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ANNALES MATHEMATIQUES BLAISE PASCAL 17, 341-356 (2010)

Integrable functions for the Bernoulli measures
of rank 1

HAMADOUN MAIGA

Abstract

In this paper, following the p-adic integration theory worked out by A. F.
Monna and T. A. Springer [4, 5] and generalized by A. C. M. van Rooij and W. H.
Schikhof [6, 7] for the spaces which are not o-compacts, we study the class of
integrable p-adic functions with respect to Bernoulli measures of rank 1. Among
these measures, we characterize those which are invertible and we give their inverse
in the form of series.

1. Preliminaries.

In what follows, we denote by p a prime number, QQ the field of rational
numbers provided with the p-adic absolute value, Q, the field of p-adic
numbers that is the completion of Q for the p-adic absolute value and by
Z,, the ring of p-adic integers. We denote by v, the normalized valuation
of Qp.

Let X be a totally discontinuous compact space and Q(X) the Boolean
algebra of closed and open subsets of X. If U belongs to (X ), one denotes
by xu the characteristic function of U which is a continuous function. For
K a complete ultrametric valued field, C(X, K) is the Banach algebra
of the continuous functions from X into K provided with the norm of
uniform convergence, || f|lc = supex |f(x)].

Definition 1.1. A measure on X is an additive map p: Q(X) — K such
that

el = sup [u(V)| < +oo.
Ve(X)

One denotes by M (X, K) the space of measures on X. Provided with
the norm ||ul| = supyeq(x) [#(U)], it is an ultrametric K-Banach space.

Keywords: integrable functions, Bernoulli measures of rank 1, invertible measures.
Math. classification: 46510.
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H. Maica

Let p be a measure on X; for any locally constant function

F=> Xixu,,
j=1

putting ¢, (f) = >j=1 Ajp(U;), one defines on the space Loc(X, K) of the
locally constant functions a continuous linear form such that

| ou (O < N lll1 f oo

then

lou(f)
ppll = sup === < |-
720 Ifllso

The linear form ¢, on Loc(X, K) associated to p being continuous for
the uniform norm on Loc(X, K) and since this space is a dense subspace
of C(X, K), one sees that ¢, extends to an unique continuous linear form
on C(X, K) with the same norm and also noted ¢,,.

On the other hand, if ¢ is a continuous linear form on the Banach space
C(X,K), by setting for any closed and open subset U of X: pu,(U) =
¢(xv), one defines a measure p, on X such that ||ue| < ||l

Therefore, a measure j = p, on X which corresponds to some continu-
ous linear form ¢ on C(X, K) is such that ¢ = ¢, and ||p,|| = ||x/|. Hence
one sees that M (X, K) is isometrically isomorphic to the dual Banach
space C(X, K)" of C(X, K).

Let p be a measure on X and ¢, the continuous linear form associated

to p. One defines an ultrametric seminorm on C(X, K) by setting, for
felClX, K):

geC(X, K), g#0 19loo 7

where pu(f) = ¢u(f) for f € C(X, K).
Let us remind some fundamental notions on p-adic integration theory.

Theorem 1.2 (Schikhof). For any p € M(X, K), there exists a unique
upper semicontinuous function Ny: X — [0, co) such that

[l = sup | f(2)|Npu(z).
zeX
The function N, is given by the formula

N,(z)=  inf .
() Ueg(l)r%),erHXUH“
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{41,o-INTEGRABLE FUNCTIONS

Proof. See [7, page 278] or [6, Lemma 7.2] for a proof of the theorem. [
For any closed and open subset U € Q(X)

Ixvlly = sup_fu(V)].
VCU,VeQ(X)
This relation is important for many computations which will follow.
If 4 is a measure on X and f: X — K alocally constant function, one
sets ¢, (f) = [x f(x)du(z), called the integral of f with respect to p.

Definition 1.3 (u-integrable functions). Let p be a measure on X and
f: X — K a function; one puts

[flls = sup [f(2)[Np(x).
rzeX
One says that :

e fis p-negligible if || f||s = 0 and a subset U of X is u-negligible if
Ixulls = 0.

e [ is u-integrable if there exists a sequence ( fy, ), of locally constant
functions such that lim, 1 ||f — fulls = 0.

One sets [y f(z)du(z) = limp— oo [y fu(z)du(x), which is seen to be
independent of the sequence (fy,)n.

