Hs(q)-modules. The Cartan

matriz of H is {CSM‘S ] '
f Hs(q) 1,J Oxp (I,A),(J,p)Elrr(H 5(q))
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Proof. Theorem 4.4 implies that, every projective indecomposable [simple, resp.]
Hs(q)-module is isomorphic to Py [Cyx, resp.] for some (I,A) € Irr(Hs(q)).
If there exists (J,u) € Irr(Hs(q)) such that Ci)\ = Ciw then we have A = p
by Proposition 2.1 (ii), and this implies I = J since S%* = S§%#. Therefore if
(I,\) # (J,p) then C7, % C7, and thus P¥, % P5 . Finally, using the Cartan
matrices of H%(q) = Hgo(0) and Hi(q) = CW!' we obtain the Cartan matrix of
Hs(q). O

EXAMPLES 4.6.
(i) Let m and n be positive integers. The algebra H(0™1™) has the following
decomposition

H(O’”l”)“‘< D Pa®Sn+1>€B D @ (Pawsy™

alEm41 alE=m AFn+1
= = A#En+1

We have (o, A) € Irr(H(0™1™)) if and only if either o« =m+1and A =n+1,
or « Em, Ak n+1, and A # n+ 1. The Cartan matrix of H(0™1") is
[Cap = Ol (o), (B )€t (s (@)

(ii) Let mi,ny > 0 and ny,ma,...,ng—1,mey > 1 be integers. The algebra
H(O™r 1™ ... 0™e1™) has projective indecomposable representations and
simple representations

Pal))\lvwaz))\z =P, ® S)\l R ® Pae ® S)\e
Cal’)\lw.,az’)\z =Cun ®Sy1®---®CLe ®Sye

indexed by tuples (al,A!,..., af \f) satisfying A\ - n; + 1 and o' = m) + 1
for all i € [¢], where

m} = max{0,m; —#{j € {i — 1,i} N[ : N #n;}}.

4.2. QUIVER AND REPRESENTATION TYPE. We first observe that the quiver of a 0-
Hecke algebra is loopless.

LEMMA 4.7. The quiver of the 0-Hecke algebra of any finite Coxeter system is loopless.

Proof. Let (W, S) be a finite Coxeter system in this proof. Following Duchamp, Hivert,
and Thibon [9, § 4.3], we only need to show that any short exact sequence of the form
0 — C7 — M — C7 — 0 must split for every I C S. Since C7 is one-dimensional, M
must be two-dimensional. If every nonzero element of M spans an Hg(0)-submodule
then we are done. Otherwise there exist u € M and s € S such that u and v := 7, (u)
form a basis of M. Then soc(M) = rad(M) is the span of v, on which 74 acts by one.
On the other hand, 7, acts on top(M) by zero since ms(u) = v € rad(M). Thus the
short exact sequence 0 — CY — M — C7 — 0 cannot hold. O

Now we are ready to describe the quiver of the algebra Hgs(q).

PROPOSITION 4.8. For each A € Irr(CW1), the full subquiver Qx(q) of the quiver of
Hs(a) with all vertices of the form Cﬁ/\ (and with all arrows between these vertices in
the quiver of Hs(q)) is isomorphic to the quiver of the 0-Hecke algebra H.go.x (0), which
is the tensor product of the quivers of the 0-Hecke algebras generated by connected
components of S®*. In addition, there is no arrow between Qx(q) and Q,(q) if A\, u €
Irr(CW?Y) are distinct.

Proof. Let (I,\) € Irr(Hs(q)). Proposition 2.1 (iii) implies that
rad (P§,) / rad? (P§,) = rad (Pf”) / rad? (Pf“) ® S,
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Among the composition factors of this Hs(q)-module, the multiplicity of a simple
module Ci# with (J,u) € Irr(Hs(q)) is either zero if A # p, or equal to the multi-

plicity of Cﬁm among the composition factors of rad (me) /md2 (me> if A= p.
Therefore the full subquiver @ (q) is isomorphic to the quiver of the 0-Hecke algebra
Hs0.2(0), and there is no arrow between Qx(q) and Q,(q) if \,u € Irr(CW?) are
distinct. By Lemma 4.7, the quivers of the 0-Hecke algebras generated by connected
components of S%* are all loopless, and the tensor product of these quivers gives the
quiver of Hgo,x(0). O

