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Liminal reciprocity and factorization
statistics

Trevor Hyde

ABSTRACT Let My ,,(q) denote the number of monic irreducible polynomials in Fy[z1, z2, ..., Zn]
of degree d. We show that for a fixed degree d, the sequence My ,(q) converges coefficientwise
to an explicitly determined rational function Mg o (q). The limit My o (q) is related to the
classic necklace polynomial Mg 1(q) by an involutive functional equation we call liminal
reciprocity. The limiting first moments of factorization statistics for squarefree polynomials
are expressed in terms of symmetric group characters as a consequence of liminal reciprocity,
giving a liminal analog of a result of Church, Ellenberg, and Farb.

1. INTRODUCTION

Let F, be a field with g elements. How many degree d polynomials in F,[z1, z2, ..., 2]
are irreducible? Let M, ,(g) denote the number of irreducible monic*) polynomials in
F,lz1,22,...,2,] of total degree d. When n = 1, Mg 1(q) is given by the dth necklace
polynomial

(1) Mya(a) = 2 3 p(e)q ",

eld
where p is the Mobius function. There does not appear to be a simple formula for
Mgan(q) analogous to (1) when n > 1. In Lemma 2.1 Mgy ,(q) is shown to be a
recursively computable polynomial in ¢ for all n > 1. The table below gives the low
degree terms of M3 ,,(q) for small n.

n MSJL(‘])

L] -39+ 3¢

2| —2q— 3+ 30— -3 +...

3| —2q— 3+ +P+385—d +...

4 —%q—%q2—|—§q4—|—2q5+§q6+2q7+...
5| —30— 3 +3°+ 20 + 2 +44 + ...
6| —2q— 2 +3¢"+5 +3¢° +5¢" + ...
7] —2¢— 3+ 3"+ 5 +3C + 3¢ +...
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TREVOR HYDE

The table suggests that the sequence of polynomials M3 ,,(q) converges coefficient-
wise as the number of variables n increases. We prove this to be the case for all d > 1.

THEOREM 1.1. Let My, (q) be the number of irreducible degree d monic polynomials in
F,lz1,20,...,2,]. Then My, (q) is a polynomial in q¢ and for each d > 1 the sequence
of polynomials Mg (q) converges coefficientwise (that is, with respect to the q-adic
topology) in the formal power series ring Q[q] to the rational function

d/e
Maoc(q) :=—;Zﬂ<e><1f1> .

q

In particular My o (q) satisfies the functional equation,

(2) Md,oo(Q) =—Mg, ( ! ) .

1-1
q
Furthermore the rate of convergence of My (q) is bounded by the congruence
My.,(q) = Myoo(q) mod g™

The fractional linear transformation ¢ — 1=t is an involution, hence (2) is equiv-
q

1
Ma(q) = =M 00 <1l> '

q
This functional equation relating irreducible polynomial counts in one and infinitely
many variables is the first instance of a phenomenon we call liminal reciprocity.

alent to

1.1. LIMINAL RECIPROCITY FOR TYPE POLYNOMIALS. Let Poly, , (IF,) denote the set
of monic polynomials in F[z1, 22, ..., z,] of total degree d. Since the polynomial ring
Fglx1,22,...,2,] has unique factorization, each f € Poly,,, (F,) has a well-defined
factorization type. The factorization type of a polynomial f € Poly,, (F,) is the
partition A - d given by the degrees of the [Fy-irreducible factors of f.

REMARK 1.2. The factorization type of a polynomial does not record the multiplicities
of factors, only the degrees of the irreducible factors. For example, the polynomials 22
and z(z + 1) both have factorization type (12) since they each have two linear factors.

DEFINITION 1.3. If A - d is a partition, then the A-type polynomial T) ,,(q) is the
number of elements in Poly, ,,(F,) with factorization type A. Similarly the squarefree
A-type polynomial Tifn (q) is the number of squarefree elements in Poly, ,,(F,) with
factorization type A. The type polynomials may be expressed in terms of My n(q) as

no =IO me =T

where m;(X) is the number of parts of X of size j, () == Lz(z—1) - (x —m+1)

m

is the usual binomial coefficient, and () = Lx(x+1)--- (z +m — 1). Recall that
(:;) counts the number of subsets of size m in a set of size x and ((:1)) counts the
number of subsets of size m with repetition in a set of size x.
It follows from Theorem 1.1 that the coefficientwise limits
T)\,oo(q) = nlggo T/\,n (Q) Tifoo (Q) = nlgréo Tifn(‘])

converge to rational functions. Our next result is a version of liminial reciprocity for
type polynomials.
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THEOREM 1.4 (Liminal reciprocity). Let A be a partition and let £(X) := 3, m;(A)
be the number of parts of A\. Then the following identities hold in Q(q),

< 1
Tho00(q) = (71)€(A)ka1 <1>

_1
q

T3 (q) = (—1)'1y (1 ! )
q
These identities are involutive in the sense that interchanging the co and 1 sub-
scripts gives an equivalent statements. The new feature appearing in Theorem 1.4 is
the relationship between squarefree polynomials and general polynomials of a given
factorization type. This connection is closely related to Stanley’s combinatorial reci-
procity phenomenon [15] (see Section 1.3.)

