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Connectivity of generating graphs

of nilpotent groups

Scott Harper & Andrea Lucchini

ABSTRACT Let G be 2-generated group. The generating graph I'(G) is the graph whose vertices
are the elements of G and where two vertices g and h are adjacent if G = (g, h). This graph
encodes the combinatorial structure of the distribution of generating pairs across G. In this
paper we study several natural graph theoretic properties related to the connectedness of I'(G)
in the case where G is a finite nilpotent group. For example, we prove that if G is nilpotent,
then the graph obtained from I'(G) by removing its isolated vertices is maximally connected
and, if |G| > 3, also Hamiltonian. We pose several questions.

1. INTRODUCTION

Since the earliest days of group theory, generating sets for groups have led to many
interesting, and often surprising, results. In recent years, the generating graph has
provided a combinatorial framework for studying group generation and many new
structural results have emerged.

Let G be a finite group. The generating graph of G is the graph I'(G) whose vertices
are the elements of G and where g, h € G are adjacent if G = (g, h) (we do not include
loops when G is cyclic). Several strong structural results about I'(G) are known in the
case where G is simple, and this reflects the rich group theoretic structure of these
groups. For example, if G is a nonabelian simple group, then the only isolated vertex
of I'(G) is the identity [9] and the graph A(G) obtained by removing the isolated
vertex is connected with diameter two [1] and, if |G| is sufficiently large, admits a
Hamiltonian cycle [2] (it is conjectured that the condition on |G| can be removed).
Moreover, there has been much recent interest in attempting to classify the groups G
for which I'(G) shares the strong properties of the generating graphs of simple groups;
all proper quotients of such groups are necessarily cyclic, so these groups are closely
related to simple groups (see [1, Conjecture 1.8], [2, Conjecture 1.6] and [3, 10] for
recent work in this direction).

In this paper, we focus on groups at the other end of the spectrum: we establish
structural results about the generating graphs of nilpotent groups. We emphasise that
even for this class of groups the theory is intricate and this leads to several natural
questions that we present.

Write A(G) for the graph obtained by removing the isolated vertices from I'(G).
If G is a 2-generated soluble group, then the main theorem of [6] states that A(G)
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is connected. Our first two theorems give significantly stronger versions of this result
for nilpotent groups.

The (vertex) connectivity k(T'), is the least number of vertices of T' that can be
removed such that the induced subgraph on the remaining vertices is disconnected
(we say k(K,) =mn —1). Since x(I") is at most the minimal vertex degree 6(I"), we
say that T' is maximally connected if k(I") = 6(T).

THEOREM 1.1. Let G be a finite 2-generated nilpotent group. Then A(G) is mazimally
connected.

It is an open question whether A(G) is connected for every finite 2-generated group,
and we ask whether the following even stronger property holds.

QUESTION 1.2. Is A(G) mazimally connected for every 2-generated finite group G ¢
We now present our second main theorem.

THEOREM 1.3. Let G be a nontrivial finite 2-generated nilpotent group. Then
(i) A(G) is Eulerian if and only if G is not a cyclic group of even order
(ii) A(G) is Hamiltonian if and only if G is not the cyclic group of order two.

In [2, Conjecture 1.6], it is conjectured that if I'(G) has at most one isolated
vertex (which is necessarily the identity), then A(G) is Hamiltonian, and the authors
of [2] proved this conjecture for soluble groups and sufficiently large simple groups.
Motivated by Theorem 1.3 we propose the following question.

QUESTION 1.4. Is A(G) Hamiltonian for every 2-generated finite group other than
Cy?

We now study the total domination number of A(G), which has been the recent
focus of attention in the case where G is simple [5, 4]. Recall that the total domination
number v, (I") of a finite graph I is the least size of a set S of vertices of I" such that
every vertex of I' is adjacent to a vertex in S.

THEOREM 1.5. Let G be a finite 2-generated nilpotent group.
(i) We have that v(A(G)) =1 if and only if G is cyclic.
(ii) Assume that G has exactly s = 1 noncyclic Sylow subgroups and let p be
the smallest prime such that the Sylow p-subgroup of G is not cyclic. Then
Y (A(GR)) = s+ 1 with equality if p > s.

We give more information about the total domination number in Section 5, but
the following remains open.

QUESTION 1.6. What is v:(A(G)) for a general finite 2-generated nilpotent group?

Finally, we study the clique number w and the chromatic number y. Here, the
result follows from work of Maréti and the second author, except in the case where
G is cyclic. In the statement of this result, we write ¢ for the Euler totient function
and we write 7(n) for the number of distinct prime divisors of n.

