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The Green’s function of the Lax—Wendroff and Beam—Warming
schemes

JeaN-Francors COULOMBEL

Abstract

We prove a sharp uniform generalized Gaussian bound for the Green’s function of the Lax—Wendroff
and Beam—Warming schemes. Our bound highlights the spatial region that leads to the well-known
(rather weak) instability of these schemes in the maximum norm. We also recover uniform bounds in the
maximum norm when these schemes are applied to initial data of bounded variation.

La fonction de Green des schémas de Lax—Wendroff et Beam—Warming
Résumé

On obtient une borne Gaussienne généralisée pour la fonction de Green des schémas de Lax—Wendroff
et Beam—Warming. Cette borne permet de préciser la région de 1’espace qui conduit a I’instabilité bien
connue de ces schémas pour la norme uniforme. On retrouve par ailleurs des bornes uniformes quand ces
schémas sont appliqués a des suites a variations bornées.

Notation. For 1 < g < 400, we let £9(Z; C) denote the Banach space of complex valued
sequences indexed by Z and such that the norm:

1/q

lullea := (D lusl?|

JEZ

is finite. We also let £*(Z;C) denote the Banach space of bounded complex valued
sequences indexed by Z and equipped with the norm:

llulle = sup u].

JEZ

We let N* denote the set {1,2,3, ...} of positive integers. The letter C, resp. ¢, denotes
some large, resp. small, positive constant that may vary from one line to the other and
possibly within the same line (for instance, we use the conventions C +C =C,C/c =C
and so on). The dependence of the constants on the various involved parameters is made
precise in the statement of the results and in the proofs.

This work was supported by ANR project Nabuco, ANR-17-CE40-0025.

Keywords: Transport equation, Lax—Wendroff scheme, Beam—Warming scheme, difference approximation,
convolution, stability, local limit theorem.

2020 Mathematics Subject Classification: 65M06, 65M12, 35L02.
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J.-F. Coulombel
1. Introduction and main result

1.1. Introduction

The Lax—Wendroff and Beam—Warming schemes are two second order finite difference
approximations of the transport equation:

ou+adu=0, t>0, xeR,
(1.1)

uls=0 = uo.

For simplicity, the velocity a is a constant here which we choose to be positive (otherwise
the Beam—Warming scheme defined in (1.3) below should be upwinded the other way
round). The solution to (1.1) corresponds to a transport along the characteristics which
implies that any L? norm of the initial condition u is preserved:

Vt>0, Vpel[l,+oo], |u(t,)llrrw) = lluollrr®)-

A desirable feature of any finite difference approximation of (1.1) is to satisfy a similar
stability property in the discrete setting.

Finite difference approximations of the solution to (1.1) amount to replacing u by a
piecewise constant function with respect to both space and time. We thus introduce time
and space steps At > 0 and Ax > 0 which we choose such that the ratio Az/Ax is a fixed
positive constant. From now on, we let 4 > 0 denote the fixed constant aAt/Ax. The
solution u to (1.1) is then approximated by a sequence of functions defined as:

V(n,j)eNXZ, V(tx)e€[nAt,(n+1)At) X [jAx,(j+1)Ax), ua(t,x):= u;f,

where it remains to define inductively the sequence (u;?)(n’ j)enxz. For the linear transport
equation (1.1), the so-called Lax—Wendroff scheme reads:

A+22 A% -
1_ 2 ;
u7+ _Tu;!_1+(l—/l )u;?+Tu;.‘+1, neN, jeZ, (1.2)
u(j). = fi, JjEZ,
and the Beam—Warming scheme reads!:
A2-2 (1-1)(2-2)
+1 _ -~ _ A S ;
u;’ = “?72 +A(2 /1)14;.‘7l + > u;?, neN, jezZ, (1.3)
M? = fj, Jj€E Z.

IThe choice a > 0 is crucial here. For negative velocities, the stencil of the Beam—Warming should be
shifted to the points j, j + 1, j + 2.
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The Green’s function of the Lax—Wendroff and Beam—Warming schemes

05 05
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Ficure 1.1. Propagation of a step function by the Lax—Wendroff
scheme (1.2) (left) and Beam—Warming scheme (1.3) (right) schemes
with A = 3/4. The initial condition is depicted in blue and the numerical
solution at time ¢ = 2 is depicted in red.

In both (1.2) and (1.3), the sequence ( f});cz is meant to provide with an approximation
of the initial condition u for (1.1). A typical choice is:

1 (j+1)Ax

Vj€eZ, fj:= e N up(x)dx.
JAX

We recall that in (1.2) and (1.3), the fixed constant A stands for aAz/Ax. Both schemes (1.2)
and (1.3) are known to lead (at least formally) to second order approximations of the
solution to (1.1) and to exhibit a dispersive behavior. This phenomenon is evidenced in
Figure 1.1 where we show the propagation of the step function:

) 1, if x| <1/2,
up(x) :=
0 0, otherwise,

at time ¢t = 2 by the numerical schemes (1.2) and (1.3) (we choose a = 1 in the
computations). Oscillating wavetrains are generated either behind or ahead of the
discontinuities in the solution. Our goal in this article is to give an accurate description
of the so-called Green’s function (a.k.a. the fundamental solution) for the recurrence
relations (1.2) and (1.3). Our result gives a quantitative description of the oscillating
wavetrains displayed in Figure 1.1. Moreover it also gives a detailed analysis of the (rather
weak) instability of the schemes (1.2) and (1.3) in £*°(Z; C). We now briefly recall some
bibliographic references on this instability phenomenon and state our main result.
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J.-F. Coulombel

1.2. A reminder on the instability of dispersive schemes in the maximum
norm

Let us recall a few facts about Laurent (or convolution) operators. If a € £!(Z; C), we let
L, denote the so-called Laurent operator associated with the sequence a [10, 19], which
is defined by:

L, : (uj)jeZ —> (Z aguj_p) =axu, (1.4)
(eZ JEZ
whenever the defining formula (1.4) for the sequence L,u makes sense. For instance, the

scheme (1.2) corresponds to the (finitely supported) sequence:

(A+2%))2, ife=1,

1 -2, if £ =0,
ag =

—-(A-2%)/2, ift=-1,

0, otherwise,

and the scheme (1.3) corresponds to the (finitely supported) sequence:

(1-D)(2=-2)/2, ift=0,

A2 -21), if¢=1,
ae = 2 .

—(1-29)/2, if € =2,

0, otherwise.

We always consider a sequence a € 1 (Z; C) in what follows, and we shall even assume
for our main result that the sequence a is finitely supported. Young’s inequality shows
that the operator L, acts boundedly on ¢4 (Z; C) for any g € [1, +oo]. The spectrum of
L, is well-understood since the so-called Lévy—Wiener Theorem [9] characterizes the
invertible elements of ¢! (Z; C) for the convolution product (and we have the morphism
property L, o Ly, = Layp, Where x denotes the convolution product on £!(Z; C)). Namely,
the spectrum of L, as an operator acting on £4(Z; C) does not depend on ¢ and is nothing
but the image of the Fourier transform of the sequence a, see [19]:

o(Ly) = {Z are? /g e R} .
LEZ

Since a belongs to £ 1 (2, C), its Fourier transform is continuous on R. It actually belongs
to the so-called Wiener algebra, see [8].

250



The Green’s function of the Lax—Wendroff and Beam—Warming schemes

Let us now take a closer look at the norm of L, when acting on either £>(Z;C) or
£ (2Z; C). For future use, we let F, denote the Fourier transform of the sequence a:

VOER, Fu0) := Z apel?. (1.5)
(e

By Fourier analysis, see [5, 17, 19], we have:
IZallenee = 1Fallze -
Since the maps (¢ — L,) and (a — F,) are morphisms, this immediately gives:
VneN, [(La)"leme = 1(Fa) " le®) = IFall}o ),

which gives the well-known von Neumann necessary and sufficient condition for £2-
stability (see [5, 14, 17]):

Sugll(Lu)"Ilzzﬂgz <400 = |Fulleow < 1.
ne

In the context of finite difference schemes, F, is usually referred to as the amplification
factor. Under the von Neumann condition, the operator L, is a contraction on £>(Z; C) as
is any of its powers. For the Lax—Wendroff (1.2) and Beam—Warming (1.3) schemes, we
obtain (with rather self-explanatory notation):

~ 9
VOeR, Fw(0)=1-21%sin? 3+ idsin6, (1.6a)
ol 2. 20 .40
Fw(0) =1—22"sin 3 —4A(1 = 2) sin 3
+idsing (1+2(1 —/l)sinZg . (1.6b)
We then compute :
- 0
VOER, |Fw(O)] =1-422(1 -2 sin* 3
~ 0
|Fow (O = 1 —44(1 = )2 - ) sin* -

and we thus find that the Lax—Wendroff scheme is £2-stable for A € (0, 1] and that the
Beam—Warming scheme is £2-stable for A € (0,2]. In what follows, we avoid the trivial
cases A = 1 in (1.2) and A € {1, 2} in (1.3) for which the schemes reduce to simple shift
operators. We thus consider from now on :

e the Lax—Wendroff scheme (1.2) with 4 € (0, 1),

e or the Beam—Warming scheme (1.3) with 2 € (0,1) U (1,2).
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J.-FE. Coulombel

In particular, there holds the so-called dissipation condition:
Vo e [-ma\ {0}, max(|Fw(O)],|Faw(@)]) <1, (1.7

as well as the conservativity condition fLW(O) = wa(O) =1.
The stability of the Laurent operator L, on ¢*(Z;C) is less easy to study since the
norm?:
ILallemmes = Y lacl,
CeZ
is usually larger than 1. The only favorable case is that when the coefficients a, are

nonnegative real numbers, which corresponds to monotone schemes or equivalently to the
case where the a,’s are the jump probabilities of a random walk on Z. There is no obvious
reason why, even under a dissipation condition as in (1.7) for the Fourier transform F,, the
operator L, should be power bounded when acting on £ (Z; C). This stability property in
the maximum norm has been thoroughly investigated in the fundamental contribution [18],
see also [2, 3] for some recent developments. The main result in [18] shows that stability
in the maximum norm is related to the Taylor expansion of the Fourier transform F,
at any point where the modulus of F,, attains the value 1. For the Lax—Wendroff and
Beam—Warming schemes, the modulus of the Fourier transform equals 1 only at the
frequency 0, see (1.7), and we compute the Taylor expansions:

2 201 _ 32
Fiw(0) = exp (i/w—i/l(l6/l )93— A (18 A )94+0(95)), (1.8a)
_ _ _ 20—
fBW(H):exp(i/10+i/l(l ’2(2 D gz _ AU ’1)8(2 ’1)04+0(95)), (1.8b)

as 6 tends to 0. Since a purely imaginary term of the form i63 arises in (1.8a) and (1.8b)
(with a power 3 that is less than the first even power with a coefficient of negative real part),
[18, Theorem 3] shows that the associated convolution operators are not power bounded
on £*(Z;C). In other words, the schemes (1.2) and (1.3) are not stable in £*(Z;C)
uniformly in time. Namely, there holds (with, again, quite self-explanatory notation):
sup [[(Liw)" [le=—e= = sup [[(Lpw)" lle=—e~ = +00.
neN neN
Actually, [18, Theorem 3] gives the lower bounds:

1/12 1/12

I(Lw)" lle=—e= = cn [(Lw)" |le—e > cn

for a suitable constant ¢ > 0 (that only depends on ). The sharp growth rate:

HLiw) o= —ew ~ 075, (Lpw)" llemes ~ n'l%,

2The norm of L., as an operator acting on either £1 (Z; C) or £%(Z; C) coincides with the norm of Fgin
the Wiener algebra.
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The Green’s function of the Lax—Wendroff and Beam—Warming schemes

as n tends to infinity, was proved in [6] (see also [7] for a general classification). We shall
recover this growth rate later on by making it even more precise (see Section 4 for more
details).

1.3. Main result

From now on, we consider a convolution operator L, where a € £!(Z;C) is a given
sequence whose associated Fourier transform is denoted fa, see (1.5). We are interested
in giving an accurate description of the powers L7, as the integer n becomes large, in
a case that exhibits a dispersive behavior as reported in Figure 1.1. We thus make the
following assumption.

Assumption 1.1. The complex valued sequence a is finitely supported and sums to 1:

Z ap = 1.

teZ
Its Fourier transform F, (that is a trigonometric polynomial) satisfies the dissipation
condition:

VO e [-mnr]\{0}, |Fu(0)|<1. (1.9)

Moreover, there exist a real number «, a nonzero real number c3, a positive real number
c4 and a holomorphic function ¢ defined on a neighborhood of 0 such that, as 8 € C
tends to zero, there holds:

F(6) = exp (iaa —ic36% — cu6" + 9%(9)) . (1.10)

Let us observe that since F, is a trigonometric polynomial, the definition (1.5) shows
that it extends to a holomorphic function on the whole complex plane. Hence the
holomorphy of the remainder ¢ in (1.10) is automatic.

In order to state our main result, we let from now on d denote the discrete Dirac mass
defined by:

, {1, if j =0,
Vj€ezZ, 6;:= )
0, otherwise.
For any n € N and j € Z, we then use the notation g]" for the so-called Green’s function
associated with the operator L, that is:

VneN, VjeZ G:=(LLS); (1.11)

Since L, is a convolution operator, the Green’s function G" is nothing but the sequence a
convolved with itself n — 1 times: G° = §, G' = a, G = a x a and so on. Equivalently,
we have:

VneN, (La)n = Lgn.
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Our main result is the following.

Theorem 1.2. Assume that the constant c3 in Assumption 1.1 is positive (which holds
for the Lax—Wendroff scheme with A € (0, 1) and for the Beam—Warming scheme with
A € (1,2)). Then there exist two constants C > 0 and ¢ > 0 such that the Green’s function
(QJ’.’)(,,,J-)GNXz satisfies the uniform bounds:

VneN", VjeZ,

C j—an ~1/4 j—an 3/2
MN< —min|1, | —— exp | —c | —— , ifj—an>0, (1.12
|g1| n1/3 ( ( n1/3 ) ) p( ( n1/3 ) ) f.] ( )
and:

VneN', VjeZ,

|gn Gn| < ¢ min | 1 |/~ anl B ex | — an v
. — < — , —C s
J J nl/3 nl/3 p nl/3

ifj —an <0, (L.13)

where G;? is defined forn e N* and j € Z as:

1 SN2 2|j — an*/?
o Loy ey 2cm) cos( |j — an] _Z)
pn 9c3n 3V3en )
X/Flemdu (1.14)
J—an
- 3c3n

If c3 is negative (which holds for the Beam—Warming scheme with A € (0, 1)), the
bounds depending on the sign of j — an should be switched and c3 should be replaced by
|c3| in (1.14).

In what follows, only the values of G;.’ for j — an < 0 will matter, but there is no
problem defining G;.‘ for any (n, j) € N* X Z. An immediate consequence of Theorem 1.2
is the following corollary.

Corollary 1.3. Assume that the constant c3 in Assumption 1.1 is positive. Then there
exists a constant C > 0 such that for any n € N*, the Green’s function (QJ") jez satisfies:

> lerl=<c, (1.15)
j€Z/j—an>0
and
Z lgn a1 <c, (1.16)
J€Z/j—an<0 ‘
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The Green’s function of the Lax—Wendroff and Beam—Warming schemes

where the approximate Green’s function G;? is defined in (1.14).

In other words, the reason for the nonuniform integrability of the Green’s function
(g;’)jez is located in the region {j — an < 0} (assuming c3 > 0), and the resulting
instability is entirely described by means of the approximate Green’s function (G;.‘) jez.
This observation will be used systematically in Section 4 below.

Let us clarify the position of our main result with some recent advances on local
limit theorems for complex valued sequences. More precisely, in probability theory (the
case where the a,’s are nonnegative real numbers), local limit theorems describe the
asymptotic behavior of g;‘ as n becomes large, see for instance [11, Chapter VII]. There
have been recent developments of this theory in the case of complex valued sequences, of
which a culminating point is [12] (see [13] for results on multidimensional problems).
Going more into the details, when we apply [12, Theorem 1.2] to sequences a satisfying
Assumption 1.1, we obtain3:

1 e [J—an _
Gr = nITH;C} ( ) +o(n™13),

/3

uniformly with respect to j € Z, and the function H;” is defined as the oscillatory
integral#:
VxeR, H;“ (x) := ZL/e‘i"“e‘iC3“3du.
T JR

Theorem 1.2 above does not give such an accurate (universal) description of Q;?, but it
gives global uniform bounds that cannot be obtained (at least, not in a straightforward
way) from [12]. This difference between Theorem 1.2 and [12] should be expected since
the analysis in [12] only retains the first two terms in the Taylor expansion (1.10) while
we make here a very strong assumption on the third term (the O(6*) term in (1.10) that
produces most of the dissipation mechanism). Last, we observe that the uniform bound in
Theorem 1.2 for the case ¢3(j —an) > 0 is compatible with the well-known fast decaying
behavior of the Airy function on R*. Theorem 1.2 and [12] should therefore be seen as
complementary.

We provide in Figure 1.2 with a representation of the Green’s function ( gj") jez for
the Lax—Wendroff scheme (1.2) for A = 3/4 at various time iterations. Entirely similar
pictures may be generated for the Beam—Warming scheme (1.3). The right picture in
Figure 1.2 compares the exact Green’s function (gj") jez, that is depicted in blue, with yet

3The reader may also consult [12, Proposition 8.1] that deals with the specific case of the Lax—Wendroff
scheme (1.2).

4The function H;B is the classical Airy function, which is already a strong indication why, for c¢3 > 0, Qf

should have strong decay properties for j — an > 0.
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Ficure 1.2. The Green’s function of the Lax—Wendroff scheme (1.2) at
various time iterations (left) and a zoom on the oscillations for n = 2400
(right). The chosen parameter is 4 = 3/4. On the right: the Green’s
function g; in blue and the approximate Green’s function H' J" defined
in (1.17) in red dots.

another approximate Green’s function from the one given in Theorem 1.2. Namely, we
plot in red the approximate Green’s function (7—(}" )jez defined by:

(3esn) ™13 A (ﬂ) . ifj—an>0,

(3c3n)!l/3
V() €ZXN, HI =1 et (1.17)
e 9c3n ) j_an f ) <0
Gem'B T\ Gemin ) BT

where Ai denotes the Airy function. The values of ¢3 and ¢4 for the Lax—Wendroff
scheme (1.2) are:
_A1-2?) CAA(1-2%)
6 B 8
The Gaussian like factor in the definition of H ]” fits very well with the observed damping
in the oscillations of QJ" With no Gaussian factor, the very slow decay of the Airy
function on R~ would not fit with the observed fast decaying behavior of Qj" However,
we have not been able so far to obtain accurate bounds for the difference Qj" - H j" This
is postponed to a future work.

We now give the proof of Theorem 1.2 in the case ¢3 > 0 and leave the case c3 < 0
to the interested reader. The rest of this article is organized as follows. In Section 2, we
prove the sharp bound (1.12). We then give the proof of the bound (1.13) in Section 3.

Cc3 C4
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Corollary 1.3 as well as two other consequences of Theorem 1.2 are discussed in Section 4
in connection with [6, 7] and [4].

2. Proof of the main result. I. Uniform bound and the fast decaying tail

2.1. Preliminary facts and notation

First of all, let us fix a constant 6y > 0 such that the function ¢ in Assumption 1.1 is
holomorphic on the open square {z € C/max(|Re z|, [Imz|) < 28¢}. We then define the
constant Cy > 0 as:

Cy:= max lo(2)]. 2.1

[Re z|< &g, |Im z| < 8
In many arguments below, we shall use some contours that are located within the closed
square {z € C/max(|Rez|,|Imz|) < &p} in order to be able to bound from above the
modulus of ¢ by the constant Cy. The terms that involve ¢ will always be dealt with as
remainders. The constants 6g and Cy are fixed once and for all.

We recall the (Fourier based) formula for the Green’s function QJ" This is the same
starting point as in [2, 3, 12, 18]. By the standard properties of the Fourier transform, we
have:

Faxa(0) = Fa(6),
and, more generally, since G" is the convolution of a with itself n — 1 times, we have:

VneN, VOeR, Fu,(0)"= Zg;ei”.
leZ
We thus obtain the expression:
1 T g~ 1 T
VneN', VjeZ G"= —/ e VOF,(0)"d0 = —/ VO, (-0)"do, (2.2)
T2 ), 2n J_»

where the final change of variables has been performed in order to stick as much as
possible to the notation in [6]. From now, we use the notation:

VneN', Vjez w:=1"2 2.3)
n
where the real number a corresponds to the first coefficient in the Taylor expansion (1.10).