1.2. LIMINAL FIRST MOMENTS OF SQUAREFREE FACTORIZATION STATISTICS. A func-
tion P defined on Poly,,, (F,) is called a factorization statistic if P(f) depends only
on the factorization type of f. In [10] we expressed the moments of factorization sta-
tistics on the set of univariate polynomials (n = 1) in terms of the symmetric group
representations carried by the cohomology of point configurations in Euclidean space.
(See Section 3 for definitions.) Note that Polyfifn(Fq) denotes the subset of squarefree
polynomials in Poly, , (FF,).

THEOREM 1.5 ([10, Thm. 2.2, Thm. 2.3]). Let P be a factorization statistic, and
let %, ¢% be the characters of the Sy-representations H*F(PConfy(R?),Q) and
H*(PConf4(R?),Q) respectively. Then

¥

(1) > P(f) =D (Pt

fePoly, 1 (Fq)

T..??‘
(=)

1

(2) Yo P =) (CDHP ek

FEPolyY | (Fy)

>
Il
=)

where (P,Q) = % > res, P(T)Q(7) is the standard inner product of class functions
on Sy.

The squarefree case (2) of Theorem 1.5 is due to Church, Ellenberg, and Farb [6,
Prop. 4.1]. The general polynomial case (1) was shown by the author [10] using dif-
ferent methods which also led to a new proof of the squarefree case. Theorem 1.5
provides a bridge between the arithmetic and combinatorics of factorization statistics
on one hand and the geometry and representation theory of configuration spaces on
the other.

Numerical experiments suggest there are not direct analogs of Theorem 1.5 for poly-
nomials in n > 1 variables. However, an analog does emerge in the liminal squarefree
case.

THEOREM 1.6. Let P be a factorization statistic, and let o% be the character of the
Sq-representation

d—1

(3) vk = @ sgny @HY (PConfd(R3),Q)@(i).
j=k
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For each n, the first moment Zfepolysf (F,) P(f) is a polynomial in q and
d,n

sH

-1

. 1 -

nlgrolo Z P(f) = W (—D)*(P, 0§>qd F,
f€P01YZ{n(Fq) 0

ES
Il

where the limit is taken coefficientwise in Q[q].

REMARK 1.7. By considering arbitrary factorization statistics P our results also de-
termine higher moments of P, as the kth moment of P is the first moment of P¥.

Since the limit in Theorem 1.6 is taken coefficientwise, the representation theoretic
interpretation of first moments manifests for sufficiently large n. For example, let L
be the linear factor statistic where L(f) is the number of linear factors of f. The
following table shows the first moment of L on Polygfn(]P‘q) scaled by (1 — q)3.

(1—q)? Zfepolygfn(qu) L(f)

g = 5¢° +10¢° — 10¢* + 5¢° — ¢°

q—4¢" +2¢° +7¢* — 6¢° = 3¢° +2¢" + ¢* + ¢° — ¢"°

q—4¢% +3¢% — ¢* +7¢° — 6¢° — 3¢® + 3¢° — M + ¢*2 + ¢** — ¢*°
q—4¢> +3¢® — ¢® +7¢5 — 6" — 3¢'° + 3¢ — ¢1® + ¢'7 +¢%° — ¢!
q—4¢% +3¢° — ¢® + 7¢" — 6¢° — 3¢*? + 3¢"® — ¢® + ¢* + ¢*" — ¢**

Gk |lw ||~ 3

From this table and the convergence bound in Theorem 1.1 we conclude that

q—4q¢%> +3¢% + O(¢"*!
> L= e )
fePolysf (Fy)
It then follows from Theorem 1.6 that
(Lyo2) =1 (L,o})=4 (L,0)=3.

Note that these inner products are positive integers: this reflects that L, viewed as a
class function of the symmetric group, is the character of the standard permutation
representation.

REMARK 1.8. The table above also illustrates a higher stability in the coefficients. For
example, the coefficient of ¢"*2 is 7 in the numerator of the first moment of L for all
n > 2. Since these exponents grow with n, these terms vanish in the limit as n — oo.
This higher stability persists more generally; it could be an interesting direction for
future work.

Liminal reciprocity gives a new method to compute the expected values of factor-
ization statistics for univariate polynomials. As an example we compute the expected
value of the sign function sgn,, where sgny(\) = (—1)4—4),

PROPOSITION 1.9. Let d > 1.

