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Index of seaweed subalgebras of classical Lie algebras

MEHER BoUuHANI

Abstract

We generalize the results in [3] giving a reduction algorithm allowing to compute the index of seaweed
subalgebras of classical simple Lie algebras. We thus are able to obtain the index of some interesting
families of seaweed subalgebras and to give new examples of large classes of Frobenius Lie algebras
among them.

Indice des sous-algébres biparaboliques d’une algébre de Lie classique

Résumé

Nous généralisons les résultats de [3] en donnant un algorithme de réduction permettant de calculer
I’indice des sous-algebres biparaboliques d’une algebre de Lie simple classique. Nous obtenons ainsi
I’indice d’une famille intéressante des sous-algebres biparaboliques et nous donnons de nouveaux
exemples de grandes classes de sous-algebres de Frobenius.

1. Introduction

Let g be a Lie algebra of an algebraic complex Lie group G and g* the dual space. For
f € g*, we denote by gy the stabilizer of f for the coadjoint action. Recall that the index
of g is the minimal dimension of stabilizers for the coadjoint action,

ind(g) = min{dimgys | f € g"}
Lie algebras with index zero are called Frobenius Lie algebra and are of special interest
stemming from their connection to the classical Yang—Baxter equation (CYBE). In [1],
Belavin and Drinfel’d showed that this family provides solutions to the CYBE.

Throughout the paper, all considered Lie groups and Lie algebras are algebraic defined
over the complex field. For any pair of integers (r, s), we denote by r[s] the remainder of
Euclidean division of r by s and by r A s the greatest common divisor of r and s. For
a=(ai,...,ax) eNk,weset|g| =ap+---+ag.

In [7], Dergachev and Kirillov introduced the notion of seaweed subalgebras in the
case of gl(n), where they exhibited a method for computing the index of such algebras.
This notion was generalized for arbitrary reductive Lie algebras in [10]. In the case of
classical Lie algebras, a seaweed subalgebra may be parametrized by two compositions of
positives integers (see Section 2 for a precise description).

Keywords: Index of a Lie algebra, Frobenius Lie algebra, Seaweed Subalgebra, Meander graph.
2020 Mathematics Subject Classification: 17B08, 17B10, 17B20, 17B22.
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Letn € N*, a = (ay,...,ar) and b = (by,...,b;) be two compositions verifying
la| < nand|b| < n. We associate to the pair (a, ) a unique seaweed subalgebra of sp(2n)
(resp. s0(2n + 1), s0(2n)) which we denote by q$ (a | b) (resp. qB(a | b), 62 (a | b)),
and all seaweed subalgebras of sp(2n) (resp. s0(2n + 1), s0(2n)) are thus obtained up to
conjugation by the connected adjoint group of sp(2n) (resp. so(2n + 1), s0(2n)). When
|a| = |b] = n, a unique seaweed subalgebra of gl(n) may also be associated to the pair
(a, b) (up to conjugation by the connected adjoint group of gl(n)) which we denote by
a*(a | b) (see [2], [11] and [12]).

Fora = (ay,...,ax) € N¥and b = (by,...,b;) € N’ such that |a| < n and |b| < n,
we denote by a (resp. E) the sequence obtained from a (resp. b) by removing null terms and
we put q*(a | b) = q*(@| b) if |a| = |b| =nand qX(a | b) =L (@ | b), 1 = B, C or D.

For n > 1, let &, be the set of pairs of compositions (¢ = (aj,...,ar),b =
(b1,...,bs)) which verify: |a| =n, |b|=n—-1and ax > 1 or |b| =n, |al| =n -1 and
b; > 1.

In [7], Dergachev and Kirillov associated to each seaweed subalgebra g4 (a | b) of
gl(n) a graph, called the meander of g*(a | b) and denoted by I'4(a | b), it is constructed
in the following way: we place n consecutive points on a horizontal line, called vertices of
I'(a | b) and numbered from 1 up to n. Next, we connect by an arc, below (resp. above)
this line, each pair of distinct vertices of the form (aj+- - -+a; 1+, a1+ - -+a;—j+1), 1 <
j<ap, 1 <i<k(esp. (by+---+bi_1+j, b1+ -+bi—j+1), 1 <j<b;, 1 <i<y).
The authors gave a formula for the index of q*(a | b) in terms of the connected
components of this graph. This result was generalised to the case of sp(2n) in two
different ways in [6] and [11], and to the case of so(n) in [11] and [12], where the authors
associated to each subalgebra g (a | b) a meander denoted by T'/(a | b), I =B, C
or D. WhenI =B, CorI =D and (a | b) ¢ E,, the meander I'/ (a | b) verifies
I'l(a | b) =T%ay,...,a,2(n - |al),ax,... a1 | b,...,b:,2(n—|b|), by, ...,b1).
When / = D and (a | b) € E,, the meander I'? (a | b), the construction of which we
recall in Section 4, has two arcs crossing each other ([11] and [12]).

In certain particular cases, algebraic formulas for the index of seaweed subalgebras
have been obtained. The first one was given by Elashvili in [9], where he showed that
indq?(a,b | a+b) = a A b, for any (a,b) € (N*)2. In [5], the authors showed that
indq?(a,b,c | a+b+c) = (a+b) A (b+c) for any (a,b,c) € (N*¥)3. In [3], we
proved the two previous formulas in a different manner and we generalised Elashvili’s
result by giving an algebraic formula for the index of seaweed subalgebras of the form
q4(a,...,a,b | ma+b) for any (a, b,m) € (N*)? (see Section 4). For the general case,

—_—
the indé?( problem seems to be hard. In particular, the classification of Frobenius seaweed
subalgebras remains an open question.
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In [6], the authors gave a formula for the index of seaweed subalgebras q,f (a,b | c)
when |a+b —c| = 1 or 2, allowing them to determine the family of Frobenius subalgebras
which are of the form qS (a, b | ¢), (a, b, c) € (N*)3. In this paper, we give a formula
for the index of seaweed subalgebras qS (a,b | ¢) (resp. gB(a,b | ¢), ¢P(a,b | ¢)),
(a,b,c) € (N*)3 (resp. (a,b,c) € (N¥)3, (a,b,c) € W)} and b > 1 if a+ b = n) (see
Theorems 3.22 and 4.12). More precisely, we show the following theorem:

Theorem 1.1. Let a,b,c,n € N* be such that s := max(a + b,c¢) < n. Set p =
(a+b)AN(b+c)andr =|a+b —c|, then
1) @ Ifp>r, wehaveindqf(a,b | ¢) =indq,(l:(a,b le)y=p- [FT“] +n-—s
(db) If p < r, we have
indq®(a,b | c¢)=indqS (a,b | c)
_ I
[
(2) LetTP(a,b | ) be the meander of 2 (a, b | c). Then