For x € X and p be a measure on X, one has N,(z) < ||u| and one
can show that || f||s = || f||. for any continuous functions f: X — K.

In the sequel, one denotes by £!(X, ) the spaces of u-integrable func-
tions and by LY(X, u) the quotient space £!(X, u)/R, where R is the
equivalence relation defined by fRg if f — g is p-negligible.

For any continuous function f: X — K, one has || f|ls < |||l f]loo-

Since the space of locally constant functions is uniformly dense in the
space of continuous functions, one sees that any continuous function is
p-integrable, in other words : C(X, K) C L}(X, K).

Furthermore if f € C(X, K), one has [y f(z)du(z) = ¢, (f).

2. Integrable functions for the Bernoulli measures of rank 1.

We assume now that the complete valued field K is a valued extension
of Q, and we let o be a p-adic unit. Let us remind that the Bernoulli
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polynomials (B (z))n>0 are defined by

text tk
= Z By(z)—.
et —1 prrd k!

Definition 2.1 (Koblitz [3], Proposition, page 35). Let k > 1 be a fixed
integer and By (x) be the k-th Bernoulli polynomial. For any integer n > 1
and a € {0,1,--- ,p"™ — 1}, put

_ a
pi(a+p"Zy,) = p”(k l)Bk(ﬁ)'

IfU = UY, (a;+p™7Z,) is a partition of the closed and open subset U of
Ly, setting pui(U) = SN (g +p"iZy,), one can prove, with properties of
Bernoulli polynomials, that this sum is independent of any such partition
of U and one obtains an additive map py: Q(Z,) — K called the Bernoulli
distribution of rank k.

Definition 2.2 (B. Mazur). Let £ > 1 be a fixed integer and « be a p-
adic unit. The Bernoulli measure of rank k normalized by « is the measure
defined by setting for any closed and open set U € Q(Z,)

pia(U) = e(U) — o "y (al). (2.1)

Let a be a p-adic integer, whose Hensel expansion is a = 3,5 a;p'. For
an integer n > 1, one puts

(a)n = Z a;p' and la], = Z AnriD"-

i<n >0
One has then
a (a) ac  (aq)
lal, = o pnn € Zyp and [aq], = o pnn € Zp.

Setting U = a + p"Z, for any integer a € {0,1,...,p" — 1} and k =1
in the relation (2.1), one has u1 o(a + p"Zy) = Bl(l%) — olel((a[jLn)”).
As Bi(z) = x — 1/2, one obtains

a 1 4,00 1
piala+p"Zy) = (ﬁ - 5) -« 1(p7 — aaln — 5)-
Thus, for all integers n > 1 and a € {0,1,...,p" — 1},
1
piala+p"Zy) = ﬁ(l — o+ 2[aal,). (2.2)
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{41,o-INTEGRABLE FUNCTIONS

Proposition 2.3. The measure p1,—1 is equal to —déy, where oy is the
Dirac measure at 0. The space of pu1,—1-integrable functions is equal to the
space of all functions f: Z, — K.

Proof. Let n > 1 be an integer, and a be an integer such that 0 < a < p”—
1; according to the relation (2.2), one has : 1 —1(a+p"Z,) = —1 —[—a]y.
e For a = 0, it follows that p1,_1(p"Zp) = —1.

e For 1 <a<p"—1,o0nehas —(p" —1) < —a < —1 and
1<p" —a<p"—1.
As =1 =Y;50(p — 1)p', one has
—a=0p"—a)—p"=0p"—a)+p" > _(p— 1"
>0

Hence, one has [—al, = Y ;50(p — 1)p' = —1 and 1 _1(a + p"Zy,) = 0.
Let 9 be the Dirac measure at 0. It is readily seen that p1, 1 = —dop
and LY(Z,, p1.—1) is algebraically isomorphic to K. O

We now assume that « is a p-adic unit different from 1 and of —1 and
we set Yo = infyez, Ny, (2).
Let 7 > 1 be an integer; for any integer a € {0,1,---,p’ — 1}, one has

; 1
Bra(atpiZ,)| = |5

Let us remind that any closed and open subset V' of Z, can be written as
disjoint union V' = | [}, (ax + p’*Z,). Hence, one has

1,0 (V)] < max |p1,0(ag +p'*Zy)| < 1.

(1 - a+2[aalj)| < max(|]1 —al, [2[aal;]) < 1.