With this definition, we can rewrite (2.2) as:

1 T, . n
VneN, Vjez, G'= E/ e'"w9(e'”9Fa(—9)) d6. 2.4)
-7

Since the sequence a is finitely supported, the sequence G" is also finitely supported
for any n € N. More precisely, there exists a positive integer M € N* such that Qf =0
for any j € Z satisfying |j| > Mn. The integer M measures the size of the support of a.
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From now on, we thus only consider the case |j| < Mn. Up to choosing M even larger,
we can thus assume that the parameter w in (2.3) satisfies |w| < 2M.

The estimate of the Green’s function Qj" is split in several steps, depending on the
size of w. In some regimes, w plays the role of a small parameter in (2.4), while n plays
the role of a large parameter. In other regimes, w is basically treated as a positive or
negative constant and the integer n is the only (large) parameter in (2.4). Of course, our
main attention below is to obtain estimates where all constants are independent of w and
n € N*, which is similar to being independent of j € Z and n € N*.

2.2. The uniform bound

In this paragraph, we recall the argument in [12] that yields a uniform O (n~'/3) bound
for the Green’s function. The result follows from two lemmas on oscillatory integrals.

Lemma 2.1 ([12, Lemma 3.1]). Let a < b be two real numbers, let h € C°([a, b];C)
and let g € C'([a, b];C). Then there holds:

< ( sup / h()’)d)") (||g||L°°([a,b]) + ”g,”Ll([a,b]))'
x€la,b] |Ja

The second result is due to van der Corput.

/a ’ e (h()ds

Lemma 2.2 (van der Corput). There exists a numerical constant C > O such that for any
real numbers a < b, for any real valued function f € C3([a, b];R), there holds:

b
/ /@ dy| < C min ! .
a K123 (mine .00 |0 (1))
Following [12], the combination of Lemma 2.1 and Lemma 2.2 yields a uniform bound
for the Green’s function, as we now recall.

Proposition 2.3. Under Assumption 1.1, there exists a constant C > 0 such that the
Green’s function in (1.11) satisfies:

VheN', Vjez, |g;l|snl—c/3.

Proof. With the radius 69 > 0 fixed above and the constant Cy in (2.1), we choose § > 0
such that 6 < §p and
s<m and 6Cy< %“

where ¢4 > 0 is the constant associated with the 8* term in the Taylor expansion (1.10).
We then use the expression (2.4) and split the integral as:

6

1 . . —~ n
n_ .n inwé [ iad _
Gy =ejrss | e (e Fo 9)) do, (2.5)
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with:

1 (70 oo iaon n L (7" wefiaon n
&= — eine (e“" Fa(—e)) 46 + — / e (e"" Fa(—e)) d.
T 2n o, 21 Js

The estimate of s;? follows from the dissipation assumption (1.9), from which we get:
)< o

|£;l| < ( max |Fa(9)| < m,

6<|0|<m

for some suitable constant C > 0 that is independent of #n € N*. It remains to focus on the
oscillatory integral on the interval [—8, §]. As in [12], we use the Taylor expansion (1.10)
(hence the restriction § < §p) and write:

1 5 o n 5
o | enet(eafF,(~0)) do = / o (6) 8 (6,
2n -5 -0
with:
hn,w(0) = ein(m9+c393) gn(0) := ie_"c494_"95¢(—9).
’ ’ 2r
By applying the van der Corput Lemma (Lemma 2.2), there exists a constant C > 0
that is independent of w and n such that:

C
< —

Vx € [-6,6], V o (0)d6| < — <.
-5 l’l/

Furthermore, with our choice for the parameter &, we have:

l C44 1
VOe[-6,6] lgn(0)] < — (__e)g_,
€l I, 1gn(0)] o7 P T S o

and, differentiating the expression for g, (), we also get the bound:
Vo e (=56l 18,0 < Cnlof exp(-nT'e?).
for some uniform constant C. We thus obtain that the quantity:

sup (||gn||L°°([—6,6J) + ||g;l||Ll([—5,5]))

neN*
is finite. Applying Lemma 2.1, we get the final estimate:

1 s L~ n
/ elan (emoFa(_g)) de
-4

— <
2w

nl/3’

with a constant C that does not depend on w € R nor on n € N*. Going back to the
decomposition (2.5) of QJ’.‘, the claim of Proposition 2.3 follows. |
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2.3. The fast decaying tail

In view of Proposition 2.3, we now consider n € N* and j € Z such that j —an > n'/3 or,
in other words, w > n~2/3. We are going to use a contour deformation argument in order
to prove the generalized Gaussian bound stated in Theorem 1.2. The contour is guessed
by following the so-called saddle point method, see [1]. To determine the location of the
saddle point as well as the path direction through the saddle point, we use the (truncated)
phase function:

0 +— in(wh + c36°%).

For w > 0, the two saddle points are +iy/w/(3c3) and the one with “lowest altitude” is
in/w/(3c3), hence the choice made below in the proof of Proposition 2.4. The negative
direction through this saddle point corresponds to the real axis (see Figure 2.1). We verify
below that this choice of contour deformation, which is associated with the truncated
phase, handles well the complete phase in (2.4) that includes the 6* term as well as the
O(6°) remainder. Our first result for the regime w > 0 is the following.

Proposition 2.4. Under Assumption 1.1, there exists wg > 0 and there exist two constants
C > 0and ¢ > 0 such that the Green’s function in (1.11) satisfies:

c j—an)?
" . n - _ J
VneN, Vjez |g]|< (G —an) gt &P c( PYE ) :

as long as n € N* and the parameter w defined in (2.3) satisfy n=/3

j—an>0).

< w < wq (hence

Proof. In the regime considered in Proposition 2.4, the parameter w in (2.4) is positive
and small (but cannot go arbitrarily close to 0) and the integer n is thought as being large
(at least large enough so that n23 < wg with wg > 0 fixed as above). We start from the
formula (2.4) and split again Q;l as:

9

n n 1 inwb [ _iacd - n
with § € (0, 7r) to be fixed and:
1 =6 L n 1 T, . n
o e — e'"w"(e'“f’Fa(—e)) d0+—f e‘”w"(em"Fa(—a)) de.
T 2n o, 2n Js
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For reasons that will be made clear in the following lines, we choose the parameters ¢ and
wo such that the following inequalities hold>:

16Co5 < %“ § <60, wo < 3c38% 16C, /;‘)—0 < C—z“ 12¢avag < (3¢3)>2. (2.6)
c3
With this choice of ¢ (that is fixed once and for all), we use Assumption 1.1 to write
gj as:

1 5
Gl=&"+— / exp(in(w9 + 6393) — nca6* - n95<p(—9))d0, 2.7
J Y

with
&7 < Ce™", (2.8)
for suitable constants C > 0 and ¢ > 0. This is the same first step as in the proof of
Proposition 2.3. For later use, we define:
5
n ._
Hi=57 ),
and now focus on this term, which is the second term on the right hand side in the
decomposition (2.7). By our choice of § and wy in (2.6), and the restriction nBP<w<
wo, we can use the contour deformation depicted in Figure 2.1. This contour remains
within the closed square [—dg, dg] X [—do, 5g] on which ¢ is a holomorphic function and
we can bound its modulus by Cy. Applying Cauchy’s formula [15], we thus get:

HI = (1) +"(2) + HY,

J

exp(in (w8 + c36°) — ncab* - n95g0(—9))d0,

where 8;.’(1) corresponds to the integral on the left vertical segment, 8’].'(2) corresponds

to the integral on the right vertical segment, and the leading contribution H ]’.’ corresponds
to the integral on the horizontal segment (these contributions are depicted in red in
Figure 2.1). We obtain the expressions:

w

gi(1) = ‘/OJZexp(in(w(—é +iy) + c3(=6 +iy)°)
= nea(=8 +iy)* = n(=8 +1)°¢ (6 — iy) Jidy,

w

&(2) = - /O\/Zexp(in(w(d +iy) + c3(5 +iy)?)
= nea(§ +iy)* = (8 +1) (=6 — iy) Jidy,

SWe recall that the parameter c¢3 in (1.10) is assumed to be positive and that the constants &y and Cy are
determined by the remainder ¢ in (1.10). Hence the choice for ¢ and wy in (2.6) is nonempty.
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and
—~ 1 w 3
Wj"zg exp(ln( ( [— +6)+c;(‘/36 +0))
3
/ w > w
—ncy (1 +9) —n(l —+9) cp(—i — —9))d9. 2.9)
303 303

& (1) = £1(2)

N V5 Y,

4
A A

-5 0 P

FiGURE 2.1. The integration contour in the case n=2/3 < w < wy. The
(approximate) saddle point is represented with a red bullet. The black
bullets represent the end points of the three segments along which we
compute the integrals 8;.‘ (1), 8;? (2) and 7‘~lj’?.

Let us start with g;f (1). From now on, when we write exp(i- - - ), the dots always stand
for a real number whose expression is useless since in the end a modulus of this expression
will be simply estimated by 1. Going back to the defining expression for 8;? (1), we expand
the various expressions within the integral and compute:

a?(l) —ncm“‘/wc‘ (w+36362)y 6c48%y?—c3y’ +04y) —n(—5+iy)5<p(6—iy)dy_
We take the modulus of each side of the equality and apply the triangle inequality to get:
q y pply g q ytog
|8n(1)| —nqéi“/“ e (w+3cu§2)y 6c462y%—c3y3 +c4y) nCol|—-6+iy|® d

where we used the fact that the integration contour is located within the region where
the modulus of ¢ is less than Cy. We now apply the Holder inequality in C? to get (y is
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nonnegative here):
|-6 +iy[” < 16(5° +9),

which gives:
=
4 5 V33 2 2,2 3 4 5
|8;l(1)| < efnC46 elﬁan& / efn((w+3q§ )y—6c4 8y —c3y +cay )el6nC()y dy.
0

The restrictions (see (2.6)):

Cq wo Cyq
16Co6 < —, < wy, 16Cy [ — < —,
09=7 @ =@ V3 T2

imply that the terms with §° and y> can be absorbed by half the ones with the power 4,
namely:

l%
C, C C,
|8;l(1)| < e—n%é“'/o' 3 e—n((a)+3c362)y—60462y2—C3y3+74y4)dy

w.
g 4 3¢
< e—n%54/ 3 efn((a)+3c‘362)y760462y2763y3)dy.
0

Let us now note that on the interval [0, y/w/(3c3)], we have:
c3y’ > d
3y 2 3 Vs

and we also use the last inequality in (2.6) to get:
0
c +0o
<e 7 / e 3387y qy < Cemen, (2.10)
0

for suitable constants C > 0 and ¢ > 0.
The estimate of the integral 8;.’ (2) along the right vertical segment is entirely similar.