(@) If ((a,b),c) & E,, we have ind 2 (a,b | ¢) = ind q§ (a,b | ¢) +€, where €
is given by:

l+n-s if p and r have the same parity

[ S]]

|-1+n—s5 otherwise

0 ifriseven

1 ifrisodd, s =n and the vertices n and n + 1 belong to the same
€ =
segment of TP (a,b | c)

—1 otherwise
() If ((a,b), c) € B,, we have ind g2 (a,b | ¢) = |(a An) - 2|

Consequently, we classify the Frobenius subalgebras of this family (see Corollaries 3.23
and 4.13).
For a seaweed subalgebra q” (a | b) of gl(n), we denote

indq”(a | b) if the vertex n belongs to a segment of I'4(a | b)
indg?(a | b) —2 otherwise

¥la*(a | b)] ={

Note that the index of seaweed subalgebras can be computed by the inductive formula
obtained by Panyushev in [10]. In [3] we gave another formula allowing to compute
the index of seaweed subalgebras g (a, b) in the case of gl(n). In the present work, we
generalise this result to the cases of seaweed subalgebras q$ (a, b), g2 (a, b) and ¢2 (a, b)
(see Theorems 3.12, 4.6 and 4.9). More precisely, we first show that we may reduce to
case a = (f) and |b| < t < n,t € N*. Next, we give the following two theorems:
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Theorem 1.2. Lett € N* and a = (ay, . . .,ax) be a composition verifying |a| < t < n.
Letagy =t—lal, di=(a1+...a;-1) = (aip1 +- - +agn), 1 <i < kandq,(t]a) =
ar(t]a), agf(t1a)ora,(t|a) = a7t a)if (t|a) ¢ En

(1) Forany 1 <i < k such that d; # 0 and any a € Z such that a; + a|d;| > 0, we
have

indq,(t | @) =ind Gpiqa,| (t +@ld;| | a1, ..., a;-1,a; + ald;|, a1, . . ., ag)
In particular, we have

indq,(t | @) =ind Qp-gea(|d; ) (t — @i +ai[|di]] | ay, ..., ai-1,a;[|di]], ais, . . ., ax)

(2) Forany 1 <i < k such that d; = 0, we have

indq,(t|a)=a;+indq,—q,(t —a; | ay,...,ai-1,ai41 ..., ar)
Theorem 1.3. Let a = (ai,...,ar) be a composition verifying 1 < la| = n—1
(i.e. (n|a) € Ep).Leta’ = (a},...,a;) = (ai,...,ar-1,ar+l),dp = —(a}+ - +a;_,)

andd; = (a} +---+a;_)—(a, ++a}) 1 <i<k-1

(1) Forany 1 <i < k such that d; # 0 and any « € Z such that a; + a|d;| > 0, we

have
indg?(n | ai,...,ax) =¥lq*(n+aldi| | a},...,d,_,d; +ald|,a},,,...,a})]
In particular, if t; = a; — a[|d;|], we have
indg?(n|ai,...,ax) =¥la*(n—t; | a},....a,_,dl|dil).a,, ....a})]
(2) Forany 1 <i < k such that d; = 0, we have
indq,[l)(n | a,...,ax) :ai+‘P[qA(n—ai |ay,...,ai—1,ai+1...,ax)]

As a consequence of these two theorems, we give new families of Frobenius seaweed
subalgebras of sp(2n) and so(n) (see Lemma 3.16 and Theorem 4.15). Finally, we
describe a relationship between Frobenius seaweed subalgebras of s1(n) and Frobenius
seaweed subalgebras of s0(2n) of the form g2 (a | b) where (a | b) € E,. Consequently,
we deduce that for any n > 1 and for any pair (a | b) € Ep41, qun +1(a | b) cannot be a
Frobenius subalgebra. Also, we prove that the number of Frobenius seaweed subalgebras
qgl (a | b), where (a | b) € Ey,, is exactly double the number of Frobenius seaweed
subalgebras of sl(n) (see Theorem 4.14).
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2. Generalities on seaweed subalgebras

Let G be an algebraic Lie group, g its Lie algebra and g* the dual space. Via the coadjoint
representation, g and G act on g* in the following way:

(x.f)(y) =f(y.x]), x,y€gandfeg
(x.N)(y) = f(Adx"'y), xeG,yegandfeg’
For f € g%, let G s be the stabilizer of f under this action and g its Lie algebra:

Gy={xeG; f(Adx'y) = f(y), y€ g}
gr={xeg; f([x,y]) =0, yeg}
We call the index of g, denoted by ind g, the integer defined by:
indg = min{dimgs, f € ¢"}

When ind g = 0, g is called Frobenius Lie algebra.

Suppose that g is a semisimple Lie algebra. Let ) be a Cartan subalgebraof g, A C h* the
root system of g relative to b, 7 := {ay, ..., @, } a set of simple roots numbered, when g is
simple, in accordance with Bourbaki [4]. Then A = A* UA™ where A* is the set of positive
roots relative to 7 and A~ = —A*. Fora € A, letg, := {x € g; [h,x] = a(h)x, h € b},
itis a 1-dimensional vector space.

For any subset 7’ C m, let A;, = At N Nz’ where Nn/ denote the set of linear
combinations with coefficients in N of the elements of 7', A7, = —A?, and n?, =

@dEAi, Sa-

Definitions 2.1. Let (n’, n"’) a pair of subsets of m, the subalgebra G+ z» = nl, &hon_,
is called a standard seaweed subalgebra of g.

We call seaweed subalgebra of § any subalgebra G-conjugate to a standard seaweed
subalgebra of g.

If i = mor n” = n, any subalgebra G-conjugate to G . is called a parabolic
subalgebra of g.

Until now, we suppose g simple. Let 7’ € n. We set Sy = (i1,i2 —i1,...,ik —
ik—1,n+1=ig), T = (i1 02— i1, . ik —ig—1), if 7’ ={a;,,...,q; }and Sp := (n+1),
7o := 0. So, S, is a composition of n + 1 and 7, is a composition of an integer ¢ < n.
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Suppose g = sl(n + 1), we associate to each pair (g, b) of compositions of n + 1
the seaweed subalgebra q;“(g | b) := qn/ z~ such that @ = Sp\ - and b = Sy\ 5. The
subalgebra q4(a | b) := q2(a | b) ® Cl,41, where I, is the identity matrix of order
n+ 1, is a seaweed subalgebra of gl(n + 1) verifiying ind ¢*(a | b) = ind q2*(a | b) + 1.
All seaweed subalgebras of gl(n+ 1) are thus obtained (up to conjugation by the connected
adjoint group of gl(n+ 1)). The subalgebra g (a | b) is a parabolic subalgebra if and only

ifa=(m+1)orb=(n+1).Let(eyq,...,e,) be the canonical basis of C*, 7" = {Vj =
0tevigc -V, =C"tand % = {C" =Wy 2 Wy 2 --- 2 W, = {0}} the two
flags in C" such that V; = {e1, ..., eq,4-.1q;), 1 < i <m,and W; = (€p,4..cxb;415 - - - » €n),

