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A new approach to the excess problem of
Hadamard matrices

Mitsugu Hirasaka, Koji Momihara & Sho Suda

ABSTRACT In this paper, we give a new technique to find families of Hadamard matrices
with maximum excess. In particular, we find regular or biregular Hadamard matrices with
maximum excess by negating some rows and columns of known Hadamard matrices obtained
from quadratic residues of finite fields. More precisely, we show that if either (2m + 1)2 + 2
or m? 4+ (m + 1)? is a prime power, then there exists a biregular Hadamard matrix of order
n = (2m + 1)2 + 3 with maximum excess. Furthermore, we give a sufficient condition for
Hadamard matrices obtained from quadratic residues being transformed to regular ones in
terms of four-class translation association schemes on finite fields. The core part of this paper
is how to find “switching” sets of rows and columns.

1. INTRODUCTION

In this paper, we assume that the reader is familiar with the basic theories of block
designs, association schemes, and characters of finite fields. We refer the reader to [5]
for block designs, [2] for association schemes, and [3, 17] for characters of finite fields.

A Hadamard matriz of order n is an n x n (—1,1)-matrix H satisfying HH ' =
HTH = nl,, where I, is the n x n unit matrix. It is well known that n = 1,2 or a
multiple of 4. Conversely, it is conjectured that a Hadamard matrix of order n exists
for every positive integer n divisible by 4.

It is clear that if rows and columns of a Hadamard matrix H are permuted, the
matrix remains to be a Hadamard matrix. Furthermore, the matrix obtained from
a Hadamard matrix by multiplying some rows and columns by —1 also remains to
be a Hadamard matrix. We say that two Hadamard matrices are equivalent if one
can be obtained from the other by a sequence of row and column permutations and
negations. This is the same as saying that two Hadamard matrices are equivalent if
one can be obtained from the other by premultiplication and postmultiplication by
signed permutation matrices. In this paper, we mainly treat negations of rows and
columns of Hadamard matrices. In this case, the corresponding signed permutation
matrices are just (1, —1)-diagonal matrices.
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Let 1,, denote the all-one vector of length n. A Hadamard matrix H is called reqular
if H1,, = r1,, for some positive integer r. Write H1,, = (hy,ha,...,h,)". Then,
2

nln =n".

n
nr® =Y " hi =1 H")(H1,) =nl]
i=1
Hence, n must be a square, namely, n = 4m?, and r = 2m.

We say that a Hadamard matrix H is biregular if the entries of H1,, take exactly two
nonnegative integers, namely, k1 and ko. Here, k;, ¢ = 1,2, must be even integers in the
same residue class modulo 4 by the orthogonality of the rows of H. Let m; (resp. ms)
be the frequency of ki (resp. k) appearing in H1,,. Write H1,, = (hy, ho,...,h,)".
Then,

mi+mo=n

and
miki + mok3 = Z hi = (1, H")(H1,) = nl,;1, = n’.
i=1
Hence,
n? — nk3 —n? + nkf
& =y

In this paper, we are interested in Hadamard matrices that can be transformed to
regular or biregular ones.

We now explain one of major motivations for studying regular or biregular
Hadamard matrices. Let E(H) denote the sum of all entries of H. We say that E(H)
is the excess of H. Several upper bounds on E(H) have been known [4, 9, 16]. We
will give one of the known upper bounds on E(H) below.

PRrROPOSITION 1.1 ([9]). Let H be a Hadamard matriz of order n and let k be an even
integer such that k < /n <k+2. Lett =k if [n —k?| < |n— (k+2)?| and t = k — 2
otherwise. Then, it holds that E(H) < n(t + 4) — 4s, where s is the integer part of
n((t+4)2—n)/(8t+16), with equality holds if and only if n is a square and H is reqular
or n is a nonsquare and the entries of H1, are either in {k,k+4} or {k — 2,k + 2}
depending on whether t =k ort = k — 2, respectively.

Note that if a Hadamard matrix H is regular or biregular with maximum excess
attaining the bound of Proposition 1.1, then H" is also regular or biregular, respec-
tively.

The excess of Hadamard matrices has been studied in [4, 7, 8, 10, 11, 12, 13, 14,
15, 16, 21, 23]. In particular, many constructions for regular Hadamard matrices are
known in relation to Menon designs. On the other hand, as far as the authors know,
there are only a few papers that theoretically treat biregular Hadamard matrices with
maximum excess [12, 14]. In fact, in most of papers treating biregular Hadamard
matrices with maximum excess, new examples have been found by using computer.
Furthermore, in [12, 14], the authors modified known composition constructions of
Hadamard matrices to obtain biregular ones with maximum excess. In particular, [14],
it was shown that there is a biregular Hadamard matrix of order n = (2m + 1)2 + 3
with maximum excess attaining the bound of Proposition 1.1 if m is a prime power
and m? +m + 1 is a prime. In this paper, we will also treat Hadamard matrices of
order n = (2m + 1)? + 3. However, our approach is completely different from those
in [12, 14]. We will transform Hadamard matrices obtained from quadratic residues of
finite fields to become regular or biregular by negating some rows and columns. The
core part of this paper is to find such “switching” sets of rows and columns.
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We now briefly explain two known constructions of Hadamard matrices based on
quadratic residues of finite fields and our main results.

Let F, be the finite field of order ¢ and C be the set of nonzero squares of F,.
We start from the following known construction of Hadamard matrices. Assume that
g =3 (mod 4). Let M be a ¢ x g (1, —1)-matrix whose rows and columns are labeled
by the elements of IF, and entries are defined by

_{1, if j —i e CU{0},

T =1, ifj—ieF,~ (CU{0}).
Define
-11]
— q
()

Then H forms a Hadamard matrix of order n = ¢ + 1. We will prove the following
theorem in Section 4.

THEOREM 1.2. If ¢ = (2m + 1)%2 + 2 is a prime power, then there exists a biregular
Hadamard matriz of order n = (2m+1)2+3 with maximum excess attaining the bound
of Proposition 1.1. In particular, the matriz H defined in (2) can be transformed to a
biregular Hadamard matrixz with mazimum excess by negating some rows and columns.

Next, we consider the case where ¢ =1 (mod 4). Let M be a ¢ x ¢ (0, 1, —1)-matrix
whose rows and columns are labeled by the elements of I, and entries are defined by

0, if j—i=0,
M;; =41, ifj—ieC,
-1, ifj—ielF,~(CU{0}).
Define My = M + 1,, My = M — I, and M3 = —M,. Furthermore, define

T 4T
L DAk
s q ~ q
1, 1, My M,
1, -1, My Mj

(3) H=

Then, H forms a Hadamard matrix of order n = 2¢q + 2. We will prove the following
theorem in Section 5.

THEOREM 1.3. If ¢ = m? + (m + 1)? is a prime power, then there exists a biregular
Hadamard matriz of order n = (2m+1)%+3 with mazimum excess attaining the bound
of Proposition 1.1. In particular, the matriz H defined in (3) can be transformed to a
biregular Hadamard matriz with mazimum excess by negating some rows and columns.

We also show the following theorem to obtain a regular Hadamard matrix from H
defined in (3).

THEOREM 1.4. Let ¢ = 2m? — 1 be a prime power with m odd. Let Xo = {0}, and
assume that there are subsets X;, i = 1,2,3,4, of Fp2 partitioning Fg2 \ {0} satisfying
the following conditions:
(1) X; = w2m2X3 and Xy = w2m2X4, where w is a fized primitive element of F 2 ;
(2) Fach X;, i =1,2,3,4, is a union of cosets of the multiplicative subgroup of
index 4m? of F,2;
(3) (Fy2,{Ri}iq) is a four-class translation association scheme with a prescribed
first eigenmatrixz. Here, fori=0,1,2,3,4, (z,y) € R; if and only if t—y € X;.
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Then, there exists a reqular Hadamard matriz of order n = 4m?. In particular, the
matriz H defined in (3) can be transformed to a regular Hadamard matriz by negating
some rows and columns.

We will explain this theorem in details in Section 6. Roughly speaking, this theorem
implies that a four-class translation association scheme on (F,2,+) yields a regular
Hadamard matrix of order n = 2(¢ + 1). Thus, we find a nontrivial relationship
between regular Hadamard matrices and association schemes.