(1) The expected value Eq1(sgn,) of the sign statistic on the set Poly,(F,) is
given by

1 1
Eq,1(sgng) == e > seng(f) = J
f€Poly, 1(Fq)
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(2) The limiting expected value E3_ (sgng) of the sign statistic on the set
POIYZf,n(IFq) asn — 00 s given by

1 1 Ld/2]
Efifoo(sgnd) = lim Z sgngy(f) = <11> )

sf
n—o0 Pd (Q) fePolyf (F,) q

n

where the limit is taken 1/q-adically.

Proposition 1.9 is equivalent to a result of Carlitz arrived at by other means. See
Proposition 3.4 and the discussion that follows.

1.3. RELATED WORK. Carlitz [4, 5] studied the asymptotic behavior of My, (q) for
n > 1. In the language of this paper his main result is as follows.

THEOREM 1.10 ([4, Sec. 3.]). For d,n > 1, let mgq,, = deg My.,(q). Then mg, =
(dzn) —1 and the sequence Mg n(q)/q™* ™ of polynomials in 1/q converges coefficien-
twise in Q[[%]] to
My.n 1
i, Man(a) _

n—o00 qmd,n - 1— %

This work was subsequently refined and extended in [1, 7, 8, 16, 17]. Our Theo-
rem 1.1 may be interpreted as a determination of the g-adic asymptotics of My, (g)
as n — 0o. In other words Carlitz studied the limiting behavior of the leading terms
of Mg, (q) and we study the limiting behavior of the low degree terms.

The liminal reciprocity identities (Theorem 1.1 and Theorem 1.4) were discovered
empirically. We would be interested to know if there is a geometric or combinatorial
interpretation of these results. The proof of liminal reciprocity for type polynomials
(Theorem 1.4) passes through a well-known example of Stanley’s combinatorial reci-
procity phenomenon [15, Ex. 1.1]. Combinatorial reciprocity is a family of dualities
between related combinatorial problems which concretely takes the form of functional
equations similar to our liminal reciprocity identities. However, the precise relation-
ship between liminal and combinatorial reciprocity remains unclear. Finding more
examples of liminal reciprocity may shed some light on this phenomenon.

The relationship between the liminal first moments of squarefree factorization sta-
tistics and representations of the symmetric group parallels our results in [10]. Church,
Ellenberg, and Farb [6] connected first moments of squarefree factorization statistics
for univariate polynomials and the cohomology of point configurations in R? with their
twisted Grothendieck—Lefschetz formula for squarefree polynomials. They deduce the
asymptotic stability of first moments (as d — o0) as a consequence of representa-
tion stability. We extend this connection to general univariate polynomials in [10,
Thm. 2.7]. However, this connection does not extend to liminal first moments; the
representations Y% does not exhibit representation stability.

The results in [10] are expressed in terms of expected values of factorization sta-
tistics. In this paper we focus on first moments as they lead to a cleaner statement
for Theorem 1.6. The only difference between expected values and first moments of
factorization statistics is whether or not one divides by the “total mass” of the space
of polynomials considered. This difference is simply a factor of ¢ for general uni-
variate polynomials, but is more subtle for squarefree polynomials and multivariate
polynomials as it affects the family of characters determining the coefficients. The
equivalence between Theorem 1.5 (2) and [10, Thm. 2.3] follows from [11, Prop. 4.2].
Alternatively, Theorem 1.5 (2) appears as stated in [6, Prop. 4.1].

In a subsequent paper [9] we study the vanishing of the polynomials My, (q) at
roots of unity and the relation of My, (g) to geometry. For a field K let Irrg , (K)
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denote the collection of all K-irreducible monic polynomials of total degree d in
Klz1,x2,...,2,]. If K =R or C, then Irrg ,,(K) inherits a subspace topology from
the projective space of all non-zero monic polynomials of degree at most d. We show
that the values of My ,(¢) at ¢ = £1 compute the compactly supported Euler char-
acteristics of these spaces.

THEOREM 1.11 ([9]). Let d,n > 1 and let x. be the compactly supported Euler char-
acteristic, then

n ifd=1
Yellitgn(©) = Myn(t) =47 T4=1

0 otherwise.

by ifd=2F

Xe(Irran(R)) = Mg n(—1) = ,
0  otherwise.

where n = Ek>0 bi2F is the unique expression of n as an alternating sum of an even
number of powers of 2.

2. POLYNOMIAL FACTORIZATION STATISTICS

Let Fy be a finite field. Recall that we define a monic polynomial in Fy[z1, 22, ..., 2]
to be an [F‘-orbit of polynomials under scaling. Let Poly, , (F,) be the set of all total
degree d monic polynomials in Fy[xy,z2,...,2,]. For each m > 1 let Polyy’, (Fy) C
Poly, ,,(F;) be the subset of those polynomials with all factors of multiplicity at most
m. There is a filtration

POlysdf,n(IFq) = POlytli,n(IFq) g POlygl,n(Fq) g POlyz,n(Fq) g et g POIYd,n(Fq)ﬂ

where Poly(sifn(]Fq) is the set of the squarefree polynomials.