An example will be given in the end of this section, after we determine the repre-
sentation type of Hg(q) from its quiver. Recall that Duchamp, Hivert, and Thibon [9,
§ 4.3] constructed the quiver of the 0-Hecke algebra H,,(0) of type A,_1 and showed
that H,(0) is of finite representation type if and only if n < 3. In particular, the
quiver of H3(0) consists of three connected components, two of type A; and one of
type As. Using this observation we obtain the representation type of the 0-Hecke
algebra Hs(0) ® Hs(0).

LEMMA 4.9. The algebra H3(0) ® H3(0) is of infinite representation type.

Proof. The quiver of H3(0)®@%H3(0) is the tensor product of the quiver of H3(0) and it-
self, and thus contains a cycle of length four as a connected component. Orienting this
cycle in such a way that it has no directed path of length two, one gets a quiver whose
path algebra is isomorphic to a quotient of H3(0)®%H3(0) and of infinite representation
type (cf. Duchamp-Hivert—Thibon [9, § 4.3]). Combining this with Proposition 2.4 (iii)
we conclude that H3(0) ® H3(0) is of infinite representation type. O

Now we can determine the representation type of the algebra Hs(q).

PROPOSITION 4.10. The algebra Hg(q) is of finite representation type if and only if
|Si| < 2 for alli € Ly with equality occurring at most once.

Proof. Suppose |S;| > 3 for some i € Ly. Since (W,S) is simply laced and S; is
connected, there exists a subset I C S; which generates a Coxeter subsystem of type
As. The subalgebra of Hs(q) generated by the set {Ts : s € I'} is isomorphic to the
0-Hecke algebra H4(0), which is of infinite representation type by Duchamp-Hivert—
Thibon [9, § 4.3]. This implies that Hg(q) is of infinite representation type, since every
H4(0)-module becomes an Hg(q)-module by letting all generators Ts of Hg(q) with
s € S\I act by one and an indecomposable H4(0)-module is also an indecomposable
‘Hs(q)-module by Proposition 2.3 (i).

Next, assume |S;| = |Si| = 2 for distinct 4,7’ € Lg. Then H3(0) ® H3(0) is a
quotient of Hs(q). It follows from Proposition 2.4 (iii) and Lemma 4.9 that Hg(q) is
of infinite representation type.

Finally, assume |S;] < 2 for all ¢ € Lo with equality occurring at most once.
Since H,,,(0) with m < 2 and CW; with j € L; are semisimple algebras, their quivers
consist of isolated vertices. By Duchamp-Hivert—Thibon [9, § 4.3], the quiver of H3(0)
consists of three connected components, two of type Ay and one of type As. Thus each
connected component of the quiver of the algebra

i€ Lo JELy

H5(0) @ CW' = ( X Hsi(0)> X ( X CWy)

is of type A; or Ag by the definition of the tensor product of quivers. Since Hg(q) is a
quotient of the above algebra by the equation (17), it follows from Proposition 2.4 (iii)
that Hg(q) is of finite representation type. O
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EXAMPLE 4.11. By Proposition 4.8, the quiver of the algebra #(021202) is the disjoint
union of full subquivers @, indexed by partitions A of 4. If A = 4 then @, is the quiver
of H3(0) ® H3(0), which is the disjoint union of four isolated vertices, four paths of
length two, and a cycle of length four. If A € {(3,1),(2,2),(2,1,1), (1, 1,1,1)} then
Q> is the quiver of Hz(0) @ H2(0), which consists of four isolated vertices. One sees
that the algebra H(02130?) is of infinite representation type.

5. INDUCTION AND RESTRICTION

Let Hs(q) be the Hecke algebra of a finite simply-laced Coxeter system (W, S) with
independent parameters q € {0,1}°, and let R C S. In this section we study the
induction and restriction of representations between Hg(q) = Hr(q|r) and Hs(q),
as there is an obvious algebra surjection from Hpr(q) to the subalgebra of Hs(q)
generated by {Ts : s € R} (which is not necessarily an isomorphism [16, § 3]).