2. PRELIMINARIES

2.1. BLOCK DESIGNS AND ¢-INTERSECTION SETS. Let P be a finite set of v elements,
called points, and B be a family of b subsets of P, called blocks. We define F =
{(p,B) € Px B : p € B}. Elements in F are called flags. The triple (P,B,F) is
called a block design. We say that (B, P, F1) with - = {(B,p) : (p, B) € F} is the
dual of (P,B,F). For convenience, we also say that the pair (P, B) is a block design.

Let (P, B) be a block design and M be the incidence matrix of (P, B), whose (p, B)th
entry is 1 if (p, B) € F (equivalently, p € B) and 0 otherwise. A block design (P, B)
with incidence matrix M is called a pairwise balanced design if there is a positive
integer \ such that each off-diagonal entry of MM T is A. In addition, if M1, = r1,
for some integer r, it is called an (r, A)-design. Furthermore, if an (7, \)-design satisfies
that 1] M = k13, it is called a 2-design. In particular, if v = b, it is called symmetric.

Let H be a regular Hadamard matrix of order n = 4m?. Then, the (0,1)-matrix
M = (—H + J,)/2 satisfies that

_HH" —HJy— JH" + JuJy
B 4
where J,, is the n x n all-one matrix. This implies that M is an incidence matrix of a
symmetric 2-design with parameters (v, k, \) = (4m?,2m? —m, m? —m), the so-called
Menon design.

Let H be a biregular Hadamard matrix of order n. We can assume that

_ kl 1m1

Hln o <k217n2>
by suitably permuting rows. Let H; (resp. Hy) be the upper m; x n (resp. lower
me x n) matrix of H. Then, each M; = (—H; + Jm, »)/2, i = 1,2, satisfies that

4 4
where Jp,, » is the m; x n all-one matrix. Hence, each M; is the incidence matrix of
a pairwise balanced design. In particular, each M; satisfies that M;1,, = (n — k;)/2.
Hence, it is an ((n — k;)/2, (n — 2k;)/4)-design.

We introduce the concept of t¢-intersection sets for block designs. We refer the
reader to [19] for details of two-intersection sets. Let (P, B) be a block design with
incidence matrix M and D be a j-subset of P. We say that D is a t-intersection set
with parameters (j;{oq, aa,...,o4}) for (P,B) if

{|BQD‘ : BEB}:{Oél,QQ,...,Oét}.

Let x be the (0, 1)-vector of length v, whose ith entry is 1 if i € D and 0 otherwise. We
call x the support vector of D in P. Then, D is a t-intersection set with parameters

MMT =m?I, + (m* —m)J,,

(j;{a1, ag, ..., a;}) for (P, B) if and only if all entries of x " M are in {a1, ag,...,q;}
and x ' 1, = j. We define the duals of D as
(4) Dy ={B:BeB, |BND|=0w;}, i=12,...,t
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In this paper, we treat t-intersection sets with ¢ < 4 for a block design obtained from
translations of the set of squares in a finite field. In particular, we will transform a
(non-regular) Hadamard matrix to become regular or biregular by negating columns
and rows corresponding to a t-intersection set and its dual, respectively.

2.2. ASSOCIATION SCHEMES. Let X be a finite set, and a set of relations Ry, Ry, ..., Rq
be a partition of X x X such that Ry = {(z,z) : € X}, and for each i € {0,1,...,d},
‘R; = Ry for some i’ € {0,1,...,d}, where 'R; = {(z,y) € X x X : (y,x) € R;}. We
call (X,{R;}_,) a d-class association scheme if for all i,j,k € {0,1,...,d} there is
an integer pﬁj such that for all (z,y) € Ry,

{z€X : (z.2) € Ri, (2,9) € R))} = p};.

These constants are called intersection numbers. If pf’ i = p?’i for all h,i,j €
{0,1,...,d}, it is called commutative. If 'R; = R; for all i € {0,1,2,...,d}, then it
is called symmetric. A symmetric association scheme is necessarily commutative. In
this paper, we will treat symmetric association schemes.

We denote by A; the adjacency matrix of R; for each i, whose (x, y)th entry is 1 if
(z,y) € R; and 0 otherwise. The condition above is equivalent to that

d
A A= pk Ay
k=0
The Bose—Mesner algebra for an association scheme (X, {R;}% ) is defined as A =
(Ao, A1,...,Ag). Since each R; is symmetric, .4 is commutative. Then, there exists a
set of minimal idempotents Fy = ‘71|J| x|, F1, ..., Eq, which also form a basis of the
algebra. The matrix P such that

(Ao,Al,...,Ad) = (Eo,Eh...,Ed)P

is called the first eigenmatriz (or character table) of (X, {R;}% ). On the other hand,
the matrix @ such that

(Ao, A1,...,A9)Q = |X|(Eo, E1,...,Eq)

is called the second eigenmatriz of (X, {R;}%,).

A translation association scheme is an association scheme (X, {R;}%_,) for which
the underlying set X is identified with an abelian group, and for all relations R;’s,
(x,y) € R; implies (z 4+ z,y + z) € R; for all z € X. Then, there is a partition
Dy = {0}, D1,...,Dg4 of X such that for each i =0,1,...,d,

Ri={(z,x+vy) : z€ X,y € D;}.

For a translation association scheme (X,{R;}L ), there is an equivalence relation
defined on the character group X+ of X as follows: x ~ ' if and only if x(D;) =
X'(D;) for all i = 0,1,...,d. Here, x(D;) := > cp, x(x). Denote by Dy, Dj ..., Dy
the equivalence classes, where Dj consists of only the trivial character. Define the
relation R, on X as
Ri={(xxx) : x € X", X" € Dj}.

Then, (X*,{R}}L,) forms a translation association scheme, called the dual of
(X, {Ri}%,). We remark that the entries of the ith column of the first eigenmatrix
of (X,{R;}¢ ) are given by the d + 1 character values x(D;), where x € D,
7=0,1,2...,d. Furthermore, the first eigenmatrix of the dual scheme is equal to the
second eigenmatrix of (X, {R;}%,).

Given two association schemes (X, {R;}L,) and (X,{R.}¢,), if for each i =
0,1,...,d, R; C R for some j, then (X, {R;}4 ) is called a fission scheme of
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(X, {Ri}e_), and (X, {R!}5_,) is called a fusion scheme of (X,{R;}%,). We will
use the following well-known criterion due to Bannai [1] and Muzychuk [20], called
the Bannai—Muzychuk criterion.

PROPOSITION 2.1. Let P be the first eigenmatriz of an association scheme (X,{R:}L),
and let Ag := {0}, Aq,..., Ae, be a partition of {0,1,...,d}. Then, (X, {UjeAi R} o)
forms an association scheme if and only if there exists a partition {Ay =
{0}, A1, .. A} of {0,1,...,d} such that (A;, Aj)-block of P has a constant row
sum. Moreover, the constant row sum of the (A;, Aj)-block is the (i, §)th entry of the
first eigenmatriz of (X, {U;ea, Bj}i=o)-

2.3. CHARACTERS OF FINITE FIELDS. Let p be a prime, f a positive integer, and set
q = p/. For a positive integer m, let ¢, = exp(znT) denote the primitive mth root
of unity. Let F; denote the finite field of order ¢ and F be the multiplicative group
of Fy. For a positive integer e dividing ¢ — 1 and a fixed primitive element w of F,
define

C’i(e’q) =wiw®), i=0,1,...,e—1,
where the subscript i is taken modulo e. The canonical additive character ¢, of F,
is defined by
_ Trgyp(@)
qu(I)_CP ) ‘TGqu

where Tr,/, is the absolute trace from I, to IF,, defined by

a/p
2 f—1
Tryp(x) =+ 2P + 2P +-- 2P
Define Ry = {(z,z) : € Fy} and R; := {(z,y) : . —y € Ci(i’f)}7 i=1,2,...,e
Then, (Fy, {R;}{_,) is an e-class translation association scheme, called the cyclotomic
scheme. The first eigenmatrix P of the e-class cyclotomic scheme is given by the
(e4+1) x (e + 1) matrix (with the rows of P arranged in a certain way)

1 k k- k
T mo m- Me
p=|1m m- no

1Ne—1m0 " Ne—2
where k = % and 7;, ¢+ =0,1,...,e — 1, are given by
> tr, (@)
mGC,.(e’q)

the so-called Gauss periods of order e of Fj,.
For a multiplicative character x and the canonical additive character ¢, of Fy, we
define the Gauss sum by

Gq(X) = Z X(x)d}IFq (z) € Z[Cq—lan]-
z€Fy
We will use the following basic properties of Gauss sums without preamble.