Recall that Fy[z1, 22, . .., ,] is a unique factorization domain, hence every element
of Poly, ,(F,) has a unique factorization as a product of irreducible monic polyno-
mials. The factorization type of f € Poly, ,(F,) is the partition of d given by the
degrees of the IF,-irreducible factors of f. If A is a partition of d, then let Poly, ,(F,)
denote the set of all f € Poly,, (F;) with factorization type A. For m > 1, let
Polyy',,(Fy) := Polyy’, (F,) NPoly, ,,(Fy). If A = (d) is the partition with one part, let
Irrqn(Fg) := Poly g ,,(Fq) be the set of monic, irreducible, total degree d polynomials.

Lemma 2.1 shows that the cardinality of each of the sets just defined is given by a
polynomial in the size of the field ¢.

LEMMA 2.1. For any d,n > 1,
(1) ‘POIYd,n(Fq” = Pdm(‘l); where
") — (" =g gt -1
q—1 q—1
(2) Myn(q) :=|Irrgn(Fy)| is a polynomial in q with rational coefficients.
(3) For every partition A+ d,

Pty (B2 = Thnl0) = 1 (o)

Pty ()l = 7350 = T (3271,

s V()

Pyn (q) =

where (2) = (H”m%l) is the number of subsets with repetition of size m

chosen from an x element set.
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Proof. (1) There are q(d:n) polynomials in n variables of degree at most d. Hence
d+n d+n—
there are q( W) q( ) polynomials in n variables of degree exactly d. Taking

orbits under scaling, the total number of degree d monic polynomials in n variables is
q(dtn) _ q(d«#zfl)
q—1 '

(2) We proceed by induction on d to show that My ,(¢) is a polynomial in ¢. If d = 1,
then all polynomials are irreducible, hence

| Polyy,,(Fy)| =

qn+1 —q
Myn(q) = [Irry o (Fg)| = [Poly, ,,(Fq)| = ————

qg—1
Suppose our claim is true for all degrees less than d > 1. By unique factorization, the
total number of polynomials with factorization type A is

0 Tnla) = P80 =TT ((O077))-

j>1
Counting elements on both sides of the decomposition
POIYd,n(]Fq) = |_| POly)\,n(]Fq)a
AFd
gives

Pd,n(q> = Md,n(q) + Z TA,’”A(q)'
A-d
A#(d)

If A # (d), then all parts j of A are smaller than d, which by our inductive hypothesis
implies that M; ,(¢) is a polynomial for all such j, hence so is T ,,(g). Thus

Md,n(‘]) = Pd,n(Q) - Z T)\,TL(Q) € Q[Q]
A-d
A (d)
Finally, (3) follows from equation (4) and (2) . O

The definitions of the polynomials appearing in Lemma 2.1 are collected here for
convenience.

DEFINITION 2.2. Let d,n > 1 and A+ d, then

o T g T 1
dn () = -1 =4 =1

Man(g) = |Trr(B)| = | Poly g, (By)
Thn(q) = |P01}’>\,n(Fq)| = H ((]\:Z;E%) ))

jz1
T3 (a) = | PolyS, ()|
X s M;n(q)
(@) = Tin(9) :=|Poly£na@q>|=H< it )

s V()

Py (q) := | Polyg, (Fy)l = > T3 (a),
Ad

where d represents degree, n the number of variables, and m the mazximum multiplicity
of a factor.
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There is a well-known formula [13, Cor. 2.1] for My 1(q) given by counting elements
in Fa by the field they generate,

(5) Mgaq1(q) = é Z u(e)g?e.
eld

The value of My (k) for an integer k£ > 1 has a combinatorial interpretation as the
number of aperiodic necklaces made with beads of k colors. For this reason, Mg 1(q)
is known as the dth necklace polynomial. There is no apparent analog of (5) nor a
necklace interpretation for My, (k) when n > 1. Instead My, (q) may be computed
recursively as in the proof of Lemma 2.1:

q7z+1 —q
M, =P, =
@) = Prale) = £
Ma,n(q) = Pan(@) = Y Tan(a)-
A-d
bery)

Our next result shows that all the polynomials listed in Definition 2.2 converge
coefficientwise to rational functions in the ring of formal power series Q[g] as the
number of variables n tends to infinity. Recall that coefficientwise convergence in Q[¢]
is equivalent to convergence with respect to the g-adic topology. All coefficientwise
limits are taken with respect to the ¢g-adic topology.

THEOREM 2.3. Let d > 1. Then,
(1) The sequence Py, (q) converges coefficientwise in Q[q] to

. —1T1,r d=1
Pioo(q) = lim Py, (q) = a
n—o0 0 d>1.

