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ON THE DISTANCE BETWEEN HOMOTOPY CLASSES IN
Wl/p,p(Sl;Sl)

ITAI SHAFRIR

Abstract. For every p € (1,00) there is a natural notion of topological degree for maps
in W1/P:»(S!; S) which allows us to write that space as a disjoint union of classes,

wl/pp(st. sty = U £a.
deZ
For every pair dj,ds € Z, we show that the distance

DiStwl/pyp(‘gdugdz):: sup inf dwl/p,p(fvg)
fe€q, 9€E4y

equals the minimal Wl/p’p—energy in £, _q4,- In the special case p = 2 we deduce from the
latter formula an explicit value: Disty;1/2,2 (Edayr€dy) = 2m|d2 — dy |1/2.

1. INTRODUCTION

For any 1 < p < oo consider the space Wl/p’p(Sl; S') consisting of the measur-
able functions f : S! — R? satisfying f(z) € S! a.e. and

_ f(z) — fy)l? Y
|f|W1/PvP = (él /51 |$_y|2d:vdy> < 00. (11)

Although the functions in W'/P?(S!;S!) are not necessarily continuous, a notion
of topological degree does apply to maps in this space, based on the density of
C*>(SY;SY) in W/PP(S';S'). This is a special case of the concept of topological
degree for maps in VMO, that was developed by Brezis and Nirenberg [7] (following
a suggestion of L. Boutet de Monvel and O. Gabber [3, Appendix]). It is natural
to use this degree to decompose the space into disjoint classes {€q}qcz and then to
define the “minimal energy” in each class, via the semi-norm in (1.1), that is

Op(d) = flélcffd |f‘W1/p,p . (12)

A lower bound for o,(d) follows from the following result of Bourgain, Brezis and
Mironescu [1] who proved that there exists a positive constant C), such that

|deg f| < Cplf B, VF € WHPP(ST ST (1.3)
Therefore,
\d| 1/p
op(d) > () , Vd € Z. (1.4)
Cp

In fact, a generalization of (1.3) to the space WN/PP(SN:SN) N > 2, was also
proved in [1] (see [2, 9] for refinements of this formula).
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In the special case p = 2 an explicit formula for oo(d) is available, namely,
oo (d) = 2x|d|*/?. (1.5)
An easy way to establish (1.5) is by using the expansion of f € W'/22(S';S!)
to Fourier series, f(e") =37 a,e. Indeed, combining the two well-known
formulas (see e.g. [4]):

[fliiree =47° > Inllan* and degf= Y nla|’

n—=—oo n—=—oo

yields the inequality 47?|deg f| < [f[3122, for every f € W1/22(S1; S, while
equality occurs, e.g., for fy(z) = 4.
The distance function distyy1/p.» (f, 9) = |f—9glw1/s.» induces two natural notions

of distance between any pair of classes £q,,Eq,:

diStWUPv?’ (561175(12) = fiGI}:fu‘ll giEI})EQ dW1/P=P(fa g)a (16)

and

Distwl/p,p(gd17gd2) := sup inf dW1/p,p(f, g). (1.7)
f€Ea, 9EE4,

Both quantities in (1.6)—(1.7) were studied in [5]. Regarding disty;1/»,» the picture
is completely clear; it was shown in [5] (by a similar argument to the one used
in [7] in the case p = 2) that distyy1/p.»(Eqy,Ed,) = 0 for all dy,dy € Z, for every
p € (1,00). On the other hand, for Dist‘%p P only partial results were obtained.
While the upper bound

Distyy1/p (Eays Eay) < c2(p)|da — dy|VP, Vdy,dy € Z (1.8)

was proved in [5, Thm. 3, item 2], estimates for the lower bound were obtained
only under some restrictions on p and/or di,ds. As an example, it was proved in
[5, Prop. 7.3] that

