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The second Yamabe invariant with singularities

MOHAMMED BENALILI
HicHEM BOuGHAZI

Abstract

Let (M, g) be a compact Riemannian manifold of dimension n > 3.We suppose
that g is a metric in the Sobolev space HY(M,T*"M ® T*M) with p > % and
there exist a point P € M and ¢ > 0 such that g is smooth in the ball B,(d).
We define the second Yamabe invariant with singularities as the infimum of the
second eigenvalue of the singular Yamabe operator over a generalized class of
conformal metrics to g and of volume 1. We show that this operator is attained by
a generalized metric, we deduce nodal solutions to a Yamabe type equation with
singularities.

Dedicated to the memory of T. Aubin.

1. Introduction

Let (M, g) be a compact Riemannian manifold of dimension n > 3. The
problem of finding a metric conformal to the original one with constant
scalar curvature was first formulated by Yamabe ([9]) and a variational
method was initiated by this latter in an attempt to solve the problem.
Unfortunately or fortunately a serious gap in the Yamabe problem was
pointed out by Trudinger who addressed the question in the case of non
positive scalar curvature ([9]). Aubin ([2]) solved the problem for arbitrary
non locally conformally flat manifolds of dimension n > 6. Finally Shoen
([8]) solved completely the problem using the positive-mass theorem found
previously by Shoen himself and Yau. The method to solve the Yamabe
problem could be described as follows: let u be a smooth positive function
and let § = u"¥=2g be a conformal metric where N = 2n/(n —2). Up to a
multiplying constant, the following equation is satisfied

Ly(u) = SglulN"2u

Keywords: Second Yamabe invariant, singularities, Critical Sobolev growth.
Math. classification: 58J05.
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M. BENALILI & H. BoucHAZI

where

4(n—1)
n—2

and S, denotes the scalar curvature of g. L, is conformally invariant

called the conformal operator. Consequently, solving the Yamabe prob-

lem is equivalent to finding a smooth positive solution to the equation

Ly, = A+ S,

Lg(u) = ku""! (1)
where k is a constant.

In order to obtain solutions to this equation, Yamabe defined the quan-
tity

M = inf Y
w(M,g) uecwl(lzlwwo (u)

where
Jar (M2 |Vl + Syu?) dv,
2/N
(fM |U|Nd”g>

(M, g) is called the Yamabe invariant, and Y the Yamabe functional. In
the sequel we write p instead of (M, g). Writing the Euler-Lagrange equa-
tion associated to Y, we see that there exists a one to one correspondence
between critical points of Y and solutions of equation (1). In particular,
if u is a positive smooth function such that Y (u) = p, then w is a solution
of equation (1) and g = uN=2)g is metric of constant scalar curvature.
The key point to solve the Yamabe problem is the following fundamental
results due to Aubin ([2]). Let S,, be the unit euclidean sphere.

Y(u)=

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimen-
sion n > 3. If u(M,g) < u(Sp), then there exists a positive smooth
solution u such that Y (u) = p (M, g).

This strict inequality p (M, g) < u(Sy) avoids concentration phenom-
ena. Explicitly u(S,) = n(n — 1)0.)721/ " where w,, stands for the volume of
Sh.

Theorem 1.2. Let (M,g) be a compact Riemannian manifold of dimen-
stonn > 3. Then
(M, g) < p(Sn)-

148



THE SECOND YAMABE INVARIANT WITH SINGULARITIES

Moreover, the equality holds if and only if (M,qg) is conformally diffeo-
morphic to the sphere Sy,.

Amman and Humbert ([1]) defined the second Yamabe invariant as
the infimum of the second eigenvalue of the Yamabe operator over the
conformal class of the metric g with volume 1. Their method consists in
considering the spectrum of the operator L,

spec(Lg) = {A1,g, Aoy ...}

where the eigenvalues A1 4 < A2 4... appear with their multiplicities. The
variational characterization of A1 4 is given by

4(n—1
‘ Ju (7(“_2 )| Vu)? + Sgu2) dvy
Ayg = inf 5 .
u€C>® (M), u>0 Sy u?dug
Then they defined the k** Yamabe invariant with k € N*, by

e = inf \pgVol(M,g)""
g€lg]
where
lg] = {uN2g, we C*™ (M), u>0}.

With these notations p; is the Yamabe invariant. They studied the second
Yamabe invariant us, they found that contrary to the Yamabe invariant,
o cannot be attained by a regular metric. In other words, there does not
exist g € [g] , such that

~\2/n
H2 = AagVol(M, )"

In order to find minimizers, they enlarged the conformal class to a larger
one. A generalized metric is the one of the form § = u™~~2¢ , which is not
necessarily positive and smooth, but only u € LY (M), u>0,u # 0 and
where N = 2n/ (n — 2). The definitions of A2z and of Vol(M, §)2/ncan be
extended to generalized metrics. The key points to solve this problem is
the following theorems ([1]).