At this stage, we can collect (2.8) and (2.10) to show that for n=23 < w < wy, the Green’s
function g;‘ satisfies:

< Ce™ ™", (2.11)

Gr - H!

where the expression of the (presumably leading) contribution 7—7}’ is given in (2.9). Let

us therefore turn to the study of H ;‘.
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We expand the expressions within the integral on the right hand side of (2.9) and
obtain:

2 32 %4 p0?
nw 9L'§ 5

_ N
. € e

e
oo (VIGo= 2 0) 62 ncyor

ooy o o

We take the modulus on each side of the equality and apply the triangle inequality to
get (the same Holder inequality as above is used to deal with the remainder term on the
second line):

J 2r -5

__2 3/2 _%an
9c
e 3

e 34/3c3

|f}~{’.1 <

j| =

8 2e
/ (Vo5 0) 0 neyot

3
o

2n
5/2
x exp | 16nCy “ 16° | | de.
(3¢3)3/?
Again, our restrictions on wg and ¢ in (2.6) imply that the final remainder terms can be
absorbed by half of some already arising with a “good” sign, and we get the estimate:

_ \ZF,, 32 - p? s
~ 333 18c3 _ 24 Vo2 e
] < S o0 ot
0 -5
2 a3 s
3 3(‘3 Zﬂ 2
< (S / e—n(m— = w)@ de.
271' -5
At last, we use the bound from above (see (2.6)):
2c 2c V3csw
=4 < Voag < 3%
C3 C3 2
to get:
2 Wi 2 a3
—_~ e 3y/3c3 9 \/30»0) e 3\/"E V33w
|7'(]’-‘ S / e T 049 < o ‘/e*" 70 4g,
V8 iy 0 R
and we therefore end up with our final estimate:
n _ 3/2
‘7{}. < i exp( chw ) (2.12)

We now combine (2.11) and (2.12) to get:
. 3/2
C j—an
iQJni < Cexp(—cn) + W exp (—C (an) ) .
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as long as j and n satisfy n7%/3 < w < wy. For such integers, it can be easily seen that
the leading contribution on the right hand side of this last inequality is the second one.
Namely, given C, ¢ and wy positive, we can always find other positive constants C’ and ¢’
such that for 0 < j — an < wpn, there holds:

c < c’ , (] —an 3/2
exp(—cn) < WCXP —C n1/3 .

We have thus obtained the estimate of the Green’s function Qj” as claimed in Prop-
osition 2.4. O

The final case to deal with in this section is when the parameter w belongs to the
interval [wg,2M].

Proposition 2.5. Under Assumption 1.1, with the same wo > 0 as in Proposition 2.4, there
exist two constants C > 0 and ¢ > 0 such that the Green’s function in (1.11) satisfies:

c j—an)?
s . n - - — -
VneN', VjeZ, |gj|s (]'—an)1/4n1/4eXp C( Ve ) )

as long as n € N* and the parameter w defined in (2.3) satisfy wyg < w < 2M (hence
j—an>0).

Proof. The proof follows similar lines as that of Proposition 2.4. The difference is that
we can no longer choose the same contour as in Figure 2.1 since for too large values of
w, there is no reason why the contour would remain within the holomorphy region of ¢.
Nevertheless, we still fix the parameters ¢ and wy as in (2.6) and decompose QJ" asin (2.7),
where the remainder s;? is uniformly exponentially small, see (2.8). We now use the
contour depicted in Figure 2.2 where the “height” has been kept fixed equal to \/wg/(3¢3),
independently of w, in order to remain within the region where ¢ is holomorphic and
bounded by Cy.

Keeping the same notation as in the proof of Proposition 2.4 (see Figure 2.2), we have
thus decomposed the Green’s function g]" as:

G =g+l (1) +&1(2) + H!,
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Hn 1

&5 (1) wo

L i Y

A Y

-5 0 5

Ficure 2.2. The integration contour in the case wyg < w < 2M. The
(approximate) saddle point is represented with a red bullet. The black
bullets represent the end points of the three segments along which we
compute the integrals

where the first remainder s;.’ is estimated as in (2.8), and the other terms are given by®:

(]

8;_’(1) = /0 = exp(in(w(—(S +1iy) + c3(-6 +iy)3)

—ncq(=6+ iy)4 —n(-6+ iy)sgo(é - iy))idy,

[

&(2) = - ‘/O\/;exp(in(w(é +iy) +c3(6 +iy)?)
—nea(8 +iy)t = n(8 +iy)dp(—6 — iy))idy, (2.13)

and
— 1 r9 3
'Hj"zg _6exp(in(a)(i,/§)703+9)+C3(i‘/;)7(;+9))
w N 1) > w
—nea |iy =2 40| —nliy =2 +6] ¢f-i /=2 -0||ds. (2.14)
3c3 3c3 3c3

SFor s;.' (1) and s;.' (2), the difference with the proof of Proposition 2.4 is in the upper bound of the interval

over which we integrate.
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Let us start with the remainder term .9;?( 1). As in the proof of Proposition 2.4, we
expand the quantities within the integral and then apply the triangle inequality to get:

@
. s4 5 3c3 2 . S2.,2 3 4 5
|87(1)| < e—nc46 e16nC0(5 / e—n((w+3q5 )y—6c48°y°—c3y +cay )el6nC0y dy.
0

(2.15)
By using the restrictions (2.6) on & and wy, we can still absorb the 6> and y> terms to get:

[@g
n -n%t st 33 —n((w+3c362)y—6c4 6%y —c3y3+ S y*)
|8j(1)|Se 2 e : WYY ) dy
0

w0
Vies _ D) v—6ca 52 [P0, “0
< e_"%64/ 3 R n((a)+3c35 )y—6c46 Y3 y)dy.
0

By using again (2.6) and w > wo > wo/3, we end up with:

len (D] < e n3addy < Cemon,

]
54 / =2
e
0
The estimate of the other remainder term 8:.1 (2) is similar and we still get:

G - H| < Ce™", (2.16)

where '7-7}” is now given by (2.14).
We expand the various terms in (2.14) and obtain the expression:

c4 2
“wo W) ——5nw,
-n(w- )\l e 9c2 0 S 2¢
€ e 73 / n(\/SC3 wo— %34 wo) 926—n04(-14

joor —
e ¢
2w S

5
xexp|—n|i 20 49 |- 20 g
3C3 363

We take the modulus on each side of the inequality and apply the already used Holder
inequality to absorb the final remainder, which yields:

o _
H; =

dé.

0.

e—n(w—%)\[% o _ (\/37_2(74 )92
S / e n C3W( S w d

‘ﬁfn 2m

S

We now use w > wy as well as the restriction (2.6) on wy to get:

3/2
7 exXp|—cnwy” ),

< —1/
1/2
n (1)0

H"
J
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where we recall that wg > 0 has been fixed. Combining with (2.16), we have thus obtained
the uniform exponential bound:

< Ce™ ",

gj

for w > wq, and we can convert this bound into:

C

gj

for w € [wg, 2M] where wg and M have already been fixed. Going back to the definition
of w, this gives the result of Proposition 2.5. O

2.4. Conclusion

In this short paragraph, we explain why the above preliminary results imply the validity
of (1.12). If n > 1 and n'/® < j — an < 2Mn, we use Propositions 2.4 and 2.5 to obtain
the existence of positive constants Cy and cy (independent of j and n) such that:

Cy j—an 32
n I L _ J
571 (J = an) Pa1s 0| 7 ( nl/3 )
Cy (j—an -1/4 j—an 3/2
= m ( nl/3 ) x| ( nl/3 ) ’
This proves the validity of (1.12) for n'/? < j — @an < 2Mn. The constants Cy and cy are

now fixed.

For 2Mn < j — an, the validity of (1.12) is even more clear since g]" is zero. It

1/3

therefore remains to treat the case 0 < j —an < n'/°. We use Proposition 2.3 to obtain:

67 < 5o
FAYE

for some other constant C}, (possibly larger than the above constant Cy), and (1.12) follows
by using the inequalities:

. 3/2
Gy Cyet _. Cpect j—an
- # — <
Ve s PYE e s e CXp |~ YE ’

1/3

for 0 < j —an < n'/°. The bound (1.12) follows by choosing ¢ := cy and C :=
max(Cy, C,e#). We now turn to the case j — an < 0 which is where the oscillations in
the Green’s function will arise.
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3. Proof of the main result. II. The oscillations

3.1. The oscillations

We are now interested in the regime w < 0 and start with the case where w is small. This
is the most difficult region where the Green’s function exhibits oscillations. This is also
the unique region that is the cause for the £ instability phenomenon which we have
recalled in the introduction. As in Section 2, the regime —n"23 < w < 0 will de dealt

with by Proposition 2.3, so we consider from now on w < —n~2/3, thatis j — an < —n'/3.

Proposition 3.1. Under Assumption 1.1, there exist wo > 0 and there exist two constants
C > 0 and ¢ > 0 such that for any j € Z and n € N*, with G;? defined as in (1.14), there

holds: 3
C |j — an|
= an] exp (—c( T ) ) 3.1

-2/3

e

as long as n € N* and the parameter w defined in (2.3) satisfy —wo < w < —n
j—an <0).