1 <i <t—1.Then q”(a|b) is the stabilizer of the pair of flags (7", %) in gl(n).
Suppose g = sp(2n) (resp. so(2n+1), s0(2n)), we associate to any pair of compositions
(a, b) verifiying |a| < n and |b| < n, the seaweed subalgebra g (a | b) = qu/.x7, 1 =C
(resp. B, D) of sp(2n) (resp. s0(2n + 1), s0(2n)) such that a = T\ and b = T\ .
Up to conjugation by the connected adjoint group of sp(2n) (resp. so(2n + 1), so(2n)),
all seaweed subalgebras of sp(2n) (resp. so(2n + 1), so(2n)) are thus obtained. The
subalgebra g% (a | b), I = C (resp. B, D) is a parabolic subalgebra of sp(2n) (resp.
so0(2n + 1), so(2n)) if and only if a = @ or b = 0. Let again (ej,...,e,) be the
canonical basis of C". In the case where g = sp(n) and n is even (resp. g = s0(n)
and n is odd), we endow C" with the antisymmetric (resp. symmetric) bilineair form
(-,-) defined by (e;,ens1-;) =0;j 1 <i,j <n,i+j <n+1. Let(a,b) be a pair of
compositions verifiying |a| < [5] and [b| < [5], 7 ={Vo ={0} S VI & -+ C Vp}
and 7" = {Wy 2 W; 2 --- 2 W, = {0}} the two flags of isotropic subspaces such that
Vi ={eyq,... ,ea|+...+ai), l1<i<m,and W; = <en*(b1+“'+br-i)+l’ conen),0<i<—1.
Then q[cgl(glg) (resp. QF%](Q|Q)) is the stabilizer of the pair (7', %") in sp(n) (resp.
s0(n)). The case g = so(n) and n is even is more complicated: if |a| = 5, a, > 1 and
|b| = 5 —1(resp. |b| = 5,b, > 1 and |a| = 5 —1), then q2 (a|b) is the stabilizer of the pair
(7, W) (vesp. (7”7, %)) in so(n) where #”’ (resp. 7’)2is obtained from %" (resp. 7”) by

replacing Wy (resp. Vi) by W = {e%, €y, .., en} (resp. V), ={ey,..., en_y, egﬂ}).
Otherwise, q2 (a|b)) is always the stabilizer of the pair (77, 7’) (see [8]).
2
Leta = (ay,...,ax) acomposition of an integer n € N*, wesetI; = [a; +---+a;_1 +
I,...,a1+---+a;-1+a;] NN, 1 <i < k and we associate to a the involution 6, of

{1,...,n}, defined by 0,(x) =2(a1 +---+aj_1)+a;—x+1,xel;,1<i<k.

Let (a, b) a pair of compositions of an integer n € N*, we associate to the seaweed
subalgebra g% (a | b) of gl(n) a graph denoted by T'*(a | b) and called meander
of g4(a | b), whose vertices are n consecutive points on a horizontal line, numberd
1,2,...,n. It is constructed by the following way: we connect by un arc, below (resp.
above) the horizontal line, each pair of distinct vertices of I'(a | b) of the form (x, 64 (x))
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(resp.(x,0p(x))), x € {1,...,n}. A connected composant of I (a | b) is either a cycle
or a segment (see [2]).
Example 2.2.

F (2’4$3|592’2)_ —_J «_J
Theorem 2.3 ([7]). Let q(a | b) be a seaweed subalgebra of gl(n) and T (a | b) the
associated meander, we have

ind qA(g | b) =2 X (number of cycles) + number of segments

Lemma 2.4 ([3]). Leta = (ay,...,ar) and b = (by,...,b;) be two compositions such
that |b| = |a| = nand set a™' = (ay, . ..,ay), we have

indq”(a | b) =indq*(2n | a™'. b)
Theorem 2.5 ([3]). Leta,b,c,d,n € N* such that a + b = ¢ + d = n, we have
(1) indq*(a,b |n)=a b
(2) indq4(a,b | c,d) =ind q4(a,b,c |n+c) = (a+b) A(b+c¢)

Theorem 2.6 ([3]). Let p(ay,...,ax) := q4(ay,...,ax | n) be a parabolic subalgebra
of gl(n). We setdy = —(ay+---+ag—1)and d; = (a1 +---+a;—1) — (aj41 +-- - + ag),
1<i<k-1

(1) Forany 1 <i < k such that d; # 0 and any « € Z such that a; + a|d;| > 0, we
have

indp?(ay,...,ar) =indp(ay,...,a; +a|di|, ..., ax)
In particular, we have

indp*(ay,...,ax) =indp(ay,...,ai-1, ai[|dil], ais1 - - ., ax)

(2) Forany 1 <i < k such that d; = 0, we have

indpA(al,...,ak) =a,~+indpA(a1,...,ai,l,ai” ...,ak)
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3. Seaweed subalgebras of sp(2n)

Letn € N*and (a, b) apair of compositions verifiying |a| < nand |b| < n. We associate to
the seaweed subalgebra q€ (a | b) of sp(2n) the meander 'S (a | b) := T4(a’ | b’), where
a =(ay,...,ar,2(n—\al),ag,...,ay)and b’ = (by,...,b;,2(n—\b|), by, ..., b1).a’
and b’ are two compositions of 2n, so T’ ,? (a | b) has 2n vertices numbered from 1 up to
2n. Let o the symmetry with respect to the vertical line between the n-th and (n + 1)-th
vertices. By construction, the meander I'S (a | b) is o--stable.

Example 3.1.

R R A R I A )

Theorem 3.2 ([11]). Let q$ (a | b) be a seaweed subalgebra of sp(2n) and TS (a | b)
the associated meander, we have

rCesiy=. [ ) Eﬁ =
J

1
ind qg (a | b) = number of cycles + 3 X (number of segments that are not o -stable)

Corollary 3.3. Leta = (ay,...,ax) and b = (by, ..., b;) be two compositions such that
la| < nand|b| < n.

