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The linear symmetric systems associated with
the modified Cherednik operators and
applications

HATEM MEJJAOLI

Abstract

We introduce and study the linear symmetric systems associated with the
modified Cherednik operators. We prove the well-posedness results for the Cauchy
problem for these systems. Eventually we describe the finite propagation speed
property of it.

Les systemes symétriques linéaires associés aux opérateurs de
Cherednik modifiés et applications

Résumé
Nous présentons et étudions les systémes symétriques linéaires associés aux
opérateurs de Cherednik modifiés. Nous prouvons que le probléeme de Cauchy pour
ces systémes sont bien posé. Finalement nous en décrivons le principe de vitesse
finie.

Dedicated to Khalifa Trimeéche for his 66th birthday

1. Introduction

Let a be a real Euclidean vector space of dimension d and let R be a root
system in a. A multiplicity function is a complex-valued function k& on R
which is invariant with respect to the Weyl group of R. In the mid 1990s,
Ivan Cherednik associated with a triplet (a, R, k) a commutative family of
first order differential-reflection operators, nowadays known as Cherednik

Keywords: Modified Cherednik operators, modified Cherednik symmetric systems, en-
ergy estimates, finite speed of propagation, generalized wave equations with variable
coefficients.

Math. classification: 35105, 22E30.
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H. MEJJAOLI

operators or trigonometric Dunkl operators. The original motivation for
the study of these operators came from the theory of invariant differen-
tial operators: if the triplet (a, R, k) arises from the structure theory of
a Riemannian symmetric space of the non-compact type G/K, then it is
possible to explicitly construct all radial components of the W —invariant
differential operators on GG/K using the Cherednik operators. The joint
spectral theory of Cherednik operators is therefore naturally related to the
harmonic analysis on Reimannian symmetric spaces (and to the more gen-
eral theory of hypergeometric functions in several variables of Heckman
and Opdam). But it is also related with the representation theory of the
graded Hecke algebra of Lusztig. There are many references on the subject.
Our starting point will be the following references (cf. [3, 12, 13, 15]).

In this paper, we are interested in studying to the modified Cherednik-
linear symmetric system

d
(9) Opul(t,z) — ZAjTju(t,:I:) — Aou(t,z) = f(t,z), (t,x) €l xR?
j=1

U=0 = 7V,

where T}, j = 1,...,d, are the modified Cherednik operators, I be an in-
terval of R, (Ap)o<p<a a family of functions from I x R? into the space of
mxm matrices with real coefficients a, ; ;(t, ) which are W-invariant with
respect to , symmetric (i.e. ap;;(t,2) = ap;i(t,x)) and whose all deriva-
tives in € R? are bounded and continuous functions of (¢, z), the initial
data belongs to generalized Sobolev spaces [H}; (RH)]™ and f is a continu-
ous function on an interval I with value in [H(R%)]™. In the classical case,
the Cauchy problem for symmetric hyperbolic systems of first order, it has
been introduced and studied by Friedrichs (cf. [6]). The Cauchy problem
will be solved with the aid of energy integral inequalities, developed for
this purpose by Friedrichs. Such energy inequalities have been employed
by Weber [18], Zaremba [19] to derive various uniqueness theorems, and
by Courant-Friedrichs-Lewy [5], Friedrichs [6] to derive existence theo-
rems. In all these treatments the energy inequality is used to show that
the solution, at some later time, depends boundedly on the initial val-
ues in an appropriate norm. To derive an existence theorem however one
needs, in addition to the a priori energy estimates, auxiliary constructions.
Thus motivated by these methods we will prove by energy methods and
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SYMMETRIC SYSTEMS AND APPLICATIONS

Friedrichs approach local well-posedness and principle of finite speed of
propagation for the system (.59).

Let us first summarize our well-posedness results and finite speed of
propagation (Theorem 4.3 and Theorem 5.2).

Well-posedness for DLS. For all given f € [C(I, Hi(R%))]™ and v €
[Hi(RY)]™, there exists a unique solution u of the system (S) in the space

[C(T, HRRD)™ (ICHI, HiH (RD))]™

In the classical case, a similar result can be found in [2], where the authors
used another method based on the symbolic calculations for the pseudo-
differential operators that we can not adapt for the system (S) at the
moment. Our method use some ideas inspired by the works [2, 6, 7, 8, 9,
10, 11, 5, 14].

Finite speed of propagation. Let (S) as above. We assume that f
belongs to [C(I, H}(R%))]™ and v € [H} (RY)]™.

e There exists a positive constant Cj such that, for any positive real
R satisfying

f(t,z) =0 for |z]] <R —Cot
vix) =0 for |z|| <R,

the unique solution u of the system (S) verifies

u(t,z) =0 for |z|| <R - Cot.

e If the given f and v are such that

f(t,x) =0 for |z||> R+ Cot
v(x) =0 for || >R,

then the unique solution u of the system (5) satisfies
u(t,z) =0 for ||| > R+ Cyt.
In the classical case, similar results can be found in [2, 11, 16].

A standard example of the modified Cherednik linear symmetric system
is the generalized wave equations with variable coefficients defined by:

8t2u — divi[A. Vi u]l + Q(t, x, 0pu, Tyu), t e R, x € R,
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H. MEJJAOLI

where
d
Vigw:= (Thu,...,Tyu), divg (vi,...,vq) = ZTivi,
i=1

A is a real symmetric matrix which verifies some hypotheses (see subsec-
tion 5.1) and Q(t, z, dyu, T,u) is differential-difference operator of degree 1
such that these coefficients are C°°, and all derivatives are bounded. From
the previous results we deduce the well-posedness of the generalized wave
equations (Theorem 5.1):

Well-posedness for GDW. For all s € N, ug € H;"'(R9), uy €
Hi(RY) and f € C(R, H{(RY)), there exists a unique

u e CYR, H{(RM) NC(R, HI ™ (RY))
such that
Ofu — divi[A.Vu) + Q(t, z, 0w, Tyu) = f
Ujt=0 = U0

Ou [t=0 = U1-

The paper is organized as follows. In Section 2 we recall the main re-
sults about the harmonic analysis associated with the modified Cherednik
operators. In Section 3 we introduce the generalized Sobolev spaces asso-
ciated with modified Cherednik operators and we study these properties.
Section 4 is devoted to study the generalized Cauchy problem of the modi-
fied Cherednik linear symmetric systems. In the last sections we give many
applications. More precisely, we prove the well-posedness of the general-
ized wave equations associated with the modified Cherednik operators.
Next, we prove the principle of finite speed of propagation of the linear
Cherednik symetric systems.