(hence

Proof. Following the proof of Proposition 2.4, we introduce a parameter § € (0, i) to be
fixed later on and split the quantity g]" as:
gn ="y L 5einw9 eiaé)f (_9) nd9
JT%0 T on s a >
with:
gy.l = i -
T 2n ),
For reasons that will be made clear in the following lines, we choose some parameters &
and w, such that the following inequalities hold:

c4 /w* 2c4 1)
1 < — < oS e d het
6C05 =5 , o< 50, 303 + 96%(1)* 2

16Co, |2 < 2 12¢4as, < (3e3)*2.
3¢5 ~ 2

_ . n I a0 7 "
elnwe(elaHFa(_e)) do + 2_/ elan(elaé)Fa(_G)) de.
T Js

IA

(3.2)

The parameter ¢ in the above decomposition of Q]" is fixed once and for all, and we

consider w € [—wy, —n~2/3]. We shall further need to restrict the possible values of w
later on but the restrictions (3.2) are a starting point for several terms that arise below.
With the choice (3.2) for 6, we use Assumption 1.1 to write QJ" as (w is negative here):

1 o
Gl=¢"+ I / exp(in(—|w|9 +¢36°) —nesdt - n95t,0(—9))d0, (3.3)
TJ-s
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with
&7 < Ce™", (3.4)

for suitable constants C > 0 and ¢ > 0. For the integral on the right hand side of (3.3), we
use Cauchy’s formula and choose the contour depicted in Figure 3.1 which consists in:

e A vertical segment from —§ to —¢ + i+/|w|/(3c¢3),

e A horizontal segment from —§+iv/|w|/(3¢3) to —2\/|w|/(3C3)—(204/(90%))|a)|+
iviw|/(3c3),

A segment (with slope —r/4) from the point —2+/|w]|/(3¢3) — (ZC4/(9C§))|(u| +
iVlwl/(3¢3) to =i(v|wl/(3e3) + (2¢4/(9¢3)) |wl),

A segment (with slope 7/4) from the point —i(+/|w|/(3¢c3) + (204/(90%))|w|) to
2V|wl/(3¢3) + (2¢a/ (9e3)) lw| +iy|w]/ (Bes),

A horizontal segment from 2+/|w|/(3¢3) + (2C4/(9C§))|a)| + iv/|w|/(3c3) to
6 +iy|wl/(3c3),

e A final vertical segment from ¢ + i+/|w|/(3¢3) to 6.

Thanks to the restrictions (3.2), this contour is included in the closed square [—dq, ¢ ] X
[—d0, d0] on which ¢ is a holomorphic function and we can bound its modulus by Cp.
According to our choice of contour, we decompose QJ" in (3.3) as:

n_ .n n n b # n n
Gi=¢; +sj(l) +sj(3) +7-Ij’n +7-{j’n +&] (4) +sj(2), 3.5

where the six contributions 8?(1),8?(3),7’4?”,7‘{ i

j’n,s’;(4),s';(2) correspond to the
integral of the holomorphic function: ' '

1
0 — 7 exp(in(—|w|9 +¢36°%) — ncs6* - n@%(—@)),
n

along each of the six segments that make the above defined contour (we refer to Figure 3.1
for an illustration).

Let us start with the contribution 8;.’(1) that corresponds to the integral along the first
vertical segment:

s;?(l)zfo B exp(in(—|a)|(—6+iy)+C3(—6+iy)3)

—nea(=8 +iy)* — n(=6 +iy)3p(5 - iy))idy.
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87(3) 87 (4)

S +i % /‘ ,
TN
-5 \\ 0 / s ]
\.(:( |w|+2ﬁ|w|)
C

3c3 9c§

Ficure 3.1. The integration contour in the case —wg < w < —n~2/3.
The two red bullets represent the approximate saddle points and the
black bullets represent the end points of the six segments along which
we compute the contributions s;‘(l), s;.’(3), 7—(;.””, 7—1}1’", s;.’(4) and
s;.’ (2).

Expanding the terms within the integral, we get:

[Tl
_ 4 3e3 o _ 2y 232 _ a3 4) (= 8+iv)? —i
8;_,(1) — o nesd / o e n((~lwl+3c362)y—6c4 67y ~c3y>+cay )e n(=6+iy) ¢ (8 ly)dy.
0

We take the modulus on each side of the equality and apply the triangle inequality as well
as the (already used) Holder inequality for the remainder term to obtain (the arguments
here are the same as in the proof of Proposition 2.4):

[lw|
- 3
|8;l(])| < efn%‘é“‘/‘ 3 e—n((—la)|+36362)y—6C462y2—C3y3)dy.
0

Let us now note that on the interval [0, v/|w|/(3¢3)], we have:
|w]

—Cay3 2 _Ty’

and we also use the inequality (see (3.2) and use |w| < wy):

Yol _

52,
3 =9
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to get:

|l

le7(D)] < e_"%64‘/ g4 ‘352)ydy
0

cy

+00 ¢
< e‘”754/ e_”TJ‘Szydy <Ce ™", (3.6)
0

for suitable constants C > 0 and ¢ > 0 that do not depend on w and n. The estimate of the
integral 8;?(2) along the final vertical segment is entirely similar so we can collect (3.4)
and (3.6) to obtain:

&% + &7 (1) + €7(2)] < Ce™". (3.7)
We now turn to the contribution 87(3) which corresponds to the integral along

the horizontal segment from —§ + iy/|w|/(3¢3) to =2+/|w|/(3¢c3) — (204/(96%))|w| +
iv|wl|/(3c3). We compute:

3

1 e |w| |w]
n _ . . .
8j(3)_ﬂ/—5 exp|in|—|ow||i 3—03+9 +c3|i 3_03+6

4 5

—ncy |1 M+9 -n | |+9 p|-i M—H do,
3c3 3c3 3c3

where the upper bound E(w) in the integral is defined as:

We collect the real and purely imaginary contributions in the exponential functions of the
expression for s;? (3), which yields:

nlwl?? —%nwz
(&

3\/3(

9
5

.ol .|l
xexp|-nliz[z— +0| ¢|-iy/z— —0]]|d6.
303 36‘3

The situation is less favorable than what occurred in the proof of Proposition 2.4 because
we have a large factor in front of the integral (since w is small, the |w|*/? term is dominant

2r
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with respect to the second term which scales as w?). Applying the triangle inequality as
well as Holder’s inequality, we use (3.2) and get:

4

e 34/3¢3

3/2 __“4 2
2w rE(w) 2
€ 3 711(\/303|w|7cf4|w|)02
> e 3 de.
T _

9

nlw

le73)] <

Using (3.2) again, we have:
26‘4 1
C—3|¢U| < §V3C3|w|,

and we thus obtain:

4 plw|3/? —1;42n¢u2 2(w)
34/3c C: =(w
e V3 c 3 _n 2
le7(3)] < 3 e 2 V3alwl®qg
T -6
4 32 4 2
nlw| 7w [Tl
3+/3c 18¢ 2.5
€ 3 S 3 3e3 A/ 2
< e—% 3c3|wl|O dg’
2r oo

where we used:

w
Blw) < -2 u
363
We now use the following inequality which is valid for any couple (a, X) of positive
numbers:
-X —ay? dy < I _ux
e —_ _e 9
oo Y 2aX
and obtain: )
— n|w|3/2 - L42nw2 -2 n|w\3/2
e 34/3¢3 e 18(‘3 e 34/3¢c3
‘s'-’(3)| < <
J 4rn|w| 4drn|w|

The estimate of the contribution s;.’ (4) is entirely similar and we have thus obtained, for
suitable constants C and c:
C 3
|67(3) + 8" (4)| < el (3.8)
J J nlw|
Comparing with the estimate in (3.7), we see that the upper bound e ™" in (3.7) is always
smaller than the right hand side in (3.8) (up to choosing appropriate constants C and c).
We can thus add (3.7) and (3.8) and obtain, for new constants C and c:
n n n n n C —Cn|w 3/2
&% +&7(1) +£7(2) + £7(3) + £/ (4)| < ol I (3.9)
for —wy < w < —n~%3 and wy satisfying (3.2).
We now focus on the integrals 7—(}*’ , and ﬂf ,, Which correspond to the leading
contributions arising from the segments that pass through the (approximate) saddle points.
These contributions will give rise to the term G;? defined in (1.14). In what follows, we
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shall further need to restrict the possible values of w since the condition |w| < w, will
not be sufficient to absorb several terms that arise during the analysis.
Let us start with (H]*.’ ., We parametrize the corresponding segment by:

2
re|-V2 M+ﬁ|a)| N2 lol
9¢? 3c3

3C3
lw| .2c4 —in/4
> O(f) i= = | — —i—|w| +1te , (3.10)
3c3 9c§

and we therefore obtain the expression:

A . 3 4 5
H}, = o / exp(ln(—|u)|®(t)+C3®(t) —nc4®(1)* — n®(1t) (p(—@(t)))dt,

where ©(¢) is given in (3.10) and the interval bounds #yjn, fmax correspond to the end
points of the interval in (3.10):

2
fmin = —V2 lol 4ol e = V2 lof (3.11)
3c3 902 3c3

We use the expression of @(¢) in (3.10) to compute:

min

=ilw|®(1) +ic30(1)° = c40(1)* = po(w) + p1 (W)t + - + pa(w)r?,

where the complex valued functions py, . . ., p4 depend on w only, are continuous on R

and satisfy the following expansions as the real variable w tends to zero:
Re po(w) =~~~ + 0 (o), (3.12)

9c3
2

Im po(w) = wlP? + 0(|w)?), 3.12b
po(w) 3 \/El I (lw[>™) ( )
p1(w) = O(w?), (3.12¢)
Re py(w) = —\3eslwl + O (lw]*?), (3.12d)
Im p2(w) = O(|w]), (3.12¢)
p3(w) = cze ™+ 0(Jw]'?), (3.12f)
pa(w) = cq. (3.12g)

At this stage, we have written 74;.’ ,, under the form:

—in/4 Tmax
7 ZM/ o1 (P1 (@)t 4pi (0)1*) =0 (13 0 (-0(1) g (3.13)
Jon 2

min
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In what follows, we use the expansions (3.12) to simplify the expression of 7—(;.”,! by getting
rid of the terms in the exponential that contribute for remainders only. It is important to
understand that here, a remainder is meant to be a quantity v; ,, that is uniformly (in n)
summable with respect to j. Up to now, we have assumed that w is negative and satisfies
n23 < |w| £ wx Where w, > 0 has been fixed in order to meet the restrictions (3.2).
The further restrictions on w will help us absorb several terms. Namely, with w, fixed
as in (3.2), there exists a constant C > 0 such that, for any w € [—wx,0), there holds
(see (3.12)):

p1(@)] | [Rep2(@) +3eslol| [Impa(w)]  [pa(w) = ese™ ]
+ + + <
w? w32 o] |72

Using the inequality:
VzeC, lef—1|<|zlel,
as well as the estimate (see (3.10) and (3.11)):
|tmin| + |tmax| + |®(t)| < C|w|l/2,

for a suitable constant C > 0 that does not depend on w € [—wx,0), we obtain the
estimate (for another suitable constant C independent of w and n, at least for |w| < wy):

—in/4+npo(w) Tmax .
€ _ 2 —in/4,3
(}{jbn _ > e n\3c3|wl|t*+ncse t dr
T Imin

L
< CenRepo(w)+Cn|w\5/2/ e e—n\/303|w|12+n(03/\/§)t3

min

><(n|w|t2+n|w|5/2)eC”|“’|’2dt. (3.14)

The crucial observation is now the following. In the integral on the right hand side
of (3.14), either ¢ is negative and 3 is also negative, so we have:

—n\3cs|w|f? + n(C3/\/§)t3 < —ny3es|w|.