(1) indq§ (a | b) =indqS (b | a)

(2) indqy (a | b) = indq (a | b) +n—max(|al,|b])

max(|al,|b])
(3) indaS(a|0) = X<k [5]+ (n—]al)
(4) Ifthereexist1 <i<kandl < j <tsuchthata,+---+a; =b1+---+bj, then

indqS(a | b) =indq*(ar,...,a; | b1,...,b))

+ind qg—(a1+---+a,~)(ai+1’ o, ak | bj+1, ey bt)
where g (a1, ..., a; | by, ... ,bj) is the seaweed subalgebra of gl(ay + - - - +a;)
associated to pair ((ay, . ..,a;), (by,...,b})). In particular, if |a| = |b|, then

indq$ (a | b) =indq*(a | b) +indqS (0| 0) =indq*(a | b) +n - |a|

—lal
Lemma 3.4. Let a = (ay,...,ax), b = (by,...,b;) be two compositions such that

|b| < |a| <nanda™' = (ag,...,a1), we have

indag (a | b) =indqf,, (2lal |a™',b)

n+|al
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Proof. By Corollary 3.3, we may suppose |a| = n. Set [ = [1,n], I’ = [1,]b]] and
c = (ak,...,ai,by,...,b;). We verify easily that 6, (resp. 6p) is the restriction of
0100, (1eSp. Or4|p|0cOnsip)) to I (resp. I'). Since meanders I'S (2n | a',b) and
I'C(a | b) are o-stable, so there exists a bijection between sets of connected components
of these two meanders which preserves the number of cycles and the number of segments
that are not o-stable (see Example 3.5). So the result follows from Theorem 3.2. O

Example 3.5. Let us consider the pair ((2,3), (3, 1)), the blue arcs in the meander

I'S(2,33,1) are replaced with the blue arcs in the meander I'{ (10 | 3,2,3, 1).

53130 = O%b@

r1013,2,3,1) = Y M A e

I

Remark 3.6. In view of Corollary 3.3 and Lemma 3.4, we may reduce the study of the
index of seaweed subalgebras of sp(2n) to case of seaweed subalgebras of the form
q¢ (n | @), where a is a composition of an integer less than or equal to 7.

Lemma 3.7. Leta = (ay, ..., ax) a composition verifiying |a| < nand s = n — |a|. Then
foranyt € N, we have
indq€,,  (n+4ts|2s,...,25,a,2s,...,25) =ind q§ (n | @)
’ S— —
t t
In particular, if oS (n | a) a Frobenius subalgebra of sp(2n), then for any t € N,

(n+4ts|2s,...,2s5,a,2s,...,2s) is a Frobenius subalgebra of sp(2(n + 4ts)).
S—— S——
t t

C
qn+4ts

Proof. By the following figure, the result is cleary true for r = 1.

Ffms(n+4s | 2s,a,2s) = .. .@
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So the result follows by induction on ¢. O
Lemma 3.8. Let a = (ay,...,ax) be a composition verifiying |a| < n. Suppose that
there exists 1 <i < k such that |a|; := ay +-- -+ a; < n—|a|. Then we have,
. ajl .
indal (|l = Y | 3| +indal (0 =2lali | ain, .. ax)
1<j<i

In particular, if |a| < [5], we have
. c _ aj ”_'HQJ
indq, (n|a)= Z [?] + [T
1<j<k

Proof. Observe that the meander I'C(n | a) is a disjoint union of the meanders

Clal (2lal; | a1,...,a;) and FC lal; (n —2l|al; | ait+1,...,ax). On the other hand,
we verify that the meander FI i (2lali | ar,...,a;) has X<l f] cycles and
2i<j<i [“- +1] 21<J<,[ /] segments that are all o-stable. So the result follows from
Theorem 3.2. O
Lemma 3.9. Let a = (ay,...,ax) be a composition verifiying |a| < n and set ax, =
n—lal.

(1) Leta;j = (a1+---+a;)—(aj+-++ag) and a™ = (a1 +- -
1 <i<j<k+1. Wehave,
ind q;

indqg (n| @) =4 et
ind q

S (n+adb ay,. .., a,d" ai, ..., ax) ifa;j <0

n+a,](n+ai’j |al,...,aj_l,a"’j,aj,...,ak) ifa;; >0

(2) Letd; = (a1 +---+a;—1) — (aj1 +---+ags1), 1 <i < k. Suppose there exists
1 <i < k such that a; > |d;|. We have

(a) indqS (n | @)
1ndqn+a_+d_(n+ai+d,- |ay,...,ai,a; +d;i,aiv1,...,ar) ifd; <0

indqf+ai_di(n+ai —d;|ai,...,a;-1,a; —d;i,ai,...,ar) ifd; 20
(b) indaS(n]a) = indqf_ld”(n —\dil | ai,...,ai-1,a; = |dil, ais1, . . ., ax).

Proof. (1). Suppose a; ; < 0. It follows from the proof of Lemma 3.4 that there exists
a bijection between the sets of connected components of the meanders l'f,., ; (a™) |
Ais1, ..., aj-1) and Fgai’j 2a"7 | ab,ai, .. ., aj—1) which preserves the number of
cycles and the number of segments that are not o--stable. This bijection extends naturally to
a bijection between the set of connected components of the meander 'S (n | @) and the set
of connected components of the meander FC (n+a Silay, .. ai a7 ai, ... ag)
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which also preserves the number of cycles and the number of segments that are not
o-stable. The result follows from Theorem 3.4. The case a; ; > 0 is proved in the same
way (see Example 3.10).

(2). (a). It suffices to remark that

{ai’i+1 =dai+l = a;+ d,‘ if di <0

a~V=—a, 1;=a;—d; ifd; >0
(see Example 3.11).

(b). Let b = (by,...,br) suchthat b; = a; if j # i and b; = a; — |d;|. We verify that
bi_1,i+1 = d; and b= = g, It follows from (1) that we have
(n+a,~+d,~ | al,...,a;,a; +di,a,~+1,...,ak) ifd; <0

ind q¢
ind aS (b | n) = { Tnva v

indqf+a__d_(n+a,-—di | ay,...,ai-1,a; —d;,a;,...,a;) ifd; 20
1 4

The result follows from (a). m|

Example 3.10. Let us consider the composition a = (ay,as) = (3,2) and n = 7, then
la| =5,a3 =n—la|=2,a13=a;—a3=1>0and a'? = ay + a3 = 3. We have
ind q$ (7 3,2) =ind ¢ (10 | 3,2,3).

rq(10]3,2,3) =

Example 3.11. Let us consider the composition a = (aj,az) = (3,3) and n = 8,
then |a| = 6, a3 =n—|al =2,d, =a;—a3 =1 > 0and a, — d, = 2. we have
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ind qg(8 | 3,3) = ind q19(10 | 3,2,3). The blue arcs in the meander F8C(8 | 3,3) are
replaced with the blue arcs in the meander Flco(lo | 3,2,3).

soros (UG ES)

rﬁ)(10|3,2,3)=(f\K {} {Kﬁ” (bh\{ %{ ]

The following theorem is an immediate consequence of Corollary 3.3 and Lemma 3.9.