THEOREM 1.7. Let G be a finite 2-generated nilpotent group. Then w(T'(G)) =
x(T'(G@)). Moreover,
(i) if G is not cyclic, then w(I'(G)) = x(I'(G)) = p + 1 where p is the smallest
prime such that the Sylow p-subgroup of G is not cyclic
(ii) if G is cyclic of order n, then w(I'(G)) = x(I'(G)) = ¢(n) + 7(n).

Theorem 1.7 may lead the reader to ask whether the equality w(I'(G)) = x(T'(G))
holds for an arbitrary 2-generated finite group. It does not: by [14], there are infin-
itely many nonabelian finite simple groups G with w(I'(G)) < x(T'(G)). However the
following question is open.
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QUESTION 1.8. Does there exist a 2-generated finite soluble group G such that
w(I(G)) <x(T(G))?

2. PRELIMINARIES

Our graph theoretic notation is standard. In particular, for graphs I" and A we write
V(T') and E(T) for the vertex and edge sets of T’
dr(v) for the degree of a vertex v € V(I') and §(I") for min,cy (1) ér(v)

T for the complement of T

K, and K, for the complete and null graphs with n vertices

' x A for the direct (or categorical or tensor) product, whose vertex set is
V(T) x V(A) and where adjacency is defined as (vy1,d1) ~ (y2,02) if 1 ~ 72
in I and 6; ~ 2 in A

I'[A] for the lexicographical product, whose vertex set is V(I') x V(A) and
where adjacency is defined as (y1,d1) ~ (y2,92) if 71 ~ 72, or 71 = 72 and
01 ~ Ja.

2.1. GENERAL GROUPS. For this section, let G be a 2-generated finite group. We
begin with a straightforward observation. Recall that A(G) is the graph obtained
from the generating graph I'(G) by removing the isolated vertices.

LEMMA 2.1. Let G be a 2-generated finite group. Then A(G) is complete if and only
if either G = C,, for a prime p or G = C3.

Proof. Let g € V(A(G)). Clearly g7 € A(G), so either G = (g,97) = (g) or
g = g~ L. It is easy to see that A(C,) is complete if and only if n is prime. Now
assume that G is not cyclic. Then every element in V(A(G)) is an involution. This
implies that G is a dihedral group of order 2n, for some n > 2, since it is generated by
two involutions. Since Ds,, = (a,b) where |a| = n and |b] = 2, we deduce that n = 2,
so G = C2. This completes the proof. O

Notice that G = (g, h) if and only if G/ Frat(G) = (g Frat(G), h Frat(G)). There-
fore, if G is noncyclic, then we have the lexicographical product

(1) A(G) = A(G/ Frat(G))[K | prat(c)) ]
which immediately implies the following.

LEMMA 2.2. Assume that G is noncyclic. Then for every g € G we have

dr(a)(9) = Or(q/ Frat(a)) (g Frat(GQ))| Frat(G)|.
In particular 6(A(G)) = 6(A(G/ Frat(G))| Frat(G)|.
REMARK 2.3. Let us address the case where G = C,,. Here A(G) is the graph ob-
tained from A(G/Frat(G))[K|prat(q)] by removing all edges between elements of

Frat(G). Therefore, 6(A(G)) = 6(A(G/Frat(G))| Frat(G)|, but |Frat(G)| need not
divide dp(@)(g9) when g ¢ Frat(G) (see Remark 2.7(iii)).

We may also deduce the following result on connectedness.

LEMMA 2.4. Let X be a subset of V(A(G)) of size at least two. Then X is connected
if and only if X Frat(G) is connected.

Proof. Write F' = Frat(G). Assume that X is connected and let z1 f1,x2f2 € XF be
distinct. First assume that xy # x5. Then there is a path =1 = y1,¥y2,..., 4y = T2
in A(G) with y; € X for 1 < i < ¢, and this gives the path 1 f1,y2,...,¥t—1,Z2f2
between x1 f1 and zs fo. Now assume that 1 = 22 = x and fix y € X such that y # z.
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Then there exists a path * = y1,y2,...,y: =y in A(G) with y; € X for 1 <@ < ¢.
From this we construct the path x1f1 = xf1, 92, ..., Yt—1, Y, Yt—1,- - -, Y2, Tfo = Tofo
between 1 f1 and x5 fy. Therefore, in both cases, there is a path between x; f; and
Z2 fo, so X F is connected.

Conversely, assume that X F' is connected and let z1,22 € X be distinct. There
exists a path x1,y2f2,...,y:—1fi_1, T2 between x; and x5 with y; € X and this gives
the path z1,92,...,9%:—1,22 in X between x; and x5, so X is connected. O

We conclude by observing a relationship between group products and graph prod-
ucts.

LEMMA 2.5. Let G and H be two finite groups.
(i) If neither G nor H is cyclic, then T'(G x H) is a subgraph of T'(G) x T'(H)
and A(G x H) is a subgraph of A(G) x A(H).
(ii) If there are no isomorphisms between nontrivial subquotients of G and H,
then T'(G) xT'(H) is a subgraph of T'(G x H) and A(G) x A(H) is a subgraph
of A(G x H).