By induction on |R|, we may assume R = S\{s} for some s € S, without loss of
generality. We distinguish two cases (¢s = 0 and g5 = 1) in the next two subsections.
In each case our results exhibit a two-sided duality, i.e. both adjunctions (2) and (3)
are true.

5.1. CASE 1. In this subsection we study the case R = S\{s} for some s € S with
gs = 0. One sees that R® = S%\{s} and R' = S'. We first study induction from
Hr(q) to Hs(a).

PROPOSITION 5.1. Suppose that R = S\{s} for some s € S with ¢, = 0, and let
(I,\) € Irr(Hgr(q)). Then

P?}\ T Hs(a) o Pi)\ ZfS ¢ SO’A?
He@ AP @PY ., ifse S

where each Hs(q)-module on the right hand side is projective indecomposable. Fur-
thermore, if w is any element of Wro,x with D(w) = I, then we have the following
equality

S
A T ’HR(q) Z CD(u}z),/\

ZEWS()))\
D(=~1)C{s}

in the Grothendieck group Go(Hs(q)), where each Hs(q)-module on the right hand
side is simple.

Proof. By the structure (17) of the algebra Hs(q) and Lemma 4.3, we have

0, A 0
Pl 10 (PR ®SA) T dinie = (PRO T Hsii(o))) @8

First assume s ¢ S%*, so S%* = R%*. This implies that (I, \) € Irr(Hs(q)) and

PN
PR 4 0 2Py @8, 2Py

Next assume s € S%*. Then S%* = R%* U {s}, which implies that (I,)) and
(IU{s}, A) are both in Irr(Hs(q)). By the induction formula (12) for 0-Hecke modules,

we have

H 0, A ~
PI At s(q) (PS PIU{ }> ®8S) = P}q,,\ ® P}gu{s}’/\'
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Now let w be an element of Wxo,» with D(w) = I. By the induction formula (12)
for 0-Hecke modules,

Hr(q) Hr(a)
ROA 2 (0)
(e 15 ) © i

cS” 98
> D(wz) ® Sx
z2€Wg0,x

D(z~1)C{s}

)\ T Hs(q) o~ <C?0”\ ® S)\) T Hs(a)

1

where the last sum holds in the Grothendieck group Go(Hs(q)). Each summand
C%O(';z) ® S, is isomorphic to the simple Hg(q)-module indexed by the pair
(D(wz),\) € Irr(Hs(q)) since D(wz) C SO O

EXAMPLES 5.2.
(i) Let g = (0%,1%,03,1%), q1 = (0%,11,0%) and g2 = (0°,12). Then
() N
(P22 @Pann) T e = Pe)e2. 2.z and
a)
(Pes),21.0.2 ® Py, s )Tﬁmmmm) P 3),121,(1,3).13) © P3),[21,(1,2,1),[3)-
(i) Let q = (0%,1%,0%,1%), q1 = (0%,11,0') and q2 = (0',1?). Since 21 L1 =
{213,231, 321}, we have

H(q)
(C).e1,0,0) @ Cayea) T e oma)
= Cs),121,1,2),2.1] D Cay,21,2,1),12,1 © C(3),121,1,1,1),[2,1]-

Now we study restriction of Hg(q)-modules to Hr(q).

PROPOSITION 5.3. Suppose that R = S\{s} for some s € S with ¢s = 0, and let
(I,A\) € Irr(Hs(q)). Then

Pl @ P,

where each direct summand is a projective indecomposable Hr(q)-module. Further-
more, we have

Hs ~
C?A \: Hr CIﬂRO A
where the right hand side is a simple ’HR(q)-module.