Distyy1/2.2(Eq,,Eq,) = 2n|dy — dy |2, for dy > dy > 0. (1.9)
In the present paper we give a precise formula for Distyy1/p.5 (€4, E4,), that in the
special case p = 2 yields the explicit formula (1.9) for all dy, ds.
THEOREM 1.1. — For every p € (1,00) and all dy,ds € Z we have
Disty1/p.0(Edy, Edy) = op(da — di) . (1.10)
In particular, there exist two positive constants c1(p) < ca(p) such that

Cl(p)|d2 — d1|1/p g DiSth/p,p(gdl’gdz) < Cg(p)‘dg - d1|1/p, le,dg € 7. (1.11)

Formula (1.11) provides a positive answer to Open Problem 2 from [5] in the
case of dimension N = 1. It is an immediate consequence of (1.10), (1.4) and
(1.8). Note also that (1.10) confirms the symmetry property, Disty1/p.5 (€4, Edy) =
Distyy1/p.0(Edy, Eay ), which is not clear a priori from the definition (1.7) (thus pro-
viding support for a positive answer to [5, Open Problem 1]).

In the case p = 2 we obtain easily by combining (1.10) with (1.5):

COROLLARY 1.2. — We have
Distyy/2.2 (€, Eay) = 27|do — di|V?, Vd,,dy € Z. (1.12)
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Remark 1.3. — Using a similar argument to the one used in the proof of Propo-
sition 4.1 below, it is easy to see that

o?(d) < |djot(1), Vd € Z. (1.13)

It follows that we may take ca(p) = op(1) in (1.11). While for p = 2 equality holds
in (1.13) (by (1.5)), we do not know whether this is the case for other values of p.

The upper bound in (1.10) is the easier assertion. It follows from a slight modi-
fication of the argument used in the proof of item 2 of [5, Theorem 3], that is, the
estimate (1.8). The proof of the lower bound in (1.10) is much more involved; it
uses some arguments introduced in [6] to prove a lower bound for Distyy1,1(g;st)
where Q is either a bounded domain in RY or a smooth compact manifold, e.g.,
Q = S! (for the special case W1(S!;S!), a slightly different argument was used
earlier in [5]). In particular, as in [5, 6] we make use of “zig-zag”-type functions
in order to construct functions in &4, that are “relatively hard to approximate” by
functions in &£y,. This is the content of Proposition 1.4 below, whose proof requires
some new tools due to the nonlocal character of the W1/PP-energy. In order to
state it we need to introduce some notation.

We start with a notation for arcs in S!. For every a < 3 let

A, B) = {e”; 0 € (a, )}, Ala, B] = {€"; 0 € (o, B}
and Ala, 8] = {6 € [, B]}.  (1.14)

For any n > 1 we divide S* to 2n arcs by setting
Ly = A(2jm/n, (2§ + 1) /n] and Iy = A((2j + 1)7/n, (2j + 2)7/n],  (1.15)

for j =0,1,...,n—1. Define T}, = T\ e Lip(S'; ') with deg T}, = 1 by T,,(e*) =
e™(9) with 7,, defined on [0, 27] by setting 7,,(0) = 0 and

PP 0e(2jm/n,(2j+1)7/n] o .
m(0) = {—(na_z) b (@t 1)n/n @+ 2ymm " el (116)

where « is any number satisfying

1-1/p,1 if p>2
ac(l-1/p,1) if p _ (1.17)
ac (1/p,1) ifl<p<?2
We fix a value of o satisfying (1.17). A useful property of T, is
dgi (z, T (z)) < zeSst, (1.18)

npl-a’

where dg1 denotes the geodesic distance in S'. The next proposition gives a partial
analogue of [6, Prop. 1.3] to the W'/PP_setting.

PROPOSITION 1.4. — For any d; # 0 let f(z) = 2% and define for each n > 1,
fu(z2) =T, 0 f € Eq,. Then, for every dy € Z the sequence { f,} satisfies

lim inf dwl/p,p (fn,g) = Up(dg - dl) . (119)

n—00 g€,
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It is clear that Proposition 1.4 implies the inequality “>” in (1.10) when d; # 0
(as we shall see in Section 4 below, the case d; = 0 is trivial).