Theorem3.12. Leta = (ay, ..., ar) acompositionverifiying |a| < n. We set ary1 = n—|a|
andd; = (a1 +---+a;j_1) —(ajy1 +---+ars1), 1 <i <k

(1) Forany 1 <i < k and any a € Z such that a; + a|d;| > 0, we have

lndqg(n | 2) = indqr(l:+a|di|(n+a|di| | ar,...,adi-1,4; +a|di|sai+l" . -9ak)

In particular, for any 1 < i < k such that d; # 0, we have

C
n-a;+a;[|di|]

indqS (n|a) =indq (n—a;+a;lldil] | ay,...,ai-1,a;[|di|], ais1, ..., ax)

(2) Forany 1 <i < k such that d; = 0, we have

indqf(n | a) = a; +indqf_al_ (at,...,ai—1,Qi1 ..., ax)
Remark 3.13. The lemma 2.4 of [3] show that if the composition a = (ay, ..., ax) and
the integer n verify |a| < n, then there exists 1 <i < k such that a; > |d;| or |a| < [7].

Remark 3.14. In view of Corollary 3.3, Lemma 3.4, Lemma 3.8 and Remark 3.13, the
previous theorem give a reduction algorithm allowing to compute the index of seaweed
subalgebras of sp(2n).

220



Index of seaweed subalgebras of classical Lie algebras

Example 3.15. Consider the seaweed subalgebra qQCOO(IS, 185 17,61, 117) of sp(400).
By Lemma 3.4, we have

inquCOO(IS, 185117,61,117) =X[Q4Coo(400 | 185,15,17,61,117)]
Then, by applying successively Theorem 3.12, we have

ind q$,,(400 | 185, 15,17,61,117) = ind %(385 | 185,17,61,117)
=ind 5, (369 | 185,1,61,117)
=ind q$;5(185 ] 1,1,61,117)
=indq% (69 | 1,1,61,1)
=indq§ (9] 1,1,1,1)

It follows from Lemma 3.8 that we have

ind q5,,(400 | 185,15,17,61,117) =indq$ (9 | 1,1,1,1)
=0
Lemma 3.16. Forany k € N* and (a1, . .., @) € NK we set ary = k, a=(ai,...,ax)
the composition defined by a; = 1+ai(ai1+---+ags1 —i+1), 1 <i < kandr =|a|+k.

Then € (r | a) is a Frobenius subalgebra of sp(2r).

Proof. Lets; =aj1+---+ap —i+1, 1 <i <k,soa;[s;] = 1. Using the reduction
given by Theorem 3.12, we obtain

indqf (r | @) =indq$, ,(2k=1]1,...,1)

—_——
k-1
It follows from Lemma 3.8 that we have
indq (r | @) =0 O
Lemma 3.17. Leta = (ai,...,ax) and b = (by, ..., b;) be two compositions verifiying

|b| < |a| < n. Suppose ay > by, we have
indq,?(g | b) = indqf_bl(al —by—aylay - bi1],a1]la; = b1],az,...,ax | by...,b;)
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Proof. 1t follows from Corollary 3.3 that we may suppose |a¢| = n. Using Lemma 3.4 and
Theorem 3.12, we have

ind g5 (a | b)

= indqzcn(Zn | ag,...,a1,b)

:indqzcn_b](Zn—bl | ak,...,a1,by,...,by)

= indqzcn_bl_ulml[al_bl](2n —-by—ay+aila; - bi] | ak,...,az,

ailar —b1],ba, ..., by)

=indq$,_,, (2n—2b1 | a. . ...az.a1[la; —bi],ay by —a[a1 = b1]. by, b;)

=indqfﬁbl(a1 —by—aila; - b1l,aila; = b1]l,az,...,ax | ba...,by) O
Lemma 3.18. Leta = (ai,...,ax) and b = (by, ..., b;) be two compositions verifiying
|b| = |a| = n. Suppose a; > by, we have

indq”(a | b) = indq*(ay — b1 —ai[ar - b1],ai[ar — b1l,aa,...,ax | ba...,by)
Proof. This is a direct consequence of the previous lemma and Corollary 3.3 (4). O
Theorem 3.19. Let (a, b,n) € (NX)? such that b < a < n. Then the index of qS (a | b)
is given by
n ifa=>b
[a[az_b]] + [“_b_‘é[“_b]] +n—a ifa#b

ind g (a | b)={

Proof. Suppose a = b, the result follows from Corollary 3.3 (4). Suppose a > b, it follows
from Corollary 3.3 that we may suppose that a = n. Using Lemma 3.17, we have

indq¢ (a | b) =indqS ,(a —b—-ala-b],ala-b]|0)

Hence we have the result. O
Lemma 3.20. Let S (n | a) be a seaweed subalgebra of sp(2n) where a = (ay, .. .,ax)
is a composition which verify |a| < n. Set s = n —|a| and a’ = (ay,...,ax,s). Let
us consider the seaweed subalgebra *(n | a’) of gl(n) associated to the pair (n,a’).
Then there exist « € N and a composition ¢ = (c1, . .., cj) verifiying j < k and |c| < s
such that

indag (n|a) = a+indq, (s +lcl | o)

indg*(n | a’) =a+indq*(s+c| | ¢, 5)

Proof. When 2|a| < n, it suffices to consider @ = 0 and ¢ = a. Suppose that 2|a| > n,
it follows from [3, Lemma 2.4] that there exists 1 < i < k such that a; > |d;| (see the
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definition of d;’s in Theorems 2.6 and 3.12). Using Theorems 2.6 and 3.12, the result
follows by induction on |a|. ]

Theorem 3.21. Leta = (ay,...,ax) and b = (by, ..., b;) be two compositions verifiying
|b| < |a| = nand s = |a| — |b|. Suppose that k +t < s, then oS (a | b) is not a Frobenius
subalgebra.

Proof. Using Lemma 3.4 and Theorem 3.12, we have
ind q,?(g | b) = indqzcn_al(Zn —ap|ak,...,azb)

Suppose that q$ (a | b) is a Frobenius subalgebra of sp(2n). It follows from Lemma 3.20
that there exists a composition ¢ = (ci,...,cj)suchthat j < k+r—-1<s—1,|c|<s
glc‘(s +1c| | ¢) = 0. Since |c| < [Hz‘gl], it follows from Lemma 3.8 that
¢; =1, 1 <i < j and there exists € € {0, 1} such that j = |c| = s — €. So we deduce that

Jj = s — 1. We have therefore a contradiction. O

and ind q

Theorem 3.22. Let (a,b,c) € N* and set n = max(a + b,c), p = (a+b) A (b +c¢) and
r=la+b-c| then

(1) If p > r, we have

r+1

inday (@b | ¢)=p—|—

(2) If p < r, we have

[
[

if p and r have the same pari
indqf(a,b|c)={ Ip parity

NI NI

]
1=1 otherwise

Proof. Let us consider the case where ¢ < a + b = n, it follows from Lemma 3.4 and
Theorem 3.12 that

indq$ (a,b | ¢) =indqS, (2n | b,a,c) =indqf, ., (b+c+r | b,c)
Suppose that 7 = 0, we deduce from Corollary 3.3 (4) and Theorem 2.5 that
indqf, ., (b+c+r|b,c)=indq*(b+c|b,c)=bAc=p