Throughout this paper by C' we always represent a positive constant
not necessarily the same in each occurrence.

Acknowledgment. The author gratefully acknowledge the Deanship of
Scientific Research at the University of King Faisal on material and moral
support in the financing of this research project No. 130172. The author is
deeply indebted to the referees for providing constructive comments and
helps in improving the contents of this article.
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SYMMETRIC SYSTEMS AND APPLICATIONS

2. Preliminaries

This section gives an introduction to the theory of modified Cherednik
operators, generalized Fourier transform, and generalized convolution op-
erator. Main references are [1, 4].

2.1. The eigenfunctions of the modified Cherednik operators

The basic ingredient in the theory of modified Cherednik operators is
finite reflection groups, acting on R? with the standard Euclidean scalar
product (.,.) and ||z|| = \/{z,z). On C%, ||.| denotes also the standard
Hermitian norm, while (z, w) = 2?21 2 W;.

Let (e;)j=1,..4 be the Euclidean bases of R?, let e;-/ = 2e; be the coroot
associated to e; and let

re;(z) =z — (e, x)e; (2.1)

be the reflection in the hyperplane He; C R? orthogonal to ej. The re-
flections 7e,,j = 1,...,d, generate a finite group W C O(d), called the
reflection group associated with (e;);=1,... 4.
Moreover, let Ay denotes the weight function
d
VaeRY, Ay(z) =27 [] Isinh({e; ,2))[* cosh® ((e; ,z)),  (2.2)
j=1
with k; > 1; > 0 and kj # 0, and v == Y0_o(k; + 1;).
In the following we denote by

e C(R?) the space of continuous functions on R,

Co(R?) the space of continuous functions on R? vanishing at in-
finity.

CP(R%) the space of functions of class CP on RY.

C?(RY) the space of bounded functions of class CP.

E(RY) the space of C*®-functions on R,

S(RY) the Schwartz space of rapidly decreasing functions on R
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H. MEJJAOLI

e D(RY) the space of C*®-functions on R which are of compact
support.

e S'(R?) the space of temperate distributions on R

The modified Cherednik operators T}, j = 1,...,d, on RY are given by

T, £(2) i= ~o F(a)+ [Ry coth((e;, @)+ 1y tanh((e;, )] (£(x)— Flre, ().

(2.3)
Some properties of the T}, j = 1,...,d, are given in the following: for
all f and g in C*(RY) with at least one of them is W-invariant, we have

For f of class C'!' on R? with compact support and g of class C' on R?,
we have for j =1,2,...,d:

Tjf(2)g(z) Ag(z)dr = —/Rd f(@)Tig(x) Ap(x)de. (2.5)

The modified Cherednik operators form a commutative system of dif-
ferential-difference operators. The modified Heckman-Opdam Laplacian
A\, is defined by

Ox;

Ra

Apf(x ZT2 (2.6)

d
= Af(x) + Z[% coth((ej, z)) + 2, tanh((ej,@)} (Vf(x),ej)

Jj=1

’ kj lj
_ ]Zl [(sinh(<ej,x>))2 o (COSh((ej,x>))2} (f(i') - f(?"ej (:L'))),

where A and V are respectively the Laplacian and the gradient on R
The modified Heckman-Opdam Laplacian on W-invariant functions in
denoted by AW and has the expression

d
AY f(x) )+ Z [Zk coth((ej, z)) + 2, tanh((ej,:r))] (Vf(x),e)-

Jj=1
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SYMMETRIC SYSTEMS AND APPLICATIONS

Ezxample 2.1. Ford =1, and k > 1 > 0 and k # 0, the modified Heckman-
Opdam Laplacian AZV is the Jacobi operator defined for even functions f
of class C? on R by

d?

AWV f(z) = /@) + [2k coth(x) + 21 tanh(x)] d% f(x).

We denote by G the eigenfunction of the operators T}, j = 1,2,...,d.
It is the unique analytic function on R? which satisfies the differential-
difference system

Tiu(x) = Nu(z), j=1,2,...,d,x €R?
u(0) =1.

It is called the modified Opdam-Cherednik kernel.
We consider the function F) defined by

1
Ve eRY, Fy(z)=—= > Gi(wz).
‘W| weW

This function is the unique analytic W-invariant function on R? which
satisfies the differential equations

{ p(Tu(z) =pMNu(z), xcRIINcR?
u(0) =1,

for all W-invariant polynomial p on R¢ and p(T) = p(T1,...,Ty). In par-
ticular for all A € R? we have

A Fa(z) = [IAPFa(2).