Proof. By the structure (17) of Hg(q) and the restriction formula (13) for 0-Hecke
modules, we have

Hr(q) (a)
S0 A(0)
(Pf"" 4 H;‘;,i@) ® S)

RO,/\
® Pk ©Si
0,X
Kerls)

P?’,)\ \I/ Hs(a) o~ (PSO A ® S)\) i HS(CI)

12

1

For each K €I | 13%?317 one sees that (K,\) € Irr(Hr(q)) since K C R%*, and that

Pﬁm ® S, is isomorphic to the projective indecomposable H r(q)-module Pﬁ’ \ by
Lemma 4.3.
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Similarly we have

H ~ 0,2 H
Ciad i = (C§ ® SA) L

~ 0% Hgo,x(0)
:(c§ ¢H;‘;;(O))®SA

where the last term is isomorphic to the simple Hz(q)-module indexed by the pair
(IN RO N) € Ir(Hr(q)). O

EXAMPLE 5.4. Let q = (0%,12,0%,13), q; = (02,12,02), and q» = (0',1®). We have

H(a)
P (3),2,10,1,2), 2,10 + 20(an)@H(az)
= (P, 2,1, @ Py, 2,1,1) @ (P), 21,2 @ Py, j2,1,1])
since (1,2) 42 = {((1,1),(1)),((2), (1))} [17, Proposition 4.5]. We also have

C),2,10,1,2),[2,1,1] + H(21)®H(q2) = Cy,2,11,1,1) @ C1y2,1,1)
since (1,2)<2 = (1,1) and (1,2)s2 = (1).

COROLLARY 5.5. Suppose that R = S\{s} for some s € S with ¢ = 0, and let
(I,\) € Irr(Hgr(q)) and (J, p) € Irr(Hs(q)). Then

Hs(a) _ onR Hs(a)
< Pt s CJ7u> = <P1w Copul Hi(q>>v

<P§“ + HR q)’ C“> <PJ“’ Crat ”R(“)>

Proof. This follows from Proposition 5.1, Proposition 5.3, and the two-sided dual-
ity (14) for 0-Hecke modules. O

5.2. CASE 2. Now we study the case R = S\{t} for some t € S with ¢, = 1. One sees
that R® = S% and R! = S'\{t}. We will also need the following lemma.

LEMMA 5.6. Suppose ¢, # 0 for some X € Irr(Hs(q)) and some p € Irr(Hr(q)).
Then S9* C RO~

Proof. Suppose j € LY, that is, W; acts nontrivially on S, for some j € L. Since
¢p # 0, we have W acts nontrivially on Sy by Lemma 2.5, i.e. j € L. Thus LY C L7,
which implies SO C RO, (|

We are ready to give the formulas for induction of Hr(q)-modules to Hg(q).

PROPOSITION 5.7. Suppose that R = S\{t} for some t € S with ¢¢ = 1, and let
(J, 1) € Irr(Hr(q)). Then

H ®cy,

Jp, T H;(?l)) - @ (P§,A) '
AE€lrr(CW1): JCS0.A

H ~ ®c),

.1 S(q)) = D (Ci,)"

A€lrr(CW1): JCS0:A

where each summand Pi)\ [or Ci)\, resp.] with multiplicity cﬁ # 0 is a projective
indecomposable [or simple, resp.] Hs(q)-module indexed by (J,\) € Irr(Hs(q)).
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Proof. By the structure (17) of the algebra Hs(q), we have
H ~ 0,1 w H ~ 0,1 w
B, 20 =P (5,1 ) et Ot B8 =0 (5,1 ).

By the induction formula (6), we have
Sctwn = @ s
AElrr(CW1)
Let A € Irr(CW?!) with c;\L # 0. Then S%* C R%* by Lemma 5.6. Using a similar
argument to the proof of Lemma 4.3, one sees that P‘I}o’” ®Sy = 0and CI}W ®S)y=0
if J ¢ SN, or PF" @8, 2P, and CF" @8, = CS, with (J,\) € Irr(Hs(a)) if

J C 50, O
ExaMPLE 5.8.Let q = (03,12,0'), q = (03,1'), and q» = (1°,0'). By the
Littlewood—Richardson Rule, ol % n) = CE]’l[]l] =1 and C[)\Z],[l] = 0 for any partition A
different from [3] and [2, 1]. Thus
H(a) ~
(Pea.21 @ Pue) T aanena =Pens.e and
H(q) ~
(Paane @Puae) T aanenia) = Passne © Pasz) o)

The same result holds if P is replaced with C.
Next, we study restriction of Hg(q)-modules to Hr(q).