(1) Gq(x)Gq(x) = q if x is nontrivial;
-1

(2) Go(x™) = x(=1)G4(x);
(3) Gq(X) = —1 if x is trivial.
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For a nontrivial multiplicative character x of F, and x € Fy, by the orthogonality of
characters [17, (5.16), p. 195] it holds that

(5) x(x) = Z X~ (a)yr, (ax).

a€ly

On the other hand, the Gauss period v, (Ci(e’Q)) can be expressed as a linear combi-
nation of Gauss sums:

eq) 1 <i<e—
(6) Yr, ( eZGq W), 0<i<e—1,

where x is a multiplicative character of order e of F,. For example, if e = 2, we have
-1+ (-1)'G

(7) qu (C,i(2,q)) _ ( 5 ) q(’?) ,

where 7 is the quadratic character of F,. In particular, the quadratic Gauss sum is

explicitly evaluated as follows.

i=0,1,

THEOREM 2.2. [17, Theorem 5.15] Let ¢ = p/ be a prime power with p a prime and n
be the quadratic character of F,. Then,

_ =i, ifp=1 (mod 4),
Galn) = {(_1)f_1Cicql/2, ifp=3 (mod 4).

We will use the following formula on Gauss sums of order 8 of Fg.

THEOREM 2.3 ([18, Theorem 1.5]). Let ¢ = pf =3 (mod 8) be a prime power with p a
prime and xg be a multiplicative character of F 2. Furthermore, let 1 be the quadratic
character of F,. Then, G2(xs)/Gq(n) € Z[\/=2]. In particular, if ¢ = a* + 2b* is a
proper representation of ¢ with a,b € Z and p [ a + b\/—2. Then,

G (xs) = Ga(n)(a+bv/=2),

where the signs of a,b are ambiguously determined.

Note that only the case where ¢ is a prime in the theorem above was treated in [18].
It is easy to generalize the claim to the case where ¢ is a prime power by noting that
Z[v/—2] is a unique factorization domain. In this paper, we do not need to care about
the signs of a, b.

Furthermore, we need the following formula on Gauss sums, the so-called
Davenport—Hasse lifting formula.

THEOREM 2.4 ([3, Theorem 11.5.2]). Let x’ be a nontrivial multiplicative character of
Fy and let x be the lift of X' to Fya, i.e., x(a) = x'(Normgya sq(x)) for o € Fga, where
d = 2 is an integer. Then

qs

Gaa(x) = (=) H(G (X))
Next, we define Jacobi sums. For multiplicative characters x; and x2 of Iy, define
JOax2) = Y xa(@)xe(l — ) € Z[¢1).
zclFy

Here, we extend the domain of multiplicative characters x of F; to all elements of I,
by setting x(0) = 1 or x(0) = 0 depending on whether x is trivial or not. There is
the following relationship between Jacobi sums and Gauss sums:

© R O
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where x1, X2, X1 X2 are nontrivial. In this paper, we will use the following formula on
Jacobi sums.

THEOREM 2.5 ([22]). Let ¢ = p/ =1 (mod 4) be a prime power with p a prime. Let
n be the quadratic character of Fy and x a multiplicative character of order 4 of Fy.
Then, Jy(n,x) € Z[C4]. In particular, if p =1 (mod 4) and ¢ = a® + b* is a proper
representation of q¢ with a an odd integer and p J a + bly. Then,

Jq(%X) =a+ b<4a
where the signs of a,b are ambiguously determined. If p =3 (mod 4), f is even and
Je(n,x) = —(=q)7>.

In this paper, we do not need to care about the signs of a, b in the theorem above.

3. SOME PROPERTIES OF t-INTERSECTION SETS

In this paper, we treat t-intersection sets for block designs obtained from quadratic
residues of F,. Let ¢ be an odd prime power and e be a positive integer dividing ¢? — 1
such that e/ ged (e,q + 1) = 2. Then, the restriction of a multiplicative character of
order e of Fg2 to Iy is of order 2. Let w be a fixed primitive element of Fg2, and let
O = wi(we), i =0,1,...,e— 1.

Let H be an e/2-subset of {0,1,...,e — 1} such that H = {0,1,...,e/2 — 1}
(mod e/2). For a fixed positive integer ¢ not divisible by ¢ + 1, define

2
(9) De,H—{xEIFq c1+aute U Ci(e’q)}.
i€H
We will use the set Dy g to construct t-intersection sets. In this section, we are

interested in the sizes of D, g and Dy gy N (052@() +5s), s € Fy.
We will use the following lemmas.

LEMMA 3.1. With notations as above, let x. be a multiplicative character of order e
of Fg2 and n be the quadratic character of Fq. Then,

Z Xe 1 +w .’13 e( 1)Gq2 (Xe)Gq(n) Xe(w—qé)xe(w[q _ OJZ).
z€lFy 4q
Proof. By (5), we have
(10) Z Xe( 1+w x) ( 1) 2 (xe) Z Xo w]p ,(a) Z wpq2 (awéx).

z€F, ae]F* z€F,

Furthermore,

prz aw'z) Z?/J]F (zTr 2/q(aw ) =

€l z€lf,

0, if Tryz/q(aw’) #0,
q, if Trqz/q(awe) = 0,

where Trg2 /4 is the relative trace from Fg2 to Fy, ie., Tryz/q(x) := 2 + 29 for v € Fgo.

It is clear that Trqz/q(aw‘“]) = 0 if and only if a has the form a = yw*”% with
y € F,. Hence, continuing from (10), we have

VDG () = 1o praes e
S xelt +uwte) = XelTVGR ) g~ oy ety ety
z€eF, q y€EF?
X X _poa¥l g+l
(1) XelmDG(Xe) 3 1) 1 48 i, (T o0 50)).
ye]F*
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—H) =y

Since Trgz /q(w w4 (W — w') is a nonzero element in F,, contin-

uing from (11), we have

3 el 4 wta) = XEVGEND S oy gy )

z€lFy q yEJFj;
gy gkl _
X, (y Trgz /g (w 5 ))Xe(w qe)Xe(Wéq—we)
Xe -1)G,2 Xe G n _
NGOG,y (5 o),
This completes the proof of the lemma. 0

LEMMA 3.2. With notations as in Lemma 3.1, it holds that for any s € F,

S X+ wlan —s) = Gy (xe)Gy(n)

Xe (14 w”s)xe (W' — w') = xe(w").
z€Fg~{s} q

Proof. Since xep, =1, we have

Y xe(l+wane—s) = Y xe(l+w'(y+9))x. " ()

z€F ~{s} y€EFy;
Z Xe(yH(1 + w's) 4+ wb)
yGJF*
(12) = ) Xe(y(1 + w's) +w') — xe(w").
y€F,

Similar to Lemma 3.1, we have

(13) er (14 w's) +wb)
yeF,

_ XeZUCe(xe) > ox @t a(aw’) D e, (ay(1+w's)).

aE]F* yel,

Here,

Z qu (ay(l + UJZS)) = Z w]Fq (y Trqz/q(a(l + wls)))
y€F, y€EF,
_ )0, if Trezjq(a(l + w's)) # 0,
T\ if Trgep(a(l +w's)) = 0.

q+1

It is clear that Try2 /4 (a(1+w’s)) = 0 if and only if a has the form a = y(14w’s) 'w'=
with y € Fy. Continuing from (13), we have

ZX" (1+w's) +wb)

yeF,
= XelEUGR) 5 1 4 at) 8 (14 5) )
yEJF*
(14)
q+1 _ q+1
= XeEDGae) §= 11 4 o) 10 Y, (3 Trgs (1 -+ ') 1 28),
yEF*

Algebraic Combinatorics, Vol. 1 #5 (2018) 705



MiTsuGu HIRASAKA, KOJI MOMIHARA & SHO SUDA

Since Trqz/q((l—kwls)_lw“%) = —(14w's) tw"s (w—w’)(1+w's) =9 is a nonzero
element in F,, continuing from (14), we have

ZXE (1+w's) +wb)

yeF,
= 2elCele) 5~ o X DX (1 ) (w7 — )
yeF;
_ G (Xe)Gq(U) X;l(l + wqes)xe(wlq - w[).
This completes the groof of the lemma. 0

We now evaluate the size of Dy p.