Now, we suppose that r # 0 and prove the following properties that will be useful to us,
P : Any triple (x,y,2) € N3 verifies one of the following conditions,

) x+y<z
() x>y+z
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(iii) y > | — 2|
P’ : Let z € N*. For any pair (x, y) € N?, there exists (x’,y’) € N? vérifiying
(+Y)AY +2)=(x+y) A(y+2) =g
X' =zandy =qg-z ifg>z
X' +y <z ifg <z
such that we have
indqf+y+z(x +y+z|x,y) = indqf,+y,+z(x’ +y' +z|x,y)

The property P is obvious. Let us prove the property £’ by induction on the sum x + y.
Suppose that x + y < z, in particular ¢ < z. The result is true with x = x” and y = y’.
Suppose that x + y > z, it follows from the property # thatx > y+zory > |x — z|. If
X =z, in particular ¢ = x + y = y + z > z, the result is again true withx = x" and y = y’.
If x # z, we deduce from Theorem 3.12 that we have

ind q€, ., (x+y+2|x.)
_ indqf[y+zj+y+z(x[y+z] +y+z|x[y+zl,y) ifx>y+z
indqC Ly (e vl =2l 42 [xylle—2l]) ify > [x—z]

Remark that (x[y+z] +y) A (y+2) = (x+y[|x—z|]) A (y[|x — z|]] +2) = g. So it suffices
to apply the induction hypothesis to the pair

(x1, 1) = {(x[y+zl7y) ifx>y+z
: (y[lx=zl) ify>|x—z]

It follows by the above properties that there exist (b, ¢’) € N? verifiying

B +)N(+r)=((b+c)A(c+r)=p
b'=randc’=p-r ifp>r

b'+c" <r ifp<r

such that

indqS (a,b | c) =indqy, ., (B +c" +r| b))
Suppose that p > r, in particular b’ = r and ¢’ = p — r. We deduce from Theorem 3.12
and Lemma 3.8 that we have

r+1

ind q5 (a,b | ¢) = ind qf, 5

+c’+r(

b +c" +r|b',c)] =c'+[%] =p-
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Suppose that p < r, in particular b’ + ¢’ < r. It follows from Lemma 3.8 that we have

. r—-b —-c
2

e If p is even, so the integers ¢’, b’ and r are of the same parity. In particular, we
have

7’

c
2

b/

indqS (a,b | c) = +

Now we distinguish two cases:

] if r is even

. [
indqS (a,b | c) =
i { ) { ]-1 ifrisodd

—
NN NI

o If p is odd, so there exists two integers of the opposite parity among ¢’, b’and
r — b’ — ¢’. In particular, we have

]-1 ifriseven

indqf(a,b|0)={[ if r is odd

—
[ S]]
—

Suppose that a + b < ¢ = n. It follows from Corollary 3.3 that ind q$ (a, b | ¢) =
ind q€ (c | a, b), so it suffices to remark that p = (a + b) A (b +7). O

Corollary 3.23. Let (a,b,c) € N*, then oS (a,b | ¢) is a Frobenius subalgebra of
sp(2n) if and only if max(a + b, ¢) = n and one of the following conditions holds:

() r=1landp=1
2)r=2andp =1

B)r=3andp=2

Theorem 3.24. Leta = (ay,...,ax) and b = (b1, ..., b;) be two compositions verifiying
|b| < |a| = nand set s = |a| — |b|. Consider the seaweed subalgebra q*(a | b, s) of gl(n)
associated to the pair (a, (by, ..., by, s)). Then

(1) There exists a composition d of s which verifies

indq$ (a | b) —indq®(a | b,s) = indqS (d | 0) —ind q*(d | s)

(2) (a) Suppose ind qA(a | b,s) =1, thenind q$ (a | b) = [

1
T]
(b) Suppose ind q€ (a | b) =0, thenind ¢*(a | b, s) = [%]
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Proof. (1). It follows from Lemmas 2.4 and 3.4 that we have
indg”(a | b,s) =indg"(2n]a”",b,s)
indq (a | b) = ind a5, (2n | a~, b)
where g‘] = (ag,...,ap). By Lemma 3.20, there exist @ € N and a composition
c=(cy,...,cy) verifiying |c| < s that we have
indg*(2n | a™',b,s) = a+indq” (s +|c| | ¢, s)
indqg,(2n | a™',b) = a +indqf, . (s +c| | ©)

Set

Je (s—lclcus...,c1) iflel <

I (TN if |c| = s
Since |c| < s, we have |c| + s —2(ci + -+ ¢i_1) = 2¢;, 1 < i < u. By applying
Lemmas 3.17 and 3.18 with a; = |¢|+s - 2(c1 +---+¢i-)and by = ¢, i=1,...,u,
we obtain

indq”(s +lc| | ¢.s) = indq*(d | 5)

indqS, . (s +c| | ¢) = ind af (d | O)

s+lcl

Hence we have the result.

(2). (a). Suppose indq*(a | b,s) = 1, s0o @ = 0 and ind q*(d | 5) = 1. Therefore, we
have

2

On the other hand, it follows from Theorem 2.3 that the meander I'4(d | s) of the
subalgebra q”(d | s) is a segment, which implies that there are exactly two odd integers
among ¢y, ..., Cy, S — |c| and s. In particular,

ind a (a | b) =ind € (d | 0) = ["_21] - [%]+[s—|gl]

indaf (a1 2= [ 25|

(b). Suppose ind g5 (a | b) = 0. We deduce from Lemma 3.8 that ¢; = 1, 1 <i < u and
lc| = s —¢€, € € {0, 1}. In particular, we have

+1
indq(a | b, s) = ind g4 (d | 5) = ST -
Corollary 3.25. Leta = (ay, ...,ax) andb = (by, ..., b;) be two compositions verifiying

|b| < |a| = n. Suppose that s = |a|—|b| = 1 or 2, then qS (a | b) is a Frobenius subalgebra
of sp(2n) if and only if ¢4 (a | b, s) N sl(n) is a Frobenius subalgebra of sl(n).
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4. Seaweed subalgebras of so(p)

As we have seen in Section 2, any seaweed subalgebra of s0(2n + 1) (resp. s0(2n)) is
conjugate, under the action of the connected adjoint group, to one of qZ(a | b) (resp.
qP(a | b)) where a and b are two compositions such that |a| < n and |b| < n. We
associate to qZ(a | b) the same meander as for q¢ (a | b). Moreover, the subalgebras
q2(a | b) and qS (a | b) have the same index (see [11]). Thus all results obtained in
this article for seaweed subalgebras of sp(2n) are again valid for seaweed subalgebras of
so(2n+1).

Let B, be the set of pairs (a = (ai,...,ax),b = (by,...,b;)) verifiying: |a| = n,
|b|=n—-1landay > lor|b|=n,la|=n—-1and b, > 1.