Proof. First assume that neither G nor H is cyclic. Assume that (g1, h1) and (ga, ha)
are adjacent in I'(G x H). Then ((g1,h1), (92,h2)) = G x H, so {(g1,92) = G and
(h1,he) = H. Since neither G nor H is cyclic, we conclude that g; and go are adjacent
in I'(G) and h; and hy are adjacent in T'(H). Therefore, (g1,h1) and (ge, ha) are
adjacent in I'(G) x T'(H). This prove that I'(G x H) is a subgraph of I'(G) x T'(H).

Now assume that there are no isomorphisms between nontrivial subquotients of
G and H. Assume that (g1,h1) and (g2, h2) are adjacent in I'(G) x I'(H). Then
(91,92) = G and (h1,he) = H, so K = ((¢g1,h1), (g2, h2)) is a subgroup of G x H that
projects onto both G and H. By Goursat’s Lemma (see [12, p. 75], for example), since
there are no isomorphisms between nontrivial subquotients of G and H, it must be
that K = G x H. Therefore, (g1,h1) and (go, ha) are adjacent in I'(G x H), and we
conclude that I'(G) x T'(H) is a subgraph of I'(G x H).

The claims about A follow from the claims about I' together with the observation
that (g, h) is isolated in I'(G) x T'(H) if and only if ¢ is isolated in I'(G) or h is isolated
in T(H). O

The following is an immediate consequence of Lemma 2.5.

COROLLARY 2.6. Let G and H be noncyclic groups of coprime order. Then we have
A(G x H) = A(G) x A(H).

2.2. NILPOTENT GROUPS. Let G be a finite 2-generated nilpotent group, and write

(2) Gl =TIr I a7
i=1  j=1

where p1,...,pr,q1,...,qs are the distinct prime divisors of |G| and py,...,p, are
exactly the prime divisors of |G| for which the Sylow subgroups of G are cyclic.
Recall that G = (g, h) if and only if G/ Frat(G) = (g Frat(G), h Frat(G)). Here

(3) G/ Frat(G) = Cp, x -+ x Cp x C2 % -+ x C2
Therefore,
(4) G/Fra‘t(G) = <(91? sy Gry Ty .- ,J?s), (hla R h7‘7y1a s ays)>

if and only if g; # 1 or h; # 1 forall 1 < i < rand 1 # (x;) # (y;) # 1 for all
1< <s.

REMARK 2.7. Let us record some consequences of (4).
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(i) Let Pg(2) be the probability that a pair of uniformly randomly chosen ele-
ments of G generate G. Then

-1 3)11 (- 4) (-3

(ii) Since g € A(G) if and only if ¢; ... g, divides | Frat(G)g],

va@) =a ] (1 - ;) ,
j=1 J

and consequently the proportion of nonisolated vertices in I'(G) is
V(A(G)| H ( 1 ) ( 1 ) 6
VA _yr(i-L)s 1 (1-L)=S5
2 2
|G| j=1 qJ p prime p &

(i) Let I C {1,...,r}. Write ay for the number of elements g € G such that
Frat(G)g has order [[;c;pi[1j-, ¢; and write 5y for the degree in I'(G) of
such an element. Then

oL I (1)

el il
and
1
|G|H(1—) H <1—) — ¢,
i1 . j=1 qj

where ¢ is 1 if G is cyclic and |I| = r and is 0 otherwise. (Note that ¢ accounts
for the fact that we do not consider loops in the generating graph of a cyclic

group).
(-3)
1— —
4j

(iv) Let us record that
and every vertex g of minimal degree in A(G) satisfies |g Frat(G)| = ¢1 - - - gs.

s =ss =1 (1)1

Jj=1

Remark 2.7(ii) demonstrates that for nilpotent groups G the proportion of noniso-
lated vertices of I'(G) is at least 6/72. In the following example, we show that, even
within the class of supersoluble groups, we can find a sequence of groups (Gg4)q for

EXAMPLE 2.8. Let H = C2 and let hy, ho, hs be the nontrivial elements of H. Let
p1 < p2 < p3 < --- be the odd prime numbers. Fix d > 1. For each 1 <4 < d, write
N, = C’Si and define

d
Gd = (H Nz) x H
i=1
where for each 1 < i < d the subgroup N; is H-stable and for (n;1,n2,n:3) € N; and
h]‘ cH
(ni,np',ng') ifj=1
(i1, naz,mis)™ = Q (ngt nig,nigt) i j =2

(717;_11,717;_21,711'3) if j = 3.

