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A characteristic free approach to secant

varieties of triple Segre products

Aldo Conca, Emanuela De Negri & Zeljka Stojanac

ABSTRACT The goal of this short note is to study the secant varieties of the Segre embedding
of the product P! x P¢~1 x P>~1 by means of the standard tools of combinatorial commuta-
tive algebra. We reprove and extend to arbitrary characteristic the results of Landsberg and
Weyman [5] regarding the defining ideal and the Cohen—Macaulay property of the secant vari-
eties. Furthermore we compute their degrees and give a bound for their Castelnuovo-Mumford
regularities, which are sharp in many cases.

1. INTRODUCTION

The topic of this paper is the secant varieties of the triple Segre product of P! x
Pe~1 x PP~ For basic facts about tensor decomposition and Cohen-Macaulayness of
secant varieties of Segre products we refer the reader to Oeding’s paper [7] or to the
book of Landsberg [4]. We will work with 3-tensors of size (2,a,b) with 2 < a < b.
The variety of rank-1 tensors is denoted by Seg(2, a,b) and corresponds to the image
of the Segre embedding of P! x P2~ x P*~! in P2e*~1 We will further denote by
o¢(2,a,b) the t-secant variety of Seg(2, a, b), that is, the variety of rank-¢ tensors. The
defining ideal of Seg(2,a,b) in R = Klz;jx : (¢,7, k) € [2] X [a] x [b]] will be denoted by
I(a,b). The ideal defining the secant variety o,(2,a,b) will be denoted by I(a,b)t}.

We recall that Seg(2, a,b) is a well understood toric variety whose defining ideal is
the Hibi ideal of [2] x [a] X [b]. In other words, equipping [2] x [a] X [b] with the natural
structure of distributive lattice one has:

I(a,b) = (xqT8 — TarpZavs : &, 0 are incomparable elements of [2] X [a] % [b]).

Our goal it to prove that the ideal I(a, b){t} is generated by determinantal equations
coming from “unfoldings” of the associated tensors and that it defines a Cohen-—
Macaulay ring. These results are already known in characteristic 0, see [5], while our
results are valid in arbitrary characteristic. Furthermore our construction allows us
to give a formula for the degree of the secant varieties 0,(2, a, b), and to give a bound
for their Castelnuovo-Mumford regularity; this bound is sharp if 2¢t < b. We also
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conjecture that I(2t,2t){*} defines a Gorenstein ring for all ¢ > 1 and check it for
t < 3.

The unfolding (a.k.a. flattening) is a transformation that reorganizes a tensor into
a matrix. For a tensor of size ni X ng X - - X ng, the k-th unfolding is a matrix of size
nE X (ny -+ Ng_1nge1 - - - ng). The rows are indexed by the k-th index, and the columns
are indexed by the vectors of the remaining indices. The order on the row and column
indices is not important. In the following we will order them lexicographically.

ExAMPLE 1.1. Let X be an order-3 tensor of size 2 x 3 x 3. Then, the first, second,
and third unfolding are of the form

prats g T111 L112 T113 L121 T122 L123 T131 L132 L133
| T211 212 213 T221 T222 T223 T231 T232 1233
T111 T112 T113 T211 T212 213
2
X{ Y= T121 T122 T123 T221 T222 223
| 2131 132 T133 T231 T232 1233 |
T111 T121 T131 T211 T221 T231
T112 T122 T132 T212 T222 T232
| X113 T123 T133 T213 T223 T233 |

x {8 =

Set X = [zi;], Y = [yi;] with @ = x5, yi; = @24 for all ¢ € [a], j € [b]. We
remark that for X of size 2 x a x b the second and the third unfolding of X are the
block matrices

X2 =[XY] and B =[xTy7T].
They can be combined in the single arrangement:
XY
v o

The (¢t + 1)-minors of the various unfolding matrices are contained in the ideal
defining the t-secant variety of the Segre variety but, in general, one needs extra
generators. On the other hand we will see that for the tensor of size (2,a,b) the
(t + 1)-minors coming from the unfolding matrices are enough to generate I(a,b){*}.