PROPOSITION 5.9. Suppose that R = S\{t} for some t € S with ¢ = 1, and let
(I,)\) € Irr(Hs(q)). Then

H ~ ®c),
CS/\ ! s(q)) ) @ (C?,u)
pEIrr(CWiy1)
where each summand CRM with multiplicity c # 0 is a simple Hr(q)-module indexed
by (I,p) € Irr(Hg(q)), and

s | Hs(@) ~ RO ®cp
Pistine= @ 1,503 @8
uElrr(CWp1)

where each summand QﬁEQ,A ® S, with multiplicity c,’) # 0 is an indecomposable

Hr(q)-module with top isomorphic to the simple Hr(q)-module CR and is projective
if and only if SO = R%*. (See Section 2.3 for the definition of the 0-Hecke module

Qg
Proof. By Lemma 4.3, we have
P{, =P ®S, and CJ,=C{" @S,

where 7, acts by zero for all s € S\S%*. Applying the restriction formula (6) gives

A
PiLL =P e (siian )= @ Pies
R pEIrr(CWpy1)

I

@ CSO o ® Sj‘jpu
uElr(CWge1)
Let p € Irr(CWgk1) with Cf) # 0. Then S%* C R%* by Lemma 5.6. Thus we have
(I,p) € Irr(Hp(q)) and

H ~ 0, CWg1
L o s )

ci" ws,=2cl" ws,=CE,
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Using Proposition 2.2 and Proposition 2.3 (i) one can show that P}gm ® S, is an
indecomposable H g (q)-module. It follows from Lemma 2.6 (taking J = S%* and
S = R%*) that

Pi"" 8, = Q. @8, and top(Qfiy, ®8,) 2 Cf" @S, = Cf,

Thus Qﬁ‘;gﬂ » ® 8, is projective if and only if it is isomorphic to Pi ,» which is equiv-

alent to S%* = R%# by Lemma 2.6. O
ExXAMPLE 5.10.Let q = (0%,12,0'), q1 = (03,1!), and q» = (1°,0!). By the
Littlewood—Richardson Rule, we have c{z]’ []1] = E H n = = 1 and c[2 U — 0 for all

(1, v) & {(12], [1]), ([1, 1], [1])}. Thus
P12 b e e = (Pa2.2 ©Pam) ® (Pazpy @ Pua)-

Here Py ) |9 is isomorphic to Q(1’3) ® Sjg) (cf. Figure 1), a nonprojective indecom-
posable H(q;)-module. On the other hand, P(; o) (1,1) and Py (1) are projective in-
decomposable modules over H(q;) and H(qz), respectively. We also have

Clr2).2.2.0 + 1 e = (Cs.2 @ Cune) @ (Caz.py ® Cue) -

COROLLARY 5.11. Suppose R = S\{t} for some t € S with ¢ = 1. If (I,\) €
Irr(Hs(q)) and (J,u) € Irr(?-[R( )) then

<P§A¢ e > < By THR<q>>

R Hs(q) R
<PJ,W oty CF > <PJw Ciad HR<q>>

Proof. The result follows from Proposition 5.7, Proposition 5.9, and the equations (1)
and (14). O

6. FINAL REMARKS AND QUESTIONS

6.1. HECKE ALGEBRAS AT ROOTS OF UNITY. Let H,(q) be a Hecke algebra of type
A, _1 over a field F of characteristic zero with a single parameter g # 0. For each
A F n, Dipper and James [8] constructed an H,(g)-module Sx(gq), called the Specht
module, whose dimension equals the number d) of standard Young tableaux of shape
A. If ¢ is not zero or a root of unity then {S)(q) : A F n} is a complete set of non-
isomorphic simple H,,(g)-modules. When ¢ is a primitive kth root of unity, Dipper
and James [8] also constructed a complete set of simple #,,(¢)-modules D, (q), where
w runs through all partitions of n with at most k£ — 1 rows of equal length. However,
these modules are not completely understood yet.