Algebraic Combinatorics, Vol. 3 #5 (2020) 1187



ScoTT HARPER & ANDREA LUCCHINI

By [15, Proposition 2.2], the vertex (ni1,...,nq4s;h) is nonisolated in I'(Gq4) if and
only if h = h; for some 1 < j < 3 and n;; # 0 for all 1 <4 < d. Therefore,

d
VG 3Tt =1) 31T (1-2).

|Gl ATIL, P2 40 P1
which tends to zero as d tends to infinity.
Let us note that two vertices (ni1,...,nq3;h;) and (mi1,...,mgs; hy) of A(Gq)
are adjacent if j # k and for each 1 < i < d we have ng # mg where | & {j,k}, so

A(G,) is a regular graph of degree 2 [, pi(p; — 1)%.
We conclude by studying the extent to which I'(G) determines G.

PROPOSITION 2.9. Let G and H be finite 2-generated nilpotent groups. Then T'(G) =
I'(H) if and only if G/ Frat(G) = H/ Frat(H) and | Frat(G)| = | Frat(H)|.

Proof. If G/Frat(G) = H/Frat(H) and |Frat(G)| = |Frat(H)|, then (1) (together
with Remark 2.3) implies that A(G) = A(H) and since |G| = |H| we deduce that
I'(G) =2 T'(H). Therefore, it remains to show that from I'(G) we can determine the
order of Frat(G) and the isomorphism type of G/ Frat(G). Observe that T'(G) has no
isolated vertices if and only if G is cyclic. Now assume that G is not cyclic. By (3),
we see that it is sufficient to deduce the set {pi,...,p,} from I'(G) and we can do
this by computing the following quotient using Remark 2.7(ii) and (iii):

wer@ w0 _weey_ W=0-%)
0 eT@ 00 =50@N s [ il (1 5) :

i=1 p; 11j=1 7

This completes the proof. O

3. CONNECTIVITY

Let T be a finite graph. The (vertex) connectivity of T', written «(T"), is the least size
of a subset X C V(I') such that the induced subgraph on V(I') \ X is disconnected
(if I' = K, then we say that x(I') = n — 1). It is clear that x(I") < §(I") and we say
that T is mazimally connected if k(I') = §(T).

In this section, we will prove Theorem 1.1, which asserts that A(G) is maximally
connected if G is a finite 2-generated nilpotent group. We begin with a general result.

LEMMA 3.1. Let G be a finite 2-generated group. Then
K(A(G)) = k(A(G/ Frat(G)))| Frat(G)|.

Proof. Write F = Frat(G) and write a = k(A(G)), 8 = k(A(G/F)), u = |V(A(Q))]
and v = |[V(A(G/F))|. Notice that u = v|F|. We want to prove that o = B|F|.

First assume that A(G/F)) is a complete graph. By Lemma 2.1, there are two
possibilities: either G/F has prime order or G/F = C3.

For now assume that G/F = C,, so v = p and § = p — 1. Now there exists ¢t > 1
such that G = Cjr and |F| = p'~!. Clearly, F is a disconnected subset of A(G), so
a < |G| — |F| = pt — p'~!. However, a disconnected subset cannot contain any of
#(p') = pt — p'~! elements of G that generate G, so a > p' — p!~L. Therefore, we
conclude that a = pt — pt=t = B|F]|.

Next assume that G/F = C2, so v = 3 and 8 = 2. In this case, G is a non-cyclic
2-generated group of order 2¢, for some t > 2, and |F| = 2!=2. If g ¢ F, then gF is
a disconnected subset of A(G), so a < |V(A(G))| — |F| = 2|F|. Now suppose that
X C V(A(G)) is a disconnected subset of size strictly greater than |F|. Then there
exist z,y € X such that (x,y) = G, but then for all z € X either (z,z) = G or
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(y,2) = G, so X is connected, which is a contradiction. Therefore, any disconnected
subset of A(G) has size at most F, so we conclude that o > |V(G)| — |F| = 2|F].
Consequently « = 2|F| = §|F]|.

We may now assume that A(G/F) is not a complete graph, or equivalently, that
v — B > 2. There exists Q C V(A(G)) of size |Q] = v — ( such that {gF | g € 0} is a
disconnected subset of V(A(G/F)). By Lemma 2.4, A={gf |g€Q and f € F}isa
disconnected subset of V(A(G)). Hence

o <Al = V|F| - (v = B)|F| = BIF].

Let ¥ be a disconnected subset of A(V(G)) of size p — . Since X F is disconnected
and p — «v is the largest size of a disconnected subset of V(A(G)), we deduce XF = X,
so in particular {gF' | g € £} is a disconnected subset of V(A(G/F)) of size |X|/|F|.
Hence

X p p-a o«

By— = _KrZa_ @
F|~IF "~ FT

We can therefore conclude that, in all cases, a = | F|, as required. O

For the remainder of this section, assume that G is a finite 2-generated nilpotent
group. Let us first consider three special cases.