Or ¢ is nonnegative and we have:

2
—n3c3lwlr? + rz(c'g/\/i)t3 < —n\Bes|w|? + n(c'g/\/z)tmaxtz = —?n\/3c3|a)|lz.
In both cases, we can use a bound of the form:

N 2 N 3 . 2.2
e—n\/3c3|w|t +n(c3/\r2)t < e—cn|w|l/ t ,
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for a suitable constant ¢ > 0. Going back to (3.14), we can thus choose wqy > 0 such that,
for any w € [—wy, 0), there holds:

—in/4+npo(w) max .
€ _ 2 —in/4,3
(H/bn B — e~ V3a|wlrttnee™ N g,
’ T

Imin

< CenRepo(w)+Cn|w|5/2 /

min

Tmax

_ 1/242
g-cnlwl e (n|w|t2+n|w|5/2)dt.

Using (3.12a), we find that the real part of po(w) can absorb the O (|w|>/?) remainder
term, and we are eventually led to the estimate:

—in/44+npo(w) fmax .

€ _ N 2, a—int/4,3

7_{;)” _ 5 e ny\3c3|w|t*+ncse T
i T

Imin

—cnw? fmax —cn|w|'2¢? 2 5/2
< Ce e nlw|t” + nlw|>*)dr.
Imin

It now remains to compute the integral on the right hand side and we obtain our first main
simplification:

—in/4+npo(w) tma .
(}.{b _ e— e efn\/363|w|t2+nC3e"”/4t3dt
Jon 2r

Imin

1
< Ce—cnw2 (_|w|1/4 + \/ﬁ|w|9/4
\Vn
C 2 C 2
< Seenw (1 +n|w|2) < e’ (3.15)
Vi Vi

We now simplify the term po(w) in the left hand side of (3.15) by using (3.12a)
and (3.12b). Namely, by using the triangle inequality and (3.15), we get:

€

9%&)2 in—2 |w]3?—in /4
3 e 34/3c3

2r

[mﬂX
_ . 2 e—im/4.3
e ny\3cs3|w|t*+ncze qr

min

b
Hin =

1,
< %e—cnwz + Cnlw*2emene” / emeletale g,

min

for suitable constants C > 0 and ¢ > 0 and |w| < wq for a sufficiently small constant
wo > 0. The final integral is dealt with as above, meaning that we can absorb the > term
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within the O (¢?) on the interval [fmin, fmax ] and we end up with the estimate:

2

4 . 2 3/2_s
n in |w]| in/4
9¢c2 34/3¢ 1 .
}{b _ € 3¢ } e e—n\/3C3\w|t2+nc‘3e"”/4t3dt
J.n o0

Tmin

< %e—"‘wz + Cn|w|4e—ene’ < %e—cnwz, (3.16)
for suitable constants C > 0 and ¢ > 0 that are independent of w and n, and for |w| < wy
for a sufficiently small constant wg > 0.

There are still two steps to further simplify the contribution 7’[]b .- The first step
consists in restricting to a symmetric interval for the integral. We recall once again the
definition (3.11) of the interval bounds, and use again (3.16) with the triangle inequality
to obtain:

.
-nih o’ in—Z—|wll-ix/4
3 e 34/3c3

tmax .
_ 2 -in/4,3
e ny\/3c3|w|t +ncse ”4r

—Imax

Cc _ 2 _ oy f Timax 1/2,2
< Te CNW* | Ce=Cnw e cn|wl|'*t dr.
n 1,

The length of the interval [fyin, —fmax] is O(]w]), see (3.11), and the function that is
integrated is increasing with respect to ¢ on the considered interval so we get:

H —

Jon 2w

min

e
7n—‘4w2 in—2—|w|*?-in/4

9¢2 34/3¢ Tmax :
7_{b _ € ’ e ? e—n\/SC3\w|t2+nc3e""/4t3dt
J.n o0

—Imax

c ., .» _ 2 _ 32
< e Cnw Ce=Cnw | |G cn|ow|
\n
C — 2 C _ 2 C _e 2
< e cnw e cnw < cnw . (317)

S —¢€
v ek Vi

Once we have restricted to a symmetric interval in ¢, the final step consists in getting
rid of the O(#) term in the integrated function. To achieve this, we use the inequality:

2
VzeC, IeZ—l—z|<%elz‘,

and the fact that the function:

1/3¢ 2
te R t3€_n 3c3‘a)|t ,
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is odd to get:

I v 2 3/2_s
n—s5w" in |w|**—in /4
9c2 34/3¢ 1,
3 3 max
HY o~ ¢ © e~ nV3alwl? 4
Jom 2

—ZImax

C 2 5 [ fmax \/ 2 3
< Te—cnw + Ce™ "¢ e Vel gnesltl” 2464, (3.18)
n

~Tmax

For |t| < tmax, We use the bound:

V2
—rn/3C3|w|t2 +nC3|l‘|3 < —n\/3C3|w|t2 +nC3tmaxt> = — |1 — ER n\/3C3|w|t2,

and we can thus use (3.18) to get:

e
7n—‘4w2 in—2—|w|*?-in/4

9c2 34/3¢ 2
e 3 e V4 max. R0
7—(? - e 3eslwit dr

J.n 21

—Imax

Cc _ 2 —enw? fmax _ 1/2,2
< —eTCNW | CemCnw n2t6e cnjwl'/*t dr
‘/ﬁ —Imax
< Ee—(f”wz + C —(,'n(,()z
- \/r_z n3/2|a)|7/4

Writing |w|”/* = |w||w|** and bounding from below |w|3/* > n=1/2

final estimate:

, we end up with our

-n 0’ in——|wPP-in/s
e 9c3 e 34/3¢c3 Imax
HE, - —— : e V3alwlr g
jn D)
4 —Tmax
C _. C .2
< —e MY+ ——eTY (3.19)

\Vn n|w|

where (3.19) holds for any w € [—wo, —n~2/3] and wy > 0 is a sufficiently small constant.
We can now use exactly the same arguments to deal with the last contribution 7—[}1 e
Leaving the details to the interested reader, we end up with the estimate:

e
-n-4wr _ip—2 |w | +in /4

7-{‘1 e %5 e Ao

J.n 21

Imax
/ e—n \/3C3|w|t2dt

tmax

C C
< %e—cnwz + me—‘f"wz, (3.20)
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that is entirely similar to (3.19). Eventually, adding (3.19) and (3.20) and using the triangle
inequality again, we end up with:

< Ceenat | € mena?, (3.21)

) n|w|
where we recall the definition (1.14) of G;.‘. Adding (3.21) with (3.9), we see that the
largest term on the right hand side is that of (3.9), which gives:

b #
[0, + !, -

J

< C e—cn\w|3/2’
n|w|

and the proof of Proposition 3.1 is thus complete. O

6 -

3.2. The tail

It remains to consider the regime where the parameter w in (2.4) is negative and not small.
Our result is summarized in the following Proposition.

Proposition 3.2. Under Assumption 1.1, with the same wqy > 0 as in Proposition 3.1, there

exist two constants C > 0 and ¢ > 0 such that the Green’s function in (1.11) satisfies:
VneN, VjeZ |G} <Ce,

as long as n € N* and the parameter w defined in (2.3) satisfy —2M < w < —wy (hence

j—an <0).

Proof. As in the proof of Proposition 2.4, we decompose the Green’s function into:
1 s o~ n
Gy =ej+s | e'"“’e(e'“eFa(—é))) do,

with 6 € (0, ) to be fixed and:
1 -0
n._ __
g )

The parameter ¢ € (0, ) is fixed here in order to satisfy”:

. P n L= 00 & "
elnw@(elafé)Fa(_g)) d9+§/ elnw()(ela(-)Fa(_g)) de.
9

§<80,  Cob < %“ 3e36° < % 6c463 < % (3.22)
From Assumption 1.1, we have the uniform bound:
|s;-’| < Ce ™",

so we focus on the second term in the above decomposition of Qj’.’, which we denote
H j" as in the proof of Proposition 2.4. Thanks to our choice for ¢, we can use Cauchy’s
formula and use the segments [—§, —i6] U [—i§, §] rather than the interval [-§, ] as

7Recall that wq > 0 is given here by the result of Proposition 3.1 so we may not modify it.
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an integration contour (see Figure 3.2). Those two segments are included in the closed
square {z € C/max(|Re z|, |Im z|) < dp} on which ¢ is holomorphic and its modulus is
bounded by Cy. We thus obtain a decomposition:

HI = HI (1) +H (2),

with (w is negative here):

H (1) = 6(12; D /1 exp(—inlwl(—6(l —1) —i6t) +incs3(-6(1 —1) — i6t)3
’ 0
= nea(=6(1 = 1) = i61)* = n(=6(1 = 1)~ i61) p(6(1 — 1) +i61) )b,
and
. 1
HI(2) = 5(12; D / exp(—inlwl(ét —i6(1 — 1)) +inc3 (6t —i6(1 - 1))
0

—ncq (6t —i6(1 = 1))* = n(6t —i6(1 = 1)) (=01 +i5(1 - t)))dt.

Ficure 3.2. The integration contour in the case —2M < w < —wy.