Theorem 1.3. Let (M, g) be a compact Riemannian manifold of dimen-
ston n > 3, then ug is attained by a generalized metric in the following

cases.
n n 2/n
>0, p2 < [(u 2+ (u(Sn)) /2}
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and
p=0, p2 < p(Sn)

Theorem 1.4. The assumptions of the last theorem are satisfied in the
following cases

If (M, g) in not locally conformally flat and, n > 11 and p >0

If (M, g) in not locally conformally flat and, u =0 and n > 9.

Theorem 1.5. Let (M, g) be a compact Riemannian manifold of dimen-
sionn > 3, assume that g is attained by a generalized metric § = u™N~"2g

then there exists a nodal solution w € C*%(M) of equation
Ly(w) = pafu ¥ ?w
such that
w] = u
where o < N — 2.

Recently F.Madani studied (see [6]) the Yamabe problem with singu-
larities when the metric g admits a finite number of points with singular-
ities and is smooth outside these points. Let (M, g) be a compact Rie-
mannian manifold of dimension n > 3, assume that g is a metric in
the Sobolev space HY(M,T*M @ T*M) with p > % and there exist a
point P € M and § > 0 such that g is smooth in the ball By(d), and let
(H) be these assumptions. By Sobolev’s embedding, we have for p > %,
HY (M, T*M @T*M) C C*=I"/PL8 (M, T*M @ T*M), where [n/p] denotes
the entire part of n/p. Hence the metric satisfying assumption (H) is
of class le[%]"g with 5 € (0,1) provided that p > n. The Christoffels
symbols belong to HY (M) ( to C°(M) in case p > n), the Riemann-
ian curvature tensor, the Ricci tensor and scalar curvature are in LP(M).
F. Madani proved under the assumption (H) the existence of a metric
g = uN~2g conformal to g such that u € HY(M), u > 0 and the scalar
curvature Sy of g is constant and (M, g) is not conformal to the round
sphere. Madani proceeded as follows: let v € H5(M), u > 0 be a function
and § = u’V"2g a particular conformal metric where N = 2n/(n — 2).
Then, multiplying v by a constant, the following equation is satisfied

n—2

5 N-2

Lyu =
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THE SECOND YAMABE INVARIANT WITH SINGULARITIES

where
n—2

4(n—1)
and the scalar curvature Sy is in LP(M). Moreover L, is weakly confor-

mally invariant hence solving the singular Yamabe problem is equivalent
to finding a positive solution u € HY (M) of

Lyu = klu|/N "2y (2)

Ly=A4+ Sy

where k is a constant. In order to obtain solutions of equation (2) we define
the quantity

= inf Y (u
a weHE (M),u>0 ()

where

Jar (IVul? + 725 Sgu?) dv,
(fag [uNdug)2N

w is called the Yamabe invariant with singularities. Writing the Euler-
Lagrange equation associated to Y , we see that there exists a one to one
correspondence between critical points of Y and solutions of equation (2).
In particular, if v € HY (M) is a positive function which minimizes Y,
then u is a solution of equation (2) and § = u’V~2¢ is a metric of constant
scalar curvature and p is attained by a particular conformal metric. The
key points to solve the above problem are the following theorems ([6]).

(u) =

Theorem 1.6. Ifp > n/2 and p < K ~2then equation 2 admits a positive
solution u € HY (M) c C'=["/PLB(M) ; [n/p] is the integer part of n/p,

B € (0,1) which minimizes Y, where K2 = —4 wEQ/n with wy, denotes
n(n—1)

the volume of Sp. If p>n , then w € HY (M) C C* (M).

Theorem 1.7. Let (M, g) be a compact Riemannian manifold of dimen-
sion n > 3. g is a metric which satisfies the assumption (H). If (M, g) is
not conformal to the sphere S,, with the standard Riemannian structure
then

u<K‘2

Theorem 1.8. Let (M, g) be a n-dimensional compact Riemannian man-
ifold. If w > 0 is a non trivial weak solution in H? (M) of equation
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Au + hu = 0, with h € LP(M) and p > n/2, then v € C*["/PL8 and
u > 0; [n/p] is the integer part of n/pand € (0,1).

Denote by
LJI(M):{UELN(M)ZUZO,U#O}.
For regularity argument we need the following results

Lemma 1.9. Let uw € LY (M) and v € H}(M) a weak solution to Ly(v) =

uN"2v, then

ve LNTEM)

for some € > 0.

The proof is the same as in ([6]) with some modifications. As a conse-
quence of Lemma 7, v € L*(M), Vs > 1.

Proposition 1.10. If g € HY(M,T*M ® T*M) is a Riemannian metric
on M with p > n/2. If g = uN"2g is a conformal metric to g such that
uw € HY (M), u> 0 then Ly is weakly conformally invariant, which means
that Vv € HE (M), [u|N"1Lgz(v) = Ly(uv)weakly. Moreover if u > 0, then
L is coercive and invertible.

In this paper, let (M, g) be a compact Riemannian manifold of di-
mension n > 3. We suppose that g is a metric in the Sobolev space
HY(M, T*M @ T*M) with p > n/2 and there exist a point P € M and
0 > 0 such that g is smooth in the ball Bp(d) and we call these assump-
tions the condition (H).