LEMMA 3.2. Let G = C),. Then s(A(G))) = 6(A(G))) = ¢(n).

Proof. Since 6(A(Cy)) = 0(1) = ¢(n), it remains to show that k(A(C,)) = ¢(n).
Now let X C V(A(Cy)). If | X| > n — ¢(n), then there exists x € X with (z) = G.
Since z is adjacent to all the other vertices of A(G), the subgraph of A(C,,) induced
by X is connected. Therefore, k(A(Cy,)) = ¢(n) = §(A(C,)). O

LEMMA 3.3. Let G = Cp2 where p is prime. Then k(A(G))) = §(A(GQ))) = ¢(p?) =
2
pT =D

Proof. Since 6(A(G)) = p? —p (see Remark 2.7(iv)), we aim to show that kK(A(G)) >
p? — p. Let X be a nonempty disconnected subset of V(A(G)). Fix z € X. We claim
that X C (z). Suppose for a contradiction that X ¢ (z). Let §, be the connected
component of the subgraph of A(G) induced by X that contains z. If y € X \ (),
then y is adjacent to x and y € Q, so X \ (z) C Q,. Now fix y € X \ (z). Then every
vertex in (z) is adjacent to y, so X C Q, and X is connected, which is a contradiction.
Therefore, X C (z), so k(G) = p*> — 1 — |X| > p? — p. O

LEMMA 3.4. Let G = C,, x Cg where p is prime and n > 1 satisfies (n,p) = 1. Then
K(A(G)) = 6(A(G)) = &(IG).

Proof. By Remark 2.7(iv), 0(A(G)) = ¢(|G]), and we will show that x(A(G)) >
¢(|G|). Let X be a nonempty disconnected subset of V(A(G)). Suppose that
V(AG) \ X| < ¢(IG]) = é(n)(p* — p). Since ¢(n)(p*> — 1) > é(n)(p* - p),
we may fix (r,a) € X, where C, = (z) and a € C; is nontrivial. Since
[V(A(G)) \ X| < ¢(n)(p? — p), there exists (y,b) € X such that C, = (y)
and b € C2\ (a). Now every vertex in A(G) is adjacent to either (z,a) or
(y,b), so, in particular, X is connected, which is a contradiction. Therefore,
k(G) = |[V(A(G))\ X| = ¢(]G]), as desired. O

To complete our proof for general nilpotent groups, we will make use of work in [16],
where the authors study the connectivity of a direct product of a general graph I" with

Algebraic Combinatorics, Vol. 3 #5 (2020) 1189
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a complete multipartite graph Ky, . ., under certain restrictions on the parameters
t1,...,ty. More precisely, they prove that

(5) #(0 x Ky, 4,) = min <H(r) Zt 5(T) i ti> ,

if u > 3 and the sequence t; < ... < t, satisfies Z;‘;lz t; > t,_1 and Z;le t; >ty

We are now in the position to prove that A(G) is maximally connected for any
2-generated nilpotent group G. We will adopt the notation from (2).

Proof of Theorem 1.1. If G is cyclic, then the result is given by Lemma 3.2. Therefore,
for the remainder of the proof, we will assume that G is noncyclic. By Lemmas 2.2
and 3.1,

§(A(G)) = §(A(G/ Frat(@)))| Frat(G)| and k(A(G)) = c(A(G/ Frat(G)))| Frat(G)).

Therefore, it suffices to show that 6(A(G/ Frat(G))) = k(A(G/ Frat(G))), so by re-
placing G with G/ Frat(G), we may assume that Frat(G) = 1. Consequently, we may
write G = C,, x CZ, x --- x C2  where n is square-free and (n,q; - - ¢s) = 1 (see (3)).

We prove our statement by induction on s. If s = 1, then the result immediately
holds by Lemmas 3.3 and 3.4, so we may assume s > 2. Write H = C,, X C’q21 X oo X
C?  and K = C7, where p = ¢,. By Corollary 2.6, A(G) = A(H) x A(K). Note
that A(K) = K,_1,... p—1, a complete multipartite graph with p+1 parts of size p— 1.
In particular, §(A(K)) = p? — p. By induction, k(A(H)) = 6(A(H)), so it follows
from (5) that

K(A(G)) = K(A(H) x A(K)) = 6(A(H))(p* — p)
=0(A(H))-0(A(K)) = 6(A(H) x A(K)) = 0(A(G))
This completes the proof. O

REMARK 3.5. One may also define the edge connectivity of ', written A\(T'), as the least
size of a subset X C E(T') such that the subgraph defined by V(T') and E(T") \ X is
disconnected (if I' = K7, then we say that A(I') = 0). A result of Whitney [17] is that
k() < A(T) < 6(T). By [13], if G is a 2-generated finite nilpotent group (or more in
general if G is a 2-generated finite group and the derived subgroup of G is nilpotent)
then diam(A(G)) < 2, so it follows from [11, Theorem 3.3] that M(A(G)) = 6(A(G))
(A(G) is said to be mazimally edge connected). Our contribution has been to show
that, in fact, in this case K(A(G)) = AM(A(G)) = §(A(G)).