In the following for a matrix M with entries in a ring R and ¢ € N we will denote
by I;(M) the ideal of R generated by all the t-minors of M.

2. GROBNER BASES AND SECANT IDEALS

In this section we quickly recall the results of Sturmfels and Sullivant [9] and of Simis
and Ulrich [8] that we will use.

DEFINITION 2.1. Let Jy, Ja, ..., J,. be ideals in a polynomial ring R = K[x1,x2,. .., Ty
over a field K. Their join Jy x Jo % --- x J,. is the elimination ideal in R

(Ji(yr) ++ Je(yr) + (yri +y2i + - +yri —2: : 1< 1<n)) N R,
}

where y; = (Y14, Y2iy - - -, Yni) are new indeterminates for all i € [r] and J;(y;) is the
image of J; in K[x,y] = K[x1,Z2,...,%n, Y11,Y12, - - - » Yrn] under the map x — y,.
We denote by I\ the r-fold join of I with itself, that s,

Iy =TsT%- %1

If K is algebraically closed and I defines an irreducible variety X ¢ PV, then I{"}
is the defining ideal of the rth secant variety X"} of X, defined as:

X{T}: U <P17"'7P'r‘>
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where (P, ..., P,) denotes the linear span of the points Py, ..., P. and the bar denotes
the Zariski closure.
Let A be a simplicial complex and denote by Ia the associated Stanley—Reisner

ideal. The ideal Ig'} turns out to be square-free, that is,
I = Iy
where the complex A{"} is described as follows:

PROPOSITION 2.2 ([9, Remark 2.9 ]). Every face of AU} is the union of r faces of A.
Thus if Fy,Fs,...,F, are the facets of A, then the facets of AV} are the mazimal
subsets of the form F;, UF;, U---UF;, withl <i3 <--- <ip <.

Moreover the r-fold join of an initial ideal contains the initial ideal of r-fold join
ideal.

THEOREM 2.3 ([9, Corollary 4.2]). Let I be an ideal and < a term oder. Then one
has:

in(1t") C in(1)tr}
for allr.

If the equality holds for every r then the term order is said to be delightful for the
ideal 1.

3. THE IDEAL OF TWO MINORS AND THE ASSOCIATED SIMPLICIAL COMPLEX

Let K be a field and let X = (z;;) be the tensor of indeterminates of size 2 X a X b,
with 2 <a <b.

Let R = Klz111, 2112, - - -, T24b) be the polynomial ring with indeterminates the
entries of X. From now on we denote by 7 any diagonal term order, that is, a term
order such that the initial term of every minor of X2} and of X3} is its diagonal
term. For example the lexicographic order induced by

T111 > T112 > T113 > T121 > =+ > Tiab > T211 > - > X2qb

is diagonal.

One can easily check that in this case the defining ideal of the Segre embedding of
P! xPa=1 xPP~1 in P2eb—1 that is, the Hibi ideal associated to the poset [2] x [a] x [b], is
indeed the ideal generated by the 2-minors of the second and third unfolding, that is,

I(a,b) = (X)) + L(xBh.

For example, the Hibi relation x2134124 — £113%224 is not a minor in x2 or (3}
but can be written as a sum of a 2-minor of X2} and a 2-minor of X{3}:

T213T124 — T113T224 = (T2137124 — T114T223) + (T114T223 — T113T224)-
We start by identifying a Grobner basis for the ideal I(a,b) itself.

PROPOSITION 3.1. The 2-minors of the second and the third unfoldings of X are a
Grébner basis of I(a,b) with respect to any diagonal term order.

Proof. Tt is not restrictive to consider the lexicographic order 7 induced by x111 >
T112 > X113 > T1o1 > -+ > Tiap > L1l > -+ > Togqp. We first consider the following
subsets of 2-minors in I :

M{l} = {$1a2a31'2[3253 — T1Bra3T2a28; * O2 < 52}
M2 = {‘Tlazasx?ﬁzﬁs — TlasB3T2psa3 * O3 < 53}
M = {210,05T16285 — T1ra5T1008s * Q2 < Po, a3 < B3}

M = {1’2a2a3$25253 — T2B3a3T2a28; F X2 < B2, a3 < 53}’

Algebraic Combinatorics, Vol. 3 #5 (2020) 1013
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and set M = M UM UM UMM Notice that G12H = M UM B UM s
the set of the 2-minors of the second unfolding and that G123} = M2 u M3t U a4
is the set of the 2-minors of the third unfolding.