In the smooth case the operator L, is an elliptic operator on M self-
adjoint, and has a discrete spectrum Spec(Lg) = {A14 ,A2g,...}, where
the eigenvalues A1y < Az 4... appear with thelr multiplicities. These prop-
erties remain valid also in the case where S, € LP (M). The variational
characterization of A\ 4 is given by

3 g Ju (|VU|2 + 4(77, 21))5 u )dvg
= in
L9 u€H12,u>0 fM'LL dvg

Let [g] = {uV~2g : u € HY and u > 0}, Let k € N*, we define the k"
Yamabe invariant with singularities uj as
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THE SECOND YAMABE INVARIANT WITH SINGULARITIES

pr = inf )\kygVol(M,g)Q/"
g€lg]

with these notations, p; is the first Yamabe invariant with singularities.

In this work we are concerned with uo. In order to find minimizers to po
we extend the conformal class to a larger one consisting of metrics of the
form g = u"~2g where u is no longer necessarily in H5 (M) and positive
butu € LY (M) = {LN(M),U >0,u # 0} such metrics will be called for
brevity generalized metrics. First we are going to show that if the singular
Yamabe invariant g > 0 then py it is exactly p next we consider uo and
show that po is attained by a conformal generalized metric.

Our main results state as follows:

Theorem 1.11. Let (M,g) be a compact Riemannian manifold of di-
mension n > 3. We suppose that g is a metric in the Sobolev space
HY(M,T*M @ T*M) with p > n/2. If there exist a pointP € M and
0 > 0 such that g is smooth in the ball Bp(d), then

p1 = p

Theorem 1.12. Let (M, g) be a compact Riemannian manifold of dimen-
ston n > 3, we suppose that g is a metric in the Sobolev space

HY (M, T*M @ T*M) with p > n/2.

There exist a point P € M and § > 0 such that g is smooth in the ball
Bp(6). Assume that us is attained by a metric § = u™N~"2g where u €
Lf (M), then there exist a nodal solution w € CT="/PLB (M), B € (0,1),
of equation
Lyw = ,uguN_2w.
Moreover there exist real numbers a,b > 0 such that
u = aw4 + bw_
with wy = sup(w,0) and w_ = sup(—w,0) .

Theorem 1.13. Let (M, g) be a compact Riemannian manifold of dimen-
sionn > 3, suppose that g is a metric in the Sobolev space HY(M,T* M @
T*M) with p > n/2. There exist a point P € M and 6 > 0 such that g
is smooth in the ball Bp(d) then usy is attained by a generalized metric in
the following cases:
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If (M, g) is not locally conformally flat and, n > 11 and p >0
If (M, g) is not locally conformally flat and, =0 and n > 9.

2. Generalized metrics and the Euler-Lagrange equation

Let
LY (M) = {u € LY (M): u > 0,u # 0}

where N = %
As in ([1])

Definition 2.1. For all u € LY (M), we define Gri*(H? (M)) to be the
set of all k—dimensional subspaces of H? (M) with span(vy,va, ..., vx) €
Gri(H? (M)) if and only if vy, va, ..., vj, are linearly independent on M —
u~1(0).

Let (M, g) be a compact Riemannian manifold of dimension n > 3. For
a generalized metricg conformal to g, we define

L d
Mg = inf sup Jarv Ngf;))Qvg .
veGri(H2(M)) vev [y [ulN 2v2dy,

We quote the following regularity theorem

Theorem 2.2. [7] On a n -dimensional compact Riemannian manifold
(M, g), if u >0 is a non trivial weak solution in H? (M) of the equation

Au+ hu = cu¥ 71
with h € LP(M ) and p > n/2, then
ue HY(M) c ¢ =I/PLB ()
and u > 0, where [n/p] denotes the integer part of n/p and § € (0,1).

Proposition 2.3. Let (vy,) be a sequence in H? (M) such that v, — v
strongly in L* (M), then for all any u € LY (M)

/ N2 (v? — v2,)dv, — 0.
M

Proof. The proof is the same as in ([3]). O
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THE SECOND YAMABE INVARIANT WITH SINGULARITIES

Proposition 2.4. If u > 0, then for all u € LY (M), there exist two
functions v,w in H? (M) with v > 0 satisfying in the weak sense the
equations

Lyv =M\ gul % (7)
and

Lyw = A gul 2w (8)

Moreover we can choose v and w such that

/ NPt do, = / uN2v?dv, = 1 and / N "wudv, = 0. 9)
M M M

Proof. Let (vy,),, be a minimizing sequence for \j 5 i.e. a sequence v, €
HZ(M) such that

m [y [ulN 2R dug
It is well know that (|v,,|)m is also minimizing sequence. Hence we can
assume that vy, > 0. We normalize (vy,),, by

/M lulN 202, dv, = 1.

Now by the fact that L, is coercive

=ALg

ol < /M vmLg(vm)dvy < Mg+ 1.