4. EULERIAN AND HAMILTONIAN CYCLES

In this section, we prove Theorem 1.3. We continue to assume that G is a finite 2-
generated nilpotent group and we adopt the notation from (2). A graph I" is Hamilton-
ian (respectively, Fulerian) if it contains a cycle containing every vertex (respectively,
edge) of I' exactly once.

We begin by showing that A(G) is Eulerian unless G is a cyclic group of even
order.

Proof of Theorem 1.3(i). Recall that a connected graph I' is Eulerian if and only if
all vertices of I" have even degree. First assume that G is a cyclic group of even order.
Then the elements of order |G| have degree |G| — 1, which is odd, so A(G) is not
Eulerian.
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For the remainder of the proof we may assume that G is not a cyclic group of
even order. Let g € A(G). If the order of gFrat(G) is [[;c; pi[lj=, i, then, by
Remark 2.7(iii), the degree of g is

S

Br=1G11 <1 - pl) H (1 - qu) =IIre TI@ =D ey — a7 ™) =,

igl Jj=1 iel igl j=1

where ¢ is 1 if G is cyclic and |I| = r and 0 otherwise.

Assume for now that G is noncyclic. In this case, s > 1, so qll’1 — qll”*1 is even and
therefore d(g) is even, noting that ¢ = 0. Now assume that G is cyclic (necessarily of
odd order) but |I| < 7. Then there exists i € I such that (p* —p$*~1), which is even,
divides §(g), noting again that € = 0. Therefore, §(g) is even. It remains to consider
the case where G is cyclic and |I| = 7. In this case, §(g) = |G| —e = |G| — 1, which is
even. Therefore, in all cases, A(G) is Eulerian. O

We now turn to Hamiltonian cycles. We first consider two special cases.

LEMMA 4.1. Let G be a finite cyclic group. Then either A(G) is Hamiltonian or G =
Cy and A(G) 2 K.

Proof. If G = (g) is a cyclic group of order n > 2, then (1,g,¢%,...,¢" ') is an
Hamiltonian cycle. The claim is clear if G =2 Cs. 0

LEMMA 4.2. Let G be a 2-generated finite p-group. Then either A(G) is Hamiltonian
or G= Cs and A(G) = K.

Proof. By Lemma 4.1, we may assume that G is not cyclic. Write |G| = p™. The graph
A(G) has |G|(1— !%) = p" —p" 2 vertices (see Remark 2.7(ii)), each of them of degree
|G|(1 — %) = (p" — p"!) (see Remark 2.7(iii)). A classic theorem of Dirac [7] states
that a graph I is Hamiltonian if 6(I') > [V/(T')|/2. Since p™ — p"~1 > 1(p™ — p"~2),
we deduce that A(G) is Hamiltonian. O

As we turn to general nilpotent groups, we need some further graph theoretic
preliminaries. Let H be the set of graphs I' such that I" is Hamiltonian and if |V(T")| =
2k is even then there exists a Hamiltonian cycle of T' denoted C' = {0,...,2k — 1}
with the edges (4,7 + 1) modulo 2k and two chords (r, s) and (u,v) where r and s are
odd and u and v are even. The following theorem [8, Theorem 1] demonstrates the
significance of the set H.

THEOREM 4.3. Let 'y and I's be two Hamiltonian graphs. The graph T'y x 'y is Hamil-
tonian if and only if at least one of I'y and I's belongs to H

LEMMA 4.4. Let P be a nontrivial 2-generated finite p-group where p is odd. Then
A(P) € H and A(Cs x P) is Hamiltonian.

Proof. First assume that P is cyclic. By Lemma 4.1, A(P) and A(Cy x P) are Hamil-
tonian (noting that Co x P is also cyclic). Moreover, since |A(P)| is odd, we know
that A(P) € H.

For the remainder of the proof, we will assume that P is noncyclic. Write |P| = p"
and P = (a,b). In addition, write Frat(P) = {fi,..., fm} where m = p"~2 and
=1
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For each 1 < i < m, define the path

Hi = (bfza afia abfia abzfia ceey abpilfia
b2fi7 a2fi7 a2bfi7 a2b2fi7 ) G/pr_lfi,
bpilfi? apilfh apilbfia apilefiv DR apilbpilfi)-
Write H; = (hi1,...,hi) where k = p? — 1. It is straightforward to see that the
concatenation H = (hy1,...,hig, -, Ami,- .-, hmi) is a Hamiltonian cycle in A(P).