PROPOSITION 3.3. The sizes of Do g defined in (9) is given by

e/2 1
9. Xe(—=1)Gq(n) ; ; .
(15) |De.m| = 2t Z Ani1Gg (Y2 D (1t) ) 2 (ol )

where Ai =3 iy ok

Proof. The characteristic function of (J; ¢ C'( 4 i given as

(16) fo) =15 S i, semn

JEH i=0

The size of Dy g is expressed as

|De,r| = Zf1+wx ZA erl+zw

z€lF, =0 z€lF,
Since H = {0,1,...,e/2 — 1} (mod e/2), we have A; = 0 if ¢ is even with ¢ # 0.
Furthermore, by Lemma 3.1, it holds that
6/2 1
q 3 13 2
Denl =5+ Z Api1 G (CH)xz BHD (@) )2 (w1 — ).
This completes the proof. O

We now give another representation for the size of Dy i below.

PROPOSITION 3.4. The sizes of Dy deﬁned in (9) is given by

(=G —1 ~(eq?
|DZ,H| — g + X ( 2)q q(n) + Zw wq/ wﬁ) 10j( »q ))
jeEH

Proof. By the orthogonality of characters, we have

e—1
1 § : i\ —i i _1A(enq?
e AiGg2(Xe)Xe (wqe)Xe(qu_wg) = § wJqu(Wqé(weq_We) ICJ(‘ ! )).
=0 jEH

Hence, continuing from (15), we have

(=G J(~1)G _1 A(eng?
|DZ,H| _ g + X ( 2)q Q(n) + X ( ) q(77) Zwﬂ“qz (wqé(wﬁq _wé) 10]( q ))
jeEH

This completes the proof. O
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It is remarkable that this proposition implies that the size of Dy i can be evaluated
2
from one of the nontrivial character values of |J,. cler),
We now evaluate the sizes of Dy iy N (C*? + 5), s € F,.

PROPOSITION 3.5. The size Ny of Dy g N (C’éz’q) + s) is given by

e/2—1
-1
an N=1--_ Z A (O (1L + w's) + 32 (1))
e/2—1
G,
Gl 3™ A G - )
=0

x (e BV +ws) +xg B (—w)).

Proof. The characteristic function of C’(()Q’q) is given as
1

g(z) = Q(n(x) +1), zel,.

The size N of the set Dy g N (C’éz’q) + s) is expressed as
N, = Z f+wi2)g(z —s).
z€F ~{s}

By the definitions of g(z) and f(z), we have

e/2—1
1 .
(18)  Ne=g Y -9+ [e/2+ D A1+ w'a)
z€Fg~{s} =0

Let NS(? =Y per, s Xe(1+w'e) and Nég =Y per, sy Xe(L+w'x)n(z — 5). Then,
continuing from (18),

e/2 1
- 1 7 7
N, = L + 5 § Agia (NEHY 4 Ny,

By Lemmas 3.1 and 3.2, we have for odd i
N+ N
G (x)Gy(n)

= fxe(wéq —wh) (x4 ws) + x* (—w™)) — (XL (1 +w’s) + XL (w")).

Then, the assertion of the proposition follows. O

The following is another representation for the sizes of Dy g N (C(()2’q) +5s), s €F,.

PROPOSITION 3.6. The size Ny of Dy g N (Célq) + 5) is given by

Ns = (1 + Z U s ( —WH7a+ qus)Ci(e’qZ))
i€H
¢ =1, gl ~(e.%) g—1 1-&-&
+Z¢Fq2(_(wq_w) quZ‘ )>+ 1 + 9 ,
i€H
where £ = 1 if 14w's € U]EH C(e’q ) and 0 otherwise, and & = 1 if w® € UJEH (e

and 0 otherwise.
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Proof. By the orthogonality of characters, we have

e—1
7214 G XE)XE( —w ) 1+wqé ZQ/}F 2 Z)_l(l‘i_wqés)ci(e’qQ))
=0 ieH
and
e—1 )
> GO — O () = Y s W)Lt e,
=0 icH

Furthermore, we note that

e/2—1
1 ; ; —14&+
2 > Anna (1 +uls) 4 b)) = e
i=0
Then, by Proposition 3.5, the assertion of the proposition follows. O

Similar to Proposition 3.4, the proposition above implies that the sizes of Dy g N

2
(CSQ’q) +5), s € Fy, can be expressed in terms of character values of (J;c Ci(e’q )

4. CONSTRUCTION OF BIREGULAR HADAMARD MATRICES WITH MAXIMUM
EXCESS: THE CASE WHERE (2m + 1)? 4+ 2 IS A PRIME POWER

In this section, we will prove Theorem 1.2. In particular, in Subsection 4.1, we give a
construction of biregular Hadamard matrices of order n = (2m + 1) + 3 under the
assumption of the existence of four-intersection sets. In Subsection 4.2, we construct
four-intersection sets with prescribed intersection numbers from the finite field of
order ¢ = (2m + 1)? + 2.

4.1. CONSTRUCTION OF BIREGULAR HADAMARD MATRICES FROM QUADRATIC
RESIDUES OF Fy, WITH ¢ = 3 (mod 4). Let ¢ = 3 (mod 4) be a prime power. Let
P =F, and

(19) B={{z+a:zecCP?U{0}}:acF,}.

Then, (P,B) is a symmetric 2-design, the so-called Paley design. Let M be a g X ¢
(1, —1)-matrix whose rows and columns are labeled by the elements of F, and entries
are defined by

1, ifj-iecPPuio},
T -1, ifj—ieF,~ (CPPU{0}).
Define

-1 1T
= q
(20) H < 1, M) .
Then, H forms a Hadamard matrix of order n = ¢ + 1. We now transform H to a

biregular Hadamard matrix with maximum excess by negating some rows and columns
of H.

PROPOSITION 4.1. Let ¢ = (2m + 1)? + 2 be a prime power and (P,B) be the block
design defined in (19). Assume that there is a four-intersection set with parameters
2m2 +m + 2;{m? + 1,m? + 2,m? + m + 1,m?> + m + 2}) for (P,B). Then, there
exists a biregular Hadamard matriz H' of order n = (2m + 1) + 3 such that H'1,,
has entries in {2m — 2,2m + 2}.
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Proof. Let D be the assumed four-intersection set and H be the Hadamard matrix
defined in (20). Define

(a1, az,a3,04) = (M? +1,m? +2,m*> +m+1,m* +m +2).

Let x be the support vector of D in P. Furthermore, let A (resp. A+) be the ¢ x ¢-
diagonal matrix, whose entries are defined by A;; = —1 if ¢ € D and 1 otherwise
(resp. Af; = —1ifi e D, UD,, and 1 otherwise). Define

10/ N 10/
= q - a
oo, %) = (o, 20)
where 0y is the all-zero vector of length ¢. Then, H' = B~ HB is the desired Hadamard
matrix.
We now show that B+H B1,,1 has entries in {2m — 2,2m + 2}. By the definitions
of B, B+ and H, we have

T T T
s = (o,50) (o) (0, %) (3)
__( -1+1, A1, >
T \At(,+MAL) )
Since |D| = 2m?2+m+2, we have 71+13A1q = 2m—2. Furthermore, since D is a four-

intersection set with parameters (2m?+m+2; {m?+1,m?+2, m2+m+1,m?+m+2})
for (P, B), we have

m2 +1, if i € Dy,
1 m?+2 ifie DX
“(M+J)x) = ’ @z’
(f Q))i m?+m+1, ifie Dy,

m?2+m+2, ifie Dk

ay?

where D7 is defined in (4). Hence,

[e7R)

(1, a) (14 a ) 2m—2, ifie Dy, UDg,.

%

_{mn+z ifie DL UDX

This completes the proof of the proposition. O

4.2. CONSTRUCTION OF FOUR-INTERSECTION SETS SATISFYING THE CONDITION OF
PROPOSITION 4.1. Let ¢ = (2m+1)% +2 be a prime power. We will use the notations
in Section 3 with e = 8. Let xs be a multiplicative character of order 8 of F;> and 7
be the quadratic character of F,. Note that the restriction of xs to F, is of order 2,
Le., xsjp, = 7. Assume that xs(w) = (s = V2(1 + {4)/2. By Theorem 2.3, there are
€,6 € {—1,1} such that G (xs) = G4(n)(e(2m + 1) + §v/-2).

Let £ be an integer not divisible by ¢ + 1. For any fixed ' € {0,1,2,3}, let h =
20 4+ (1—€d)/2 € {0,1,...,7}. Furthermore, fix ¢ satisfying the following conditions:

(21) xs(w') = C82756676h/, xs(Ww' —wh) = -¢.