In [12], Panyushev and Yakimova associated to each seaweed subalgebra 2 (a | b) of
50(2n) a meander, denoted by I'? (a | b), in the following way:

The case (a,b) ¢ E,. As explained in the second section, there exist two subsets 7’
and 7" of the set of simple roots 7 = {aj,...,a,} such that q”(a | b) = qu .
Up to permutation of @,_; and a,, we may assume that |a| # n — | and |b| # n — 1
(see [12, Proposition 3.4]). T2 (a | b) is the meander associated to the seaweed subalgebra
a; (alb).

The case (a = (a1, ...,ax),b = (b1,...,b;)) € E,. Suppose that |a| = n and set b’ :=
(b1,...,bi_1,b; +1). Then TP (a | b) is obtained from I'S (a | b’) by replacing the arc
joining vertices a| +- - - + ag_ + 1 and n by an arc joining vertices aj +- - - +ag_; + 1 and
n + 1, and the arc joining vertices n + 1 and n + a; by an arc joining vertices n and n + ay.
It is clear that these new arcs cross each other and they are the only arcs of I'? (a | b)
which verify this property, they will be called crossed arcs. Moreover, we may check easily
that the crossed arcs lie in the same cycle or in two different segments. When |b| = n,
I'P(a | b) is just the meander symmetric of T2 (b | @) with respect to the horizontal line.

Example 4.1.

Fg(1,6,3|3,2,5)=@ YO )
/ u

1

r2(1,6,33,2,4) = w M
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Example 4.2.

soi9- ()| (@)~ - (OO

Theorem 4.3 ([12]). Let g2 (a | b) be a seaweed subalgebra of s0(2n), we have

1
ind q,? (a | b) = number of cycles + 3 (number of segments that are not o -stable) + €

where € is given by:

e If(a,b) ¢ E,, then

0 iflal - |b] is even
1 if la| — |b| is odd, max(|a|,|b|) = n and the vertices n and n + 1
belong to the same segment of T'P (a | b)

-1 otherwise

o If(a,b) € By, then

: {—1 if the crossed arcs lie in the same cycle

0  otherwise
Remark 4.4. Let us keep the notations of Theorem 4.3. If (a, b) ¢ Z,,, we have
indq,(a | b) =indqy (a| b)+e

As for sp(2n), we have the following properties analogous to Corollary 3.3 and
Lemma 3.4:

Lemma4.5. Leta = (ay,...,ax) and b = (by,...,bs) be two compositions such that
|b] < |a| < n. Seta™' = (ag,...,a1), we have

(1) indg?(a | b) =indq? (b | a)

(2) inda;(a | b) =indq), , (2lal [a~'.b)
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Theorem 4.6. Lett € N* and a = (ay, ..., ax) be a composition verifiying |a| <t < n
and (t | a) ¢ E,. Setaygy =t—|a|landd; = (a1+- - -+a;_1)—(aip1+ - +ags1), 1 <i < k.

(1) Forany 1 <i < k such that d; # 0 and any « € Z such that a; + a|d;| > 0, we
have

: D : D
]ndqn (t | 2) = lndqn+a|di|(t+a|di| | a19 .. sai—l,ai +a|di|9ai+1’ .. 'aak)

In particular, we have

D
n—aj+a;|[|d;|

indgy (¢ | a) =indq |t —ai+ai[ldill | ar, ..., ai-1, ailldil], @i, ... ax)

(2) Forany 1 <i < k such that d; = 0, we have

indq?(t | @) =a; +indq? , (t—a; | ar,....ai-1, a1 ..., ax)

Proof. Recall that in this case, we have T2 (¢ | a) = TS (¢ | a). So, it follows from
Theorem 4.3 that

inda,” (1 | @) = ind g (¢ | @) + €
where € is given by:
0 iffr—|a|iseven
1 ift —|a|is odd, t = n and the vertices n and n + 1 lie in the same segment
of TP (1 | a)
—1 in the remaining cases

By Theorem 3.12, it remains to verify the condition on the arc joining vertices n and n + 1.
Now, we set

(n' |t |a)
(n+aldi| | t+aldi| | ar,...,a;-1,a; +aldi], ais1, . . ., ax)
= if d; # 0 and a; + a|d;| = 0
(n—ailt—a;lay,....,ai-1,0i41...,ar) ifdi=0

In particular, t' — |a@’| = t—|a| and (¢’ | a’) ¢ E,/. It follows that F,?(t’ |a’) = FS ] a).
Remark that in the case d; = 0, the meander I'S (¢ | a) is the disjoint union of the meanders
ISt | ') and TS (a; | a;), and in the case a; + a|d;| > 0, the meander I'S (¢ | @) is
obtained from IS (¢ | a) as explained in the proof of Lemma 3.9. So, we deduce that the
arc of ['S (¢ | a) joining the vertices n and n + 1 lies in a segment if and only if the arc of
FS (¢ | @’) joining the vertices n” and n’ + 1 lies also in a segment. O
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|b| =n—1.Setb’ := (by,...,b,_1,b, + 1) and consider I'*(a | b’) the meander of the
seaweed subalgebra g (a | b’) of gl(n) whose vertices are the n first vertices of the
meander I'? (a | b). So, the crossed arcs of the meander I'? (a | b) lie in the same cycle
if and only if the last vertex (n-th vertex) of the meander I'*(a | b’) lies in a cycle of
(a|b).

Remark 4.7. Letn > 2 and (¢ = (ay,...,ax),b = (by,...,b;)) € E, such that

Corollary 4.8. With the previous notations, we have

. A ’ . _ A , . .
ind q,?(a ' b) = indq”(a | b’) if the n-th vertex of T'*(a | b") lies in a segment
- indq4(a | b’) -2 otherwise

In particulier, for n > 1, we have
indq?(n|n-1)=|n-2|
For the seaweed subalgebra q“ (a | b), we put

indq”(a | b) if the n-th vertex of I'*(a | b) lies in a segment

indq”(a | b) -2 otherwise

¥la"(a | b)] ={

Theorem 4.9. Let a = (ay,...,ar) be a composition verifiying 1 < |a| = n — l,i.e.
(n|a) €By Weseta’ =(a),...,a)) =(ar,...,ak-1,ax+ 1), dp = —(aj+---+a;_,)
andd; = (a}+---+a,_|)—(a,, ++a}), 1 <i<k-1

(1) Forany 1 <i < k such that d; # 0 and any « € Z such that a + a|d;| > 0, we
have
indg?(n|ai,...,ax) =¥lq*(n+aldi| | a},...,d,_,,d; +ald],a},,,...,a})]
In particular, if we set t; = a; — a;[|d;|], then

. D A
inda, (n|ai,...,ax) =¥[a"(n-1; | a},....a;_,a;lldil],a,, ....a})]