Notice that {hi1,h13} = {b,ab} and {hi2, h14} = {a,ab?} are chords in H, so H
witnesses the fact that A(P) € H.

Let G = Cy x P where Cy = (z). Define u;; = z7h;j and v;; = mjhi(ﬂg). Then
K = (W11, oy Ulky e oy Umls -« s Umks V1ly « -y Ulky - -« Umly - - - s Uk ) 18 @ Hamiltonian
cycle in A(G), noting that umg = hmi = a?~10P71f,, and vi; = zhiy = xab?®fi are
adjacent in A(G), and vyup = hms = abfy, and uy;; = xhy; = bf; are adjacent in
A(G). Therefore, A(G) is Hamiltonian. O

We are now in a position to prove that A(G) is Hamiltonian for any finite 2-
generated nilpotent group other than Cs.

Proof of Theorem 1.3(ii). Let G be a finite 2-generated nilpotent group and assume
that G 2 Cs. Let t = r + s, be the number of distinct prime divisors of |G|. Then
G can be written as P, X --- X P, the direct product of its Sylow subgroups. We
will prove by induction on ¢ that A = A(G) is Hamiltonian. If ¢ = 1, then G is a
p-group, so the conclusion holds by Lemma 4.2. Now assume that ¢ > 1. We may
assume that |P| is odd, so A(P;) € H, by Lemma 4.4. If t = 2 and P; & (5, then
A(G) = A(Py x Py) is Hamiltonian by Lemma 4.4. Therefore, we may now assume that
Py x -+ x P,_y % Cs. Consequently, by the inductive hypothesis, A(P; X -+ X P;_1)
is Hamiltonian and Theorem 4.3 implies that A* = A(P; X --- X P;_1) X A(P,) is
Hamiltonian. By Lemma 2.5(i), A* is a subgraph of A, so A is also Hamiltonian. This
completes the proof. O

5. TOTAL DOMINATION NUMBER

In this section, we turn to the topic of total domination. A total dominating set for
a finite graph T' is a set S of vertices of I" such that for all g € I' there exists s € S
such that g and s are adjacent in I". The total domination number v¢(I") of T is the
smallest size of a total dominating set for T'.

We begin by recording two very straightforward facts.

LEMMA 5.1. We have v(A(G)) =1 if and only if G is cyclic.
LEMMA 5.2. We have v(A(Q)) = v:(A(G/ Frat(Q))).
Let us now establish some graph theoretic results.
LEMMA 5.3. Let T and A be two graphs. Then v(I' x A) < v:(T)7:(AQ).

Proof. If S C T is a total dominating set of size v;(T") and T' C A is a total dominating
set of size 1 (A), then S x T is a total dominating set for I" x A of size v (I')v(A). O

Let us adopt the notation that the vertex set of the complete graph K, is [n] =
{1,2,...,n}. Now observe that for positive integers ay, ..., as, the graph K, x -+ x
K, has vertex set [a1] X - - - X [as] and two sequences (z1,...,xs) and (y1,...,ys) are
adjacent if and only if they differ in every coordinate.
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LEMMA 5.4. Let I' = K, X -+ x K,, where2 < ay < -+ < as. Then v(T') > s+ 1.
Moreover, if a1 > s, then v(I') = s+ 1.

Proof. Let A = {a1,...,a,,} C T and write a; = (a;1,...,a;s) for each i € [m)].
Assume that m < s. Then (a1, ..., Gmm) is not adjacent to any element of A, so A
is not a total dominating set for I'. Therefore, v,(I') > s + 1.

Now assume that a; > s. Since a; > s+1 for all i € [s], we may fix T = {(k,..., k) |
k€ [s+ 1]}. Let (x1,...,25) € ' be arbitrary. Now fix k € [s+ 1] \ {z1,...,2s} and
note that (k,..., k) is adjacent to (z1,...,zs). Therefore, T' is a total dominating set
for T, so () < |T| = s+ 1. O

COROLLARY 5.5. Let I' = Ky, X --- x K, where 2 < a; < --- < as. Let t be the least
nonnegative integer such that a; > s —t for all i > t. Then (T) < 2'(s —t +1).

Proof. Write I' = K, X -+ x K4, x A, where A = K X -+ X K, . Not-

at41

ing that v(K,) = 2, by combining Lemmas 5.3 and 5.4, we obtain (") <
Vi (Kay) v (Ka, )ve(A) = 2(s — t + 1). 0

We can give a stronger lower bound than the one in Lemma 5.4.