In the following remark, we show that such a pair (h',¢) € {0,1,2,3}x{0,1,...,¢*—2}
exists.

REMARK 4.2. In this remark, we see that the set

{00 (+1) 0 xs(w) = G207yt — ) = —¢3 )
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is nonempty. Note that w’ —w’ = —w Trqz/q(w”%rl) is a square but not a fourth
power in F,2. Hence, the condition that ys(w’ —w’) = —(3 is equivalent to that

S 5+(m2+m41)
7)) =4 .

U(Tl"qz /q (UJ

On the other hand, the condition yg(w’) = C82_5€6_6hl for b’ € {0,1,2,3} is equivalent

2
to that w’ € Cf2’q ). This is valid whenever ¢ is odd. Then, the condition (g+1) f¢
is satisfied. Therefore, it is enough to see that each of the sets

T, = {wZ € 052"12) : Trqz/q(wﬂ%) € CZ-(z’Q)} , 1=0,1,

is nonempty. In [19, Remark 2], it was shown that

(22) |Ti|:_% > Wﬁ(:cw%“)_;_w.

4
weC’§2’q2) 1

By (7) and Theorem 2.2, continuing from (22), we have

q—1(—=1-Gg(n) (—1)(*—1) ¢ —1
T = + = .
| 1| 9 ( 9 4q 1 >0

Hence, each T; is nonempty.

THEOREM 4.3. Let ¢ = (2m + 1)? + 2 be a prime power, and let h and £ be integers
defined as above. Write H = {h +1i (mod 8) : i =0,1,2,3} and define

Dyg = {x €F, : 1+aue Y Ci(&qz)}.
i€H
Then, it holds that | Dy g| = 2m? +m + 2 and
{[De.r 0 ((CEP U{0}) +5)| : s € Fy} = {m? + 1,m? + 2,m* + m+ 1,m? +m + 2}.

Proof. We first evaluate the size of Dy g. Let A; = Z?:o Cs (h+)i, By Proposition 3.3,
we have

3
G i —(22 7
;(qn) Z Azi1Goe ()X @ +1)(Wqé)X§ ' = o).

=0

(23) Dot =3 -

Here, Gp2(xs)Gq(n) = —q(e(2m + 1) + 0y/—2) by Theorem 2.3. Substituting
Go2(xs)Gq(n) = —q(e(2m+1) +6V/=2), xs(w’) = G and xs(w' —w’) = =
into (23), it is direct to see that |Dgp| = 2m? +m + 2.

Next, we evaluate the size N, of the set Dy g N ((C(g?’q) U {0}) + s). By Proposi-
tion 3.5,

1 : -1
(24) NS:§ 44 Z Aixs(1+ w's) +1==

) 4
1=1,3,5,7

3
1 ) )
~ 16 Z A1 O (1 +whs) + 3 (W)
i=0

Gyn) § i1y, 20
(1) ZA2i+1Gq2 (X% H)X% +1(wz@( _ wz)

+
169 =

x (xs P14 wils) — xg B (W),
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Substituting Gg2(xs)Gq(n) = —q(e(2m + 1) + §v/=2), xs(w’) = <§—555—6h” and
xs(wf — w’) = —¢J into (24), we can evaluate N, as
m2+m+2, ifed =1 and ys(1 4 w's) € {¢3", 82h/+37C82h/+6},
or ed = —1 and yg(1 + w's) € {CS%IH, 82h'+4, C82h'+6},
m2+2, if 0 =1 and xs(1 + w'’s) = (Szh'+17
(25) N, = or €6 = —1 and xg(1 + w’s) = 82”"‘37/ /
° m?+1, if €6 =1 and xs(1+w's) € {¢" T2, " 4, ¢" 73,
or €6 = —1 and ys(1 4 w's) € {¢Zh", (2" +2, 2 +51,
m2+m+1, ifed =1 and ys(1 +w's) = M2,
or ed = —1 and yg(1 + w'’s) = (82’1/*7_
Thus, Ns € {m? +1,m? +2,m? +m + 1,m? + m + 2}. O

The theorem above implies that D, g is a four-intersection set satisfying the con-
dition of Proposition 4.1. Then, our main Theorem 1.2 follows.

5. CONSTRUCTION OF BIREGULAR HADAMARD MATRICES WITH MAXIMUM
EXCESS: THE CASE WHERE m? + (m + 1)? 1S A PRIME POWER

In this section, we will prove Theorem 1.3. In particular, in Subsection 5.1, we give a
construction of biregular Hadamard matrices of order n = (2m + 1) + 3 under the
assumption of the existence of four-intersection sets. In Subsection 5.2, we construct
four-intersection sets with prescribed intersection numbers from the finite field of
order ¢ = m? + (m + 1)2.

5.1. CONSTRUCTION OF BIREGULAR HADAMARD MATRICES FROM QUADRATIC
RESIDUES OF F, WITH ¢ =1 (mod 4). Let ¢ =1 (mod 4) be a prime power. Let M
be a ¢ x ¢ (0,1, —1)-matrix whose rows and columns are labeled by the elements of
F, and entries are defined by

0, ifj—i=0,
My;=1{1, ifj—iec?,
—1, ifj—ieF,~ (C?YU{0}).
Define My = M + 1, My = M — I;, and M3 = —M;. Furthermore, define

T 4T
Lt
s q g
1, 1, My M,
1, -1, My M;j

(26) H=

Then, H forms a symmetric Hadamard matrix of order n = 2q + 2. We transform H
to a biregular Hadamard matrix with maximum excess by negating some rows and

columns.
(M, (M
Ny = (M2> and Ny = (Mg) .

Define
We label the rows of the upper half submatrices (resp. the lower half submatrices) of
Ni and Ny by the elements of {0} x F, (resp. {1} x F,) so that (0, j)th rows (resp.
(1, 7)th rows) of Ny and Ny are respectively corresponding to jth rows of My and Ms
(resp. M3 and M3). Furthermore, we can, and do, label the columns of N = (N1 Ng)
in the same way with the rows of N since N is symmetric. Define P = {0,1} x F,,
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and let (P, B;), i = 1,2, be the block designs with incidence matrices (N; + Jag 4)/2,
1 = 1,2, respectively.

PROPOSITION 5.1. Let ¢ = m? + (m + 1)? be a prime power and (P,B;), i = 1,2, be
the block designs defined above. Assume that there is a 2m? 4+ m-subset D of P such
that |IDN ({0} xF,)| = m? and |DN ({1} xF,)| = m?+m, which is a four-intersection
set with parameters (2m?+m; {m?, m?+1,m?+m,m?+m+1}) for (P,By) and with
parameters (2m? + m;{m? — 1,m?,m? + m — 1,m? + m}) for (P,Bz). Then, there
exists a biregular Hadamard matriz H' of order n = (2m + 1) + 3 such that H'1,,
has entries in {2m — 2,2m + 2}.
Proof. Let H be the Hadamard matrix defined in (26). Define

(a1, a2,a3,a4) = (m?,m? + 1,m* + m,m* + m + 1)
and

(B1, B2, B3, Ba) = (m* —1,m?, m? +m — 1,m? + m).

Let x (resp. y) be the support vector of DN({0} xF,) in {0} xF, (resp. DN({1}xF,)
in {1} xF,). Furthermore, let A; (resp. A7) be the ¢ x g-diagonal matrix, whose rows
and columns are labeled by the elements of {0} xF, and diagonal entries are defined by
(A1)i; = —1ifi € DN({0} xF,) and 1 otherwise (resp. (A{");; = —1ifi € DZ UDZ,
and 1 otherwise). Similarly, let A, (resp. A7) be the g x ¢g-diagonal matrix, whose
rows and columns are labeled by the elements of {1} x F, and diagonal entries are
defined by (As);; = —1if DN ({1} x F,) and 1 otherwise (resp. (A3);; = —1 if
DBJ-3 U D/Jil and 1 otherwise). Define

10 0;r 0;r 10 0; ogTr
B 0 10,0 Bl _ 010, 0,
0,0, 41 O, |’ 0,0, A+ O, |’
0,0, O, A; 0,0, O, Ay
where Oy is the ¢ x ¢ all-zero matrix. Then, H' = BLTHB is the desired Hadamard

matrix.
We show that B-H Bly(,41) has entries in {2m — 2, 2m + 2}. By the definitions of
B, B+ and H, we have