Thus, for all integer n > 1 and a such that 0 < a < p" — 1, one has

HXaer"ZpHm,a = sup |ura(V)[ <1
VCa+p"Zp

Moreover, we have Ny, , (z) < [[u1,q] <1, for any p-adic integer .

Lemma 2.4. Let a = 1+ bp” be a principal unit of the ring of p-adic
integer, different from 1, with r = v,(ac — 1) > 1. For any p-adic integer
x, one has
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g N,Ufla( )22r171}ifp:2and7“22,

Therefore v, > I% ifp#2 and vo > QT% ifp=2andr > 2.
Proof. Let us remind that

1 1
1 14bpr (@ + p"Zy) = a([aa]n - §bpr>,

where n and a be an integers such that n > 1 and a € {0,1,...,p" — 1},

and where 7 = v,(a — 1) > 1. One has two cases :
First case : p odd.

1.

o If a =0, one has [u1,4(p"Zy)| = 57; it follows that ||xprz, |4 =

1

prt

e Now, assume that 1 <a < p" —1;

(1) If |[aa)al < L, one has i1 4pr(a +p"Zy)| = |Sbp'| = 2 ;

(2) If [lacn| > 5, one has |p111pr(a + p"Zp)| = |[a ] | >
In these two cases, one obtains || Xa+pnz, || 1.0 > L oF

(3) If |[aa),| = z%’ consider ¢, + ¢py1p + -+ - + Cpppp” + -+ the

Hensel expansion of [aa|,. One then has ¢, = ¢q41 = -+
r—1
+

Cntr—1 = 0 and ¢y, # 0. It follows that [aa]p+1 = cpprp
Cntr41P" + -+ -5 since |2[a]ny1| = |[a@]p+1], one has
1 1
1
a(atp" ™) = Sy 2

a’nd ||Xa+pnzp”ﬂl,a Z pir

Let V; be an open and closed neighborhood of z. There exists
an integer jo > 1 such that x + p/°Z, C V.. Thus, one has

”Xx+p7'ozp||m,a < ”XVsz,a'

It follows that ||xv,[/u; .. > ]%. Taking infimum, one obtains

1
Ny o (@) 2 o
Second case : p =2 and r > 2. Putting o = 1 4 2"b, one has

1 _
p1,0(a+2"Zs) = E([aa]n — 2" 1p).
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{41,o-INTEGRABLE FUNCTIONS

e If a = 0, for any integer n > 1, one has |u1,4(2"Zs)| = 5+

It follows that [|xonz, [0 = 5t

e Let us suppose that 1 <a < 2" — 1.

(1) If |[aa],| < QT%, one has |p1,q(a + 2"Zy) QT =T

| =
(2) 1f [aa]u] > yir, one has [u1 a(a +2"Zs)| = [laala] > yir.
In these two cases, one obtains ||Xq4+202, /410 > 2,}_1.
(3) If |[ac)n| = 5=, as in the First case (3), one shows that

IXat2rzs lur0 = 5rmt-

Let x € Za; one shows as in the First case that N,  (z) > 27}_1
and again that v, > 2%1

Lemma 2.5. Let p be an odd prime number, o = ag+bp” be a p-adic unit,
where ag is an integer such that 2 < g < p—1 and r = vy(a — o) > 2.
One has Ny, ,(z) > z% for any p-adic integer x and 7o > %.

Proof. Let p be an odd prime number and o = oy 4+ bp” be a p-adic unit,
where ag is an integer such that 2 < o9 < p—1 and r = vp(a — o) > 2.
Let us remind that, for all integers n > 1 and a such that 0 < a < p™ —1,
one has

S0 = Clllaaly ~ 2 - Sl

1
p,ala+ p"Zy) = E([aa]n +

o If a =0, one has |p1,a(p"Zy)| = |52 = 1;

e Let us suppose that a € {1 2, ,pt =1}
(1) If |[aa], — 22| < r, one has |14 (a+p"Zy)| = |3 pr] = i.
(2) If |[ac]y, — 0‘0 a-l) > 17’ one has |y o(a + p"Zy)| > pr
In these two cases, one obtains || Xatpnz, 1.0 = %.
(3) If |[ac], — 22| = [%, let ¢, + ¢ny1p + ... be the Hensel
expansion of [aa],; there is two cases according to the parity

of ap:
First case : «( odd.
One has ¢, = O‘OT_I, Cntl =+ = Cpyr—1 = 0 and cpqp # 0.
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Hence [a]ni1 = cnird” 1t + Cugrr1p” + ... It follows that
oy — 1 ap — 1
=15

and |p1,q(a +pn+1zp)| =1
Second case : «aq even.
The Hensel expansion of 0‘02_1

llaa]nt1 — =1

is

ag—1 +ap—1 -1 .
0 _ b 0 +Zp pz.