(Um),, is bounded in H? (M) and after restriction to a subsequence we may
assume that there exist v € HZ (M), v > 0 such that v,, — v weakly in
H? (M), strongly in L? (M) and almost everywhere in M, then v satisfies
in the sense of distributions

—\, g, N-2
Lyv = A gu" “v.

Ifu € HX(M) c ¢ L31P(M) then

/ uN T (0? — 2 dv, — 0
M

/ uN_szdvg =1.
M

Then v is not trivial and is a nonnegative minimizer of \; g, by Lemma7

h=S, - \gu"~?eLP(M)

and
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and by Theorem 1.8
ve 52 o
and
v > 0.

Ifue LJX(M), by Proposition 2.3 | we get
/ N (v? — 02 dv, — 0
M

/ uN_2v2dvg =1.
M

v is a non negative minimizer in H{ (M) of A\, 7 such that

/ uN*ZUQdUg =1.
M

SO

Now consider the set
E = {w € H}(M): such that W w # Oand/ uN " 2wodv, = 0}.
M

Obviously F is not empty and define

Ly(w)dv
N — inf S wLy 9
29~ vep Jas [ulN—2w2du,

Let (wy,) be a minimizing sequence for )\’279 i.e. a sequence wy, € E such
that

lim Jas Wm Lg(wi)dug —\

m [ [u|N 2w, do, 29

The same arguments lead to a minimizer w to )\'27gwith Jy eV 2w =1
Now writing

/ u™N " 2wvdv, = / u™N "2 (w — W) dvu, + / u™N 2w, vdv,
M M M

and taking account of fM uN_mevdvg = 0 and the fact that w,, - w
weakly in LY (M) and since uN"2v € L~ (M), we infer that

/ uNwavdvg =0.
M

Hence (8) and (9) are satisfied with \) ; instead of Ay . O
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THE SECOND YAMABE INVARIANT WITH SINGULARITIES

Proposition 2.5. We have

/ — p—
2,9 — Agvg'

Proof. The proof is the same as in ([3]) so we omit it. O

Remark 2.6. If p > n then u € HY (M) c C' (M), by Theorem 9, v and
w € Ct (M) with v > 0.

Remark 2.7. If p > n then u € HY (M) C C' (M) and Ao = A1 3, we
see that |w| is a minimizer for the functional associated to A; g, then |w|
satisfies the same equation as v and by Theorem 9 we get |w| > 0, this
contradicts relation (9), necessarily

/\2@ > )\1@.

3. Variational characterization and existence of y,;

In this section we need the following Sobolev’s inequality (see [5])

Theorem 3.1. Let (M, g) be a compact n -dimensional Riemannian man-
ifold. For any ¢ > 0, there exists A(g) > 0 such that Yu € H? (M),

lullz < (52 + &) Vull3 + Ae)lull3
where N = 2n/(n — 4) and K? = 4/(n(n — 2)) Wi wy, s the volume of
the round sphere S,,.

Let [g] = {u/N"2g : uw € HY (M) and u > 0}, we define the first singular
Yamabe invariant p; as

1 = inf Ay zVol(M,§)""
g€lg]

then we get
Jar vLg(v)dvg

2
= inf su / uNdv,)n.
= uweHE \VeGri(H?) Uevpr |u|N*21)2dvg( M 9)

Lemma 3.2. We have
p <p< K2
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Proof. If p > 2n/(n + 2), the embedding HY (M) C H? (M) is true, so

. Jas vLg(v)dog / N 2
= inf su u dvg)n
P emp veGrm o) ver fy |U!N_2U2dvg( M 2

L d
< inf sup vaNg(;))Qvg (/ uNdvg)%.
u€HY,VeGry(H3(M)) veV fM |U| —cv dvg M

in particular for p > 5 and u = v we get

p1 < inf Jar vLg(v)dvg (/ N )2
B veH \VeGri(Hy (M)) veV fM |U‘N_2U2dl}g M g

ie
< p < K72
0

Theorem 3.3. If u > 0, there exits conform metric § = uN"2g which
minimaizes [i1.
Proof. The proof will take several steps.

Step 1: We study a sequence of metrics g, = u)~2g with u,, €
HY (M), uy > 0 which minimize pq i.e. a sequence of metrics
such that

= lim g g (VoI (M, )2/,

Without loss of generality, we may assume that Vol(M, g,,) = 1

ie.
/ ubrdvg = 1.
M

In particular, the sequence of functions w,, is bounded in LY (M)
and there exists v € LY (M), v > 0 such that u,, — u weakly in
LN (M). We are going to prove that the generalized metric u™~2g
minimizes p1. Proposition 2.4 implies the existence of a sequence

(vm) in HE (M), vy, > 0 such that

Ly(vm) = Al,muﬁ_zvm

/ uﬁ_%;dvg =1.
M

158
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now since p > 0, by Proposition 1.10, L, is coercive and we infer
that

lomlliy < [ emLy(om)dog =M < pr +1.
The sequence (vy,),, is bounded in H (M), we can find v €
H? (M), v > 0 such that v,, — v weakly in H? (M). Together
with the weak convergence of (u,),,, we obtain in the sense of

distributions
Ly(v) = pu™ 2.