LEMMA 5.6. Let I' = K, x -+ x K,, where 2 < a; < --- < as. Let t be the least
nonnegative integer such that a; > s —1t for all i >t. Then

7(T) = Llail Lzail [aﬁJH

aq a9 a¢
_ —t4+1 > 1.
Ll—l{az—l Lt—l(s * )H-‘ o

Proof. Let T = {t1,...,tx} be a total dominating set for T'. Let ky = k and for
each 1 <1 < s, let by = {kl_laszlJ_ For each 1 < I < s, relabelling the elements

of T if necessary, we may assume that t; = t;; for all k; < 4,5 < kj—1. Let g =
(t1(ky+1)> t2(ka+1)s - - - > Es(ko+1))- Then g is not adjacent to ¢; for all i > k,. Therefore,
ks > 1. Now

as — 1 as — 1

S a’S

k:s}l(:»lg{ks_l J<:>1<ks—1

a a
= k1> —— = ke > .
as — 1 as — 1

Continuing in this manner, we obtain

s [ [ [ )
() = Llal 1 L:Q 1 Lsas JH .

Note that for any positive integers m and n we have (m' "T“W > m + 1 with
equality if and only if n > m. Therefore,

() > [alai 1 [agai 1 [asai 1—‘—H

a1 ag a¢
= —t4+1 > 1.
’7041—1’7042—1 [at—l(s + )—H—‘ 5

This completes the proof. O

which proves that
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We now apply these combinatorial results to study ~v:(A(G)) when G is a finite
2-generated nilpotent group. We adopt the notation in (2).

PROPOSITION 5.7. Let G be a finite 2-generated noncyclic nilpotent group and assume
that g1 < --- < qs are exactly the primes for which G has a noncyclic Sylow subgroup.
Then
1(A(G)) = 1 (Kg41 X -+ x Kg41) 2 s+ 1.
In particular, if ¢1 > s, then
%(A(G)) =s+1.

Proof. Observe that

(g1 9r X1y xs), (R1y .o Ry Y1, -, ys)) = G/ Frat(G)

if and only if g; # 1 or h; 2 1 forall 1 < i < rand 1 # (x;) # (y;) # 1 for all
1 < i < s. Therefore,

(h’17 LR} h?“a Yty .- 7ys) € A(G/ Fra’t(G))

if and only if for all 1 < i < r we have y; # 1.

Let T = {t1,...,ta} C A(G/Frat(G)) where t, = (gr1,-- - Gkrs Thi,- - -, Tks) fOr
each k. Then T is a total dominating set for A(G/Frat(G)) if and only if for all
(h1y-- s heyy1, ..., ys) € A(G/ Frat(G)), there exists ¢, € T such that forall 1 < i < r
we have g; # 1 and for all 1 < ¢ < s we have (zy;) # (y;). Therefore, we can fix
generators gi, ..., g, for the subgroups Cp,,...,C), and, without loss of generality,
assume that gg; = g for all 1 <4 < r and 1 < k < d. Now, by identifying [¢; + 1] with
the set of nontrivial cyclic subgroups of Czi for each 1 <7 < s, we see that the total
dominating sets for A(G/Frat(G)) correspond exactly to the total dominating sets
for K4, 41 % -+ - x K4, +1. Therefore, v, (A(G)) = 1 (A(G/ Frat(G))) = v (K41 X+ - X
K, +1). In particular, if g1 > s, then Corollary 5.5 implies that v (A(G)) =s+1. O

Notice that Theorem 1.5 is an immediate consequence of Lemma 5.1 and Proposi-
tion 5.7.

6. CLIQUE AND CHROMATIC NUMBERS

Let I" be a finite graph. The cligue number of T', written w(I'), is the greatest k for
which K} is a subgraph of I, and the chromatic number of T, written x(T'), is the
least k such that I" admits a proper k-colouring. It is clear that x(T') > w(T"). In this
final section, we prove Theorem 1.7.

Proof of Theorem 1.7. If G is not cyclic, then the statement follows from [15, Theo-
rem 1.1]. Therefore, assume that G = (g) is a cyclic group of order n = pj*---por,
where r = w(n). Let u = ¢(n) and let x1,...,x, be the elements of G with order n.
Moreover, for 1 < i < r, let y; = gPi. It can be easily seen that {z1,...,Zu,y1,...,Yr}
induces a complete subgraph of I'(G), so w(I'(G)) > u + r. Write By = {x1,..., 2y}
and for each 1 < ¢ < r write B; = (gP%) for each 1 < ¢ < r. For 1 < i < r write
C; = G\Upg,<iBj, and for 1 < i < u, write Cry; = {z;}. We claim that the colouring
of T'(G) with colour classes C1, ..., Cyy, is a proper colouring. To see this, note that
if g, h € C; are distinct, for some 1 < ¢ < u+7r, then ¢ < r and |g| and || both divide
n/pi, so (g,h) # G. Therefore, x(I'(G)) < u + r, which allows us to conclude that
w(l(G) =xT(G)) =u+r. O
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