2 2 =t 2
In this case, one has : ¢, = % and for j € {n+1,...,n+
r—1}, ¢j = E5*. Hence,
r—2 p— 1 . )
[aa]ni1 =) Pt > Cnrirap'
i=0 i>r—1
Therefore
oy — 1 -1
[aa]n+1 — B + Z Cn+i+1 — 2 )p
i>r—1
Thus, one has |[aa]n,41 — 25 = | — %[ =1 and

|t1,ala +p " Zp)| = 1.
Finally, in these two cases, we have proved that

1
HXa‘i’anp ||l1/1,a 2 ]?

As in the proof of Lemma 2.4, one proves that Ny, ,(z) > p~", for any

p-adic integer x and v, = infyez, Ny, () > p7". O
Lemma 2.6. e Let p be an odd prime number and o be an integer
> 2 which is a p-adic unit not congruent to 1 modulo p, then
Yo = 1.
e Let o be a negative integer < —1 which is a p-adic unit; one has
then
. l—a, 1+«
fyaZmln(’ 5 |, ‘ 5 ‘) > 0.
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{41,o-INTEGRABLE FUNCTIONS

Proof. Let us remind that p1.4(a + p"Zp) = 5=(1 — o + 2[ac],), for all
integers n > 1 and a € {0,1,...,p" — 1}.

e Let p be an odd prime number and o > 2 be an integer which is a
p-adic unit such that « Z 1 (mod p) and n > 1 be a fixed integer;
let us consider an integer a such that 0 < a < p™ — 1.

If a = 0, one has [|xpnz, [l = [11,0(P"Zp)| = |a = 1| = 1.

Now, let us suppose that 1 < a < p"™ — 1 and let us consider an
integer j such that p/ > ap™ —a+1; one has a < aa < ap™ —a <
p’. It follows that (ac); = ac and [aa]; = 0. In this case, one has
\u1,a(a + p’Zy)| = 1. Hence, one has ||Xatpnz,|lu. = 1, for all
integers n and a such that n > 1 and a € {0,1,--- ,p™ — 1}.

Thus, as in the proof of Lemma 2.4, we have N, (z) > 1, for any
p-adic integer z. Since N, . (z) < 1, for any p-adic integer x, the

function N, , is constant and Ny o) =1 =14,

e Let a be a negative integer < —1 which is a p-adic unit, n > 1
be an integer and a € {1,2,---,p" — 1}. One obtains a strictly

positive integer while setting m = —aa«; let us denote by s(m)
the highest power of p in the Hensel expansion of m. One has two
cases:

First case : m = p*(™). One has aa = —m = p*(™) Zkzo(p—l)pk
Thus [aa]; = Y i50(p — 1)p" = =1 and p1o(a+piZ,) = — %L, for
any integer j > max(s(m), n). It follows that

a+1 a+1
l1.a(a+p'Zy)| = | o= 5= etz o

Second case : m # ps(m). One has —m = (p*(™+1 —m) —ps(m)+1,

the Hensel expansion of aa = —m is given by
s(m)
ao = Zﬁﬂp +Z s(m +1+]
j=>0

Thus, for any integer j > max(s(m) + 1, n), one has [aa]; =
Yiso(p — 1)p* = —1 and

. a+1
\1,a(a+ P Zp)| = |

| < ||Xa+p”Zp”u1,a'
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On other hand, one has

a—1
IXprzp oo 2 11,0 (P"2p) | = [—5—I-

o, 127H)

It follows that || Xa+prz, || > min (] , for any integer
n > 1 and any integer a € {0,1,--- ,p"™ — 1}. One concludes that
Yo > 0.

O

Theorem 2.7. Let a be a p-adic unit of one of the following forms :

o av=1+bp", where r = vy(a — 1) is such that r > 1 if p # 2 and
r>2ifp=2;

e a=ap+bp", ifpF#2, a0€{2,....,p—1} and r = vp(a— ) > 2;
e a > 2 is an integer such that o £ 1 (mod p) (with p odd).

e « is a negative integer different from —1.
The space LY(Zp, p11,0) of p1.a-integrable functions is equal to the
space of continuous functions C(Zy, K).