100;0; 1—11; 1, 100;0T 1
T

BYHBlyg11) = 01 O‘i 0, -1 -11)] -1/ 0100, 1
0, 0, A{ O, 1, 1, My M, 0,0, A; O, 1,
0,0, O, Ay 1, =1, My M; 0,0, 0, A2) \1,

1, A1, + 1] As1,

—2+1] A11, — 1, Ax1,
A (21, + M1 A1, + M2 As1y)

Af (MyA11, + M3A21,)
Since |[DN({0} xFy)| = m? and |[DN({1} xF,)| = m*+m, we have 1] A1144+1] Ao1, =
2m + 2 and —2 + 1;A11q — 1JA21q = 2m — 2. Furthermore, since D is a four-
intersection set with parameters (2m? + m;{m? m? + 1,m? + m,m? + m + 1}) for
(P, B;) and with parameters (2m? +m; {m? —1,m? m? +m—1,m? +m}) for (P, Ba),
we have

m2, if i € D,
S((My + J)x+ (My + J = ’ T
(st0n s orae ) =300 T

m?+m+1, ifie Dy,
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and
m? —1, ifi € Dy,
1 m? ifi € D%
—((My+ J)x 4+ (M3 + J, = ’ B2
(3 aper ot g =47 S
m? +m, ifi€D§-4.
Hence,

(Af (214 + My A1, + MaAsly)) . = (A1 (21, + M1, + Mal, — 2Mix — 2May)).

A A

2m+2, ifie Dy UDZE

— a4
2m—2, ifie Dy, UDg ,
and
(Ag (M2A11y + M3Asly)), = (Ay (Maly + Msly — 2Mox — 2Msy)),
iy 1L 1L
_ 2m + 2, 1fz€D51UDﬁ47
2m -2, ifie Dg UDg.
This completes the proof of the proposition. O

We have the following proposition similar to Proposition 5.1.

PROPOSITION 5.2. Let ¢ = m?+ (m+1)? be a prime power and (P, B;), i = 1,2, be the
block designs defined as in Proposition 5.1. Assume that there is a 2m? +m + 1-subset
D of P such that |[DN ({0} xF,)| = m? and |[DN ({1} xF,)| = m? +m+1, which is a
four-intersection set with parameters (2m?+m+1; {m? m?*+1, m*+m+1, m*+m+2})
for (P, By) and with parameters (2m? +m +1; {m? —1,m?, m? +m,m? + m+1}) for
(P, By). Then, there exists a biregular Hadamard matriz H' of order n = (2m+1)*+3
such that H'1,, has entries in {2m,2m + 4}.

We omit the proof of the proposition above since the proof is similar to that of
Proposition 5.1.

5.2. CONSTRUCTION OF FOUR-INTERSECTION SETS SATISFYING THE CONDITIONS OF
PROPOSITIONS 5.1 AND 5.2. Let ¢ = m? + (m + 1)? be a prime power. We will use
the notations in Section 3 with e = 4. Let x4 be a multiplicative character of order 4
of IFy2, and 1 the quadratic character of ;. It is clear that X4[p, = 1- We first give
the following lemma.

LEMMA 5.3. With notations as above, there are €,§ € {1,—1} such that
Gy(mGap(xa)/qa=em+6(m+ 1) or e(m + 1) + dmiy
depending on whether m is odd or even.

Proof. Let x/; be the multiplicative character of order 4 of F, such that x}(w?™!) =
x4(w). Then, by Theorem 2.4, we have G,2(x4) = —Gq(x})?. By (8), we have

Gq(mGalxa)
Gq(X7)
Finally, by Theorem 2.5, there are ¢,§ € {1,—1} such that —x}(—1)J,(n, x4) =

em~+d(m—+1)¢y or —x4(—1)J4(n, x4) = e(m + 1) + ém¢4 depending on whether m is
odd or even. This completes the proof of the lemma. O

Gq(n)Gg2(xa) = —Gq(m)Gqe(x4)? = —x4(—1)q = —x1(=1)qJq(n, x1)-
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Let ¢ be an integer not divisible by ¢ + 1. Fix £ and h € {0, 1,2, 3} satisfying the
following conditions:

(27) xa(W') = Gy — W) = U,

In the following remark, we show that such a pair (h, £) € {0,1,2,3}x{0,1,...,¢>—2}
exists.

REMARK 5.4. In this remark, we see that the set

{(h,é) g4 1) [ 4 xa(w) = BT (@' — W) = CZ(H%)}

is nonempty. We assume that h is even. This is valid whenever ¢ is odd since
xa(w?) = . Then, the condition (¢ + 1) f £ is satisfied. Since w’ — w’ =
—w ’ITqZ/q(w“qTﬂ) is a nonsquare in F,2, the condition x4 (w’ — w*) = <2(1+2h)
is reformulated as

n(— Tqu/q(WHqTH)) = <£n2+m+1+5.

Therefore, it is enough to see that each of the sets
T, — {wf € CPT) L T (W) € CZ.(?"”}, i=0,1,

is nonempty. Similar to Remark 4.2, by Theorem 2.2, we have

_ . _ 2 _
Tl= -1 Y e+ D

ool (Ge) U6y s,

4q 4
Hence, each T; is nonempty.

We first treat the case where m is odd.

THEOREM 5.5. Let ¢ = m? + (m + 1) be a prime power with m odd. Let h and
{ be integers defined as above. Define (Ho,Hy) = ({h,h + 1},{h + 1,h + 2}) or
(Ho, H1) = ({h+1, h+2},{h, h+1}) depending on whether ed = 1 or —1. Furthermore,
define

De,Hd:{xEIFq cl+aute U Cj(-4’q2)}, d=0,1.
JEHq
Then, it holds that | Dy p,| = m? and |De u,| = m? + m. Furthermore,
{|D¢,rr, N ((CSZ’Q) U{0}) + s)| + |De,, N (Céz’q) +3)|:selF,} = {m?*m?* +m+1}
and
{11, N (5™ + )| + Do, 0 (Fy ~ Cg™) +5)| - s €Fy})

:{mQ—l,mQ,m2+m—1,m2+m}.

Proof. We first evaluate the sizes of Dy p,, d = 0,1. Let A; 4 = Z]EHd ', By
Proposition 3.3 and Lemma 5.3, we have
(8) D, =14 G2 Z AsiraGo 0GB NG (1 — o)
1=0,1
- m?+ (m +1)2

1
5 + g Avalem +0(m +1)C)x; (@) xa (@' — )

+ 3 As alem — 8(m -+ DExawOxG (0 — o).
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Substituting y4(w’) = " and y4(w’ — W) = CZ(H%) into (28), it is direct to see
that (|De.,l, [De.m, [) = (m?,m? + m).
Next, we evaluate the following:

M5 = |Desty N ((C§P U{0}) + )| + [ Do, 01 (CE? + 5)],
=Dty N (CS? + )|+ [Degr, 0 (FL N CF?) + )]

By Proposition 3.5 and Lemma 5.3, we have

(29) M 7"_ Z 7,O+Azl N(Z ZA20X41+WS)
i=1,3 i=1,3
and
1 1
(30) AﬁﬁﬂD“ﬁHQ;XXAw—A“ﬂV —7§:&Lm1+w@—§
i=1,3 i=1,3
where

N = (em+ 6(m + 1)) xh (W — w) (x5 (1 + w’s) + x5 ' ("))
— (X4(1 + w’s) + x4 (W)

Substituting y4(w’) = G and x4 (W' — w’) = (5(1+2h) into (29) and (30), we can
evaluate M; s and M, as
m?+m+1, ifed=1and yu(1 +w’s) € {Cff,df“},

or €0 = —1 and y4(1 +w's) € {¢hT, b2y,

Mya = m?2, if 6 =1 and y4(1 4 w’s) € {¢IH2, ¢hH3),
or ed = —1 and y4(1 +w's) € {¢k, ¢T3},
and
m? —1, if 0 =1 and x4(1 + w's) = ¢},
or €0 = —1 and x4(1 + w's) = ¢ 2,
m?>+m—1, ifed=1and ys(1+ w’s) =,
or ed = —1 and x4(1 +w's) = ¢,
Ma,s = 2 : ¢ h+2
m? +m, ifed =1 and xa(1+w's) =%,
or €0 = —1 and x4(1 + w’s) = ¢f,
m2, if ed =1 and x4(1 +w's) = I3,
or €0 = —1 and x4(1 +w's) = I3,
This completes the proof of the theorem. O

The theorem above implies that ({0} X D¢ g, )U({1} x Dy, g, ) satisfies the condition
of Proposition 5.1. Then, the assertion for the case where m is odd in Theorem 1.3
follows.