Step 2: Now we are going to show that v, — v strongly in H? (M).
We put
Zm = Uy — U
then 2z, — 0 weakly in H? (M) and strongly in L? (M) with ¢ <
N, and writing
/ Vo |? dv, :/ |V 2| du, +/ IVo|? du, —|—2/ Vzm Vuduy,
M M M M

we see that
/M V0| dvg = /M |V 2z | dvg + /M |Vol? dvg + o(1).

Now because of 2p/(p — 1) < N , we have

n—2 2 n—2 9
Al 1)\ m dv, < ——— m —
/M L(n— 1)Sg(U v)*dvg < i = 1)H5g||pHU v||% -0

SO

n—2
/M4(n—1)SUm dvg = / i )Svdvg—i—o(l)

and

2 n—2 2
/M |Vum|™ dug —|—/M In=1) Sg(vm)“dvg

_ 2 2 n—2 2
_/M|Vzm| dvg—i-/M\Vv\ dvg+/M 4(n_l)Sg(v) dvg + o(1).
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Then
/ U Lgvmdug
= / IV 2| do, —|—/ (Vol? du, —|—/ i(n S Jv2dvg + o(1)
And by the deﬁnition of p and Lemma 3.2 we get
/ IVu|? dvg+/ =1 (v)?dv, > u(/M devg)% > ,u,l(/M devg)%

then

/ UmLg(vm)dvg > / IV 2 |* dvg + Ml(/ devg)% +o(1).
M M M
And since

/ Um Lg(m)dvg = A m < p1 + o(1)
M

and
[Vl dvg ([ o¥du)F < o)
M M
i.e
pa||ol% 4+ 1V 2ml13 < pn + o(1) (10)

Now by Brézis-Lieb lemma ([4]) , we get

hm/ dvg —/ devg
M

lim (o |[§ = lzml & = [lV]|¥-

ie.

Hence
N N N
[vmlln +o(1) = llzmlx + llvllN-

By Hélder’s inequality and [y, ul 7202, dv, = 1, we get

va”% >1
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THE SECOND YAMABE INVARIANT WITH SINGULARITIES

ie.
/M(UN + 2N Ydv, = /M vNdv, +o(1) > 1+ 0(1).

Then

Z|w

%
+ </ z%dvg) >1+0(1)
M

( /M o dvg>

ie.

lzmll3 + [z = 1+ o(1).

Now by Theorem 3.1 and the fact z,, — 0 strongly in L? (M), we
get

lmlfy < (K2 + &)l Vamll3 + o(1)

1+0(1) < llzml % + I0llR < IolF + (K2 + )| Vamll3 + o(1).

So we deduce

1+o0(1) < [Joll % + (B +€)[[Vzmll3 + o(1)

and from inequality (10), we get

IVzmll3 + pallolliy < pa((K2 + ) IVaml3 + [lvlF) + o(1).
So if u1 K2 < 1, we get

(1= m(K? +€))[Vaml3) < o(1)
i.e. vy, — v strongly in H? (M).
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Step 3: We have

. N-2, 2 N-22  N-22  N-2 2
lgln/M(um Uy — U707+ Uy 07— Uy, v)dvg

- N-2.2 _ 2 N-2 _  N-2y 2
zlgln/M(um (v, —v°) + (up, “—u )v)dvg.

Now since uy,;, — ua.e. so does uly 2 — uN =2 and [, ul "2dv, < c,

hence uY =2 is bounded in LV /(N=2) (M) and up to a subsequence

ulN=2 = u N2 weakly in LN/(V=2) (M), Since v? € L (M), we
have

. N—-2 N—-2y,2
h%n/M(um —u" % )vidug =0

and by Hélder’s inequality

. N—
I%n /M ull 72 (v — v)2duy
< ([ ulldvg) N[ o~ ol dug) ¥ <0
M M
By the strong convergence of (v,,) in LY (M), we get
/ uNfZUdeg =1,
M
then v and v are non trivial functions.

Step 4: Let u = av € LY (M) with a > 0 a constant such that
[y TN dvg = 1 with v a solution of

Ly(v) = mu 2y

with the constraint

/ uN_szdvg =1.
M

We claim that u = v; indeed,
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Jas vLg(v)dvy
<L 282 I 7 I
= Jay N 202dv,
Sy vLg(v)dug _ a?uy [y ulN"20?dv,
= Jylav)N=202dv, [ uN2(av)2do,

and Holder’s inequality lead

< [ (@ 2av) Py,

<m(| )R (@0 au)F <

And since the equality in Holder’s inequality holds if

u =

S

= av
then a = 1 and

u=wv.
Then v satisfies Lyv = p1vV =1 by Theorem 2.2 we get v = u €
H2 (M) c 18 (M) with B e (0,1) and v =u >0,

Resuming, we have

Lg(v) = ,ulvN_l, / devg =landv=wu¢€ Hg (M) C Cl_[%]’ﬁ (M)
M

so the metric g = ulv ~2¢ minimizes .
O
4. Yamabe conformal invariant with singularities
Theorem 4.1. I'f u >0, then u1 =
Proof. Step 1: If pu > 0. Let v such that L,(v) = po¥~1 and

Jyy vVdvog =1 then

= [ oLy, > cllol
M

and v in non trivial function then p; > 0. On the other hand

163



M. BENALILI & H. BoucHAZI

— inf fM ng(U)dvg

i
(Jur vV duvg) ~

§/ vLg(v)dvy =
M

and by Lemma 3.2 , we get
= p
Step 2: If =0, Lemma 3.2 implies that p; < 0, hence

[1,1:0.