(2) Form > 1 the sequence P, (q) converges coefficientwise in Q[q] to

k
—(i§> d=(m+1)k—m
Pie(0) = Jim PLL@) = 1§ (120)" a= (m+ 1

0 d# 0,1 mod m+ 1.

In particular, if m =1, then

[ 45
m;@=&w« 1) .

1-1
q

(3) For all partitions A = d and m > 1 the sequences My n(q), Thn(q), and TY",(q)
converge coefficientwise in Q[q] to rational functions as n — oo. Furthermore,

TMA@ZII«%%ﬁ?»

j>1
M 00(q)
Tsf — s .
Jjz1
Proof. (1) By Lemma 2.1
O Gy S |
P _ <d+n 1)q
dn(2) =4 q—1

Algebraic Combinatorics, Vol. 2 #4 (2019) 528
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For d = 1 this simplifies to
n+1

q —q
Pinlg)=4——19
1,1(q) q—1
Since lim,, 00 ¢ = 0 in Q[q], it follows that
n+1
. —q q 1

P o0 - 1 = — = — .
Leeld) = i T T T =T

If d > 1, then lim, (d+2_1) = o0o. Thus

(d+n;1) 1
d+n—1 n—= —
Pioolq) = lim ("7 0

n—00 q—1

=0.

(2) Consider the generating functions

2@ = Y Pt = X S T

d>0 d>0 A-d
Z(Tn,t) = 3 Pan(@)t' =3 > Tra(a)t
d>0 d>0 A-d

The binomial theorem allows us to formally exponentiate 1 + ¢ or ﬁ by any

element o € R of a binomial ring® in R[t] by

(141 = ;0 (Z)td,
() =2 ()

d>0

The following product formulas follow by unique factorization in Fy[x1, za, ..., Zx],

- , 1 — ¢(m+1)j\ Min(@
Z(T"t) = H(l + 0+t 4 tmI)Min(D) = H <1—tﬁ)

i>1 js1

1 Mj,n(Q)
Z(Tn,t):H<1_tj> .

j>1

Hence Z(Ty,,t) = Z(T,,,t™ 1) Z(T™,t). The coefficients of t¢ for d > 0 in this identity
are polynomials which converge g-adically in Q[g] as n — oo. Taking a limit ¢-
coefficientwise as n — oo, (1) implies that

1 . n i
l_it:Z(TOO’t):Z(TOO’t +1)Z(Toovt): <1_ t +1> Zpdoo
! d>0

Comparing coeflicients we conclude that
1
q

(DA binomial ring R is a commutative ring with no additive torsion which is closed under taking
binomial coefficients.

Algebraic Combinatorics, Vol. 2 #4 (2019) 529



TREVOR HYDE

for all d > 0, together with the initial values
Pioo(q) =1

m 1
Pl,oo(q) ==

1-1
q
Pl (@) =0for1<d<m

Then (2) follows by induction.
(3) It suffices to prove that for every d > 1 the sequence My, (q) converges g-adically
to a rational function, the other claims follow by the explicit formulas given in Defi-
nition 2.2 and continuity. Recall the recursive formulas for My, (q) used in the proof
of Lemma 2.1. For all d,n > 1,

Ml,n(q) = Pl n( )

e =ro- ST

A-d j>1
A#[d]

Taking coefficientwise limits as n — oo using (1) we have

1
MLOO(Q):PLOO(q):_l 1
T g
et == ST )
Al—d i1
XA
It follows by induction that Mg . (g) is a rational function of ¢ for all d > 1. O

There is a surprising relationship between the number of irreducible polynomials
in one variable My 1(g) and the limit Mg~ (g) of the number of irreducible poly-
nomials in n variables as n — oo, which gives us an explicit formula for My (q).
This relationship takes the form of an involutive functional equation we call liminal
reciprocity.

THEOREM 2.4 (Liminal reciprocity). For all d > 1,

Mg o(q) = —Mag, (1 i ) .

Myoo(q) = Z”( q)d/e.

We make use of the following well-known lemma. A proof can be found, for example,
in [9, Lem. 4.2].

Q=

More explicitly,

LEMMA 2.5. For any binomial ring R and any sequence aq € R for d > 0 such that
ag = 1 there exists a unique sequence b; € R for j > 1 such that the following identity
holds in R[t].

©) Sar =T (145)

d>0 j>1
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Proof. Recall the generating function Z(T),,t) used in the proof of Theorem 2.3 (2),

M; n(q)
Z(Ty,t) = ZPd,n(Q)td = H (1 _ltj>

=0 Jj=z1

Theorem 2.3 (1) implies that the t-coefficientwise limit as n — oo is simply

1 1 Md,OO(Q)

1
q d>1

When n =1, Py1(q) = ¢¢ and thus

1 1 Mg,1(q)
N R

d>1

1
1—1
q

and taking reciprocals in (8) gives

—M, 1
L ()
11—1tH(1—td> '

q d>1

Substituting ¢ —

Comparing exponents with (7) and using the uniqueness of Lemma 2.5 we conclude

that
1
M, oo(q) = —Ma, ( ) . O

1-1
q

REMARK 2.6. The identity (8) is known as the cyclotomic identity [12]. It also arises
as the Euler product formula for the Hasse-Weil zeta function of A!(F,).

