CONFLUENTES
MATHEMATICI

Ayman KACHMAR, Pierig KERAVAL, and Nicolas RAYMOND

Weyl formulae for the Robin Laplacian in the semiclassical limit
Tome 8, n°2 (2016), p. 39-57.

<http://cml.cedram.org/item?id=CML_2016__8_2_39_0>

© Les auteurs et Confluentes Mathematici, 2016.
Tous droits réservés.

L’acces aux articles de la revue « Confluentes Mathematici »
(http://cml.cedram.org/), implique I’accord avec les condi-
tions générales d’utilisation (http://cml.cedram.org/legal/).
Toute reproduction en tout ou partie de cet article sous quelque
forme que ce soit pour tout usage autre que 1’utilisation 4 fin
strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir
la présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://cml.cedram.org/item?id=CML_2016__8_2_39_0
http://cml.cedram.org/
http://cml.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Confluentes Math.
8, 2 (2016) 39-57

WEYL FORMULAE FOR THE ROBIN LAPLACIAN
IN THE SEMICLASSICAL LIMIT

AYMAN KACHMAR, PIERIG KERAVAL, AND NICOLAS RAYMOND

Abstract. This paper is devoted to establish semiclassical Weyl formulae for the Robin
Laplacian on smooth domains in any dimension. Theirs proofs are reminiscent of the Born-
Oppenheimer method.

1. INTRODUCTION

1.1. Context and motivations. For d > 2, let us consider an open bounded
connected subset of R? denoted by € with a C3 connected boundary I' = 9 and
for which the standard tubular coordinates are well defined (see Section 2.2). On
this domain, we consider the Robin Laplacian £}, defined as the self-adjoint operator
associated with the closed quadratic form defined on H*(£2) by the formula

Yu e HY(Q), /\hVu|2dx—h2/|u\2dF

where dI' is the surface measure of the boundary and h > 0 is the semiclassical
parameter. The domain of the operator Ly is given by

Dom(Ly) ={u € H*(Q):n- h3Vu = —u on I'},

where n is the inward pointing normal to the boundary. Note that, by a usual
trace theorem, the traces of u and Vu are well-defined as elements of H2 (992) and
H?z(09Q), respectively.

The aim of this paper is to quantify the number of non positive eigenvalues
created by the Robin condition in the semiclassical limit ~ — 0. The estimate
of the non positive spectrum of the Robin Laplacian in the semiclassical limit (or
equivalently in the strong coupling limit) has given rise to many contributions
(in various geometric contexts) in the last years (see [14, 6, 7, 20, 8]). Negative
eigenvalues of the operator L5 have eigenfunctions localized near the boundary of
the domain thereby serving as edge states. One of the most characteristic results
is established in [20] and states that the n-th eigenvalue of L, is approximated,
modulo O(h?), by the n-th eigenvalue of the effective Hamiltonian acting on the
boundary

L = —h+ b2t — b3k, (1.1)
where LT is the Laplace-Beltrami operator on I' and where  is the mean curvature.
The approximation of the eigenfunctions of L, via those of the effective Hamiltonian
is obtained in [7] for the two dimensional situation.

The above O(h?) was dependent on the considered eigenvalue. In the present
paper, we remove this dependence and deduce Weyl formulae. In two dimensions,
the problem of deriving a strengthened effective Hamiltonian was also tackled to
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investigate semiclassical tunneling in presence of symmetries in [8]. Moreover, in
[8, Section 7], as a byproduct of the strategy developed there (which was initially
inspired by [17, 5] or [21]), Weyl formulae are established in two dimensions. The
present paper is an extension of these results to any dimension and it proves, in an
appropriate energy window, a uniform approximation of sp (£;) by the spectrum
of a slight perturbation of (1.1).

1.2. Results. For A € R, we denote by
N (Ln,\) = Tr(l(—oo,,\] (ﬁh)),

the number of eigenvalues p,,(h) of L) below the energy level A. Let us now state
our main two theorems that relate the counting functions of £; and VhLY — k in
the semiclassical limit.

THEOREM 1.1. — We have the following Weyl estimate for the low lying eigen-
values:
VEER, N (ﬁh,—h+Eh%) ~ N (h%.cF —H,E).
h—0
THEOREM 1.2. — We have the following Weyl estimate for the non positive
eigenvalues:

N (Lp,0) o N (hC",1).

Remark 1.3. — Note that we have the classical Weyl estimates (see for instance
[24, Theorem 14.11]):

1
N (h%cf - H,E) ~ ———Nolper{(s,0) : |02 —k(s) <E},  (12)

h—0 1

(27rh4)
1

N (hLh, 1) ~ = Volr-r{(s,0) : |o]> <1}. (1.3)

h=0 (27rh%)
Note that they remain true if E and 1 are replaced by E + o(1) and 1 + o(1)
respectively.

Remark 1.4. — Let us notice here that these results are proved in the case of a
C? bounded and connected boundary. The connectedness is actually not necessary
but avoids to consider each connected component separately. For Theorem 1.1, the
boundedness of T is not necessary either (bounds on the curvature are enough), but
allows a lighter presentation. We refer to [20] where such geometric assumptions
are accurately described.