5. Variational characterization of .

Let [g] = {uN~2g, uw € HY (M) and u > 0}, we define the second Yamabe

invariant pe as

w2 = inf Ap5Vol(M, §)2/n
g€y

or more explicitly

L d
Lo = inf u vaNgf;})Qvg (/ uNdvg)%
weHP VeGra(H2(M)) vev [oy |ulN "2v2dvg "

Theorem 5.1 ([1]). On a compact Riemannian manifold (M, g) of di-
mension n > 3, we have for all v € HE (M)and for all u € LY (M)

2
n

2%/ luN20Pdv, < (Kz/ |Vv|2dvg+/ Bov2dvg)(/ u™Ndv,)
M M M M

Or
2n / lulN "202dv, < ul(Sn)(/ Cr| V| + Bngdvg)(/ uNdvg)%
M M M
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Theorem 5.2. ([1]) For any compact Riemannian manifold (M,g) of
dimension n > 3, there exists By > 0 such that
Jor = VUl + Bouldug
11(Sp) = n(n — 1)w?/™ = inf
HE o (fay [ulNdvg)?/N

where wy, is the volume of the unit round sphere

or
(/ \u|Ndvg)2/N §K2/ ]Vu|2dvg+/ Bou*dvy
M M M
K? = u1(S,)71Cp and Cp, = (4(n — 1)) /(n — 2)

6. Properties of po

We know that gis smooth in the ball B,(d) by assumption (H), this as-
sumption is sufficient to prove that Aubin’s conjecture is valid. The case
(M, g) is not conformally flat in a neighborhood of the point P and n > 6,
let n is a cut-off function with support in the ball B,(2¢) and n = 1 in
By(e), where 2¢ < § and

€ |n=2

ve(q) = (m) 2
with r = d(p, q). We let u. = nv. and define

o (IVuP + 15 Sgu?) dog
- (fag [N dug)2N

We obtain the following lemma
Lemma 6.1. ([1])
{(K=2 — clw(P)|?>e* +0(e*) if n > 6
pu— <
=Yl < { K2 — clw(P)Pe*log L + 0(e%)ifn = 6
where |w(P)|is the norm of the Weyl tensor at the point P and ¢ > 0.

Theorem 6.2. If (M, g) is not locally conformally flat and n > 11 and
w>0, we find

n

pp < ((p? + (K7%)%)
and if w=0,n2>9 then

S

pa < K2
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Proof. With the same method as in ([1]), this theorem follows from Lemma
6.1. (]

7. Existence of a minimizer to

Lemma 7.1. Assume that v, — v weakly in H? (M), uy, — u weakly in
LN (M) and [y; upm™ 2vm2dog = 1 then

/ U N 72 (U, — v)2dvg =1 — / u™N 202 dv, + o(1)
M M

Proof. we have

/ U 72 (v, — v)?du,

M

= / umN*QUdevg + / umN*2v2dvg — / 2umN*2vmvdvg
M M M

=1 +/ umN_QUdeg —/ 2umN_2vmvdvg ) (15)
M M

Now (umN_2> is bounded in L¥-2 (M) and u,,,N =2 — uN2a.e., then
m

umN "2 = uN=2 weakly in L¥-2 (M) and V¢ € L3 (M)
/ qﬁumN*deg —>/ d)uN*deg
M M
in particular for ¢ = v?

/ v2umN72dvg —>/ v2uN72dvg.
M M

Jag um™ 20y dv, is bounded in LN (M), because of

N_o N N N-2 N 1
U N Tog tdug < (f um dug) NT( | v dug) N1
M M M
and up¥ "2v, — uN"2v ae., then unN 2v, — uN "% weakly in
N
L~-T (M).