In this paper we study the (complex) representation theory of the Hecke algebra
Hs(q) of a finite simply-laced Coxeter system (W,S) with independent parameters
q € (C\{roots of unity})®. A natural question to ask is, whether our results can be
extended to the case when the parameters are allowed to be roots of unity.

6.2. MoNOID ALGEBRA. The Hecke algebra #H,(q) is a group algebra when ¢ = 1
or a monoid algebra when ¢ = 0. The representation theory of finite groups is of
course well known. The representation theory of finite monoids has also been widely
studied; see, e.g. Steinberg [29]. In fact, the representation theory of 0-Hecke algebras
is a special case of the representation theory of J-trivial monoids studied by Denton,
Hivert, Schilling, and Thiéry [7].

By Proposition 3.9, to study the Hecke algebra Hs(q) with independent parameters
q € (C\{roots of unity})s, we may assume q € {0,1}, without loss of generality.
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Then Hg(q) becomes a monoid algebra, although the underlying monoid is not J-
trivial (nor R-trivial). Nevertheless, it may still be possible to recover our results via
the representation theory of finite monoids and this is worth further investigation.

6.3. THE GROTHENDIECK GROUPS OF TYPE A HECKE ALGEBRAS. For n > 1 define

Go= @ Go(H(q) and Kg:= & Ko(H(q))
qe{0,1}n 1 q€e{0,1}3n~1
For n = 0 we set G} := G(C) and K := Ky(C). We can define algebra and coalgebra
structures on the two Grothendieck groups
Go:= @ Gi and Ko(H):= P K{.
n=0 n=0
If M is a (projective) H(qi)-module, where q; € {0,1}™71, and if N is a (projec-
tive) H(qz)-module, where q2 € {0,1}"~1, then we define

—— ()
M®N:=(M®N) H(21)®H(q2)

where q = q10qz € {0,1}™""~! is the concatenation of qi, 0, and qz. Also set
Sy @ N:= N and M ® Sy := M, where Sy for the unique simple C-module.

If M is a (projective) H(q)-module, where q = (q1,...,qm—1) € {0,1}™~ 1, then
we define

o H(a)
AM:=SgoM+ >  Mlgd oo +MeSy

i€[m—1]: ¢;=0
where q«; := (Qh e 7Qi—1) and qs; 1= (Qi-i-la e 7Qm—1)~

PROPOSITION 6.1. With & and A, the Grothendieck groups Go and Ko become dual
graded algebras and coalgebras.

Proof. Let q; € {0,1}™71, g2 € {0,1}" !, and q = q10q2. The decomposition of
H(q) given by Theorem 4.4 and the restriction formulas for projective indecomposable
modules given by Proposition 5.3 imply that #(q) is a left projective module over
H(q1) @ H(qz). One sees that Hg(q) is isomorphic to its opposite algebra Hg(q)°?
by sending Ty, -+ Ts, to Ts, ---Ts, for all s1,...,s; € S. Thus H(q) is also a right
projective module over H(q;) ® H(qz2). Then using a similar argument as Bergeron
and Li [3, § 3] we can show that ® and A are well-defined product and coproduct for
Gy and Kj. The duality follows from Corollary 5.5. g

One can check that AC(y) 9 ® AC3) contains the term
(S2 @ Cay ) ® (Crz) ©85) = Ciz) @ Cyy oy-
But by Proposition 5.1 and Proposition 5.3, this term does not appear in
A(Cayp @ Cry) = A(Cay ) @ Cra)
=A(Cay e + Caypren + Caypnae)

Thus Gy is not a bialgebra. By duality, K| is not a bialgebra either.

Although Gy and K| are not bialgebras, they still have well-defined antipode maps
since they are simultaneously an algebra and a coalgebra [16, § 7.3]. It would be inter-
esting to see whether the antipodes of Gy and K| have simple formulas analogous to
the antipode formulas for the Hopf algebras Go(CS..), Go(H.(0)), and Ko(H.(0)). In
addition, as these Hopf algebras correspond to Sym, QSym, and NSym, one may try
to find similar correspondences from Gy and Ky to some generalizations of symmetric
functions.
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