It is well known and easy to check that G2} and G{3} are Grébner basis of the ideals
they generate with respect to 7. Hence it is enough to consider the S-polynomials
S(f,g) of f,g with f € M1} and g € M{?} whose initial monomials in(S(f,g)) are
not relatively prime. There are two cases.

First let f = m16¥2a33325253 — T1Bra3 L2023 and g = Tlazaz®23,8, ~ T1as83V282a3°
with ap < B and a3 < f3. Thus S(f, 9) = 216,05 02028528, 5, + T10rs s T2 fpcrs L2626
and since oz < B2, one has in(S(f,9)) = ©,,,5,228,8:%2p,,,- Dividing S(f,g) by
ho = T1,,5,%28:8; — 1,5, T2028; € M1} one gets

S(f’ g) = T2psas ho — L2023 (:L‘lﬁZO‘?'xQBZBS - $15233I2ﬁ2a3)

which reduces to zero modulo M since T1Bra5To,p, ~ T1py5s Lofras € Vst

The second case is f = Ti1a,a3728,8; — T1BrasT2028; ANA § = T14,65T28,8; —
T1axB5 L2865, With s < P2 and &g < PB3. Thus S(f,9) = —Zia.a5T18s05%2008; +
TlasazL16aB3L2Bo6bis+

If &3 > ag, then In(S(f,9)) = TiasasTia:8:T2845 and dividing by hy =
TlagasT2B8rd5 — L18yasL200ds € M1} leads to

S(fv g) = T142Bs3 hy — T1Bz0a3 (xléézéésx?azﬁs - x1&253x2a26¢3)

which reduces to zero modulo M Since 14,a5%20085 — T1asfs T2anas € M1
To conclude we have to consider three more situations, and arguing as before.
If Ga < g, then in(S(f,9)) = Tias65T182a5%2008; and we get S(fs,g2) =

T16y8;5 © P4 — Tipyashs With hy = %14,65%2a28s — T16283%2a245 € M2} and
hy = —T18y05T20005 + TlasasT2paas € M.

The case o = as and Gz < as works as the previous one.

If & = ag and &3 = ag, then in(S(f,9)) = TiasasTia8:T28:0, and one has

S(fa g) = xlazas(h5 - h6)7 where hs = TlanBs L2605 — T1h263L200a3 € M and
he = Z1Bra3T20283 — L182P3T2az2a5 € M

Finally, if as = d and ag < as, then in(S(f,9)) = TiasasTias8;T28.45 and we
have S(f, 9) = T1a.8; - "7 — %1850 - s Where b = 10505028265 — L1820 L2004 € M}
and hg = T1apasT200 85 — Tlashs T2asss € M2

Thus in these three situations S(f, g) reduces to zero modulo M; this finishes the
proof. 0

As we have seen in Example 1.1 instead of looking at the second and the third
unfolding of the tensor X separately, we can combine them into a single arrangement:
XY
W= Y
where X = (x1;;) and Y = (x9;;) are both of dimension a X b.

Thus I(a,b) is generated by the 2-minors in the arrangement and the initial ideal
in(I(a,b)) is generated by the 2-diagonals in the arrangement. We introduce a partial
order in the set of variables so that the 2-diagonals are exactly the pairs of comparable
elements. To this end, we identify the set of the variables with:

P={(i,j):1<i<a1<j<2b}

associating x1;; to (¢,7) and xo;; to (4,0 + j).
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In P we introduce the following partial order:

(,y) = (2,t) or
(x,y) 2 (z,t)ifand only if ¢ x < 2, y <tor
y<b t>2b+1, y<t—b.