The function F) is called the modified Heckman-Opdam kernel.
The functions Gy and F) possess the following properties

i) For all z € R?, the functions G and F) are entire on C%.

ii) There exists a positive constant My such that

VzeRY VAeRY, |Ginz) < M.

iii) Let p and ¢ be polynomials of degree m and n. Then there exists
a positive constant M’ such that for all A\ € C4\{0} and for all
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z € R?, we have

., 0 c I+ N[ +0)™ (Re(wAx))
- R < Jyn AT U P TS maXyew (he(WAX .
p(55)a(5, )G @) < M T+ Ja) ] e

2.7)

Ezample 2.2. When d =1 and W = Zs, the modified Opdam-Cherednik
kernel G)(z) is given for all A € C and = € R by

|

(k=3-3) (x) +

k2D, it aec\{o
GA@):{% Low TP @), it Aec\(o),

, it A=0,

==
Iy

1 1
(k—1.1-1)

with A2 = p? + (k+1)? and ¢ the Jacobi function given by

kE+1l4ip k4+1—ip
2 ’ 2
where o F] is the Gauss hypergeometric function.

In this case the modified Heckman-Opdam kernel F)\(z) is given for all
A€ Cand xz €R by

k—11-1
on 2T (@) = o

1
k4 X —(sinhz)?), (2.8)

2.2. The generalized Fourier transform

We denote by
So(R?) the space of C-functions on R? such that for all £,n € N, we
have

d
sup (1 +||z]))* [ (cosh(a;))* )| DF f(a)] < oc,

|| <n, zeRe j=1
where

i ol

- = (... ug) €N
oMy ...0Mdxy = Ha)

PW((Cd) the space of entire functions on C%, which are rapidly decreas-
ing and of exponential type.

SH(RY) the topological dual of Sz(R?).
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SYMMETRIC SYSTEMS AND APPLICATIONS

Li‘k (RY), 1 < p < 0o, the space of measurable functions f on R? satis-
fying

1/p
7l e = ([ 1f@PA@E) <o if1<p<oc
k Rd
7l oy = ess sup [£(2)] < o
k zeR?

The generalized Fourier transform of a function f in D(R?) is given by
Fr(f)N) = " f(@)G_in(@)Ap(z)dz, forall xe RYL.  (2.9)
Proposition 2.3. The transform Fy, is a topological isomorphism from
(i) D(RY) onto PW(C?).
(ii) So(RY) onto S(RY).
The inverse transform is given by
VazeRY, (Fr)~ / h(A x)dvi(N), (2.10)

where dvg(X) := Cx(X)dA is the spectral measure (cf. [1, 4]).

Remark 2.4. The function Cj, is a positive, continuous on R% and satisfies
the estimate
VAeRY |CLN)| < const.(1+||A]])°,

for some b > 0.

Proposition 2.5.
(i) Plancherel formula: For all f,g in D(R?) (resp. So(R%)) we have
| f@s@A@)ds = [ AOWFE@RdN). (@11

(ii) Plancherel theorem: The generalized Fourier transform Fj, extends
uniquely to an isometric isomorphism of L?Ak(Rd) into L2 (R%),
where L?,k (R?) denotes the space of measurable functions f on R?
satisfying

1/2
71,00 = ([, 7@ dn@)) " < oc.
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2.3. Generalized convolution operator

Definition 2.6. Let y be in R The generalized translation operator
f— 7y f is defined on S>(RY) by

Fi(ryf)(x) = G_iy(2) Fi(f)(z), forallz € R% (2.12)

Using the generalized translation operator, we define the generalized
convolution product of functions as follows.

Definition 2.7. The generalized convolution product of f and g in Sz(R?)
is the function f % g defined by

f*rg(z) = /Rd T2 f(=v)g(y) Ak (y)dy, forall x € R (2.13)
For the remainder of this subsection we collect some results proved in
[1].

Proposition 2.8. Let f be in L}4k (R?) and g in L%k (R%). Then
i) The function f %, g defined almost everywhere on R? by
£ g) = [ m9(-a) (@) Au(a)da,
belongs to L124k (RY) and we have
1F 0 9llz, @y < Clflcy mollgllz @a-
ii) We have

Filf *k 9) = Fi(f)-Fr(g)-

Proposition 2.9. Let ¢ be a positive function in D(R?) such that supp
¢ C B(0,1) and H(P”Lix (rd) = 1. For e >0, we consider the function ¢.
k

given by
elAp(z) "e

| 8

VzeR?, () )-
Then for all f in L%, (RY) we have
L [} f 5, e — fHLik R4 = 0. (2.14)

Definition 2.10. The generalized Fourier transform of a distribution 7
in Sj(RY) is defined by

(Fir(1),0) = (1, F H(#)), forall p € S(RY). (2.15)
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SYMMETRIC SYSTEMS AND APPLICATIONS

Proposition 2.11. The generalized Fourier transform Fy, is a topological
isomorphism from S'a(RY) onto S'(R?).

3. The generalized Sobolev spaces

Let 7 be in Sh(R?). We define the distributions Tit,j=1,...,d, by

(Tym, ) = —(1,Tj), forally € Sy(RY). (3.1)
Thus we deduce
(Apm,p) = (7, Ap)), forall g € Sy(RY). (3:2)

These distributions satisfies the following properties
Fp(Tjr) = iy Fp(r), j=1,...,d
Fo(Lpr) = —|yl*Fo(r).
Definition 3.1. We define the generalized Sobolev space H(R?) as
fues®y [ 1+ N IF @) Pdn ) < oo},
We provide this space with the scalar product
(U, 0) e (may = /Rd(1+ 1€11%)° e () () Fre(0) () dwg (€), (3.5)
and the norm
R p— (3.6)

Proposition 3.2.

(i) The space Hi(R?) provided with the scalar product (., .)Hg(Rd) is
a Hilbert space.

(ii) Let s1,s2 in R such that sy > so then
H (R < H?(RY).

(iii) Let s € R. Then D(RY) is dense in Hi(RY).

(iv) The dual of Hi(R?) can be identified with H, *(R?). The relation
of the identification is given by

(o) = [ Fw)©F)(©dm).
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with u € HY(R?) and v € H *(RY).