Remark 1.5. — The proof we give to Theorem 1.2 uses the classical Weyl law
in the interior of the domain €2. This law requires that the domain €2 is bounded.

1.3. Strategy of the proofs. In Section 2, we show that the interior of Q does
not contribute to the creation of non positive spectrum (the Laplacian is non neg-
ative inside 2). We quantify this thanks to classical Agmon estimates and reduce
the investigation to a Robin Laplacian on a thin neighborhood of the boundary
(see Proposition 2.2). In Section 3, by using an idea from the Born-Oppenheimer
context, we derive uniform effective Hamiltonians (see Theorem 3.1) whose eigen-
values simultaneously describe the eigenvalues of L, less than —egh (for g9 > 0 as
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small as we want). In particular, we show that the effectiveness of the reduction
to a boundary operator is determined by the estimate of the Born-Oppenheimer
correction. This correction is an explicit quantity related to dimension one. It
appears in physics and, for instance, in the contributions [16, 18, 22, 19, 23] in
the context of time evolution or in the works [11, 15, 13] related to resonance and
eigenvalue problems (see also the review [10] where both aspects are considered).
Let also mention here [1] dealing with the semiclassical counting function in the
Born-Oppenheimer approximation (in a pseudo-differential context). Our strategy
gives rise to a rather short proof (which does not even require approximations of
the eigenfunctions) and displays a uniformity in the spectral estimates that implies
the Weyl formula of Theorem 1.1. In Section 4, we establish Theorem 1.2. Note
that the proof of Theorem 1.2 does not follow from a reduction to the effective
Hamiltonian but uses a variational argument as the one in [3]. This argument is
based on a decomposition of the operator via a rough partition of the unity and a
separation of variables.

2. THE ROBIN LAPLACIAN NEAR THE BOUNDARY

2.1. Reduction near the boundary via Agmon estimates. The eigenfunc-
tions (with negative eigenvalues) of the initial operator L are localized near the
boundary since the Laplacian is non negative inside the domain. This localization
is quantified by the following proposition (the proof of which is a direct adaptation
of the case in dimension two, see [7] and also [9]).

PROPOSITION 2.1. — Let ¢y € (0,1) and a € (0,,/€y). There exist constants
C > 0 and hg € (0,1) such that, for h € (0, hy), if up, is a normalized eigenfunction
of Ly, with eigenvalue y < —egh, then,

; > dx < C.

/Q (|uh(x)\2+h|Vuh(x)\2) exp ( 1

Given 0 € (0,0¢) (with d9 > 0 small enough), we introduce the d-neighborhood
of the boundary

2adist(x,T)

Vs ={xe€Q : dist(x,T") < 4}, (2.1)
and the quadratic form, defined on the variational space
Ws ={uec H'(V5) : u(x)=0, forall x € Q such that dist(x,T") = 6},
by the formula

Yu € Ws, Q;{f} (u) = /

Vs
Note again that the trace of u is well-defined by a classical trace theorem. Let us
denote by p,{f}(h) the n-th eigenvalue of the corresponding operator E;{f}. It is
then standard to deduce from the min-max principle and the Agmon estimates of

Proposition 2.1 the following proposition (see [9]).

Va2 dx — b / [uf2dr.
T

PROPOSITION 2.2. — Let ¢y € (0,1) and o € (0,/€p). There exist constants
C > 0, hg € (0,1) such that, for all h € (0,hg), 6 € (0,00), n = 1 such that
,un(hf) < _€Oh7

PN R) < i () + Cexp (—adh™H). (2.2)
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Moreover, we have, for alln > 1, h > 0, and § € (0, ),
pin () < pf (R).

2.2. Description of the boundary coordinates. Let ¢ denote the embedding
of I' in R? and g the induced metrics on I'. (T, g) is a C®> Riemmanian manifold,
which we orientate according to the ambient space. Let us introduce the map
®:T' x (0,5) = Vs defined by the formula

D(s,1) = u(s) + tn(s),
which we assume to be injective. The transformation ® is a C3 diffeomorphism for
0 € (0,dp) and dg is sufficiently small. The induced metrics on I" x (0, ¢) is given by

G =go(ld—tL(s))* + dt?

where L(s) = —dny is the second fondamental form of the boundary at s. We also

define the mean curvature:
k(s) = Tr L(s).

2.3. The Robin Laplacian in boundary coordinates. For all u € L?(V,), we
define the pull-back function

u(s,t) :=u(d(s,t)). (2.3)
For all u € H'(Vs,), we have
/ 2 dx = / (s, )2 G dT dt, (2.4)
V50 FX(O,J())
/ |Vu|? dx = / [<vsa,g—1vsa> + 0| | adr dt. (2.5)
V50 FX(O,(So)

where

7= (1~ 1L(s))",
and a(s,t) = |§(s,t)|2. Here (-,-) is the Euclidean scalar product in R% and V,
is the differential on I" seen through the metrics g (by the Riesz representation
theorem). In other words, V,u is the vector of R? belonging to the tangent space
to T at s and satisfying g(V,u,v) = dsu(v), for all v in the tangent space at s.