The rate of g-adic convergence of My, (q) may be determined from the proof of
Theorem 2.4.

COROLLARY 2.7. For all d,n > 1,
My.,(q) = Myoo(q) mod g™
Proof. Recall that

(d+7LI1) 1
dtn—1y g\ n- —
P n = ( n )7'
an(2) =4q 1
Since (‘HZ*l) >n+1ford>2and
n+1l _ 1
Pinla) = £ —F =~y =g mod g™,

q
it follows that

1
ZPd}n(q)td =1- = Tt mod q"
d=0 q
Thus

1 ]\/[d,n(Q) d
H (1td> = ZPd,n<Q)t
d=0

d=1 >
=1- Tt mod ¢t
T
1 Ma,o0(q)
EH (1 td> mod ¢" .
d>1
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Therefore by Lemma 2.5
My.,(q) = My.oo(q) mod g™ O
REMARK 2.8. Notice that the fractional linear transformation ¢ — 1_% is an invo-
q

lution. Thus Theorem 2.4 is equivalent to

1
Md,l(‘]) = *Md,oo (1_1> .

q
This is the sense in which we consider Theorem 2.4 a “reciprocity.”

Our next result combines Theorem 2.4 with the combinatorial reciprocity identity

()-cr(2)

to deduce a striking relationship between factorization statistics of polynomials when
n=1and n = oo.

THEOREM 2.9 (Liminal reciprocity). For any partition A, let L(A) = > ;5 m;(N)
denote the number of parts of X\. Then

1
T3 lg) = (1) Ty, (1 > :

1
q

1-1
q

TA,oo(q)Z(—l)“”Tiﬂ( : )

Proof. Theorem 2.3 (3), Theorem 2.4, and the combinatorial reciprocity identity (9)

imply that
et =TT (Mot

i1
()

1
= [[-pm™ Mja (?>
jz1

1
= (-1)'WTy, (1 — 1) :
q

The second identity follows from a parallel computation noting that (9) is equivalent to

()= () :

The liminal reciprocity identity

Tifoo(q)=(—1)w’Tx,1< ! )

1-1
q

relates the limiting number of squarefree polynomials with factorization type A in
Fylz1,22,...,2,] as n — oo to the number of polynomials F,[z] with factorization
type A with no restrictions on factor multiplicity. This relationship is, to us, myste-
rious. It would be interesting to find a conceptual explanation for this relationship
between infinite and one dimensional factorization statistics.
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3. LIMINAL FIRST MOMENTS OF SQUAREFREE FACTORIZATION STATISTICS

A factorization statistic is a function P defined on Poly, ,(IF,) such that P(f) only
depends on the factorization type of f € Poly,,,(F,;). Equivalently, P is a function
defined on the partitions of the degree d, or a class function of the symmetric group
Sq. In [10] we determined explicit formulas for the first moments of factorization
statistics on Poly, (F,) and PolyZ{l(Fq) in terms of the characters of symmetric
group representations carried by the cohomology of point configurations in Euclidean
space.

If X is a topological space, then the ordered configuration space of d points in X
is defined as

PConfy(X) := {(a1,as,...,aq) € X% : a; # a;}.
The symmetric group Sy acts on PConf;(X) by permuting the labels of points, and

thus the singular cohomology H*(PConfy(X), Q) is a linear representation of Sy for
each cohomological degree k.

THEOREM 3.1 ([10, Thm. 2.2, Thm. 2.3], [6, Prop. 4.1]). Let P be a factorization statis-
tic, and let V%, ¢ be the characters of the Sy-representations H**(PConf,(R?),Q)
and H*(PConfy(R?),Q) respectively. Then

(1) > P =D Pkt

fePoly, 1 (Fq) k=0
d—1

2) S P =Y (-)FP ekt
fEePolysf | (Fy) k=0

where (P,Q) = % > res, P(T)Q(7) is the standard inner product of class functions
Of Sd.

The identity (2) was first shown by Church, Ellenberg, and Farb [6, Prop. 4.1]
using algebro-geometric methods including the Grothendieck—Lefschetz trace formula.
They called this identity the twisted Grothendieck—Lefschetz formula for squarefree
polynomials. We gave a new proof in [10, Thm. 2.3] using a generating function
argument. Our results in [10] are stated in terms of expected values instead of first
moments; this distinction has little effect in the Poly, ; (IF;) case, but does change the
family of representations in the squarefree case Polyfifl(Fq); since the total number
of degree d squarefree polynomials in Fy[z] is P35, (q) = ¢% — ¢?~", dividing the first
moment of a factorization statistic by ¢% — ¢?~! results in a polynomial with different
coefficients. This version of (2) appears in [6, Prop. 4.1].