Proof. (i) It is clear that L2(R%, (1 + [|€]|?)**dvy(€)) is complete and since
F}, is an isomorphism from S5(R?) onto S'(R?), Hi(R?) is then a Hilbert
space. The result (ii) is immediately from definition of the generalized
Sobolev space. As in [17], we can obtain (iii) and (iv). O

Proposition 3.3. Let sq, s, so be three real numbers : s1 < s < so. Then,
for all € > 0, there exists a nonnegative constant C. such that for all u in
H}y(R)

||U||H,§(Rd) < CE||U||H;1(Rd) + EHUHHZQ(Rd)’ (3.7)

Proof. We consider s = (1 — t)s; + ts2, (with ¢t € (0,1)). Moreover it is
easy to see

lull s ety < llull s w1l 2 - (3-8)
Thus
lull gz ray < (677 = lull 21 ey~ (el o2 gery)*
< T ullyges gy + el g,
Hence the proof is completed for C; = ¢ ne=s ([

A characterization of Hj] (R%), for s = m, a positive integer, is given
below.

Proposition 3.4.

(i) For m € N the space H"(R?) coincides with the space Ey, given
by

Ep = {ue L3, (RY) : T°u € L} (RY), |a| < m}, (3.9)

where T® = T @ --- @ T34, a = (a1,...,aq) € N¢ and |a| =
ar+ -+ ag.

(ii) The norm ||.||mk is equivalent to the norm

lule = 32 ITuls oy (3.10)

[v|<m

For prove this proposition we need the following lemma.
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Lemma 3.5. Let m € N\{0}. For all « € N¢ with 0 < |a| < m, there
exists C > 0 such that
d

d
veeRY JTIGPY <@+ g™ <ca+ Y [IglP). (3.11)

j=1 0<|a|<m j=1

Proof of Proposition 3.4. Let u be in H,Z”(Rd), hence u € Lik(Rd). Using
Lemma 3.5 we deduce that for all @ € N? with |a| < m, there exists a
positive constant C' such that

Y [ \@F% )l () () P (€)

0<|a|<m

=¢ /Rd<1 + €12 1 Fr(w) (€) P (6)- - (3.12)
But from (3.3) we have for all £ € R%:

Fu(Tu)(€) = e .. 65" Fi(u)(€).
Thus from (3.12) we deduce that
> [T u@)PA) < Clluliy oy
0<|a|<m R
Then u belongs to F,,, and
fullZ < CllulZnma

Reciprocally let u be in E,,. From Lemma 3.5 we deduce that for all
a € N? with |a| < m, there exists a positive constant C’ such that

| A+ IR R @) P (©)
<O+ ¥ [ rou@Pae).

0<|a|<m
Thus u belongs to H*(RY) and

ol gy < €l
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Proposition 3.6.

(i) For s € R and u € N%, the Dunkl operator T* is continuous from
HE(RY) into H " (R),

(ii) Letp € N. An element u is in Hi(R®) if and only if for all u € N9,
with |p| < p, TFu belongs to H; "(RY), and we have

H“HH;(Rd) Z |7 UHHS P(R4)"
|ul<p

Proof. (i) Let u be in H{(R?). From (3.3) we have

[ A+ 16 W R ) Pdn e

= [ 1D e IR ) ) P
Thus

[ 1€ F T ) P
< [+ €1 P ) () Pal) < +oc.

Then T*"u belongs to HS_M(Rd) and
T ull ot gy = llull iy ey

(ii) We consider p € N and u € Hj(R?). From (i) and Proposi-
tion 3.2 (ii) for all u € N9, with |u| < p, we have

T e HMRY) ¢ HI7P(RY).
Then there exists a positive constant C' such that
Tl e gy < Cllzg g
This implies that

Z HT“UHHz—p(Rd) < C,HuHHi(Rd)’
lul<p

where C' is a positive constant.
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Reciprocally let p € N as for all u € N with |u| < p, T*u belongs to
H;7P(RY), then

gy = [, (1 €17 ) O (€)
= [ €1+ € P ©) P ).

But from Lemma 3.5, there exists a positive constant C' such that

L+ EP <C D llem|™.

lul<p
Hence from (3.3) we deduce that

e ey < € 3 I 0l gy
Il <p

This implies that u is in Hi(R?). O
Proposition 3.7. Let p € N and s € R such that s > b+g+p, then
H}j(RY) = CP(RY),

with b the positive constant given in Remark 2.4.

Proof. Let u be in Hi(R?) with s € R such that s > 24,
We have

LR @ ) = [ @+ TN L A ) (Dl ().
R R

Using Hoélder inequality we obtain

Pl < ([ @+ 1IN dn) full .

Thus from Remark 2.4, we deduce that there exists a positive constant C
such that

H‘Fk(u)HL},k(Rd) < Cllull s (ray- (3.13)
Then
Fi(u) € Ly, (RY).
Thus from (2.10) we have

u(z) = /R Fw)NCar(@)diy(N),  ae.x € R
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We identify v with the second member, then we deduce that u belongs to
C(R?) and using (3.13) we show that the injection of H{(RY) into C(R?)
is continuous.

Now let u be in Hi(R%) with s € R such that s > M% with p belongs
to N'\{0}. From (2.7), for all 2, A € R?, and v € N? such that |v| < p, we
have

|D;Gix(z)| < ClIA[P.
Using the same method as for p = 0, and the derivation theorem under
the integral sign we deduce that

Vz € RY, D'u(zx) = " Fie(w)(N) DYGix(z)dvg (V).