With this notation, the generators of in(I(a, b)) are exactly the pairs of distinct compa-
rable elements in P. Now, in(1(a, b)), being a square-free monomial ideal, corresponds
to a simplicial complex that we denote by As. Here we use the index 2 to recall the
generators of the associated ideal are the 2-diagonals, that is, the pairs of comparable
elements in P.

Recall that an antichain in the partially ordered set P is a set of elements no
two of which are comparable to each other. Therefore the elements of Ay are the
antichains of P. Moreover a saturated (or mazimal) antichain of P is an antichain
that is, maximal with respect to inclusions. Therefore the saturated antichains of P
are the facets of P.

A subset {(h1,k1),...,(hs, ks)} of elements of P is said to be a path with starting
point (hi, k1) and ending point (hs, ks) if (het1, ker1) — (he, ki) € {(1,0), (0, —1)} for
allt =1,...,s—1. We will represent P with the matrix orientation, that is, with (1, 1)
in the top left corner and (a, 2b) in the bottom right corner. With this representation
a path consists of a sequence of steps to the left and steps down.

THEOREM 3.2. The facets of As are the paths starting in (1,b + h) and ending in
(a, h) for some h with 1 < h < b.

Proof. Let F be a path in P starting in (1,b4 h) and ending in (a, k), with 1 < h < b,
and passing through (k,b+ 1) and (k,b). We first prove that F is a facet. It is clear
that no pair of points in F' is comparable, thus F' € A,. Since we know that A, is
the simplicial complex associated to in(I(a,b)) and R/I(a,b) has dimension a + b, it
follows that the facets of Ay have at most cardinality a + b. Hence F' is a facet of As.

To conclude we show that every facet in A is a subset of a path F' as described
above. Let E C P be in As, that is, F does not contain any pair of comparable
elements. Note that by the first condition of < we have that E is an antichain, so it
is of the form

E= {(ilmjl)’ (7:27j2)7 RS (ia,ja)7 (h’17 kl)v (h27 k2)7 cees (hﬁa k,@)}v
withip 2+ 2 ig 2h1 2 -~ 2 hgand j1 < <Ja Kb <b+1 <k <0 < kg
Moreover we can assume that jiy1 > ji whenever i,y = j;, and ki1 > ky whenever
hi+1 = hy. We prove that E is contained in a path F' starting in (1,b+ j;) and ending
in (aajl)'

If 8 =0, that is, E = {(i1,71), (i2,J2),-- -, ({asJa)}, then we can saturate the
antichain, and add the points (i1 + 1,751), (41 + 2,71),- - -, (a,71) and the points (i, —
1,90) ia — 2, Ja)s -+ (L, Ja)s (1,4 + 1), (1, ja +2), ..., (1,04 j1), so that we obtain
the path F'. Analogously one concludes if o = 0, that is, if

E= {(hl’ kl)v (hg, k2)7 ) (hﬂv kﬁ)}

Suppose now that both o and S are not zero. Then kg < b+ j;, otherwise it
would be j1 < kg — b, thus (i1,71) < (hg,ks), which contradicts E € A,y. So we
can saturate and add the points (¢1 + 1,71), (41 + 2,71),---, (a,41) and the points
(hg — 1,kg), (hg — 2,kg), (1,kg),(1,kg + 1),...,(1,b+ j1), so obtaining also in this
case the facet F' containing F. This finishes the proof. O

REMARK 3.3. Let F be a path in P, starting in (1,b + h) and ending in (a, h), with
1 < h < b, and passing through (k,b+ 1) and (k,b). It is clear that F' corresponds

Algebraic Combinatorics, Vol. 3 #5 (2020) 1015
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toapath F/in P/ ={(4,7) : 1 <i<a,1<j<20 or a+1<i<2a1<j<0b}
starting in (1,b4h) and ending in (a+k, 1), with k < a, and passing through (k, b+1),
(k,b), and (a,h) (see Figure 1). Thus one can also rephrase the theorem in term of
paths in P’. In the following we will use both the descriptions of A,, as subset of P
and of P’.