The paper is organized as follows. In Section 2 we prove some technical re-
sults needed for the proof of our main results. Section 3 is devoted to the proof
of a key lemma, essential to the proof of Proposition 1.4. Finally, the proofs of
Proposition 1.4 and Theorem 1.1 are given in Section 4.

2. PRELIMINARIES

We recall the following elementary result (see [6, Lemma 5.2]):

LEMMA 2.1. — Let z; and z be two points in S' satisfying, for some € €
(0,7/2),
dsi(z1,22) € (e, m —€). (2.1)
If the vectors vy, vy € R? satisfy
v; Lz, j=1,2, (2.2)
then
|v1 — vo| = (sine)|v;], j =1,2. (2.3)

The intuition beyond the above result is quite simple. Informally speaking, if
the points z1, 2o € S! are neither close to each other nor close to being antipodal
points, then it is impossible for a pair of nonzero vectors, v; and vo, in the tangent
spaces of S' at z; and zy, respectively, to be “almost parallel” to each other. The
next lemma can be viewed as a “discrete” version of Lemma 2.1, where tangent
vectors are replaced by chords.

LEMMA 2.2. — For any € € (0,7/2) and every four points 21, 29, wy,ws € St
such that

either 21W1, 22Wo € A(E, ™ — E) or zi1wi, 22W2 € ./4(7'(' + ¢, 2m — 6) s

we have:

|(z1 —w1) — (22 — w2)[* > (sin® £) max {|21 — 22|?, w1 — wo|*} . (2.4)

Proof. — Without loss of generality assume that z1W1, 202 € A(e, ™ — &) and
write z; = €% and w; = e with ¢; —¥; € (5,7 —¢), 7 = 1,2. We may also
assume that z; # 2o and w; # we; otherwise the result is clear. We have

. 1— P2
21 — 29 = €"P1 — "2 = 2sin (90 5 14 ) elprte)/2

Wy — wy = € — 2 = 2 in <¢1 1/’2) (Y1) /2

Therefore,

(21— 22) - w1 — wa = |21 — 22||w1 — walT expe((p1 — Y1) /24 (2 — ¥2)/2) , (2.5)

with 7 € {—1,1}. Since by our assumption (¢1 — ¥1)/2 4 (w2 — 12)/2 € (e, 7 —€),
we get from (2.5) that an argument of (21 — 22) - w1 — wa lies in either the interval
(e,m—e) (if 7 =1) or (m+e,2m —¢) (if 7 = —1). In any case, an argument lies in
(e,2m — €), whence

[(z1 —w1) — (22 —w2)|2 > |z —z:2|2 + |wq —u12|2 —2(cose)|z1 — za||wy — wal,
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and (2.4) follows. O
We will also need the following result about Lipschitz self-maps of S*.

LEMMA 2.3. — Let k € Lip|0, 27| with Lipschitz constant L such that k(0) =
k(27). Define K : S* — S* by K (%) = ¢*(®) 9 € [0,27]. Then,

K(z) - K
1Ky = sup T =KW o ry. (2.6)
w,yESl |.’L' - yl
TFy

Proof. — For any pair 61 # 03 in [0, 27) we have
sin ((k(62) — k(61))/2)
sin ((02 — 91)/2)

ing
< sup { |:$t| e (0,7/2], 0] < Lt} . (27)

Fix any t € (0,7/2]. We distinguish two cases: either Lt < 7/2 or Lt > 7/2. In
the first case we have

T A

K (e'%) — K(e'™)]

|6192 — 67,‘91|

sint ’ sint

Indeed, if L < 1 then clearly sin(Lt) < sin(¢). On the other hand, if L > 1 then
we use the fact that the function g(¢t) = sin(Lt) — Lsint satisfies g(0) = 0 and
g'(t) = L(cos(Lt) — cost) < 0 for 0 < ¢ < Lt < w/2. In the second case (where we
must have L > 1),

in 6 1 1

wp {2 gl Lo L (2.9)

sin t sint ~ sin (7/(2L))
where the last inequality follows from the easily verified fact that the function
h(L) := Lsin (7/(2L)) satisfies h(1) = 1 and #'(L) > 0 on [1,00). The conclusion
(2.6) clearly follows from (2.8)—(2.9). O