Thus D™u belongs to C(R?), for all n € N such that |[v| < p. Then we
show that u is in CP(RY) and the injection of Hj(R?) into CP(R?) is
continuous. t

4. Cherednik linear symmetric systems

Notation 4.1. For any interval I of R we define the mixed space-time
spaces C(I, H{(R%)), for s € R, as the spaces of functions from I into
Hi(R?) such that the map

= flult, )l s ra)
is continuous.
In this section, I designates the interval [0,7"), T" > 0 and
w=(ur,. .. um), up € C(I, H(R),

a vector with m components elements of C(I, H(R%)). Let (Ap)o<p<a a
family of functions from I x R? into the space of m x m matrices with real
coefficients a,; (¢, z) which are W-invariant with respect to z and whose
all derivatives in 2 € R¢ are bounded and continuous functions of (¢,z).

For a given f € [C(I, H{(RY)]™ and v € [H{(RY)]™, we find u in
[C(I, Hi(R%))]™ satisfying the following system (.S)

d
Opu(t, x) Z (A;Tju)( — (Agu)(t,z) = f(t,x), (t,x) € I x RY
7=1
Uli=0 = v.
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We shall first define the notion of symmetric systems.

Definition 4.2. The system (S) is symmetric, if and only if, for any
p€{l,...,d} and any (¢,z) € I x R? the matrices A,(t, ) are symmetric
i'e' ap,i,j (t’ x) = apxjﬂ' (t7 "L‘)’

In this section, we shall assume s € N and denote by ||u(t)]|sx the norm
defined by

[[u(t)

g,k = Z HTﬁup(t)H%i (R4)"
1<p<m k
0<|pl<s

The aim of this section is to prove the following theorem.

Theorem 4.3. Let (S) be a symmetric system. Assume that f is con-
tained in [C(I, Hi(R))]™ and v in [H(RY)]™, then there exists a unique
solution u of (S) in

[C(, HyRY))™ CH(I, By H(RD))™
The proof of this theorem will be made in several steps:

A: We prove a priori estimates for the regular solutions of the sys-

tem (S).
B: We apply the Friedrichs method.

C: We pass to the limit for regular solutions and we obtain the ex-
istence in all cases by the regularization of the Cauchy data.

D: We prove the uniqueness using the existence result of the adjoint
system.

A: Energy estimates. The symmetric hypothesis is crucial for the en-
ergy estimates which are only valid for regular solutions. More precisely
we have

Lemma 4.4. (Energy Estimate in [Hi(R®)|™). For any positive integer
s, there exists a positive constant As such that, for any function u in
[CH(I HER™ OIC T, HiHH(RE)]™, we have

t /
()5 < > lu(0)]ls +/0 AN ()]st (4.1)
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for all t € I, with
d

f = 815’11, — Z Apru — Aou.
p=1

To prove Lemma 4.4, we need the following Lemma.

Lemma 4.5. Let g a C'-function on [0,T), a and b two positive contin-
uous functions. We assume

7 g*(t) < 2a(t)g* () + 2b(t)|g(t)]. (4.2)

Then, fort € [0,T), we have

lg(t)] < 1g(0)| exp /Ot a(s)ds + /Ot b(s) exp (/: CL(T)dT)dS.

1
Proof. To prove this lemma, let us set for e > 0, g-(t) = (gQ(t) + 6) ?. the

function g. is C', and we have |g(t)] < g.(t). Thanks to the inequality
(4.2), we have

) < 2a(0)g2(0) + 26(0)g-(0)
As (g))(1) = &(g)(). Then
D)) = 2002 1) < 20(0)62(1) + 2013 1)

Since for all t € [0,T") g-(t) > 0, we deduce then

Y (1) < a(t)ge(6) + 0)

Thus

%(gg(t) exp ( — /Ot a(s)ds)) < b(t) exp ( — /Ot a(s)ds).
So, for t € [0,T),

.40 < g:0) exp [ ats)ds+ [ bGs) e

Thus, we obtain the conclusion of the lemma by tending ¢ to zero. (]

t

a(T)dT) ds.
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Proof. of Lemma 4.4. We prove this estimate by induction on s. We firstly
assume that u belongs to [C*(1, Lik RN NO[C(I, HEY(R))]™. We then
have f € [C’(I,Lik(Rd))]m, and the function t ||u(t)|](2)k is C1 on the
interval I. By definition of f we have
d 2
@Hu(t)Ho,k = 2(0u, U>L?4k(Rd)
d

= 2(f,u)rz @)+ 2(A0t, )z (ma) +2) (ATpuu) s L(R):
p=1

We will estimate the third term of the sum above by using the symmetric
hypothesis of the matrix A,. In fact from (2.4) and (2.5) we have

(ApTyu,u L2 (R = Z / apij(t, ) [(Tp)z uj(t, x)]ui(t, v) A (z)dx

1<4,5<m

Z / apii(t,x)[(Tp)e ui(t, ) u;(t, z)Ag(x)d

1<%,5<m

The matrix A, being symmetric, we have
Z / ap,ij(t, ) Tpu(t, v)u(t, x)Ag(x)de = —(ApTHu u)Lz L(R):
1<i,5<m

Thus

(ApTpu, U>L3k (RY) =

LS [ Tyapast w)ust w1 ) An(w)de.

d
1<4,5<m R

Since the coefficients of the matrix A,, as well as their derivatives are
bounded on I x R, there exists a positive constant Ao such that

d 9 2
@ llok = 21 Olloellu)llor + 2X0]u®)lfo- (4.3)

To complete the proof of Lemma 4.4 in the case s = 0 it suffices to apply
Lemma 4.5. We assume now that Lemma 4.4 is proved for s.
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Let u the function of [C1(I, H{PH(RY))|™ N [C(I, H{T*(RY))]™, we now
introduce the function (with m(d + 1) components) U defined by