(k,b) (1,b+h)

(k,b) (1,b+h)

2 b
a
N ]
i (a.h) 1 I—lf,\ (kyb+1)
p’ 2 " (a h)
: (a

[ [
(a,h) (k,b+1)

FIGURE 1. An example of a path in P and the corresponding path
in P’

4. SECANT IDEALS
Our goal is to prove:

THEOREM 4.1. Let K be a field of arbitrary characteristic and a,b positive integers.
Then
(1) the defining ideal I(a,b){*} of the t-secant variety o.(2,a,b) of the Segre va-
riety Seg(2,a,b) is
L (X3B) 41 (3,

(2) the (t + 1)-minors of X2} and X3} are a Grébner basis of I(a,b)tt with
respect to any diagonal term order.
(3) R/I(a,b){*} is a Cohen—Macaulay domain.

To simplify the notation in the following we will denote by I;4; the ideal
L (X2 4 Ly (18,

The ideal I(a,b) defines Seg(2,a,b) and is generated by the 2-minors of the ar-
rangement W, that is, I> = I(a,b). Hence the secant variety o¢(2, a, b) is contained in
the variety of tensors whose second and third unfolding are of rank at most ¢. Hence
it follows that:

LEMMA 4.2. The ideal Iy, is contained in IQ{t}.

REMARK 4.3. Mirsky’s theorem [6] states that the size of the largest chain in a fi-
nite poset equals the smallest number of antichains into which the poset may be
partitioned. The simplical complex Aét} consists of the subsets of P that can be de-
composed into the union of ¢ antichains. According to Mirsky’s theorem, they are
exactly the subsets of P that do not contains chains of ¢ + 1 elements. Equivalently
the ideal of Aét} is generated by the chains of ¢ + 1 elements, that is, the leading
terms of the (¢ + 1)-minors of W.

Proof of Theorem 4.1 parts (1) and (2). Denote by J; the ideal generated by the ini-
tial terms of the (¢ + 1)-minors of the arrangement W, that is, the monomials corre-
ponding to the ¢ + 1-diagonals of P’. Notice that we have the following relations

(1) Jt Q il’l([t+1) 422 111(12{f}) 2%)) IH(IQ){t} = Iil;} = Aét} = Jt,

Algebraic Combinatorics, Vol. 3 #5 (2020) 1016
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where the last equality follows from Remark 4.3. It follows that J; = in(l¢41) and
I(a,b){"t = I, ;. This concludes the proof. O

Note that all the inclusions in Eq. (1) are indeed equalities. Thus one has:

COROLLARY 4.4. The diagonal term orders are delightful for the ideal I5.

To prove 4.1 part (3) we need to describe better the facets of the simplicial complex
A1 associated to in(I(a,b){}). As a special case of Theorem 4.1(2) we have that if
t > min(2a, b) the ideal I(a,b)" is trivial and if @ < t < min(2a,b) then I(a,b){*} is
a generic determinantal ideal and hence well understood. So in the remaining part of
the paper we will assume that ¢ < a.

We recall this well-known result.

THEOREM 4.5 ([3, Theorem 1]). Let P be a prime ideal in a polynomial ring R, and
let < be any term order on R. Then the simplicial complex associated to in(P) is
pure of dimension dim(R/P) — 1 and strongly connected.

Denote by F(A) the set of the facets of a simplicial complex A.

LEMMA 4.6. The ideal I;11 is prime. Moreover the simplicial complex A¢yq is pure of
dimension dim A¢11 = (a +b)t — 1, and

(2) f(At+1):{F1UF2U - UF  F; E.F(Ag) andFiﬂFj:Qfori;éj}.

Proof. The ideal I(a,b) is a prime and so is its secant ideal I ;. Thus A;14 is pure,
since by Corollary 4.4 it is equal to Aét}, which is pure by Theorem 4.5. Since any
face of A;1q is the union of t faces of As and the facets As have a + b elements,
to conclude it is enough to exhibit ¢ facets, say Fi,..., F}, of Ay that are pairwise
disjoint. Let Fy,...,F; € F(As) be given as follows. Firstly Fy is the “right most”
path in P from (1,2b) to (a,b), that is,

{(1,2b),...,(a—1,2b),(a,2b), ..., (a,b+2)(a,b+ 1), (a,b)}.