We next treat the case where m is even.

THEOREM 5.6. Let ¢ = m? + (m + 1)? be a prime power with m even. Let h and £ be
integers defined in (27). Define (Hy, Hy) = ({h,h+ 1}, {h + 1,h +2}) or (Hy, Hy) =
({h+1,h+2},{h,h+1}) depending on whether ed =1 or —1. Furthermore, define

Dy, ={w€Fy i 1+4awt ctL d=0,1
ey = 2 €F, 0 1+ aw G'LIJi i ; 1
JE€Ha
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Then, it holds that |Dy m,| = m? and |Dy g, | = m? + m + 1. Furthermore,

{1De,, 0 ((CEP U{0}) + 8)] + [ Do, N(CE? +5)] s € By}
={m*m?*+1,m?>+m+1,m> +m+2}
and
(1D, N (CE? 4 8)| + | Do, 0 (Fo N CFD) + )| - s € By} = {m2,m? +m}.

We omit the proof of Theorem 5.6 since the proof is similar to that of Theorem 5.5.
This theorem implies that ({0} X Dy g, )U({1} X D¢, ) is a set satisfying the condition
of Proposition 5.2. Then, the assertion for the case where m is even in Theorem 1.3
follows.

6. CONSTRUCTION OF REGULAR HADAMARD MATRICES
In this section, we prove Theorem 1.4. We restate the theorem below.

THEOREM 6.1. Let ¢ = 2m? — 1 be a prime power with m odd. Let Xo = {0}, and
assume that there are subsets X;, i = 1,2,3,4, of Fp2 partitioning IF;Z satisfying the
following conditions:

(1) X1 =w?™ X3 and Xo = w?™ X,;

(2) Fach X;, i=1,2,3,4, is a union of cosets of C’é4m2’q2);

(3) (Fy2,{Ri}iy) is a four-class association scheme with Table 1 as its first eigen-
matriz. Here, fori =0,1,2,3,4, (z,y) € R; if and only if t—y € X;. Further-
more, the sets Y, i = 0,1,2,3,4, are defined by Yo = {0}, Y1 = w’mQTXf,
Yo = w™TXI Yy = w ™ TXE, Yy = w ™ TXY, where T = 1 or —1 and
X0 = {29:2 € X;},i=1,2,3,4.

Then, there exists a reqular Hadamard matriz of order n = 4m?.

TABLE 1. The first eigenmatrix of (Fgz, {Ri}}_o): ¢r . (aXi), a €
JFSQ, take four character values depending on whether a € Y;, i =

1,2,3,4.
| Xo | Xy | X |
ac€Yo |l 1 [ m(m?>-1)(m-1) m(m? —1)(m + 1)
cevi | 1| mEmT_ uG,() | =mem — mG, )
aeYy | 1| b mlG,(y) | el | G,
a€Ys | 1| ==t 4 5Gy(n) *”;T*mijT“Gq(n)
a€ Y4 1 —m2+m + m2—1 Gq(n) m —2m—1 _ %Gq(n)
| | Xs | X4 |
ac€Yy [ m(m?—-1)(m-1) m(m? —1)(m + 1)
mZ m— m —m2—m m

a €Yy | MRt 4 BG(n) | ==t 4 M Gy(n)

a €Y, ”’;%Jr%*le(n) %M—%Gq(n)

w e ¥y | Al mGy(y) | Tmom  mGy ()

a €Yy || =mptm - e Gy(n) | =R+ B Go(n)

REMARK 6.2. We remark that W; = X; U X3 (resp. Wy = X5 U X4) is a union of
cosets of 7 and it takes exactly two nontrivial character values m?2 +m — 1 and
—m?+m (resp. m?* —m —1 and —m? —m). Equivalently, (F,2, {R}}?_,) is a two-class
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association scheme, where R{) := {(z,2) : v € Fp2} and R}, i = 1,2, are defined by
(z,y) € R} if and only if z —y € W;. On the other hand, it is known that any union
of cosets of Fy in JFSQ takes exactly two nontrivial character values [6, Theorem 2],
and there exist such subsets Wy and Wa. Then, by Proposition 2.1, (Fg2, {R;}{_,) is
a fission scheme of a known two-class association scheme.

In Subsection 6.1, we give a construction of regular Hadamard matrices of order n =
4m? under the assumption of the existence of two-intersection sets. In Subsection 6.2,
we construct two-intersection sets with prescribed intersection numbers from the finite
field of order ¢ = 2m? — 1.

6.1. CONSTRUCTION OF REGULAR HADAMARD MATRICES FROM QUADRATIC
RESIDUES OF F, WITH ¢ = 1 (mod 4). We first modify the construction given
in Proposition 5.1. Let M7, Ms, M3 be matrices defined as in Subsection 5.1. Define
T 4T
L s
a Tq
1,-1, My M, |’
1, 1, M, M
which is the matrix obtained by negating the second row and the second column of
the matrix defined in (26). Consider the symmetric submatrix

(31) H=

-1 -1, 1,
(32) N'= (-1, My M,
1, M, Ms

of H. Note that (N’ + Jaq41)/2 is the incidence matrix of a symmetric 2-design (P, B)
with parameters (v, k,A\) = (2¢+1,¢, (¢ — 1)/2).

PROPOSITION 6.3. Let ¢ = 2m? — 1 be a prime power with m odd and (P,B) be the
block design defined as above. Assume that there is a (2m? —m)-subset D of P, which
is a two-intersection set with parameters (2m? —m;{m? —m,m?}) for (P, B). Then,
there exists a reqular Hadamard matriz of order n = 4m?2.

Proof. Let H be the Hadamard matrix defined in (31). Define
(0" /B) = (m2
Let x be the support vector of D in P. Furthermore, let A (resp. A+) be the (2q +

1) x (2¢q + 1)-diagonal matrix, whose entries are defined by A;; = —1if i € D and 1
otherwise (resp. Af; = —1 if D/J; and 1 otherwise). Define

10/ N 10/
— q = q
p=(0, %) 7= (o, 20)

Then, H' = B+ HB is the desired Hadamard matrix.
We show that BJ-HBIQ((H_U = 2mly441). By the definitions of B, Bt and H, we
have

1 o] 1 1] 1 0], 1
BYHB1yy 1) = 21 it a
2(q+1) (02+1 Al log41 N/ 02011 A 13441

(bt )
AL(12q+1+N/A12q+1) ’

—m,m?).

Since D = |2m? — m|, we have 1 + 15 ,,Aly,,1 = 2m. Furthermore, since D is a
two-intersection set with parameters (2m? — m; {m? — m,m?}) for (P, B), we have

1 2 if i € D
(Q(N’+J2q+1)x) {m m, e Vo,

; m?2, ifiEDé.

3
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Hence,
(At (Lags1 + N'Alyg11)), = (AN (Log1 + N'lgg1 — 2N'x)), = 2m.

This completes the proof of the proposition. O

6.2. CONSTRUCTION OF TWO-INTERSECTION SETS SATISFYING THE CONDITIONS OF
PRrROPOSITION 6.3. We construct two-intersection sets satisfying the conditions of
Proposition 6.3 under the assumption of the existence of a four-class association
scheme.

With notations as in Theorem 6.1, assume that there is an integer ¢ not divisible
by g + 1 satisfying the following conditions:
(33) weXoUX,, wh—wt e cUm*a),

Tm?2

Then, by the definition of Y;, we have w?(w’ — w*)~! € Y; or Y, depending on
whether w® € X, or X,. Furthermore, (w® — w®)~}(1 + w?s) € Y; if and only if
1+w's € X; for every i = 1,2,3,4.

In the following remark, we show that there exists ¢ € {0,1,...,q? — 2} satisfying
the condition (33).