U= (u,Thu,...,Tu).
Since

d
Ou=f+ Z ApTyu + Agu,
p=1

for any j € {1,...,d}, applying the operator T} on the last equation and
using (2.4), we obtain

d d
O (Tju) = Z ApTy(Tju) + Z(TJ‘Ap)Tp“ + Tj(Aou) + 15 f.
p=1 p=1
We can then write
d
U =>_ B,T,U + ByU + F,
p=1
with
F: (f7T1f7"°7Tdf)7

and

A, 0 0

0 A, 0

B, = 0 . , p=1,...,d,
. ) . .0
0 . . 0 A4,

and the coefficients of By can be calculated from the coefficients of A,
and from TjA4, with (p =0,...,d) and (j =1,...,d). Using the induction
hypothesis we then deduce the result, and the proof of Lemma 4.4 is
finished. O

B: Estimate about the approximated solution. We notice that
the necessary hypothesis to the proof of the inequalities of Lemma 4.4
require exactly one more derivative than the regularity which appears
in the statement of the theorem that we have to prove. We then have
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to regularize the system (S) by adapting the Friedrichs method. More
precisely we consider the system (S,,) defined by

d
gy, — Z In(ApTy(Jnun)) — Jn(Aopun) = Jnf
p=1
Un, [t=0 = Jnuo,

(Sn)

with J,, is the cut off operator given by
Jpw = (Jpwi, ..., Jpwp) and Jyw; = Fg1(13(07n)(§)Fk(wj)), (4.4)

forj=1,...,m.
Now we state the following proposition (cf. [2] p. 389) which we need
in the sequel of this step.

Proposition 4.6. Let E be a Banach space, I an open interval of R,
f e C,E), ug € E and M be a continuous map from I into L(F),
the set of linear continuous applications from E into itself. There exists a
unique solution u € CY(I, E) satisfying

{ du  — M(tyu+ f

u [t=0 = Uup.

By taking F = [L%k(Rd)}m, and using the continuity of the operators
TpJn on [L7, (R%)]™, the system (S,,) appears as an evolution equation

{fgl = My,(t)un + Jp f

Un |t=0 = JnU0

on [LE,IC (RH]™, where
d
e My (t) =Y Jndp(t, ) Tpdn + JuAo(t, ) Jn,
p=1

is a continuous application from I into E([L?le (R%)]™). Then from Propo-
sition 4.6 there exists a unique function wu, continuous on I with val-
ues in [L%, (R%)]™. Moreover, as the matrices A, are C°° functions of ¢,

Jnf €[C(I, L%, (R))]™ and u,, verify

o = M, (t)up + Jnf.
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Then %= € [C(I, L3 (R?))]™ which implies that u, € [C'(I, L% (R?))]™.
Moreover, as J,% = Jp, it is obvious that J,u, is also a solution of (Sy,).
We apply Proposition 4.6 we deduce that J,u, = u,. The function w,, is
then belongs to [C1(I, Hi(R%))]™ for any integer s and so (S,) can be

written as

d
Opun — > Jn(ApTyun) — Ju(Agun) = Jnf
p=1
Un t=0 = JnU().

(Sn)

Now, let us estimate the evolution of ||u, (t)||sk-

Lemma 4.7. For any positive integer s, there exists a positive constant
As such that for any integer n and any t in the interval I, we have

t /
()l 5 < ][ Tnu(0) s +/0 MO f () s et

Proof. The proof uses the same ideas as in Lemma 4.4. ([l

C: Construction of solution. This step consists on the proof of the
following existence and uniqueness result:

Proposition 4.8. For s > 0, we consider the symmetric system

d
Ou— > ATu— Agu = f
p=1
U|t=0 =,

(5)

with f in [C(I, HEP3(RY)]™ and v in [Hi T (RD))™. There exists a unique
solution u belonging to the space [C*(I, H(R)|™ n [C(I, H{PH(RY)™
and satisfying the energy estimate :

t
0ot < M ollos+ [ OIS oadr,  (35)

forallo <s+3andtel.

Proof. Us consider the sequence (uy), defined by the Friedrichs method
and let us prove that this sequence is a Cauchy one in [L>°(I, Hi 1 (R4))]™.
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We put V,,, = tnip — un, we have

d
atvnvp - Z Jn-&-p(AjTjVn,p) - Jn-irp(AOVn,p) = fmp
j=1
Vmp \t:O == (Jn+p — Jn)v,
with
d
fn,P == Z(Jn-l-p - Jn)(AjTjVn,p)
j=1

- (Jn+p - Jn)(onn,p) + (Jn—l—p - Jn)f-

From Lemma 4.7 it follows that the sequence (uy)nen is bounded in
[L°(1, H P (R%))]™. Moreover, by a simple calculation we find

[y = ) ATV et < AT Vipllasaie < lhn(t) e
Similarly, we have
| (Jrtp—n) (Ao Vap) +(Jntp—Jn) flls+1.6 < %(”u"(t)||5+3vk+||f(t)Hs+3,k).
By Lemma 4.7 we deduce that
[V () |ls41,6 < %6)‘5'5_

Then (uy)y, is a Cauchy sequence in [L®(I, Hi ™ (R?))]™. We then have
the existence of a solution u of (S) in [C'(I, Hi **(R9))]™. Moreover by the
equation stated in (S) we deduce that dyu is in [C(I, Hi(R%))]™, and so u
is in [C1(1, H(R%))]™. The uniqueness follows immediately from Lemma
4.7.

Finally we will prove the inequality (4.5). From Lemma 4.7 we have

t
L A e Al PAVIC TN

Thus

t
tmsup [un (60 < M loloran + [ DI srapdr
n— 00 0
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Since for any ¢ € I, the sequence (un(t))nen tends to u(t) in [HiHH(RY)])™,
(un(t))nen converge weakly to u(t) in [H?(R?)]™, and then

u(t) € H RN and u(t)]opsx < 1 sup o (6)]s45.0

Now, combining the uniform bounds for(uy,),, in [L>(I; Hi T3 (R®))]™ with
the above result on convergence in [L*(I; Hi ™ (R?))]™ and using the
interpolation inequality (3.8), we obtain that for any s’ < s, the se-
quence (uy,), converges in [C([; HEIH(Rd))]m. Thus, u belongs to the set
[C(I; H,iur?’ (R%))]™. Using the fact that u is a solution of (S), we get that
u belongs to [C(I; H,§/+3(Rd))]m N[CH(T; H,‘:,“(Rd))]m. Thus, by passing
to the limit in Lemma 4.7 we obtain the inequality (4.5). The Proposition
4.8 is thus proved. (I

Now we will prove the existence part of Theorem 4.3.