Hence
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/ umN_2vmvdvg—>/ uN_QUdeg
M M

/ U™ 72 (U — v)2dvg =1 — / u™N 20 dv, + o(1).
M M

and

0

Theorem 7.2. If1 — 27%K2u2 > 0, then the generalized metric uN ~2g
minimizes [o

Proof. Step 1: We study a sequence of metrics g, = u)~2g with
Um € HY (M), up, > 0 which minimizes the infimum in the defini-
tion of ug i.e. a sequence of metrics such that

po = lim Ao, (Vol (M, gm)2/".
Without loss generality, we may assume that Vol(M, g,,) =1 i.e.
that [,, u)dv, = 1. In particular, the sequence of functions (u,),,
is bounded in LY (M) and there exists u € L (M), u > 0 such
that u,, — uweakly in LY. We are going to prove that the gener-
alized metric u™~2g minimizes . Proposition 2.4, implies the
existence of vy, wy, € HE (M), vy, > 0 such that

Ly(vm) =M muN 20m
Ly(wm) = A2 muN 2w

And such that
/ ulN =202 vy, dvg = / ul 2?2 w,,dvg =1 / u%_vawmdvg = 0.
M M M

The sequence vy, wy, is bounded in H? (M), we can find v,w €
H? (M), v > 0such that v, — v, w,, — w weakly in H? (M).Together
with the weak convergence of (u,,), we get in weak sense

Ly(v) = ™o

and
Ly(w) = pou®™ 2w
where

,L/L\l = lim Al,m S 2.
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Step 2: Now we show v, — v , w, — w strongly in H? (M).
Applying Theorem 5.1 to the sequence v, — v, we get

/M |um|N_2(vm — U)deg
< (2*%1(2/ IV (v — 0)[2dvg + / Bo(v dvg)(/ N dv,)E
M M

and since v, — v strongly in L?(M) ,
/ et N2 (00 — 0)2dvy < K2/ IV (0 — ) [2dvy + o(1)
M

—%Kz/ (\V(vm)\Q + |Vl - 2vaVv> dvg + o(1).
M

By the weak convergence of (vy) , [1; VomVudu, = [4, |V|? dvog+

o(1)

/ | V2 (0 — 0)2d, < —%K2/ (19 () — Vo) dvg + of1)
M M

and since
n—2 9 n—
/M ms Um dUg /M ms U dvg +O( )
we get
/ |2 (0 — )
n—2 9 9
/ ( |Vv| dvg+/ (n— 1)5 o (v, —v7)dvg)+o(1)
<2 ik / (tmLg(v) = vLy(v) dvg + o(1)
M

< 2_%K2()\17m — fﬁ/ uN_ZUdeg) + o(1)
M
By the fact g7 = lim Ay, < po

168



THE SECOND YAMABE INVARIANT WITH SINGULARITIES

< 2_%K2u2(1 - / uN"202dv,) + o(1)
M
Then

/M |t |V 72 (U, — v)2dvy < 2_%K2,u,2(1 - /M u™ " 202dv,) 4 o(1)

Now using the weak convergence of (v,) in H? (M) and the weak
convergence of (u,,)in LY (M), we infer by Lemma 7.1 that

/M |t |V 72 (v — v)2dvg = 1 — /M u™ 202 dv, + o(1)

then

1 —/ u™N 22 du, < 2*%K2,u2(1 —/ u™N 22 dv,) + o(1)

M M
and

1-2 7 K20 < (1— 2*%1(2”2)/ uN"202du, + o(1).
M
Soif 1 — 27%K2,u2 > () then
/ uN*2v2dvg > 1.
M

and by Fatou’s lemma, we obtain

/ uN*QUZdvg < lim / u%dv?ndvg =1.
M M
We find that
/ uN_Qv2dvg =1. (16)
M
So u and v are not trivial.

Moreover

/ |V(vm—v)\2dv9:/ (19 () + Vol — 290, 70) do,
M M
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:/ (IV@n)I? = [V[?) do, + o(1)
M
and since [y, Sy (vm? — v?) dvg = o(1), we get

¥ @n =) duy = [ (nLy(em) = oLy(v)) dug +o(1)

< po(l— / N 202 dvy) + o(1)
M

Then, by relation (16)

[ 19 =) du, = o(1)

and v, — v strongly in H? (M). The same argument holds with
(wy,), hence wy, — w strongly in H (M) and [, ¥ ~2w?dv, = 1.

To show that [, ulv *2vwdvg = 0, first writing and using Hoélder’s
inequality, we get

/ (uﬁ_%mwm — vw) dvy = / ( TNn I a— u%_vam> dvg
M M

+/ (u% Zow, —ulN ™ 2vw> dvg
= / Ul (Vg — V) wpdvg + / (u%ﬁvwm - uN*ZUw) dvg
M M

N—-2 N-2
= /M Um® W [Um® (Um — v)]dvg + /M (uﬁ_ngm — uN_va) dvg

1

1 2
< </ ulN 2 w? dvg) ’ (/ uN 72 (v, — ’U)deg)
M M

N-2 N-2
+ /M (um VW, — U vw) dvg
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1 1
< (/ [vm — v dvg> gt (/ u%%zdvg) i (/ ulN =2 (wy, — w)deg>
M M M

+/ (ul =% — uN " wwdo,
M
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1 1 1
< (/ | U, — v|Ndvg> At </ u,]X_QUdeg> ’ </ |wp, — w|)Ndvg> "
M M M
+/ (ul =2 — N vwdu,.
M
Now noting that

/ uby v dv, < (/ uyNndvg)¥(/ devg)% < 400
M M M

N
and taking account of u =2 — uV~2 weakly in L¥—2 (M) and the
fact that vw € L (M), we deduce