3. A KEY LEMMA

It will be useful to introduce the following notation for f € W*1/P?(S!;S!) and

AcC S xSt
_ P
Ey(f; A) ::%dedy’

so in particular E,(f;S' x S') = [f[}1,,.,-

The next lemma is the main ingredient in the proof of Proposition 1.4.
LEMMA 3.1. — Let u,w,v € W'/PP(S, S nC(S';S'), € € (0,7/20), and
Ct ={reSY (v/u)(z) € Al—¢,¢]},
C- ={zeSY (v/a)(z) € Alr — e, 7 +¢]},
C.=Cruc_,
D.=S"xS"\ ((CH xCcHHu(Cco xC)).

(3.1)

Assume that
lu(x) —u(x)| < e, Vo e S (3.2)
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and let deg(u) = dy, deg(v) = da. Then, for some constant ¢; = c¢1(p) > 0 we have,

for € < eo(p),
Ep(v—1;D.) > (1 — c1e"/?)02(dy — di)—c1e P/ By (u; (S'\ Ce) x S*) 53)
—c16P2 B, (u; St x SY). -

Proof. — Note first that (3.2) implies that deg(u) = deg(u) = di. Hence, setting
w:=v/u =0T and W := v/u, we have deg(w) = deg(w) = da — d;. Consider the
map

W:=av-—u)+1=w+ (1—u/u). (3.4)

Since
W(z) = W(y) =u(z){(v(z) —u(z)) — (v(y) — u(y))} + ([@(x) —uly))(v(y) — uly)),
the triangle inequality yields,

(W) = W(y)l < [(v(z) —u(z)) = (v(y) = u)| + [1 — w(y)|lu(z) —uly)]- (3.5)
Interchanging between = and y gives

(W) =Wyl < [(v(z) —u(x)) = (v(y) — u()] + [1 — w(z)||ulz) —u(y)]. (3.6)
By (3.5)—(3.6) we have

(W(z) = W(y)| < [(v(z) — (@) — (v(y) —uy))] + 2ulz) —uly)],

(x,y) € St xS, (3.7)
and

(W(z) = W(y)| < [(v(z) —u(z) - (v(y) —u(y))| + elulz) —uly)],

(z,y) € (CT xSHU (St x CF). (3.8)
Note that by (3.1) D, can be written as a disjoint union,
D= ((8'\ Ce) x SN U (Ce x (S'\ Co)) U (CF x CD) W (CZ x CF). (3.9)
Next we will use the following elementary inequality:
(a+ )P <A +n)Pa?+ (1+1/9)PP, Va,b,n,p>0. (3.10)

For the proof of (3.10) it suffices to notice that a +b < (1+n)a when na > b, while
a+b< (1+4+1/n)bwhen na < b. By (3.9) and (3.10), applied to (3.7)—(3.8) with
1 = /€, we obtain

~ E,(W;D _
Ep(v—u;D;) > M—Q(Q/\@)pEp(u;Sl x (S'\C:)) — 26?2 B, (u; CF x ).
(3.11)
By (3.2), |W —w| =1 —@/u| = |u — u| < e in S!. Hence
W] -1 <|W -w|<e inS', (3.12)
and also
| —w| = |u—ul <e in S (3.13)

Consider the map W := W/|W|, which thanks to (3.12) belongs to W/P»(S;S1).
Furthermore, again by (3.12),