(2) Forany 1 <i < k such that d; = 0, we have

indg?(n|ai,...,ax) =a; +¥lq*(n—a; | ai,...,ai-1,ai41 ..., ar)]

Proof. Let1 <i < k and set (n’ | a’”) the pair given by

(n" |a")
_J(n+aldi| | a},....a,_,,a; +aldil,al,,,...,a;) ifdi #0anda]+ald;| >0
(n—a;lai,...,ai-1,aix1 ..., 0ar) ifd; =0

230



Index of seaweed subalgebras of classical Lie algebras

Consider T(n | a’) the meander of q*(n | a’) and T'*(n’ | a’’) the meander of
q(n’ | a”’) obtained from I'*(n | @’) in the manner introduced in [3, Lemma 2.3]. We
verify that the last vertex of T'A(n | a’) lies in a segment of I'*(n | a’) if and only if
the last vertex of T'A(n’ | a”) also lies in a segment of T'A(n’ | a”). It follows from
Theorem 2.6 that

Yo (n ] )] = Pla*(n’ | a”)]
The result follows immediatly from the previous corollary. O

Remark 4.10. In view of Lemma 4.5, the theorems 4.6 and 1.3 provide a reduction
algorithm allowing to compute the index of seaweed subalgebras in the case of so(2n).

Example 4.11. Consider the seaweed subalgebra qSDSS(ZIS, 15,102 | 33,301) of s0(670).
We verify that (218, 15,102 | 33,301) € E335. By Lemma 4.5, we have

ind q535(218,15,102 | 33,301) = ind a3, (670 | 102,15,218,33,301)
By applying Theorem 4.6, we have
indq6D70(670| 102,15,218,33,301) = ¥[q*(670 | 102, 15,218, 33,302)]
= W[qA(452 | 102, 15,33,302)]
=P[q*(152 ] 102, 15,33,2)]
=W¥[q*(52]2,15,33,2)]
=¥[q*(22]2,15,3,2)]
=¥[a*(712,3,2)]
=3+¥[q"(4]2.2)]
=3+¥[q"(2]2)]
=3+2-2
=3
Consider the family of seaweed subalgebras of $o(2n) of the form ¢?(a,b | ¢)
where (a,b,c¢) € (N¥)3. In the case (a,b | ¢) ¢ B, usmg Theorems 3.22 and 4.3,
it is not difficult to obtain a formula for the index of g2 (a,b | c¢). For the case
(a,b | c) € By, it follows from Lemma 4.5 and Corollary 4.8 that we may suppose
(a,b|c)=(a,n—a—1]|n). By Theorem 2.5, we have ind q¢*(a,n —a |n) =a An. It
follows from [3, Lemma 3.3] that the last vertex of meander I'*(a,n — a | n) lies in a
cycle if and only if a A n > 2. Thus, we have the following theorem,

Theorem 4.12. Let (a,n) € (N*)2 such that a < n — 2, we have

indq,?(a,n—a—l |n)—1ndqn (a,n—a|n-1)=|(a An)-2|
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Corollary 4.13. Let (a,b,c) € (W) andset p=(a+b) A(b+c), r=|a+b—c|and
g =a An. Then gP (a, b | ¢) is a Frobenius subalgebra of $0(2n) if and only if one of
the following conditions holds:

(1) r=1,g=2and max(a+b,c) =n
2) r=1,p=landmax(a+b,c) =n-1
(3) r=2,p=landmax(a+b,c) =n
4) r=3, p=2andmax(a+b,c) =n-1

Theorem 4.14. Set ;4 := {q*(a | b) c gl(n) : indq*(a | b) = 1} and FP =
{qP(a | b) c s0(2n) : (a|b) € B, and indq?(a | b) = 0}. Leta = (ai, ... ,am)
and b = (by,...,b;) be two compositions of n such that q*(a | b) € F2. Then
the subalgebras qgl(Zal, e 2am | 2by, ..., 2bs—1,2bs — 1) and qgl(Za], o 2am-1,
2a,, — 1| 2by,...,2b,) belong to 77213, and all subalgebras of 7-2?1 are thus obtained.
Moreover, for any n > 1, we have

FRa=0 ad g7 =

Proof. Let (¢ = (c1,...,¢m),d = (di,...,d;)) € B, such that |c| = n. Let d’ =
(dy,...,di—1,d; + 1), it is a composition of n. It follows from Corollary 4.8 that
qP(c | d) is a Frobenius subalgebra of s0(2n) if and only if T4(c | d’) is a cycle. On
the other hand, it follows from [3, Lemma 3.4] that T'A(c | d’) is a cycle if and only if
indq(c|d)=ciA...Acm Adi A...Ndi_1 A (d; + 1) = 2. From Theorem 2.3, we
see that ind g4 (a | b) = 1 if and only if T4(a | b) is a segment. We deduce moreover,
from [3, Lemma 2.6], that the map q*(a | b) — q*(2ai,...,2a, | 2b1,...,2b,)
is a bijection from F2 to the set of seaweed subalgebras g*(a | b) of gl(2rn) whose
associated meander is a cycle. In particular, q2Dn(2a1, e 2a, | 2b1, ... ,2bs1,2b, — 1)
and a2 (2a1,...,2am-1,2am — 1| 2b1,...,2b;) belong to 7,2, and all subalgebras of
7—'23 are thus obtained. Moreover, the conditionci A.. . Ac,, AdiA.. . Adi_1 A(di+1) =2
show that 7;” = @ when n is an odd integer. ]

In [3], we studied the family of seaweed subalgebras of gl(n) of the form q4(n |

a,...,a,b) where (a,b,m) € (NX)S. The index of such a subalgebra is given by the
~——

follgnwing formula:

a b
ind g4 oab)y=@Ab)d, | —, ——
indq”(n|a,...,a,b) =(anb)¢ (a/\b a/\b)

m
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where ¢, is the map defined on I := {(a, b) € Nx2 | a or b is odd} by:

[F]1+1 ifaandb are odd
¢m(a,b) =[]  ifaidoddand b even
1 if a is even and b odd

Moreover, we explicitly described the meander I'(n | a, ..., a, b) (see [3, Lemma 3.3]).
|
m

In particular, we know that the last vertex of (n | a,...,a,b) lies in a segment if and
~———

m
only if (a A b) = 1. Then, we deduce the following theorem:

Theorem 4.15. With the previous notations, let (a,b,m) € (N*)3. We setn = ma+b + 1

andp=a A (b+1). Then (n,(a,...,a,b)) € B, and we have
—_———
m

$m(a,b+1) fp=1

(D) indg?(n|a,...,a,b) = i
T —— Pom(%, 2 =2 ifp =2

m

() q?(n | a,...,a,b) is a Frobenius subalgebra if and only if p = 2 and one of the
~———

Jfollowing conditions holds:

(a) m=I
(b) 5 is even and % odd

. b+l -
(c) § isodd, 5~ is even and m =2
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