We deal with the estimate of the first integral H J" (1) and leave the similar estimate of
H j" (2) to the interested reader. Expanding the terms within the exponential function, we
compute:

) =

s(1-i) [
(1-1) / e exp(—n|w|6t —ne38t +3nez6° (1 — t)zt)
2 0
X exp(—n6464(1 —0)* + 6negst(1 - 1) - nC464t4)

x exp(-n(=6(1 - 1) — i61) p(6(1 - 1) +i61) ).
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We take the modulus on each side of the equality sign and use the uniform bound on ¢ to
get:

1
|‘H}’(1)| < CenCod’ / exp(—nlwlét —ne3dr +3ncs (1 - t)zt)
0

X exp(—nC464(1 —0)* +6ncss*(1 - 1) - nC464t4)dt.
Using |w| > wp and (3.22), we have:

0

3nc36° (1 —1)%t < %6;, and  6nest(1-1)1% < %&.

We then get:
1
H(1)] < Ce"Cod’ exp(-ns1 — nead*(1=10)*\dr
J P\7"3
0
With the restriction (3.22), we can see that the function:
e [0,1] — %5;+C454(1 — 14,

achieves its minimum at ¢ = 0, and we thus get:

[HI(1)] < CenCod’emnesd’ < cemno!

J —_ —_ )

where we used (3.22) one last time. In the end, we have proved that each term in the
decomposition of g7 is exponentially small in the considered regime —2M < w <
—wy. O

3.3. Conclusion

We now discuss the proof of the bound (1.13) in Theorem 1.2. For |j| < Mn, we use the
definition (1.14) of G’;. to get:

2( +|a|)
@ < Lo [LC8U / 5 e [t man)?
S —€X I/t = X —_— | .
J n P 9c n /2“”(*3‘“‘) P 9c§n

In particular, with wy > 0 given as in Proposition 3.1, there exist two constants C > 0
and ¢ > 0 such that the approximate Green’s function in (1.14) satisfies:

|G;’| < Ce™ ",

as long as j and n satisfy —2M < w < —wy (recall that the parameter w defined in (2.3)).
Combining with Proposition 3.2, we obtain:

, C
7o 26 < Epenlner”),
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for -2M < w < —wyp. Hence the bound (3.1) of Proposition 3.1 holds not only for
—wy < w < —n~%3 but for the wider interval -2M < w < —n~2/3 (up to choosing
suitable constants C and c). This proves the validity of (1.13) for —2Mn < j—an < —n'/3.

Let us now discuss the case —n'/3 < j — an < 0. We go back to the definition (1.14)
of G;? and use the following estimate from above:

2|j-—an| -
67 < l/me—w@w—an'uzdu _2 [2j-an _ C
A 2j=an] = < 5
™) m\ 3can n

since we have |j — an| < n'/3. Adding with the uniform estimate of Proposition (2.3), we
get:

C
n n
|gj - Gjl < m,
and this proves the validity of (1.13) for —n'/3 < j —an < 0.
We now discuss the remaining values j < —2Mn for which the Green’s function g}"
vanishes. For j < —2Mn, we are in the case j — an < —Mn and QJ" = 0, hence the
bound (1.13) reduces to proving:

67| < — € exp (—c (3.23)

lj - an|3/2)
= |j - an ’

n

for some suitable constants C and c. For j —an < —Mn, the definition (1.14) of G;.‘ gives:

1 s 2 . 2
|Gn| < — exp _M /e*V3C3Mnu2du < £ exp ¢ (.] CYI’l)
J by R Vn n

9c§n n
. 2
exp (_CM) ,
n

c € Uzonl o ( Ume?),
|lj—an| +m n

Hence (3.23) is valid for j < —2Mn since the decay of G;? is actually even faster than the
right hand side of (3.23). This completes the proof of Theorem 1.2.

4. Consequences

This section is devoted to the proof of several consequences of Theorem 1.2. We first
prove Corollary 1.3. We then state and prove two other consequences, the first of which
makes the divergence of (QJ’.‘) jez in the £ I horm precise. Our last result deals with the
action of the Laurent operator L, on sequences with bounded variations and gives an
alternative proof to one of the main results in [4].
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4.1. On the instability in the maximum norm. I

We first prove Corollary 1.3. In many occurrences below, we shall compare Riemann sums
with integrals of nonincreasing functions. Namely, for ¢ € Rand f € L'((a, +o0);R*) a
nonincreasing function, for any nondecreasing sequence (xj)ren With values in [a, +00),
there holds:

Z(an = x) f (xr41) < / Sf(x)dx.

keN

Proof of Corollary 1.3. For n € N*, we define the integer:
In ::min{j €Z/j-an> 1},

and our first goal is to show a uniform upper bound for the sum:
n n
|g1,,71 |+ Z |gj |
JzJn

see (1.15). The uniform bound for the term g;’ _, follows from Proposition 2.3 (actually,
this term is not only bounded but tends to zero). We now use (1.12) to obtain (for suitable
positive constants C and ¢):

216715 € 3 Gpein =i ).

JzJn JzJn

where the function f is defined on R* by:
Vx>0, f(x):=min(l,x""*) exp(-cx/?),

and the sampling sequence (x; ) >y, is here defined as:

. _J—an 1
V] Z.In, Xjﬂ .—W Zm
We thus get:
+00

Yle<c [ FEOx < ClLfllgesy-

Jj=Jn XJn.n -n!h
This completes the proof of the validity of (1.15). The proof of (1.16) follows from (1.13)
in a similar way. O

4.2. On the instability in the maximum norm. II

Our result is the following.
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Corollary 4.1. Let Assumption 1.1 be satisfied with cz > 0. Then the Green’s function
(Q;?)(n,j)eNxz in (1.11) satisfies:

67 - 8U(11/8) i/’
Lhm n1/8 Z V3732 3/8’

JEZ

“.1

where we use the standard notation for the I function:
+00
Vx>0, I[x):= / *le tdt.
0

As far as we know, the results in [6, 7] only give the existence of two constants
0 < £, < €, such that the following inequalities hold:

Ve N, 1/82|g"|<£2,
JjezZ
and these results do not seem to have been improved since then. Our result is more
precise. We hope that our sharp bounds for the Green’s function ( QJ'.’)(,,, j)enxz will help
us get sharp stability results for discrete shock profiles associated with the Lax—Wendroff
scheme, see [16] for a preliminary analysis. The sharp description (4.1) is a first step in
this direction and a more general study is left to a future work.

At a formal level, the result of Corollary 4.1 is consistent with [18] since when c3
vanishes in (1.10) and ¢4 remains positive, the main result of [18] shows that (gj'.’),ez is
bounded in ¢!(Z; C). Hence the limit (4.1) should be zero when c¢3 vanishes, which is
consistent with (4.1).

Proof of Corollary 4.1. We first apply Corollary 1.3 and get:

1 1
Jm e D) 1g)]= lim D le7-gjl=0

jlj—an>0 jlj—an<0

From now on, we let £ denote the value of the limit in (4.1), that is:

sr(11/8) ¢’

NP cf?' 4.2)
In order to show (4.1), it is therefore sufficient to prove:
1 n
nl—1>+oc m Z |G]’ =1 (4.3)

jlj—an<0

where we recall that the approximate Green’s function (G;.’) jez is defined in (1.14). In
what follows, we are going to prove that (4.3) holds, where the limit ¢ is defined in (4.2).
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For n € N*, we now define:
Jn ::max{j eZ/j—an<—3}.

From the definition (1.14), we get the trivial bound (just bound the absolute value of the
cosine and the exponentials by 1):

n 2 f2|]—an|
|G | N 3C3n

|GI +1| + |GJ,,+2| + |GJ,1+3| ﬁ

for some suitable constant C > 0 that does not depend on n € N*. Hence proving (4.3)
amounts to proving:

which implies:

Jim /8 Z‘ 6" = (4.4)
J<Jn

For n e N* and j < J,,, we define the sampling point:
yigmzan 3
o NG NG
In order to make the reading of some computations easier, we also define the positive
parameters:

4.5)

Cq 2
e A 4.6
N s 0

Then performing a change of variable in the integral in (1.14), we obtain the formula:

Bo =

L _ V3P 1
5% = VT

3ﬁ]n1/sy$/4

by E

X COS (ﬁ nt/4 %/,21 —)/ e du, 4.7
i8] ) gy

VneN, Vj<J, exp(=Boy7.»)

The formula (4.7) clarifies the role of the scale n~!/? that corresponds to the step in a

Riemann sum. Our first task is to simplify the formula (4.7) by approximating the integral
of the Gaussian function by +/ (which corresponds to taking the limit n — +oo for any
fixed y; , > 0). A precise statement is the following.

Lemma 4.2. With the sampling points y j , given in (4.5), let us define the sequence:

. , 361 1 32 T
VrneN', Vj<J, Hj:= E? 1/4exp( ,8()yJ,l)cos(,/31711/4 ]/n Z)
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Then there holds:

i 1
lim_ Z 'MG; - H|=0. (4.8)
J<In
Consequently, (4.4) holds if and only if:
i, 3 = @
J<JIn

Proof of Lemma 4.2. For later use, we introduce the positive constant:

+00
¢:= / y_l/4e_'3°y2dy.
0

We consider € > 0 and fix some positive real number M, > 0 such that:

2/+we“2du <2 ”\5,
M. - 2c¢ 1/3'31

For n € N* and j < J, that satisfies:

1/8,3/4
3ﬁ1n yj’n Z M{-}’

we thus have:

3611 1 2 o,
< — ——exp(—Boy5 ><2/ e " du
™2 ‘/ﬁy;/i ( i) M,

1 n n
mGj_Hj <

e 1 1
= T T = 1_/4
26 n Yjn
Summing with respect to j, we obtain (here we use again a comparison principle between
a Riemann sum and the integral of a nonincreasing function):

Z 1
1/8
J€Ten "
where the set of indices 7, , is defined as:
. 3/4
ja,n = {] <J/ 3/31”1/8)’]{" 2 Ms}~
It remains to bound from above the remaining sum:

2

jgjg,n
and we observe that the condition j ¢ 7.  is equivalent to requiring:

Iy 4/3
b < (_) e

exp(~Boy7..)-

£
n n
o) - Hj| < 3.