Our next result combines Theorem 3.1 with liminal reciprocity to express the lim-
iting first moments of squarefree factorization statistics in terms of characters of
symmetric group representations.

THEOREM 3.2. Let P be a factorization statistic, and let 0’2 be the character of the
Sgq-representation

d—1

(10) SE = @ sgn, ®H (PConf 4(R?), Q)% (1),
=k
Then
d
i —k
Jm o > PO H]dz 5P, okygt k.
fepolygf L (Fg) —0
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Theorem 3.2 follows from the following representation theoretic interpretation of
the liminal squarefree type polynomials T ;foo(q) Recall that for a partition A the

liminal squarefree type polynomial Tifoo (¢) is defined by

T3oo(a) = lim T3, (q),
where ijn(q) is the number of monic squarefree polynomials in Fy[z1, z2, . . ., z,] with

factorization type .

THEOREM 3.3. Let A\ F d be a partition, and let o% be the character of the Sg-
representation XX defined in (10). Then

d—1
T3 () = %Z( 1o (A)ge,

al-q)? =

where z) = [];5, 3N (M) s the number of permutations in Sy commuting with
a permutation of cycle type .

Proof. Let 1% be the character of the Sy-representation H?*(PConf4(R?), Q). In [10,
Thm. 2.1] we showed that for all partitions A F d,

T ( de

Thus, Theorem 2.9 gives

1
To() = (-1, (1 2 )

d—1 dej
— e(,\ g 1

= v v(21)
_ # d—l( 1)d—1€(/\)¢$(/\)qd—j(q _ 1)j

all =gt =
7¥d_1s J d—j ! \k J -k
T al-gl & gng(A)¥a(Na ;;( 1) (k>q
= ! 5 k ~ (i J d—k
e O(—1) (; (k> sgn (A7 (,\))q
- S ot =

al -9 ‘

We now prove Theorem 3.3.

Proof. Since P depends only on factorization type, the limiting first moment of P
may be rewritten as

Jm o3 P(P)= lim ST PONIEG) = Y PV,

fePolyfl{n(]Fq) Ad A-d
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Then Theorem 3.3 implies

> POT(0) = Y s S (D PO
AHd ARd k=0
1« P\)ak(N) 4
= 1)k d d—k
(1—q)¢ k:O( ) ; ZX
N 0
(1-qd = A

The coefficients of T;fl(q) also have representation theoretic interpretations, which
suggests that we might hope for a version of Theorem 3.3 for the limiting first mo-
ments of factorization statistics on Poly, , (F,). However, computations show that the
coefficients of T - (gq) are determined by virtual characters, unlike those of Tifoo (q).

In [10] we pose the question of finding a geometric interpretation of Theorem 3.1
which explains the connection between the configuration space PConf;(R?) and fac-
torization statistics of degree d polynomials over [F,. Furthermore, we would like a
conceptual interpretation of Theorem 3.3, be it geometric or combinatorial. The fam-
ily of representations E’; is unfamiliar to us; we collect some of their basic properties
in Proposition 3.5.

3.1. EXAMPLE. We demonstrate the liminal reciprocity identity of Theorem 2.9 by
computing the expected value of the sign statistic sgn, on degree d univariate poly-
nomials Poly, ; (F,) and the limiting expected value of sgn,; on squarefree degree d
polynomials PolyjfOo (Fy).

Let sgn, be the sign character of S;. Note that sgny(\) = (—1)%(=1)*¥N, where
£(A) = >_,51m;j(A) is the number of parts of A. Recall that Py, (q) = |Poly,,, (Fg)|

and Pj', (q) = | Polyy, (Fy)|.
PROPOSITION 3.4. Let d > 1.
(1) The expected value Eq;1(sgn,) of the sign statistic on the set Poly,,(Fy) is
given by

1 1

Eg1(sgny) = sgn = —.
d,l( g d) Pd,l(q) rer %: - g d(f) qLd/QJ
Olyq,1(Fq

(2) The limiting expected value Efifoo(sgnd) of the sign statistic on the set

d/2
Lo\ 2
1-1 ’
q

Proof. (1) Since sgn,(f) depends only on the factorization type of f we have

> seng(f) =) sen(M)Tha(q)-

f€Poly, 1 (Fq) AFd

POlny,n(Fq) as n — 0o is given by

. . 1
Eifo(smmy) = lim ——— > sgnd<f>:<

d,n (q) fePOIY(Sif,n (Fy)

where the limit is taken q-adically.