The operator E}Eé} is expressed in (s,t) coordinates as
i = —p?a 'V (agT V) — h%a 10, (ady),
acting on L?(adI’dt). In these coordinates, the Robin condition becomes
h20u = —h3u on t=0.
We introduce, for ¢ € (0, dp),
Vs ={(s,t) : seTand 0 <t<é},
Ws ={ue H'(Vs) : u(s,d) =0},

Ds = {u € H*(Vs) N Ws : du(s,0) = —h ™ Zu(s,0)}, (2.6)
cj,{f}(u):/~ (h2<Vsu,§’1VSu>+|h8tu|2>ddth—h%/|u(s,0)|2dF,
Vs T

L = —p2a71V (a5~ V) — ka0, (ad)).
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We now take
6 =h", (2.7)

and write simply Zh for E;{LJ}. The operator [,Nh with domain 55 is the self-adjoint
operator defined via the closed quadratic form V, 3 u — Qp(u) by Friedrich’s
theorem.

2.4. The rescaled operator. Let us now take advantage of the homogeneity of
the transverse Robin Laplacian —h?a~19,(@d;) with boundary condition du(s,0) =
—h_%u(s, 0), where s is considered as a parameter. Near the boundary, this oper-
ator looks like —h202 with boundary condition dyu(s,0) = —h~2u(s,0) and we see
that the rescaling ¢t = hi7 allows to erase the dependence on h in the boundary
condition. That is why, we introduce the rescaling

(0,7) = (s,h™%1),
the new semiclassical parameter A = hi and the new weights
a(o,7) =a(o,h1),  Glo,7) = glo,hT). (2.8)
We consider rather the operator
Ln=h""Ly, (2.9)
acting on L?(@dl'dr) and expressed in the coordinates (o, 7). As in (2.6), we let
]A)T:{(aﬂ') coelTand 0<7< T},
Wr ={ue H'(Vr) : u(0,T) =0},
Dr ={ue H*Vr)NWr : 8;u(0,0) = —u(s,0)}, (2.10)

O = [ (W(Vaug ' Vou +0,u?)adl dr - [ Ju(o o),
Vr r
L] = —h'a 'V, (a5 'V,) —a '0.a0;.
In what follows, we let 7= h~! (or equivalently p = 1) and write Oy, for @g

3. A VARIATIONAL BORN-OPPENHEIMER REDUCTION

The aim of this section is to prove the following result (that implies Theorem
1.1).

THEOREM 3.1. — For g € (0,1), h > 0, we let
Nep = {n € N* - un(h) < —eoh}.
There exist positive constants hg, Cy,C_ such that, for all h € (0, hy),
VneNgn, pn(h)<pn(h), and VYn>1, pn(h) < it (h), (3.1)
where ;7 (h) is the n-th eigenvalue of C;ﬁ’i defined by
LT — _h 4 (14 Cyh3)R2LE — kh2 + Oy 2,

and
£ = —h+ (1= C_h3)R2LT — kh3 — C_R2
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Before writing the proof of Theorem 3.1, we discuss some of its consequences in
the spirit of the Born-Oppenheimer method. In the sequel, £ = —h+h2LE — h3k
is the effective Hamiltonian introduced in (1.1). The sequence of eigenvalues of £

is denoted by (Hfzfr(h))n>1~ We can compare the eigenvalues of the operator £;, and

those of the effective Hamiltonian, but with a rather bad error term.

COROLLARY 3.2. — Let g € (0,1). There exist positive constants hg,C such
that, for all h € (0, ho),

Vi€ Negn,  |un(h) — uf(h)| < ORE.

The proof of Corollary 3.2 is essentially the same as the one of the following
refined corollary related to energy levels below —h + Eh3. This is connected to the
works in [13, 23].

COROLLARY 3.3. — For F € R, we let
Ni(E) == {n € N*: p,(h) < —h+ Eh?},
There exist C > 0, hg > 0 such that, for all n € N} (E) and h € (0, hy),
| (h) = 5 (R)| < Ch2.

Proof. — Given E € R and ¢¢ € (0, 1), for h small enough, we have —h+FEh? <
—egh. In particular, we have, for h small enough and for all n € N, (FE),

i () < un(h) < g ().
Then, by elementary considerations on the quadratic forms, for all F € R, there
exist C' > 0, hg > 0 such that, for all ¢ € range ]1(*00,7h+Eh%)( Zfr,f),
H2Q(4) < Ch¥ 1w,
and then
Qi () = Q™ (¥) + C_hER? QN () + C_h?[[¢|* < Q™ () + C[ul)”,

where QT szf’i and Q‘;Lff are the quadratic forms of LT, L:fo’i and [,Zﬁ, respectively.
By the min-max principle, we deduce that, for all n € N}, (E),

pef(h) < piyy (h) + Ch? < p(h) + CR2.
In particular, we have, for all n € N, (E),
1¥(h) < —h+ Eh3 + Ch2.

eff
In the same way, we have, for all ¢ € range]l(ioo,thrEh%JrChz)(ﬁh ),

A () < QW) + CR ),
and we get, for all n € Nj,(E),
pn(h) < it (B) < pugff (h) + CR2.
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3.1. Proof of Theorem 1.1. Let us now explain how we can deduce Theorem
1.1. By the first inequality in (3.1), we have

N (,ch, “h+ Eh%> <N (z:;ffv‘, “h+ Eh%) .
This becomes, for an appropriate constant C_ > 0,
N (Ln,—h+ER?) <N(nELT—k B+ Cont).