/ (ul =2 — N ") vwdv, — 0
M

hence
/ uN_vadvg =0.
M

Consequently the generalized metric v’V ~2¢g minimizes ys.
O

Theorem 7.3. If uy < K72, then generalized metric uN~2g minimizes

12

Proof. Step 1: We study a sequence of metrics g, = u)~2g with
Um € HY (M), umm > 0 which attains s i.e. a sequence of metrics
such that

2 = Hm Ao (Vol(M, )™

Without loss of generality, we may assume that Vol(M, g,,) = 1
ie. [, uNdv, = 1. In particular, the sequence (u,),, is bounded
in LY (M) and there exists u € LY (M), u > 0 such that u,, — u
weakly in LY (M).We are going to prove that the metric u™~2g
minimizes pg. Proposition 2.4 and Theorem 1.8 imply the existence

of Uy, Wy € Cl_[%}’ﬁ, with 8 € (0,1) (M), v, > 0 such that

Ly(vp) = /\17mu%*2vm
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N-2

Ly(wm) = AomUy, "W

and
N-2, 2 _ N-2, 2 _ N-2 _
/um vmdvg—/ Uy, “Wydvg =1, / Uy VW dvg = 0.
M M M

The sequences (v, ), and (wy,),, are bounded in Hf (M), we can
find v,w € H? (M) with v > 0 such that v,, — v, w,, — w weakly
in H? (M). Together with the weak convergence of (uy,),,, we get
in the weak sense

Ly(v) = iqu v
and
Ly(w) = pou™ 2w
where
//JE = lim /\l,m < 2.

Step 2: Now we are going to show that v,, = v , w,, — w strongly
in HZ (M).

By Holder’s inequality, Theorem 3.1, the strong convergence of
(vm) in L% (M), we get

/ || V72 (0 = 0)?dvg < v — 0[|R < K|V (0m — 0)|[3 + o(1)
M
< K2/ (19 () + [Vof? — 290, 70) dv + o(1)
M
< K2/ (19 (wm)P? — [[2) dvg + of1)
M

< K2 [ (unLy(vm) = vLy(0) dug +o(1)

< K?up(1 — /M uN 202 dv,) + o(1)

and with Lemma 7.1

/M g |V 72 (v — v)2dvy = 1 — /M u™ 202 dv, + o(1)
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then
1-— / u™N "2 du, < KPpus(1 — / u™ " 202dv,) + o(1)
M M

ie

1— K2y < (1-— K2u2)/ uN*QUdeg
M

soif 1 — K2uy >0,
/ uN_QUdeg > 1.
M

On the other hand since by Fatou’s lemma
/ uN72v2dvg < lim / u%ﬂvfndvg =1.
M M

/ uN*2v2dvg =1.
M

Then

and

[ ¥ =) dvy = o(1)
M

Hence v,, — v strongly in H (M) c LY (M).

The same conclusion also holds for (wy,),,.
]

Lemma 7.4. Let u € LN (M) with [, u™dv, =1 and z ,w nonnegative
functions in HZ(M)satisfying

/ wLg(w)dvg < ug/ N 2w do, (20)
M M
and
/ zLg(2)dvg < ug/ u™N 222 dw, (21)
M M
And suppose that (M — z=1(0)) N (M —w~1(0)) has measure zero. Then u

is a linear combination of z and w and we have equality in (20) and (21).

Proof. The proof is the same as that of Aummann and Humbert in ([1]).
O
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Theorem 7.5. If a generalized metric u™~2g minimizes ug, then there

exists a nodal solution w € HY (M) C Cc1-[n/pl.B (M)
of equation
Ly(w) = pu¥ 2w (22)
More over there exista,b > 0 such that
u = aw4 + bw_

With wy = sup(w,0) and w_ = sup(—w,0) .

Proof. Step 1: Applying Lemma 7.4 to wy = sup(w,0) and w_ =
sup(—w, 0), we get the existence of a,b > 0 such that

u = aw4 + bw_.

Now by Lemma 1.9, w,,w_ € L® (M) i.e. u € L>® (M) ,uN"2 ¢
L (M), then

h =S, — pgu’~%¢c LP (M)
and from Theorem 2.2, we obtain

w e HY (M) c c=/Pl8 (ar) .

Step 2: If pg = uy, we see that |w| is a minimizer to the functional
associated to 1, then |w| satisfies the same equation as v and
Theorem 2.2 shows that |w| = w € HY (M) c ' [*/Ph8 (pr)
that is |w| > 0 everywhere, which contradicts the condition (9) in
Proposition 2.4 , then

M2 > p1.

Step 3: The solution w of the equation (22) changes sign. Since if
it does not, we may assume that w > 0, by step2 the inequal-
ity in (20) is strict and by Lemma 7.4 we have the equality: a
contradiction.

O

Remark 7.6. Stepl shows that u is not necessarily in HY (M) and by the
way the minimizing metric is not in HY(M,T*M @ T*M) contrary to the
Yamabe invariant with singularities.
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