Furthermore, one has LY (Zy, p1,0) = C(Zyp, K).

Proof. Let us suppose that the conditions on « (of Theorem 2.7) are sat-
isfied. According to Lemmas 2.4, 2.5 and 2.6, one has 7, > 0. Hence, one
has 7o < Ny, ,(7) <1 for any p-adic integers x. Thus, for any function
f: Z, — K, one has

Yol flloo <1 flls < M1f]loo-

Let us assume that f: Z, — K is a j11 o-integrable function. There exists
a sequence (fr)n>0 of locally constant functions such that lim,, 4 || f —
fnlls = 0. Since Yo || f— fulloo < ||f— fulls, f is @ uniform limit of continuous

functions. Hence f is continuous. It follows that £}(Z,, p1,4) = C(Z,, K).
Moreover the null function is the only p1 o-negligible function and one

has LY(Z,, p1,4) = C(Zy, K). O
Remark 2.8. It remains to characterize the p o-integrable functions, where
a = ag + bp is not an integer, o € {2,...,p — 1} and vy(a — ag) = 1 for

p # 2 and a = 1 + 2b not a negative integer < —1 with ve(av — 1) = 1 for
p=2.
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{41,o-INTEGRABLE FUNCTIONS

3. Inversibility of measures p; ,.

In what follows, if n > 1 is an integer, we denote by s(n) the highest power
of p in the Hensel expansion of n.

Lemma 3.1. Let p be a prime number and o = 1+bp" be a principal unit

of the ring of p-adic integer different of 1 (with r = vp(aw — 1) > 1).
There exists an integer n > 1 such that |[nalyq)41] = 1.

Proof. Let a« = 1 + bp” be a principal unit of the ring of p-adic integer

different from 1 (with r = v,(a — 1) > 1) and m be an integer such that

m > r. Let us consider the positive integer n = p™ "t (1 +p+---4+p"1);

one has s(n) = m and n = p*™~"t1 4 ... 4 p3(") Hence, one has

no — [ps(n)—r—H 4. +ps(n)](1 + bpr)
_ ps(n)—r—‘rl 4. +ps(n) + bps(n)—i-l(l + P4 +pr—1)
It follows that [nalsqy41 = b(1+p—+---+p 1) and |[nafypy41| =1. O

Definition 3.2. Let n be an integer > 0, and x be a p-adic integer.
The integer n is called an initial part of x, and one notes n<z if |[xr—n| < %

M. van der Put could showed that the sequence of functions (ey), de-

1if nax
fined by e,(z) = { 0 overwise

(en)n is called the van der Put base.

. is an orthonormal base of C(Z,, K);

Theorem 3.3. Let p be a prime number and o # 1 be a p-adic unit. Then
[p1all = 1.

Proof. e If p be an odd prime number and « be a p-adic unit of
the form a = agp + bp", where a9 € {2,3,---,p — 1} and r =
vp(a —ag) > 1, one has 1 = |522| = [y, eo)| < [urall < 1.
Hence, one has ||p1o/ = 1.

e If « =1+ bp” is a principal unit of the ring of p-adic integers,
different from 1, one has two cases :
(1) p#£2orr>2.
According to Lemma 3.1, there exists an integer ng > 1 such
that |[noa]g(ne)+1] = 1. In this case, one has 1 = |(111,a, €no )| <
1.0l < 1. Tt follows that [|u1.q = 1.
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(2) r=1and p=2.
One has o =1+ 2b and (p1,142, €0) = 2(1—7351)) = =b,

«
Hence,

—b
1= |E’ = [{1,1420, €0)| < llp1,1420] <1
and ||p11420] = 1.

e If o is a p-adic unit such that 2 < a < p—1 (with p odd), one has

l1—a

1= |==2 | = 0 o) < llimall <1

2a
It follows that ||u1.q| = 1.
]

Let 0, be the Dirac measure associated to the p-adic integer a. Let
us put w = d; — dp. It is known that any measure pp € M(Z,, K) can
be written as a pointwise convergent series p = Y., >o{it, Qn)Q,,, where
(Qn)n>0 is an orthonormal base of C(Z,, K) called the Mahler basis,
defined by Qy(z) = (?) and (Q},)n>0 is the dual family of (Qn)n>0 defined
by (Q},; @m) = 6nm . The convolution product @), * Q;, gives Q) ,,; one
deduces that Q!, = Q". As Q] = w, one has Q!, = w"; it follows that
po= > ,>0lit, Qn)w™. Hence the measure p corresponds to the formal
power series of bounded coefficients S, = 3,50 (it, Qn) X™. Therefore, the
algebra M (Z,, K), provided with the convolution product, is isometrically
isomorphic to the algebra K(X) of bounded formal power series with
bounded coefficients, the norm being the supremum of the coefficients.