W —w| < |W = W|+ W —w| <2 inS, (3.14)
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implying in particular that

deg(W) = d2 — dl. (315)
Combining (3.14) with (3.13) yields
W — @| < 3¢ and dgi (W, @) < 6e in S'. (3.16)
From (3.12) we get in particular that [WW| > 1 — ¢, whence, using the identity
2
z z
21 = 2" = (|z1] = |22)* + 21| - |22| | =2 — —=| V21,2, € C— {0},
lza] |zl
we get that
W (@) = W(y)| > (1-e)|[W(x) = W(y), Veyes". (3.17)
Plugging (3.17) in (3.11) yields
1—¢e\? —
E,(v—u;D.) > E,(W;D.) —2(2/v2)PE,(u; St x (St \ C.
o )2 (15 0z) BWs Do) = 202/VEP Byl S' x (8 C2) 1s)
— 2eP/2 B, (u; OF x CT).
By (3.16) and (3.1) we have
CtcChi={xeS'; W) e A-Te, 7]} (3.19)
CocCr:={zeS W)€ Alr—Te, 7+ 7e]} '
Therefore, N _ _ N _
D.:=S'xS"\ ((Cf xCHu(C: xCI)) C D.. (3.20)

For each § € (0,7/2) we define (as in [6]) the map Kj : S — S by Ks(e*?) = e**s(9)
where ks : [0,27] — [0, 27] is given by

0, if 0 € (0,0) U [2m — 6, 27|
(0 —=9)/(m —20), if 6 e (0,m—9)
Rall) = o if 0 € [ — 6,7+ 6] (3:21)

T4 70 —m—206)/(r—268), iffe[r+4d2r—290)
Clearly K; € Lip(S';S') and deg(Ks) = 1. Since ||k||c = 7/(m — 28) we have by

Lemma 2.3,

’Ké(ewz) —Kg(ezgl)‘ < (WTFQ(S) ’6192 _6191)

Therefore, wy := K7, o W satisfies deg(wy) = deg(W) =dy — dj and
™
— <
r(o) ~ )] < (=

By definition of o, (3.22) and the definition of K7, (see (3.21)) it follows, using
also (3.20) and the fact that w; is constant on C and C_, that

, V01,05 € [0,27‘(}.

) W (z) — W(y)|, Va,y € S". (3.22)

oP(dy — dy) < Ep(wy; S x SY) = Ey(wy; D.)

s P ~ ~ s P —
< E ;D) < E ;D). 2
() 50« () B,

Plugging (3.23) in (3.18) yields (3.3), for large enough c¢;. O
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4. PROOF OF THEOREM 1.1
We begin with the upper bound for Distyy1/p,p:

PROPOSITION 4.1. — For every dy,ds € Z we have
DiStwl/p,p (gdl,ng) < Up(dz - dl) (41)

Proof. — Let f € &;, and € > 0 be given. We need to prove the existence of

g € &4, satisfying
|f - g|€V1/p,p < O’g(dl —dg) +e. (4.2)
By [5, Lemma 2.2] every map in W'/P?(S!:S!) can be approximated by a sequence
{fa} € C>=(S};S') such that each f,, is constant near some point. Therefore,
without loss of generality we may assume that the given f satisfies f =1 in A(r —
9, ™+ 6) for some small 6 > 0. By definition of o, (d2 — d1) there exists h € E4,_q,

satisfying

(Wyisps < 0b(de —dy) +c. (4.3)
By the density result mentioned above, we may assume that h = 1 in A(—n,7),

for some small 7 > 0. Next we invoke the invariance of | - |y1/,,» With respect to
Mébius transformations M that send S! to itself (see [8]) to get that

|h|W1/P~P = ‘hoM|W1/p,p- (44)

For each n > 1 let M,, be the unique M&bius transformation that sends the ordered

triple (with respect to the positive orientation on S') (eX7+1/m) 1, ¢*(m=1/)) o the

ordered triple (e7*7,1,¢"). Hence M, is a self map of S! satisfying M,,(A(r +

1/n,3m —1/n)) = A(-n,n). Set h, = ho M,,. Clearly degh, = degh = ds — d;

and by (4.4) and (4.3), for each n, [hn[y1),, = |Aliy1/p, < 0B(d2 —di) 4 € and
{r eS"; hy(x) #1} C A(r — 1/n,m+ 1/n).