It remains to apply the usual semiclassical Weyl estimate for the counting function
in the right-hand-side. We get, by using the second inequality in (3.1),

N (g;ej“, —h+Eh%) <N (ch, —h+Eh%) :

and we deduce the semiclassical lower bound for the counting function in the same
way.

3.2. Strategy of the proof of Theorem 3.1. Let us briefly explain the main
lines of the proof of Theorem 3.1.

i. From the localization estimates of Proposition 2.2, we only have to consider
L}, restricted to a thin neighborhood of the boundary (say of size § = hi),
that is the operator Ly. Due to scaling considerations, we may even work
with Eh. =N

ii. The operator Ly is partially semiclassical. Since the effective semiclassical
variable is o, it is natural to consider (an approximation of) the operator
acting in the variable 7 with o considered as a parameter (see Section 3.3).

iii. Since the important quantity in the investigation is the mean curvature x,
it is easier to keep only the main term in the expansion of the metrics in-
duced by the tubular coordinates (see Section 3.4). We get an approximated
operator E;pp

iv. Finally, we want to prove upper and lower bounds on the eigenvalues of
ljzpp. For the upper bounds, we insert almost explicit test functions (quasi
tensor products of functions on the boundary and of the groundstate of the
transverse operator) in the quadratic form. For the lower bound, we use
the spectral decomposition of the transverse operator to decompose EA;LPP
into two orthogonal components, modulo some remainders involving the
commutator between the transverse groundsate (depending on o) and the
tangential derivative V.

3.3. The corrected Feshbach projection. Let us introduce
HN(O’),h = H{BT}a
with
B = h2k(0) = h?k(0)

and where ’HJ{BT} is defined in (A.9). We introduce for o € I' the Feshbach projection
II, on the normalized groundstate of H,(4) 5, denoted by v, (s ks

Uyt = (¥, Ve(o),1) L2((0,T),(1- Br) d7)Vk(c), h-
We also let
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and
f(O') = <w7vn(a),h>L2((0,T),(1—BT) dr)» (32)
Rp(o) = Hvavn(a),h||2L2((o,T),(1—Br)dr)a (3.3)

The quantity Ry is sometimes called “Born-Oppenheimer correction”. It measures
the commutation defect between V, and Il,.

Remark 3.4. — 1In a first approximation, one could try to use the projection
on v, but one would lose the uniformity in our estimates. Note that the idea
to consider a corrected Feshbach projection appears in many different contexts:
WKB analysis (see for instance [2, Sections 2.4 & 3.2], [7] and [8]), norm resolvent
convergence (see for instance [12, Section 4.2]) or space/time adiabatic limits (see
[22, Chapter 3]). The reader might also consider to read [13, p. 35|, where the
authors tackle a similar problem of finding a corrected Feshbach projection in order
to decouple the variable of their fiber operator and the semiclassical variable (h
is called ¢ in their paper and they call “horizontal variable” our variable s). In
particular, they emphasize that, without such a correction, the decoupling appears
modulo a remainder O(h) larger than the gap between the eigenvalues.

3.4. Approximation of the metrics. In this section, we introduce an approxi-
mated quadratic form by approximating first the metrics. For that purpose, let us
introduce the approximation of the weight:

m(s,t) =1—tr(s), k(s) = Tr L(s).

We have
la(s,t) —m(s,t)] < Ct.

Let us now state two elementary lemmas.

LEMMA 3.5. — We have the estimate, for all ¢ € WT,

/A |8Tz/)|22idFdT—f\ 0|2 dT dr

Vr Vr

< C’h4/ |f(o)>dl’ 4+ Ch? /A |0, 1T 4|2 dT dr,
r Vr
where (o, 7) = m(o, h>T).
Proof. — We have

/A |871M28dl"d7'—f\ |02 dl dr

Vr Vr

gCh‘l/A 720,42 AT dr.
Vr

Then, we use an orthogonal decomposition to get

f\|&,—’@/]|2adrd7’—/\ |0, ?m dT dr
Vr

Vr

< Ont (/AT2|aTHU¢2dFdT+/A 7287H§w2drd7)

Vr

Vr
T
gcrf*/ |f(o)]? (/ T2arvﬁ(0)yh|2d7> dF+Ch2/A |0, IT 4|2 dT dr,
T 0

Vr
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where we have used that T = i~! for the orthogonal component. The result then
follows from the Agmon estimates in one dimension (Proposition A.6). O

LEMMA 3.6. — We have the estimate, for all ¢ € WT,

/A <vaw,§*1vg¢>adrde/A (Vo1p, Vb dl dr
Vr

Vr

< O/F (R2|V o f(0)||* + hRR(0)| f()?) dF+Cﬁ/

o~

Vr

|V ITE 4| dT dr.