1 n n
MG]'_H]' ,

V3B
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Applying the triangle inequality, we thus obtain:

2

J€Jen

1
—G"-+H

1 n
l/SG H J

n-1/6

3,31 31

1/4 - o

1/4

Choosing n > N for some appropriate N, € N*, we thus obtain:

Z ! G’?_H <
J€Je.n

E
T 3

and the claim (4.8) follows.
The conclusion of Lemma 4.2 on the equivalence between (4.4) and (4.9) follows from
the triangle inequality. O

In view of Lemma 4.2, we now wish to prove that (4.9) holds, where the sequence
(H )j<J, is defined in Lemma 4.2. A final simplification amounts to substituting a
dlscrete sum by an integral, which will allow us to perform change of variables and other
algebraic operations more easily. A precise statement is the following.

Lemma 4.3. With the sampling points y; ,, given in (4.5) and the sequence (H;?) <dn
defined in Lemma 4.2, there holds:

+oo *ﬁoy
lim ( \/3[31/ N cos ﬁm”“ 32 _ ))dy) =0. (4.10)
n—+oo | Tyl4

Consequently, (4.9) holds if and only if:

3 Boy
im ,/fﬂ‘/ ¢ o cos ﬁ1n1/4 302 _ )|dy={’. (4.11)

Let us assume for a moment that the conclusion of Lemma 4.3 holds and let us complete
the proof of Corollary 4.1. For ease of reading, we define the sequence:

3 Boy
Ve, L=q2[7¢ cos ﬁ1n1/4 32 )|dy,
27 1/4

of which we aim at computing the limit. We perform a first change of variable x = 8>/
in the integral and obtain the relation:

_ 2 Bo a3 14, T
]In— E‘/O' mex (—WX )COS(I’[ x—Z))dx,

H}’l
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and we now use without proof the following classical result3:

Lemma 4.4. Let F € L' (R; C). Then there holds:

2
lim F(x)|cos(nl/4x - z)|dx =— / F(x)dx.
R 4 R

n—+oo Vi

‘We therefore obtain:

[22 [+ 1
hm I[n = ——/ _— exp _&x“/?ﬁ dx,
n—+0o RY s 0 x1/2 ﬁ‘l‘/-”

and a final change of variable in the integral yields:

. 2\ 1 B3

Using the definition (4.6) of 8y and 8 and using the functional relation xI"(x) = ['(x + 1),
we end up proving (recall the definition (4.2)):

lim I, = ¢,

n—+o0o
which means that (4.11) holds. Going back all the way up, we have thus proved that (4.1)
holds. At this stage, it just remains to prove Lemma 4.3.

Proof of Lemma 4.3. The multiplicative factor 4/(381)/(2x) in the definition of H ;’ and
in front of the integral in (4.10) is harmless so we omit it from now on. We let € > 0 and
consider two positive numbers A ., B that satisfy:

Ae o—Poy? +o0 —Byy?
€ € E
—Fdy +/ dy < —.
/0 yl/4 B. Y4 3

By comparing the Riemann sums below with integrals, we therefore also get:

3 Lot Lot o
jeatrmen, VU

jS-]ll/yj,nZBs+n_l/2

S |ul+ > EHES

jSJn/yj,nSAs jSJn/yj,nZBF&n‘l/z

In particular, we get:

‘We therefore focus on the difference:

Bs o—Poy?
€ T
DO et S A
jS]n/A8<Yjvn<Bs+n_l/2 Ae Y

8The proof merely consists in approximating any L' function by a smooth compactly supported function,
then using the Fourier series expansion of |cos(u — 71/4)| and integrating by parts.
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since the remaining parts on the left hand side of (4.10) are estimated (in absolute value) by
2e/3. We recall that throughout this proof we omit the multiplicative factor 4/(381)/(27)
in the definition of H;‘.
We introduce the function:
ePoy 2

s
fn iy €(0,400) — W‘cos(ﬂln]/“yyz - Z)|

Then f;, is Lipshitzean on the interval [A., B + 2] and, more precisely, there exists a
constant C, > 0 that depends on & but not on n € N*, and such that:

Vx,y€[Ae,Bo+2],  [fux) = fu0)| < Con'lx -yl
We thus get the bound:
Yj-ln Yj-t.n 34
- [ aow] = [ A - o] < c @)
Yj.n Yj.n
as long as y; ,, satisfies:
Ag <Yjn <Be+n ' (4.13)

Of course, the constant C, in (4.12) is independent of n € N*. Summing (4.12) over j,
we get:

YJin—1.n /4
> |H| - / fu)dy| < Con™'4,

jSJn,/A£<)’j,n<Bs+"7]/2 Y max,n

where the interval of indices [Jumin, Jmax] N Z corresponds to the set of integers j such
that (4.13) is satisfied. It is then easy to verify that the quantity:

Be YJin—1.n
ﬂ@@—/ Ja(y)dy
A£ YJmax.n

tends to zero as n tends to infinity so overall, we can fix an integer N, € N* such that for
any n > N, there holds:

> |H7|—/:5 Sy < 3.

A/.S-In/As<y_f,n<Bs+”71/2

This gives the final bound:

ME /0 " o] <.

J<Jn

forn > N, so Lemma 4.3 is proved. O
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Let us see what Corollary 4.1 gives in the case of the Lax—Wendroff scheme (1.2).
Recalling (1.8a), we have:
_A1-2?) (1=
6 - 8
which means that forany A € (0, 1), the Green’s function of the Lax—Wendroff scheme (1.2)
satisfies:

C3 C4

1 25/81(3/8) (1 - %)!/8
lim _Z|g]n|_ (/)( )

n—tc0 1/8 ST on 2174

JEZ

4.3. Uniform bounds for initial data of bounded variations

In Corollary 4.5 below, we let BV(Z; C) denote the space of complex valued sequences
that have bounded variations, that is u € BV(Z; C) if the quantity:

D g =

JEZ
is finite. We use without proof that any sequence with bounded variations has a finite
limit at —oo (the same property holds at +oc0). Our result dates back to [4] but our proof
differs from the one in that reference since we have an accurate description of the Green’s
function at our disposal.

Corollary 4.5 (Estep—Loss—Rauch). Let a € ¢'(Z;C) satisfy Assumption 1.1. Then
there exists a constant C > 0 such that for any sequence u € BV(Z;C) that satisfies
lim;_,_o u; = 0, the Laurent operator L, satisfies:
sup||Liul| .. < CZ e —u .
neN jez
Corollary 4.5 explains why on Figure 1.1 the oscillating wave packets generated by
the step function remain bounded in the £ norm. For general BV initial data that have

nonzero limit at —oo, one should apply Corollary 4.5 to u — lim_, u (we recall that L,
maps any constant sequence v to itself since the a;’s sum to 1).

Proof of Corollary 4.5. The key point in the proof of Corollary 4.5 is the following bound
which shows that the oscillations in the Green’s function cancel after integration.

Lemma 4.6. Let Assumption 1.1 be satisfied. Then there exists a constant C > 0 such
that the Green’s function (Q;‘)(n, j)eNxz Satisfies the uniform bound:

VneN, Vjez Zggsc. (4.14)
<j
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Let us assume for a moment that the claim of Lemma 4.6 holds and let us show that the
bound (4.14) implies Corollary 4.5. We introduce the Heaviside sequence H defined by:

1, ifj>o0,

vies H":{o itj <0

and for any ¢ € Z, the notation H(- — £) stands for the shift of the sequence H by an index
¢, namely:

VjieZ (H(--10);:=H;.
We use the trick from [4] to decompose any sequence u € BV(Z;C) that satisfies
lim;_,_o u; = 0 under the form:

u= Z(uf —ue-)H(- - 0),
CeZ
which gives:

VneN, L'u= Z(u[ —ue_) (LPH(- - 0)).
CeZ
Since L7 is the Laurent operator associated with the sequence (gj") jez, we have:

VeeZ, LMH(--¢€) = (L'H)(--¢).

Applying the triangle inequality, we see that Corollary 4.5 will follow from the uniform
bound:

sup [|LAH| o < +oo. (4.15)
neN
From the expression of the Heaviside sequence, we compute:
Vjiez (LiH), =) G},
t<j
so Lemma 4.6 implies the validity of (4.15) and the claim of Corollary 4.5 follows. We

thus focus from now on on the proof of Lemma 4.6.

Proof of Lemma 4.6. Applying Corollary 1.3, we see that the bound (4.14) amounts
to proving that there exists a constant C > 0 such that the analogous bound for the
approximate Green’s function holds, namely:

VneN, Vj<an, ZG"SC, (4.16)
r<j

where we recall that the expression of G;.’ is given in (1.14). We keep the notation of the
proof of Corollary 4.1 for the integer J,, and for the sampling points y; , in (4.5). We also
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keep the definition (4.6) for the constants 3y and 5;. We then use a change of variable in
the integral of (1.14) to obtain:

38, 1
VneN, V<, Gﬂ=4@~——f”ew0ﬁwid

- nl/4-in
X COS (ﬁlnl/‘*yj{j - %) /11 exp(=31n" 432 du. (4.17)
We introduce a function g that is defined a follows:
Vx>0, g(x):=cos (ﬁlx - %) /11 exp(-3B1xu®)du,
which puts the formula (4.17) in the more compact Izorm:
VneN', Vj<J,
_ BiV2

T

%

3 1/2 32
exp(—Boy7 ) (Vjm — yj+1,n)En”“yj{ng(n”“yjfn)- (4.18)

We introduce the primitive function g of g:

Vx>0, guyzlxﬁww,

and we shall use without proof that g is bounded on R* (the proof of this property is left
to the reader).

Our goal is to apply an Abel transformation to the series of the G;?. This is suggested
by the form (4.18) where the factor:

3 1/2 3/2
(yj,n - yj+l,n)§n1/4yj{ng(nl/4yj’/n)

arises as some kind of derivative. Based on that goal to achieve, we decompose G;? under
the form:

n_ BiV2 — 32y~ 32
G = 2= exp(—oy? ) (804570 — 8035 L)) — e

and the Abel transformation (or discrete integration by parts) directly gives the uniform
bound:

V2 _ _
sap sup |3 B ey ) (3001452 ~ B33 )| < von

neN* j<J, r<j
We thus focus on the bound for the remainder &/ ;,, and use Taylor’s formula to get:
Vin 1 2
Vi iy exp(—Bo].n),

j+ln

<C

"gj,n
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which, after summation, gives the uniform bound:

sup sup Z |8€’n| < +00.
neN j<ln {2

This completes the proof of Lemma 4.6. O
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