Secondly F3 is the “right most” path in P from (1,2b— 1) to (a,b— 1) that does not
intersect F; and for ¢ = 3,...,¢, F; is the “right most” path in P from (1,2b— ¢+ 1)
to (a,b—i+ 1) to that does not intersect F;_;. For example the picture 2 shows this
construction in the extremal case t = a = 6, b = 10. O

FIGURE 2. A facet in A7 with a =6, b =10

In the following we say that an element (x,y) of a path G in P is a low-right corner
of G if also (x — 1,y) and (x,y — 1) are in G. By using the description of the facets
of Ay given above we prove the following.

PROPOSITION 4.7. The simplicial complex A¢yq is shellable.

Algebraic Combinatorics, Vol. 3 #5 (2020) 1017
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Proof. Given z = (u,v) € P, we set Ry = {(i,5) € P : i > u,j > v}, Ry = {(i,7) €
P:izujzv}l, Lo={(i,j)€EP :i<u,j<v},and L, ={(i,j) €P :i<u,j<
v}. Furthermore, if G C P, we let Rg = U ¢ Ra, Ra = Uzea Re, Lo = Usee L2
and Lg =, Lo Finally, we let 2 = (u — 1,0 — 1).

First we define a partial order on the set of the facets of Ay41. Let FF' = G1U---UGy
and F' = G} U---UG] be two facets of A;11, where G; is a path starting in (1,b4 h;)
and ending in (a, h;) and G} is a path starting in (1,b + k;) and ending in (a, k;).
Assume that h; < -+ < hy and k1 < --- < k. Set

F < F' if and only if G;gﬁgi forall i=1,... t.

Extend = to a total order < on the set of the facets of Ayy1. To prove that Ayyq is
shellable, we need to show that, given any two facets F’ < F, there exists z € '~ F’
and a facet F” such that F”/ < F and F \ F" = {z}.

Let F/ < F be two given facets decomposed as above. Since F A F’, we may
consider the least integer i such that G} € Rg,, with i < t. Thus there exists y € G
such that y ¢ Rg,, that is, y € Lg,. Choose such a y with the smallest row index
possible, and note that R, N G; # @.

Now we consider two cases, according to the existence of a low-right corner x of
G; which is in R, cf. Figure 3.

CASE 1. Assume that such a corner does not exist. Let y = (r,s); note that since
y € Lg,, then there exist 2/ € G; such that y € £,/, and by assumption 2’ = (r', k;).
In particular k; < s < hy, thus k; < h;. Note that (1,b+ h; — 1) is in G;, because
otherwise we would have (2,b+ h;) € G; and thus y = (1,b+ k;), and there would be
a low-right corner of G; belonging to R,, a contradiction. Moreover (1,b+ h;) is not
in Gj.

Now if ¢ = t or if i < ¢t and (1,0 + h;) & Gj,,, then (1,b+ h;) € F . F" and
F'"=(FU{(a,h; — 1D}) ~{(1,0+ h;)} is facet such that F” < F, thus F’/ < F, as
desired. Otherwise, if i <t and (1,b+ h;) € G}, then h; < ki1, and there exists
an element y' € G, such that ¥ ¢ R¢ So we can start again arguing on y’ as
we did on y, by using Case 1 or Case 2.

i+1°

CASE 2. Suppose that such a corner exists. Since y € G, and the path of F” are disjoint,
one has that y € R/ . By the minimality of i, G;_; C Ra,_,, thus y € Rg,_,. Since
y € L,, it follows that 2 € Rg, , and, consequently, ¥ ¢ G;_1, thus ¥ ¢ F.

Now if x & F’, then F” = (F U {zL'}) \ {z} is a facet of A; such that F” < F,
thus F” < F, as desired.

It remains to consider the case in which x € F’, that is, i < t and = € G} ;.