Proof. — First, we write

/A<V01/J,§_1V01/)>6d1“d7—/A<V01/J7V01/J>r71d1"d7'
Vr

Vr

(Voth, (G = 1d)Vap)[adl dr

~

Vr Vr

< [ IvoulPa-marar+ |

<O [ (B*7? + 1*7)||[ V9| ? dT dr.
Vr

Then, by an orthogonal decomposition, we get

/A <vaw,§*1vg¢>adrde/A (Vo1h, Vb dl dr
Vr

Vr

< C/A (h*r? +h27)||VJHU1/)||2dFdT+Ch/A |V IIty||? dr dr,
Vr Vr

where we used T' = A~! on the orthogonal part.
Finally, we use the naive inequality

VeIt |* < 2 (IVo f (@)1 [Vn(o)

*+ IVoveo)sllPlF(0)?)
and the conclusion again follows from Agmon estimates. O
Let us now introduce the approximated quadratic form
0rrw) = [ (WIVoul + oo )marar - [ weoRar. @)
T

The sense of this approximation is quantified by the following lemma (that is a
consequence of Lemmas 3.5 and 3.6).

LEMMA 3.7. — We have, for all ¢ € WT,
|On(v) - ()|

§0h4/|f(a)\2da+0h2/A |0, T 4|2 AT dr
T v

T

+C/ (RO Vo f(0)|I” + B° Ry (0)| f (o) %) dF+Ch5/ | VoITtep||2dT dr.
T

~

Vr
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3.5. Upper bound. The following proposition provides an upper bound of the
quadratic form on a subspace.

PRrROPOSITION 3.8. — There exist C' > 0, fig > 0 such that, for all ¢ € ﬁT and
h e (0, hy), we have

@h(Hcﬂb) < /Fh4(1 + C'fiQ)HVJf(U)H2 dr
+ / (M (Hu(oy) + CH* + (1 + CR)Ri(0)) | £ (o) dT.
N

Proof. — First, we use Lemma 3.7. Then, we are reduced to estimates on the
approximated quadratic form. By writing 1,4 = f(0)v.(),s and considering the
derivative of this product, we get

&7 (r1,v) = [

(714||v(,Ha¢||2 + |8THJw\2)fndrdT - / ITy¢(c, 0)]* dT
Vr r

- / (F V0 f@)]? + (5 Ra(0) + dutorn(vnioyn)) | (@) dT

T
+ 2h4 / f(o) <vaf((7),/ ’U,g(a)ﬁvgvn(g)ﬁﬁl dT> dr.
r 0

where ¢y (,),n is the quadratic form associated with H, ;) r. By definition, we have

Tr(o) . (Ve(o),n) = A (Hr(o),n)-

Then we notice from the normalization of v(,) 5 that

T
Vo (/ |v,§(,,),h|2ﬁzd7> =0,
0

and since V,B = h2V,k(c), we have

T
/0 ”n(a),hvavn(a),hm dr = O(hQ)

This implies the estimate:

T
e / f(0) <ng(a), / vﬁ(a),ﬁvavﬁ<a),hmd7> ar
I 0

<R / (@) + |V, £(0)|?) dT, (3.5)

and the conclusion follows. O

3.6. Lower bound. Let us now establish the following lower bound of the qua-
dratic form.
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PROPOSITION 3.9. — There exist C' > 0, fig > 0 such that, for all ¢ € ﬁT and
h e (0,ho), we have

On()
> /F (' (1 = CI)|Vo f(o)II” + (M(Hu(o),n) — C(B* + 1* Rp(0)) |f(o)[?) dT

4 1
/h (1 - Ch)||V,II ¢IIL2(de) dr

+ [ (0= OBl ) = O + IR ML, i, T

Proof. — The proof will be done in a few steps.

i. First, we use Lemma 3.7 to write

Bn() > /A KAV ]| T dr + / oy (1) AT

Vr

_ c/F (KS|IV o £(0)]I? + HA(1 + hRn(0))|f(o)[?) dT

—055/A IIVUH(iz/JHderdT—cﬁ/A 0, Iy >mdl dr.  (3.6)
Vr Vr

ii. On one hand, we get, by using an orthogonal decomposition, for each o € T,

QK(U),h(w) = qI{(U),h(HUw) + QH(G),E(Hiw)-

Then, we get, by using the min-max principle,

/qm),n(w)dF—Cfﬂ/A |0, I )2 dT dr
r Vr

2/qn(a),h(ﬂaw)dF‘F(l—ChQ)/qn(g),h(niﬂ})dr (3.7)
N

r
> [ (MOl F0)P + (1 = O MalHy ) [T 612 ) T
r
On the other hand, we also have
Hvdwuig(,’ﬁd,r) = ||HUVU'(/}Hi2(;,\LdT) + ||Hiv0'(/}”i2(;ﬁd,r) (38)

iii. Then, we estimate the commutator:

Vo, Ho]tp = (¢, VUUH(G),E>L2(fndT)“H(0)ﬁ + (¥, Ufc(o)ﬁ>L2(r7L) dar Vo Us(a).h

T
— h2vgl€(0) (/ YVk(o) 0T dT) Vk(o),h
0

We get, thanks to the Cauchy-Schwarz inequality and Agmon estimates (see
Proposition A.6),

I, Vol ¥l oz ary < (2RA(0)E + CR2) 6] (3.9)
Then, we write

Havaw = vaf(a)vﬁ(a),h + f(o)vavn(a),h + [ch vo} iﬁ (310)
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Let us recall the following classical inequality:
Vabe C"L Ve € (0,1), fla+ b2 > (1 —&)flal2 — e Jb|1%

We take & = 7%, a = Vo [(0)Vy(0),5 and b = f(0)Voy(o)n+ o, Vo] 1h. We
get, from (3.9) and (3.10),

T
/ I,V Pmdr > (1 - 1)V, f(o)]?

— O 2(Ra(0) + O() (@) + TEYI2, ) (311)

In the same way, we get

T
| M v > 07

L2( md‘r

= Ch2(Ba(0) + O (|f () + 7 ¢l17, i 4,) - (312)

iv. Now we use (3.6), (3.7), (3.8) and the estimates (3.11), (3.12) and the con-
clusion follows.

O
3.7. Derivation of the effective Hamiltonians. We can now end the proof of
Theorem 3.1.
i. We apply Proposition A.5 to get
M (Hy(o),n) = =1 — K(0)h* + O(h*),
and we use Lemmas A.1, A.3 to deduce that there exist positive constants

ho and C such that, for all A € (0, hg),
A2(His(o),n) 2 —Ch =

=)
2

Then we notice, thanks to Lemma A.7, that the Born-Oppenheimer correc-
tion satisfies Ry(0) = O(h*).

ii. As a consequence of Proposition 3.8, there exists C'y > 0 such that, for all
NS Dr and h small enough,

() < S5 (1),
where, for all f € HY(T),

o5t (f) = / (F*1+ CLR)|IVo fII? + (=1 — k(o)h? + CLh*) [ f]?) dT
Forn > 1, let

Gn,h = {fvn(a),h € ﬁT : f € Fn,ﬁ}u

where F, , C H!(T') is the eigenspace of the operator E;fF’Jr associated with
the eigenvalues (uzﬂ (h))1<k<n. We have dim G,, , = n and, for all ¢ €
Gn,ha

@h(w) <ustt(n )HwHi?@dF dr)’
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so that, by application of the min-max principle,

fin(h) < 5" (R).
iii. For ¢g € (0, 1), thanks to Proposition 3.9, there exists C_ > 0 such that, for
all v» € Dp and & small enough,

On(¥) = Q5" (f) - HHWII

where, for all f € H(T),

o (f) = /F (h*(1 = C_m)| Vo fI* + (—1 — K(0)h? — C_R*) |f|?) dT

L2(mdldr)’

We consider the quadratic form defined, for (f,¢) € HY(T) x ‘A/T, by

3 (£,) = O (1) = DI, arany

By application of the min-max prm(:lple (see also [21, Chapter 13]), we have
the comparison of the Rayleigh quotients:

fin(B) > ™ (h).

Note that the spectrum of 2‘;5”5 lying below —¢gq is discrete and coincides
with the spectrum of LT~ Then, for all n € Ny, 4, at"(h) is the n-th

eigenvalue of L’te”S and its satisfies it (h) = e~ (h).
iv. Finally, we apply Proposition 2.2 to compare i, (h) and g, (h).

4. ASYMPTOTIC COUNTING FORMULA FOR THE NON POSITIVE EIGENVALUES

This section is devoted to the proof of Theorem 1.2. For that purpose we prove
an upper bound in Proposition 4.1 and a lower bound in Proposition 4.2.

The philosophy behind the proof of Theorem 1.2 is different compared to that
of Theorem 1.1. In fact, our proof of Theorem 1.1 follows from the derivation of an
effective Hamiltonian that describes all the eigenvalues below the energy level —egh,
for an arbitrary g € (0, 1). Since this proof breaks for eg = 0, we follow a different
approach by comparing the eigenvalue counting functions of the Robin Laplacian
on the open domain €2 and the Laplace-Beltrami operator on the boundary 0. A
key point is to isolate the contribution of “bulk eigenvalues” through the classical
Weyl formula.

PROPOSITION 4.1. — There exist C, hg > 0 such that for all h € (0, hg),
N (Lp,0) < (1+o(1))N (RL",1).