Theorem 2.9 gives the identity

(71)Z(/\)T)\,1(q) = Tifoo <1> )

1-1
q
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from which we deduce for each d > 1

> sen(NTaalg) = (1) (=1) Ny 1(g)

AFd AFd

1
- ()
A-d q

Theorem 2.3 (2) tells us

L)
S 1
Pi(@) = (1) (1 . )
q
Thus,
1
ngnd )Tr1(q) = (— 1)defoo (1 1) = qL%J_
A-d Cq
Since Py 1(q) = ¢* and d — |(d + 1)/2] = |d/2] it follows that
1 1
Ed,l(Sgnd) = Pd,l(Q) Z Sgn(f) Ld/QJ

f€Poly, 1 (Fq)
(2) For each n > 1,
< 1
Edfn(Sgnd) = bei() Z sgn(f Z sgn(A
dn\4 fePolyy (Fy) )\)—d

Taking a limit as n — oo,

Byl (sgn,) = ngnd (q)-
d oo /\I—d

Theorem 2.9 gives us

Therefore,
D seng VTR (@) = Y (D) (=) VT ()
Ard Ard
1
= (-1)"Txs <1 1)
Ard T4
) d
= (—1)¢ (11) :
q
[(d+1)/2]
Since P35t _(q) = (—1)¢ (1_1;) and d — [(d+1)/2] = |d/2] we conclude that
. Lo L)
E?l,oo (Sgnd qu Z Sgnd ) (1_1> : -
/\Fd q
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Combining Theorem 3.1 (1) and Proposition 3.4 (1) we find that

d—1
<Sgnd’w§> 1
Eq1(sgng) = = .
( d) kZ:O qk qLd/QJ

Therefore it follows that H2*(PConfy(R?), Q) has a one dimensional sgn,; component
if and only if k = |d/2].

The sign function sgn, is closely related to the Liouville function A\ studied by
Carlitz [2, 3] in the context of polynomials in F,[z]. In particular, if f(z) € Poly, ;(F,)

A(f) = (=1)" sgny(f)-
Carlitz [2, (ii) pg. 121][3, Sec. 3] computes the first moment of the Liouville function

using zeta functions. Proposition 3.4 may also be deduced from his result. We thank
Ofir Gorodetsky for bringing this work to our attention.

3.2. THE S; -REPRESENTATIONS 25. Theorem 3.2 relates the limiting first moments
of factorization statistics on squarefree polynomials with a family of symmetric group

representations ¥%. Recall that
-1 ‘ i
vk = @ sgn, @HY (PConfd(RS),Q)@(k).

j=k
We conclude with Proposition 3.5 which records some observations about the repre-
sentations E’;.
PROPOSITION 3.5. Let 05 be the character of E’;. Then
(1) The dimension of X% is

Lty i
i=k

where [2"] is an unsigned Stirling number of the first kind (see below for a
definition.)
(2) The representation

d—1
® i
k=0
has dimension (2d — 1)!! .= (2d —1)(2d — 3)---3 - 1.
(3) XY is isomorphic to the regqular representation Q[Sq].

REMARK 3.6. The sequence dim E’jl appears as A088996 in the Online Encyclopedia
of Integer Sequences [14].

Proof. (1) The dimension of a representation is given by evaluating its character on
the identity, hence

dim 2% = ok ((19)).
Theorem 3.3 implies that

d—1
T () = ﬁ >0 b

On the other hand, we may compute T(slfd)’oo(q) directly as

o) = (M) = (7 jé).
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The unsigned Stirling numbers of the first kind are defined as the coefficients in the
expansion of a binomial coeffcient (2),

(@)-azrlt

Ths,
Tol ) = ﬁjz:é(—l)i[dd 1 ( - ;> :
= g(‘”i[dd Ja-or

Let k =i — j and write the sum in terms of ¢ and k to get
[ d i
sf d—k

Comparing coefficients in our two expressions for T(ld) (¢) we conclude that

dim 3§ = 05 ((17)) = § [d d_ J (l _Z k)

i=k
(2) Let ¥k be the character of H?*(PConf;(R?),Q). Then using the definition of
¥k and switching the order of summation we have

d—1 d—1 d . d—1 j . d—1 o

> abh) = 3 () vt = X3 (1)viam = X2
k=0 k=0 j=k §=0 k=0 §=0

Note that by Theorem 3.1 (1),

d—1 4
Ph((14)) . T(ld),1(Q) _dl fg+d-1
D ; dqj = _qd< d )

Evaluating (11) at ¢ = % implies
d—1 o d— 1
> 2y ((1h) = de!< g 2) =(2d—1)(2d —3)---3-1=(2d — 1)!L.
=0

Therefore dim EBZ:O vk =(2d — 1)
(3) By definition we have

9 2~ sgn, ® @ H% (PConfy(R?),Q).
Jj=

In [10, Thm. 2.6] we showed that

-1
@ H> (PConfy(R?), Q) = Q[S4],
5=0
where Q[Sy] is the regular representation. The claim follows from

sgng ®Q[S4] = Q[S4]- O
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