Proposition 4.9. Let s be an integer. If v is in [H{(RY)]™ and f is in
[C(I, Hi(R%))]™, then there exists a solution of a symmetric system (S)
in the space [C(I, H{(R)™ N [CY(I, Hi 1 (RY))].

Proof. We consider the sequence (@, )nen of solutions of

d
Ot — > _(AjTjlin) — (Aglin) = Jonf
j=1
l[n |t=0 == JnU.
From Proposition 4.8 (@), is in [CY(I, H{(RY))]™. We will prove that
(U )n is a Cauchy sequence in [L>°(1, H,ﬁ(Rd))]m. We put Vy, ,, = tlngp—1Un.
By difference, we find

d
atvn,p - Z AjTjVn,p - AOVn,p = (Jn+p - Jn)f
S

Vop i—o = (Jnp — Jn)v.
By Lemma 4.7 we deduce that

Vo

t
s < N (Jnp — Jn)olls e + /0 A (Jp = Jn) £ (7)ls

Since f is in [C(I, H{(R?))]™, the sequence (J,f), converges to f in
[L°°([0, T], H (RY))]™, and since v is in [HF(R?)]™, the sequence (J,v)y,
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converge to v in [HF(R%)]™ and so (i), is a Cauchy sequence in
[L>(1, Hy(RY))]™.
Hence it converges to a function u of [C(I, H(R%))]™, solution of the

system (S). Thus dwu is in [C(I, Hi ' (R%))]™ and the proposition is
proved. ([l

The existence in Theorem 4.3 is then proved as well as the uniqueness,
when s > 1.

D: Uniqueness of solutions. In the following we give the result of
uniqueness for s = 0 and hence Theorem 4.3 is proved.

Proposition 4.10. Let u be a solution in [C(I, L%k(Rd))]m of the sym-
metric system
d
ou — ZAjTju —Apu =0
j=1
U|t:0 =0.

(5)

Then u = 0.

Proof. Let 1 a function in [D((0,T), D(R%))]™; we consider the following
system

d
(t5)d et 2 Ti(A0) — e =9
j=1
Plt=T =0
Since
Ti(Ajp) = AjTie + (Tj A7),
the system (*S) can be written
d
; O+ > AiTip— Agp =1
() 2
® [t=T = 07
with
) d
Ay =49 - S T;A;.

j=1
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Due to Proposition 4.8, for any integer s there exists a solution ¢ of (1.9)
in [C1([0,T], H{(R))]™. We then have

d
(u, V) = (u, —Opp + Z AJ'T]'(P - A0<p>k
j=1
_ f/1< ult, ), drplt, kdt+Z/IXR Tj(A;0)(t, ) Ay(z) dtdz

—/ u(t, z) "Agp(t, ) Ay (z)dtdz,
IxR4
with (.,.)x defined by
e = [t x(t, Dude
= /l Wb @)X 2) A(2)dadt, € [S(R, S2(RY)))™

By using that u(t,.) is in [L?le (R4)|™ for any ¢ in I and the fact that A;
is symmetric we obtain

| )Ty (o) Audtds = — [ (A Tju(t..). plt. Dt
IXxR 1

So
d

(.00 = = [ (ult, ), Dup(t Dt = Y (A T+ Ao, o)
j=1

As wu is not very regular, we have to justify the integration by parts in
time on the quantity /(u(t,.),@tgo(t, Nxdt. Since Jpu(.,x), Jup(.,z) are

I
C' functions on I, then by integration by parts, we obtain, for any z € R¢,

/ Tou(t, 2)0(Jne) (£, 2)dt = —Tpu(T, ) Jnp(T, 7)
I
+ Jou(0, 2) (0, 2) + / Oudwu(t, @) Jne(t, )dt.
I
Since u(0,.) = ¢(T,.) = 0, we have
- / Tuu(t, 2)dp(t, )dt = / O, (Tow) (b, ) Jnip(t, 2)dt.
I I
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Integrating with respect to Ax(x)dx we obtain

- / Toult, 2)0Tu(t, @) Ag(x) dtda = / (O (Tntt) (£,.), Tup(t, )t
IxR4 I

(4.6)
Since u is in [C(I, L4 (R)]™ N [C'(I, H, ' (R?))]™, we have

lim J,u =w in [L>(I, LAk(Rd))]

n—oo

and

lim Jp0pu = dpu in [L(1, H{®RY)™
Similarly, we see that

lim Jup = in [L2(1, HY, (RY)]"

and

lim Judpp = dyp in [L%(1, LR (R))]™
By passing to the limit in (4.6) we obtain

= [ttt ). duplt, Nudt = [ @utt, )t Dt

Hence
d
(u, B _/ Onult, ) — S (A Tyu(t, ) — Agu(t, ), o (t, ))udt.
7j=1

However since u is a solution of (S) with f = 0, then v = 0. This ends the
proof. (I

5. Applications

5.1. The Cherednik-wave equations with variable coefficients

For t € R and = € R?, let P(t,z,0,T,) a differential-difference operator
of degree 2 defined by:

P(u) = 8t2u — divi[A. Vi gu] + Q(t, x, Opu, Tyu), (5.1)
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where
d
Vi := (Thu,...,Tyu), divg (vi,...,vq) = ZTivi,
i=1

A is a real symmetric matrix such that there exists m > 0 satisfying
(A(t,z)€,€) > m||¢||?, forall (t,z) e R xR and € e RY  (5.2)

and Q(t,x,0wu, Tyu) is differential-difference operator of degree 1, and
we assume also that the matrix A is W-invariant with respect to x; the
coefficients of A and ) are C*° and all derivatives are bounded. If we
put B = VA it is easy to see that the coeflicients of B are C'*° and all
derivatives are bounded.