For every n set g, = fhy, € £4,. By construction it is clear that for n > 1/§ we
have g, — f = f(hy, — 1) = h, — 1 on S'. Therefore, (4.2) holds with g = g,, for
such n. g

The main ingredient in the proof of the lower bound for Disty,1/,,» is Proposi-
tion 1.4.

Proof of Proposition 1.4. — Clearly it suffices to consider do # dy with d; > 0.
Let a small € > 0 be given. In view of the upper bound of Proposition 4.1, it suffices
to show that there exists N(g) such that (for every sufficiently small €):

|fr — g|§V1/M > ob(dy —dy) — el/3, vge Eay, Y = N(e). (4.5)

Fix any g € £g,. By density of smooth maps in W/P?(S'; S) we may assume that
g € C>=(SY;St). Clearly it suffices to consider n for which

| frn — g‘{;{/l/p,p < Ug(dQ —dy). (4.6)
Consider the map
Put Ny(e) == [(r/e)/1=9)] + 1. By (1.18) we deduce that
|fn — f] <eon S, Vn > Ni(e). (4.8)
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For such n we may apply Lemma 3.1 with u = f,u = f,, and v = g to get that

9= Falbymp = (1= c16"/?)0b(dy — dy) —cre P2 Ep(f; (S'\ CI) x §1) — 174,672,
(4.9)
where for each d € Z we denote

Yd 1= |Zd €V1/p,p ’ (410)
and where
O = {z €S'; (fag)(2) € A[—¢,e] UA[r — &, + €]}

In order to conclude via (4.9) we need to bound the term E,(f; (S'\ C™) x ).
We claim that there exists C = C(p,ds, dz2) such that for some 5 > 0 there holds

By 8\ 00) x 81 < Sn?. (4.11)

We may write S1\C™ = AgnlUAénl where Ai"l ={zeS"; (fag)(z) € A(e,m—¢)}
and Ag”l ={z €S'; (fug)(®) € A(T +¢,2m — £)}. Next we write S' as a disjoint
union of the 2nd; arcs given by

kr (k+1
il u}7k:0,1,...,2nd1—1.

Tth7 nd1

fk:A<

By the definition of f,, we have (for large n) for all z # y in Ij:

dsi (fn(), fu(y)) | n%dy k is even (4.12)
dg(,y) Tl —2)d; kisodd ‘
27ld1—1 B
We use these arcs to write Agnl = U Jr,+ where Ji . = Agnl N Ij. Using the
k=0
following basic relation between the geodesic and Euclidean distances in S!,
2
(2)des(@,9) < lo —yl < dss (@), Va,y €S, (4.13)
™
we deduce from (4.12) that
_ P
[Fn(@) = Fuy)? > C1n®Ple —y[P~2, forall x #yin Jy 4, (4.14)

|z —y|?

for some constant C; = C1(p, d1). Applying (2.4) with 21 = f,,(x), 22 = fn(y), w1 =
g(x) and wy = g(y) to the L.H.S. of (4.14), and then integrating over Ji + X Jj +
yields

// [(fn(@) = 9(@)) = (nly) = 9WDI” ;4
Je, 4+ X T, 4 -

|z —yl?

Cy (sin® g)nP // |t —y[P?dedy, k=0,1,...,2nd; —1. (4.15)
J

Kok X Tk, 4



134 I Shafrir

2nd171
Next, we can also write Ai”l = U Ji— where {J _}2"% ! are defined analo-

k=0
gously to {Jk7+}iz%1_1. The same computation that led to (4.15) gives

[ e =le) = (i) =0 g
T, — X I, —

|z —yl?