Proof. — Consider a quadratic partition of the unity (x;5);j=12 in Q satisfying

2 2

2 ga=1 D [Vl <O,
j=1

j=1
and
supp x1,n C {dist(z,0Q) < h"}.
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For all u € H1(Q), the following “IMS” localization formula holds (cf. [4])

On(u) = Qpn(x1,pu) + Qn(x2,pu) — h? ZHUVXJ nll? (4.1)
> Qn(x1,nu) + Qnlxznu) — Ch2 2pHu||2-

Let AP be the Dirichlet Laplacian on 2 with domain H?(Q)NHE (). In the sequel,
d = h”, Vs is the domain introduced in (2.1) and Lﬁ,{f} is the Robin Laplacian Lj,
on the domain

D,Eé} ={uec H*(V;) : n- h*Vu=—-uonT, u=0on dist(z,T') = 6)}.
Since x1,,u and X2 pu are in the form domains of the operators E}{f} and —ADI

respectively, and the mapping L*(Q) 3 u — (x1.nu, x2.nu) € L2(Vs) & L*(Q) is an
isometry, we get by the min-max principle (cf. [3]):

N (L5, 0) < N (E,{f}, Ch2‘2p> + N (—h2APT, cp2-20) (4.2)

Now, we estimate Qp(u)/||ul|® for all u € Dy, , \ {0} by using the boundary coor-
dinates (see Section 2.3 and especially (2.6)) and a rough Taylor expansion of the
metrics:

~tens e
Q;L(u) > (1 _ Chp) %h2 (u) ,
Tl Tl -
where
2
5, = [ biarar
and

Qe (v) :/ (h2<V v, V) + |hdy| )drdt—hz / lo(s,0)|2 dT.
Vs

The quadratic form Q}f”s defines a self-adjoint operator E’;f”s on V; with Robin
condition at ¢ = 0 and Dirichlet condition at ¢ = § = h”. Thanks to the min-max
principle, we deduce that, for A sufficiently small, the following comparison between
the eigenvalues of Lif} and Lt holds:

plH (k) = (1= Cho)p (£57).

Consequently, we have N (Lié}, Ch2*2p> <N (E’;f”s, (Nl'h2’2p> for a new constant
C > 0. Plugging this into (4.2), we get:
N (£, 0) < N (L5, Ch2727) 4 N (~h2AP", Ch2~2) (4.3)

Then, by using the usual Weyl formula for the Dirichlet Laplacian, we get for h
sufficiently small _

N (=r?APT, CR*~27) < Ch™%, (4.4)
and it remains to analyze N (E}f"s,ChQ_QP). The operator Z}f"s is in a tenso-
rial form and it has a Hilbertian decomposition by using the Hilbertian basis of

the eigenfunctions of the transverse Robin Laplacian L£i" := h?2D? acting on
L?((0, ), dt), with Robin condition at ¢ = 0 and Dirichlet condition at t = h?.
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Let (Aga“S(h)) be the increasing sequence of the eigenvalues of the transverse oper-
ator counting multiplicities. The spectral decomposition of the transverse operator
yields

sp (Z}L) = fj (hQSp(,CF) + A};a"S(h)).

We will show that only the first eigenvalue A\2"*(h) contributes to the spectrum of
E}f”s below Ch2~27. We know that the second eigenvalue of the transverse operator
h2D? is of order h*’ (see Lemma A.2, with T = h”*%). Since p € (O, %), we get
h2P > h2~2P and thus we have only to consider the first transverse eigenvalue whose
asymptotic expansion is —h + O(h*°), by Lemma A.1. We get, for h sufficiently
small,

N (E}f“iéhwﬂ) <N (th, 14 26%1*%) ~ N(hL,1). (4.5)

h—0
We deduce the upper bound by combining (4.3), (4.4), (4.5), (1.3) and taking p
small enough. O

PROPOSITION 4.2. — There exist C, hg > 0 such that for all h € (0, hg),
N (L5,0) = (1+o(1))N (hLF,1).
Proof. — To find the lower bound, we just have to bound the quadratic form

O, on an appropriate subspace. We consider p € (O7 %) We first notice that, for u
such that suppu C Vpe,

Qn(u) < (1+Ch*) Qi (a).

We apply this inequality to the space spanned by functions in the form u(s,t) =
frn(s)un(t) where the fy, ,, are the eigenfunctions of h2L! + (k) associated with
non positive eigenvalues and uy, is the first eigenfunction of the transverse Robin
Laplacian with eigenvalue A(h) = —h + O(h*°). The conclusion again follows from
the min-max principle and the fact that N (hL", 1+ O(h™)) o N (rLT,1).

O

APPENDIX A. REMINDERS ABOUT ROBIN LAPLACIANS IN ONE DIMENSION

The aim of this section is to recall a few spectral properties related to the Robin
Laplacian in dimension one. Most of them have been established in [7] or [8].

A.1l. On a half line. As simplest model, we start with the operator, acting on
L?(R.), defined by

Ho = —33 (A1)
with domain
Dom(Ho) = {u € H*(R,) : 4/(0) = —u(0)}. (A.2)

Note that this operator is associated with the quadratic form
+oo
Vo 3 u l—>/ W ()2 dr — u(0) 2,
0

with Vg = H(0, 4+00) .
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The spectrum of this operator is {—1}U[0, 00). The eigenspace of the eigenvalue
—1 is generated by the L2-normalized function

uo(T) = V2 exp (—7). (A.3)

We will also consider this operator in a bounded interval (0,7) with T sufficiently
large and Dirichlet condition at 7 =T.