Let us remind (see for instance [2] or [1]) that an element S of the
Banach algebra K (X) is invertible if and only if ||S|| = |S(0)| # 0.

Theorem 3.4. Let p be a prime number, and o be a p-adic unit.

The measure 11, is invertible for the convolution product if and only
if « Z1 (mod p) if p is odd (resp. « Z 1 (mod 4) for p = 2).

Moreover its inverse v, s given by the formula

Vo = Z dp ()™,

n>0
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{41,o-INTEGRABLE FUNCTIONS

where do(e) = 2%, dy (o) = 3(1;:0&) and for n > 2:

= (22 (et e
o) =2 () ()
i1+ +i;=n
i1,eensif €{1,n}
Proof. Let p be a prime number; let us denote by S o(X) the formal
power series with bounded coefficients Wthh corresponds to the measure
f1,o- One then has S1 4(0) = (p1,q4, Qo) = a.

The measure p o is invertible in M (Z,, K ) (for the convolution prod-
uct) if and only if S; o is invertible in the Banach algebra K (X) (for the
Cauchy product). According to Theorem 3.3, the norm of measure p1 o is
equal to 1. Hence, S 4 is invertible in K (X) if and only if:

= =15
2a 2
Thus (11, is invertible if and only if @« —1 # 0 (mod p) for p # 2
(respectively a # 1 (mod 4) for p = 2).
Since

L= [|S1all = [51,4(0)

=3 (7 )

one obtains

where

Moreover, if « is a p-adic unit such that « —1 #Z 0 (mod p) for p # 2
and o # 1 (m0d4) for p = 2, one has 1 = [1-2] = |U,(0)| < |[Ua]| < 1.
One has ||U,|| = |Us(0)| # 0; hence U, is invertible. Tt is readily seen
that 1+ XU, is invertible; one deduces that p1 o = Us(w)[1 4+ wUq (w)]
Thus, the convolution inverse v, of the measure p;, is then given by
Vo = Upn(W) 71 + wUy (w)] = w + Uy (w) 7L Setting

cjla) = (j +2>
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for j >0, bo(a) = 0 and b;(a) = co(a) ~Lej(a) for j > 1, one has

Us(w)™' = ateg(a)™t [1 + Z bn(oz)w”}_1

n>1

= o eo() ! S Y[ 3 baleer]”

7>0 n>1
2a 2a o n
= + Z Z(_l)]bn(]va)w )

1l -« l—aj21n21

with by (4, @) = 305, 4 iy (@) - by ().
Since by(«) = 0,

bu(j,) = Y bi(@)--bij(@) =0

for 7 > n + 1, one has
bn(jva) = Z bi1(a)"'bij(a)’ fOI‘j <n.

i1, 21
iptij=n

More precisely, one has

202 \n a~t al
b (4, @) = ) . , for j <n.
(] Oé) (1 _ Oé) Z (Zl + 2) (Zj + 2> or j} n

0150y €{1,0,n}

i+tij=n
It follows that
2a 2a = ;
-1 . n
@ = -1 ]bn )
o)™ = 1 g St
and
Vo= oy 4 [L = by (1, 0)]w + o S S (1B )"
a_l_ao 1—Oé1 ) w 1—a — £ n\J, )W .
n>2j=1
—1.—1 _
As bi(1, ) = by(a) = (0‘21) (0‘31) = 1222 one obtains
2a 1+« 2a - -
o — -1 J n .7 "
Vo= 700t gy 1_@%[;( Ybu(j, ) |w
= Zdn(a)w"
n>0
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where do(a) = 22, di(a) = =% and for n > 2 :

T—a’ — 3(1-a)
2c " j .
dal0) = T2 S (1))
—aH
s () ()
= — 3
1l -« 1554 11+ 2 ij + 2
11+ +ij7n
i1,..,0;€{1,...,n}
U
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