We introduce the vector U with d 4+ 2 components

U = (u,0iu, BVy zu) . (5.3)
Then, the equation P(u) = f can be written as
d
U = (Z Apr) U+ AU + (0, f,0), (5.4)
p=1
with
0 . . S
0 byr . . . bpg
A, - bi, 0 . . .0
0 bap O S

and B = (b;;). Thus the system (5.4) is symmetric and from Theorem 4.3
we deduce the following.

Theorem 5.1. For all s € N and ug € Hi ™ (R?), uy € H(R?) and f
belongs to C(R, Hi(RY)), there exists a unique solution

ue C'(R, HiRY))n CR, H'(RY))
such that

u ‘t:O = Uup

{ Otu — divi[A. Vi u) + Q(t, z, 0, Tyu) = f

Oru [t=0 = ux.
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5.2. Finite speed of propagation

Theorem 5.2. Let (S) be a symmetric system. There exists a positive
constant Cy such that, for any positive real R, any function

felC, HyR)]™ and any v € [H}(RT)]™
satisfying

f(t,z) = 0 for |zl <R—Cot (5.5)
viz) = 0 for |z| <R, (5.6)

the unique solution u of system (S) belongs to [C(I, H}(RY))|™ with
u(t,z) =0 for |z| < R— Cot.
Proof. For 7 > 1, we put
ur(t,2) = exp (7=t + (@) Jult, 2),

where the function 1 € £(R?) will be chosen later.
By a simple calculation we see that

d
atuT - ZA]TjuT - TuT - fT)
with
d
frlt.2) =exp (v~ t+ ()] ) f(t,2), Br=Ag+7(~ z

There exists a positive constant K such that if |7} v|| Le®a) < K for any
j=1,...,d, we have for any (¢, x)

(Re(Bry),y) < (Re(Apy),y) forall 7>1 and yeC™.

We proceed as in the proof of energy estimate (4.1), we obtain the existence
of positive constant dg, independent of 7, such that for any ¢ in I, we have

Jur Ollor < ur @l + [ O londt. (57

We put Cy = % and choose ¥ = (||z||) such that ¢ is C*° and such that
—2e + K(R — [lz]) < ¢(z) < —e + K(R — |[)).
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There exists € > 0 such that ¢(z) < —e + K(R — ||z||). Hence
|z|| > R— Cyt, forall (t,z) = —t+1(z)< —ec.
We tend 7 to oo in (5.7), we deduce that

lim ) exp(27(—t + () |lu(t, z)||* Ap(z)dz = 0, forallt € I.
T—00 R
Then

u(t,z) =0 on {(t,a:) eIxR%: t< w(:c)}
However if (to,xo) verifies ||zo|| < R — Cyto, we can find a function v of
precedent type such that tg < 1(xp). Thus the theorem is proved. O

Corollary 5.3. Let (S) be a symmetric system. There exists a positive
constant Cy such that, for any positive real R, any function f belongs to
[C(I, Lik (RM)]™ and any v € [Lalk (RH]™ satisfying
f(t,z) = 0 for |z]| <R—Cot (5.8)
viz) = 0 for |z| <R, (5.9)
the unique solution u of system (S) belongs to [C(I, L?Ak(Rd))]m with
u(t,z) =0 for |z|]| < R— Cot.

Proof. If f. € [C(I, HY(RY))]™, ve € [HE(R?))]™ are given such that

fe — fin [C(I, L%k(Rd))]m and v; — v in [Lik(Rd)]m, we know by
Section 4 that the solution u. belongs to [C(I, H}(R?))]™ and verifies

ue — win [C(I, L?L‘k (R%))]™. Therefore, if we construct f. and v. satisfying
(5.8) and (5.9) with R replaced by R — e, we obtain the result by applying
Theorem 5.2. To this end let us consider x € D(R?) and radial such that
suppx C B(0,1) and

x(z)Ag(x)dx = 1.

RA
For € > 0, we put

Uo = Xe ¥V = (Xe %k V1,---s Xe *k Vd),
fe(t) = xe # f(t,.) = (xe *k J1(t,.), - xe *k fa(t,.)),
with

Ap(2) oz
The hypothesis (5.8) and (5.9) are then satisfied by f. and g . if we replace
R by R—¢. On the other hand the solution . associated with f. and ug ¢
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is [CL(I, H{(R%))]™ for any integer s. Finally applying Proposition 2.9
and Theorem 5.2 we obtain the result. ([l

Theorem 5.4. Let (S) be a symmetric system. We assume that the func-
tions f € [C(I, H}(RY)™ and v € [H} (RY)|™ verify

f(t,x) for |z|| > R+ Cot
v(x) for ||z|| > R.

Then the unique solution u of system (S) belongs to [C(I, H}(R))]™ with
u(t,z) =0 for ||z|]| > R+ Cot.

0
0

Proof. The proof uses the same ideas as in Theorem 5.2. O
As above we obtain the following result.

Corollary 5.5. Let (S) be a symmetric system. We assume that the func-
tions f € [C(1, Lik(Rd))]m and v € [LQAk(Rd)]m verify

f(t,x) 0 for [z]|> R+ Cot

v(x) 0 for |z| > R.

Then the unique solution u of system (S) belongs to [C(I, Lik(Rd))]m
with

u(t,z) =0 for ||z|| > R+ Cot.
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