C4 (sin® g)nP // lx —ylP~2drdy, k=0,1,...,2nd, —1. (4.16)
J

k,— XJI«,—
Summing over all indices in (4.15)—(4.16) and taking into account (4.6) yields

2ndy—1 2ndy—1

C
> // w—yP 2 ddy+ // o=y P2 drdy < .
k=0 Jk’,XJk,, k=0 Jk’JrXJk,Jr (n Sln@)p
(4.17)
Next we treat separately the cases p > 2 and 1 < p < 2.
Casel: p > 2
The key tool in treating this case is the following elementary inequality:
// |z — y|*dedy > ke|A|*T2, VA C S, Va >0, (4.18)
AxA

for some constant x, > 0. [Obviously we consider only measurable subsets of S
and |A| denotes the one dimensional Hausdorff measure of A]. To verify (4.18) we
first note that for any measurable set A C R the set

Bi={xeA; x| >|Al/4},

satisfies |B| > |A|/2 (here |C| stands for the Lebesgue measure of C C R). It
follows that

/A |z|* dx > /B |z|* dz > | B|(|A|/4)* = é,]A|", Ya > 0. (4.19)
Since (4.19) is clearly invariant w.r.t translations, we deduce that also
/A|x—y\ad:c > G, |A|“TH VACR, Vy €R, Va >0,
and an additional integration yields
//A A|xfy|“dzdy26a|A\a+2, VACR,Va>=0. (4.20)
x

Switching from S' to R, using (4.13), enables us to deduce (4.18) from (4.20).
Applying (4.18) to A = J 4 and a = p — 2 gives

//J i |z —y[P~2dedy > kp_o| k[P (4.21)
k£ XJk,+
Plugging (4.21) in (4.17) yields
2nd171 C
Tt P+ | T = [P) € . 4.22
> (Mol + 1) < (1.22)

k=0
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By Holder inequality and (4.22) we obtain,

2ndy—1

SNC = S0 (| + 1)) < (nd 12— < Capicasima (4

\
n®sine €
k=0

Finally, by (4.23) we get

_ P
Ey(f;(SN\CE)xS") < 2|8\ €| sup |f(9|2_£|(§’)| < 2tV (424)
z,yes?
T#y

which gives (4.11) with S =a — (1 —1/p) > 0 (by (1.17)).
CaseIl: 1 <p <2

Treating this case requires another elementary inequality, namely,

d dedy \?
// ey (// “””yb) L VACS,Wbe (0,1),  (4.25)
Axa |T =yl axst [T =yl

for some A\, > 0. To confirm (4.25) we first notice that [, Iwiiz/\b =n=n(b), Vx €
S!, and thus
dx dy 1
5 = n|A[, for every measurable A C S". (4.26)
Axst |7 =yl

Finally, by (4.26)

dx dy 1, .9 1 dx dy 2
[T 9 A" = b2 b o
axa |z =1l 2% Axst [T =Yl

and (4.25) follows with A\, = n2
Next we turn to the proof of (4.11) in this case. Clearly

Ep(f;(S"\ C™M) x s <

2’ﬂd1 1

Cs // —y|P~ 2 dx dy + // lv —y[P 2 dedy | . (4.27)
k? 0 Jk _><Sl Jk-1+><Sl

Applying the Cauchy-Schwarz inequality to (4.27) and using (4.25) (with A = Jj, +
and b =2 — p) and (4.17) yields

1/2
Gy < G a-an2.
A2 L(n@sing)p/2 €

and (4.11) follows in this case as well, with 8 = (ap —1)/2 > 0 (see (1.17)).
Choosing N (g) > Ni(e) (see (4.8)) such that, in addition,

Cn= P <P vn > N(e),
we get from (4.9) and (4.11) that for n > N(e) there holds,
19— Fallyispn = (1= c18'/?)ob(dy — dy) — c16”/2(1 +va,) > 0B (dy — dy) — /3,
for e sufficiently small (using p/2 > 1/2), and (4.5) follows. O

E,(f;(S'\ C™) x §) < Cg(4ndy )/?

We can now give the proof of our main result Theorem 1.1.
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Proof of Theorem 1.1. — In view of (4.1) of Proposition 4.1, it suffices to prove
that

Distyi/p,0 (5d175d2) > O'p(dg —dy), Vdi,ds €7Z. (4.28)

In case dy # 0, (4.28) follows from Proposition 1.4. In the remaining (easy) case

dy = 0, we can take the constant function f = 1 that satisfies d,.,,,,(f,9) =

1915 1/p.0 = 0B(d2) for all g € Eq,. O
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