Since = € Rg, 41, We can start again applying to = the arguments we have used for y,
following Case 1 or Case 2.

It is clear that this procedure concludes after a finite number of steps, proving that
Ayy1 is shellable. O

As a consequence we can conclude the proof of Theorem 4.1.

Proof of 4.1 part (3). Since As4q is shellable the associate Stanley—Reisner ring
R/In,,, is Cohen-Macaulay [1, Theorem 5.1.13]. Since in(I(a,b){}) = I4,,, it
follows that R/I(a,b){* is Cohen-Macaulay as well. O

THEOREM 4.8. With the notation of 4.1, the ring R/I(a, b))}, witht < a—1, is a
domain of dimension (a + b)t, and of multiplicity

Z det(gi;)

1<hy < <h<b
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with gi; = (‘”b*hﬁhi*l) for 1 < i,5 < t. Furthermore the Castelnuovo Mumford

a—1

regularity of R/I(a,b){t} is less than or equal to at, with equality if b > 2t.

Proof. Since A, is pure, the multiplicity of R/I(a,b){*} is equal to the number of the
facets of A;y1. The set of the facets of A;11 can be written as the disjoint union of the
set of non-intersecting paths with starting points @1 = (1,b+hy1),...,Q: = (1,b+ hs)
and ending points P = (a,hy),...,P. = (a,hs) where 1 < hy < -+- < hy < b. By
a well known formula of Gessel-Viennot [2], the number of non-intersecting paths
with starting points @1,...,Q: and ending points Pi,..., P, is the determinant of
the matrix whose (¢, j)-th entry is the number of paths from @); to P; which is easily

seen to be equal to
a—+ b— hj + hl —1
()
This gives the formula for the multiplicity.
Given a shellable simplical complex A with a shelling G4, ..., G, we set

r(G;) = {x € G, : there exists j < i such that G; \ G; = {z}}.
If K[A] is the Stanley—Reisner ring associated to A, then one has
reg(K[A]) = max{|r(G;)| :i=1,...,v}.
Applying this to As,; and using the fact that R/I(a,b)t*} and K[A;,1] have the
same regularity, we have
reg(R/I(a,b)) = max{|r(G)|: G is a facet of Ayi1}.
For a facet G = UE:1 F; and with respect to the shelling described in Proposition 4.7

one has that

t
r(G) C U {z € F; : « is a right turn of F; or z is the starting point of F;}.
i=1

Since any path F; has at most a — 1 such turns, we have that |r(G)| < at and hence
reg(R/I(a,b)t) < at. If b > 2t then one can actually find a facet G of A4 such that
|r(GQ)| = at proving that for b > 2t one has reg(R/I(a,b)t*}) = at. The construction
of the facet G such that |r(G)| = at is illustrated by the following example, where

Algebraic Combinatorics, Vol. 3 #5 (2020) 1019



A. CoNca, E. DE NEGRI & Z. STOJANAC

(a,b) = (5,8), t =4, and a facet G is represented with a dot in every point belonging

to r(G):
1

O

In the case a = b = 2t the facet with |r(G)| = at described in the proof is indeed
the only facet of A;y; with that property, as in this example, with (a,b) = (6,6),
t=3:

—e —e —e

Sl SSEsEn

This implies that the highest non-zero entry of the h-vector of A;;; is 1. The
latter is a necessary condition for the R/I(a,b){*} to be Gorenstein. This leads to the
following conjecture:

CONJECTURE 4.9. For any t the ring R/I(2t,2t)1"} is Gorenstein.

For t < 3 one can actually compute the numerator of the Hilbert series of
R/I(2t,2t){*} and check that it is symmetric and hence verify, in view of [1, Corol-
lary 4.4.6], that the conjecture holds. For example for ¢ = 3 the numerator of the
Hilbert series of R/I(6,6)13} turns out to be:

1 + 36z + 66622 + 84362> + 685262* + 3666602° + 133064425 + 329612427
+ 56508662° + 67623162° + 565086620 + 32961242 + 133064422
+ 3666602 + 685262 + 84362 + 666210 + 36217 + 218,
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