A.2. On an interval. Let us consider T' > 1 and the self-adjoint operator acting
on L2(0,T) and defined by

HETH = —02, (A.4)

with domain,
Dom(H\™) = {u € H2(0,T) : v/(0) = —u(0) and w(T)=0}. (A.5)
The spectrum of the operator HéT} is purely discrete and consists of a strictly
increasing sequence of eigenvalues denoted by ()\n (’HéT})) . This operator is

n>1

associated with the quadratic form
T
Vi sues [P - o)
0

with V' = {v € HY(0,T) |o(T) = 0}.

The next lemma gives the localization of the two first eigenvalues \q (HéT}) and
A2 (’HéT}) for large values of T'.

LEMMA A.1. — AsT — +o0 we have
MAHTH = —14+4(1+0(1)) exp (= 2T) and A(HS™H) > 0. (A.6)
Let us now discuss the estimates of the next eigenvalues.

LEMMA A.2. — ForallT >1andn > 2

<(2n2_T3)7r)2 < A(HE < (m_Tl)W)Q

Proof. — Let w > 0 and A = —w? be a non-positive eigenvalue of the operator

H({)T} with an eigenfunction u. We have,

=Xu in (0,7), «/(0)=—u(0), u(T)=0. (A7)
If w=0and T > 1, then v = 0 is the unique solution of (A.7). Thus, w > 0 and
u(7T) = Acos(wt) + Bsin(wr), (A.8)
for some constants A € R and B € R that depend on 7. The boundary conditions
satisfied by v yield that A = —Bw, cos(wT) # 0 and
tan(wT') = w
Thus w is a fixed point of the 7 /T-periodic function z — tan(zT). Obviously, there
exist mﬁmtely many solutions, at least one solution in every interval (— 5%, 577 )+ %”,
k=0,%+1,- Smce we are interested in the positive solutions, we specialize first

into the mterval (=95, 37)- Define the functlon g(z) = tan(zT) —z. Clearly, z =0
is a zero of this function in the interval (-5, 57). It is the unique zero of g in this
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interval since ¢'(x) = T(1 +tan?(zT)) — 1 > 0 for T > 1. Thus, the smallest w > 0
that satisfies g(w) = 0 does live in the interval (5%, 7), which is \/ —Xa (’HéT}). The

next positive zero of g, *Ag(HéT}), lives in the interval (75, &) + 7, etc. O

A.3. In a weighted space. Let B € R, T' > 0 such that |B|T < %. Consider the
self-adjoint operator, acting on L?((0,7); (1 — Br)dr) and defined by
H = —(1-Br)'0,(1-Br)d, = -0+ B(1—Br) 0.,  (A.9)
with domain
Dom(H™h) = {u e H2(0,T) : v/ (0)=—u(0) and wu(T)=0}.  (A.10)

The operator ’H;{BT} is the Friedrichs extension in L?((0,T); (1 — Br) dr) associated
with the quadratic form defined for u € Vh{T}, by

i W) = [ (DR Br)dr - uo)

0

The operator ’H}{BT} is with compact resolvent. The strictly increasing sequence of
the eigenvalues of HJ{BT} is denoted by (/\n(Hj{BT})nEN*. It is easy to compare the

Hi

spectra of H]{BT} and as B goes to 0.

LEMMA A.3. — There exist Ty, C' > 0 such that for all T > Ty, B € ( LT 3%)
and n € N* we have

(D) = M@ < BT (A ™)] +1)).

Then we notice that, for all T' > 0, the family (H]{BT})B is analytic for B small

enough. More precisely, we have

LEMMA A.4. — There exist To > 0 such that for all T > Ty, the two functions

(=37 37) 2B = A (Hg}) and (~ g7, 37) = ut!h are analytic. Here ull’ is

the corresponding positive and normalized eigenfunction Ay (H{BT}>.

The next proposition states a two-term asymptotic expansion of the eigenvalue
M(HE?
1( B )-

PROPOSITION A.5. — There exist Ty > 0 and C' > 0 such that for all T > Ty

and all B € ( T, ST) we have

‘Al(?{g}) —(-1-B)| < OB+ Ce T2,
We have also a decay estimate of u{BT} that is a classical consequence of Propo-
sition A.5, the fact that the Dirichlet problem on (0,T) is positive and of Agmon
estimates.

PROPOSITION A.6. — There exist Ty > 0, « > 0 and C > 0 such that for all

T>T,andall B€ (—5=, 31T) we have

leomul Y <cC.

Y ((0.1):(1-Br)dr)
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LEMMA A.7. — There exist C > 0 and Ty > 0 such that for all T > Ty and all

Be (—%7%) we have

‘anl (H,{BT})] <, (A.11)
||3be}{gT}|\L2((o,T),dr) <C. (A.12)
where ﬂg} =(1- BT)%U{BT}.
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