REMARK 6.4. In this remark, we see that the set

4 2 2
s={t:(@+1) f 6" € UKy —of e OO
is nonempty. Since | Xz U X4| > ¢, there is w’ € Xo U Xy such that w’ ¢ F,. Further-
more, note that XU X4 is a union of cosets of F7. Hence, we evaluate the size of the
set

2 2
= {E:wl EthFZ,wlq—af e oltma )},

Tm?2

Vi q+1

. o afl -
where w! ¢ F,. Since w’ —w’ = —w Trgz /q(w 5 ), the condition w® — w* €

am?,¢?) .
Ciy:; ) is reformulated as

L A(UmRe) _ A(2,0)
Trz/q(w™7) € Cirinme = Ciiny o

Hence, we have

2,
T={0: 0 € W'F}, Trg(@™* ) e C28) 1}

The size of T is given by

IT| = Z S Y, (aaw™ )y, (—ab)

 aeF, vewtFs ye o
PSR beC )

*ZZ S e (aw 2>qu(—ab>+(q;q”2.

aG]F* IEIF* (2,q)
1b€C

Since ’qu/q(wﬂr%l) # 0, we have

1 _ 2 _
7] = Z Z Yp, (2 Tryz (W't +437 ))bs, (a) + (q 2q1) _4a . 1 o

aGIF* mEIF*

Hence, T is nonempty, which also implies that S is nonempty.
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THEOREM 6.5. Let ¢ = 2m? — 1 be a prime power with m odd. Assume that there
are subsets X;, i = 1,2,3,4, satisfying the conditions of Theorem 6.1. Let (Sp,S1) =
(X1 U Xy, X1 UX3) or (So,S1) = (X2 U X3, X3U Xy) depending on whether w’ € X,
orwt e Xy. Define

Dys,={ve€F,: 1+aw' €S}, d=0,1
Then, it holds that |Dy.s,| = m? —m and | Dy s,| = m?. Furthermore,

{IDe,5, N ((CFP U{0}) + 8)| + [Des, N (CEP +5)]| : 5 € By} = {m? — m,m?}
and

{IDesy N (CE? + 8)| + [Des, N (F~ CSP) 4 5)| 5 € By} = {m? — m,m?}.
Proof. We consider the case where w’ € Xy. Let Sy = X; UX, and S; = X; U X,. In

this case, w¥(wf — W)~ € Ys.
We first evaluate the sizes of Dy g,, d =0, 1. By Proposition 3.4,
2m? —1  Gu(n)

4 D = 2

By substituting the character values of Sy and S listed in Table 1 into (34), we have
(|De.s|s | Des,|) = (m? — m,m?). Here, we used the fact that G4(n)? = q.
Next, we evaluate the following:

My := |Dg,s, N ((CS2P U{0}) + 5)| + [ De,s, N (CED + 5)],
Moo := |De.s, N (CS? + 8)| + |Des, N ((FL~ CEY) + 5)].
By Proposition 3.6, we have

(14 2¢p , (W (W' — w) 71 Sa)).

35) Mro= T (3 4y (- )7 (1) U )

2q
. Y1 &€
+wquz (_(wéq _wi) 1wq€(SO U Sl))) + q 5 + f §€ 5 § €£7
where &5, €1, &, and &, are defined as
¢ = 1, if1+4w’se Sy, ¢ = 1, ifl4wlse Sy,
10, otherwise, * )10, otherwise,
1, ifw’e Sy, , 1, ifwles,
§e= . & = .
0, otherwise, 0, otherwise.
By Table 1, we have
—mGy(n), if 14+ w’s € Xy,
_ —(m —1)Gy(n), ifl+w'se Xy
1+ W — WL + w?s)(Sp U Sy )) = ( ER ’
Ve (( )7 J(SoUS1)) mGyq(n), if 1+ w's € X3,
(m —1)Gq(n), if 1+ w’s € Xy,
and
L g, (= (' = ) 7w (So U S1)) = —(m — 1)Gy(n).
Furthermore,
—%, if 14+ws e Xy,
gs_é-[_é;_gé_ _17 if1+WZSGX27
2 )L ifltwise Xs,

0, ifl4w'se Xy
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Hence, we obtain

Mls:

)

7’77,2—7’717 ifl—‘erSEXlUXQ,

m2, if1+wZSEX3UX4.

Next, we evaluate M ;. By Proposition 3.6, we have

(36) M. _Gq(n) a0 =114 %) Sn) — a1 w5 S
T Ur o (W —w') 7 (1+w?s)So) — thr o (W —w") 7 (14+w?s)51)

e (~ (6 = ) S) — (0 — ) hS))

gs — ff - f; + 52

5 .

+ |Des, |+ —
By Table 1, we have
ey (@017 — W) T (1 4+ w7s) So) — e, (77 — W) (1 + wls) )
(m+1)G4(n), if 1+ whs € X1,

) =mGy(n), if 1+ whs € X,
) —(m41)G,(n), if14wlse X,
mGyq(n), if 1+ w's € Xy,

and
p o (— (W' — )T S)) — g, (— (W' — W) TTWIES)) = —mGy(n).

Furthermore,

[

-1 if14+wls e X,

-6 —-&+¢ )0, if 1+ whs € Xy,
2 RS if 14 w’s € X3,
0, if 14 w's € Xy.
Hence, we obtain
My = {mQ, if 1+ w's € XU Xy,
® m? —m, ifl+w’se Xy UXs.

This completes the proof of the theorem for the case where w’ € X5. The proof for
the case where w’ € X, is similar. O

We use the same labels for rows and columns of the matrix
(M My
v= (3
with those defined as in Subsection 5.1. The theorem above implies that ({0} x Dy g, )U
({1} x Dy,s,) C P is the desired two-intersection set for the block design (P, B) in

Proposition 6.3. (So, we do not negate the second row and column of H.) Then,
Theorem 6.1 follows.

EXAMPLE. In the cases where m = 3,5, we can find subsets X;, i = 1, 2, 3, 4, satisfying

the conditions of Theorem 6.1. Hence, in these cases, the matrix H defined in (31) can

be transformed to a regular Hadamard matrix by negating some rows and columns.
In the case where m = 3, define four subsets of {0,1,...,11}:

H, = {1a5}v Hy = {072a93 10},
H3 = {7a 11}7 Hy = {3743638}a
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2
e, OS2 i =1,2,3,4. Tt is clear that X; = w?™ X3, Xp =

and define X; = |J
w2m2X4, and each X, is a union of cosets of 0536’172). Furthermore, we checked by
computer that X;, ¢ = 1,2, 3,4, take the character values listed in Table 1.

In the case where m = 5, define four subsets of {0,1,...,19}:
Hy = {2,3,10,19}, H, = {1,7,14,15,16,18},
Hy = {0,9,12,13}, H, = {4,5,6,8,11,17},

4
e, OFOT) i =1,2,3,4. Tt is clear that X; = w?™ X3, Xy =

and define X; = |J
4
w2m2X4, and each X; is a union of cosets of 0;100’7 ). Furthermore, we checked by
computer that X;, ¢ = 1,2, 3,4, take the character values listed in Table 1.
In the case where m = 7, we checked by computer that there is no translation

association scheme satisfying the conditions of Theorem 6.1 if each part X; is a union
2
of cosets of 0528’97 ). However, it may be possible if each X; is a union of cosets of

2 2
Cél%’w ) rather than a union of cosets of 0628’97 ), But, in this case, our computer
could not work.

7. CONCLUDING REMARKS

We conclude this paper by listing some problems for future work.

In this paper, we found new constructions of Hadamard matrices with maximum
excess. In particular, we proved that if either of (2m +1)?2 +2 or m? + (m+1)%? is a
prime power, then there exists a biregular Hadamard matrix of order n = (2m+1)2+3
with maximum excess attaining the bound of Proposition 1.1. The constructions are
based on negating some rows and columns of known Hadamard matrices obtained
from quadratic residues of finite fields. In a similar way, we tried to find regular
Hadamard matrices. In particular, we gave a sufficient condition for the matrix H
defined in (31) being transformed to a regular Hadamard matrix of order 2(q + 1)
under the assumption of the existence of a four-class translation association scheme on
(Fy2,+), where ¢ = 2m? — 1 with m odd. Furthermore, we found association schemes
satisfying the conditions of Theorem 6.1 in the cases where m = 3 and 5. Hence, we
naturally have the following open question.

QUESTION 7.1. Let ¢ = 2m? — 1 be a prime power with m an odd integer. Does there
exist a four-class association scheme satisfying the conditions of Theorem 6.1 for
m=>=77

More generally, we have the following.
QUESTION 7.2. Can the matric H defined in (31) be transformed to a regular

Hadamard matriz?

)

In this paper, we did not care about “symmetry” of Hadamard matrices. Hence,

we give the following question.

QUESTION 7.3. Can the Hadamard matrices obtained in Theorems 1.2, 1.3 and 1.4 be
transformed to symmetric or skew ones by permuting rows and columns?

Acknowledgements. The authors would like to thank the reviewers for their helpful
comments.
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