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Abstract. We prove a uniqueness result of the unbounded solution for a quadratic backward stochastic
differential equation whose terminal condition is unbounded and whose generator g may be non-Lipschitz
continuous in the state variable y and non-convex (non-concave) in the state variable z, and instead satisfies
a strictly quadratic condition and an additional assumption. The key observation is that if the generator is
strictly quadratic, then the quadratic variation of the first component of the solution admits an exponential
moment. Typically, a Lipschitz perturbation of some convex (concave) function satisfies the additional
assumption mentioned above. This generalizes some results obtained in [1] and [2].
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1. Introduction

Since the seminal paper [7] on nonlinear backward stochastic differential equations (BSDEs
in short), a lot of efforts have been made to study the well posedness, and many applications
have been found in various fields such as mathematical finance, stochastic control and PDEs. In
particular, quadratic BSDEs were first investigated in [6] for bounded terminal conditions, which
have attracted much attention and are the subject of this article.
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We consider the following quadratic BSDE:

T T
Y[=£+f g(S; YSrZS)ds_f ZS'dBS) te [Or T]) (1)
t t

where the terminal value ¢ is an unbounded random variable, and the generator g has a quadratic
growth in the variable z. In [1], the authors obtained the first existence result for this kind of
BSDEs, when the terminal value has a certain exponential moment. The uniqueness results were
established in [2], [4] and [5] when the generator g is Lipschitz continuous in y, and either
convex or concave in z. The case of a non-convex generator g was tackled in [8] and [3], but
more assumptions are required on the terminal value ¢ than the exponential integrability. In this
paper, we prove a uniqueness result for the unbounded solution of quadratic BSDEs, where the
generator g may be non-Lipschitz and has a general growth in y, and non-convex (non-concave)
in z. Rather than imposing any additional assumption on the terminal value, we suppose that
the generator g satisfies an additional assumption which holds typically for a (locally) Lipschitz
perturbation of some convex (concave) function (see (H4) and Proposition 3 together with (H4')
and Remark 7 for details), and is strictly quadratic, i.e., either

g, t,,2)2 §|z|2 — Blyl - a:(w),
or _
g t,7,2) < —§|z|2+ﬁ|y| + ()

holds for two constants ¥ > 0,8 = 0 and a nonnegative process @.. Under this condition, we
can prove that if (Y., Z) is a solution satisfying E[sup;¢o 7 €xp(p| Y| + pfot asds)] < +oo for some
p >0, then there exists a constant € > 0 such that E[exp(e fOT | Z:12d1)] < +00. See Proposition 2 for
details.

Let us close this introduction by introducing some notations that will be used later. Fix the
terminal time T > 0 and a positive integer d, and let x - y denote the Euclidean inner product for
X,y € R4, Suppose that (B;) sc[o, 1] is @ d-dimensional standard Brownian motion defined on some
complete probability space (Q2, %,P). Let (%) re(0,1) be the natural filtration generated by B. and
augmented by all P-null sets of &. All the processes are assumed to be (&;)-adapted.

Denote by 1 4(-) the indicator of set A, and sgn(x) := 159 — L x<o. Let a A b be the minimum of
aand b, a- := —(an0) and a* := (—a)~. For any real p = 1, let &” be the set of all progressively
measurable and continuous real-valued processes (Y;) e, 71 such that

1/p

sup |Yy|P < +00,

1Yo := ([E
t€[0,T)

and .#” the set of all progressively measurable R%-valued processes (Z;)tejo,7) such that

T 1/p
(f |Z[|2dt) } < +00.
0

As mentioned before, we will study BSDEs of type (1). The terminal condition ¢ is real-valued
and r-measurable, and the process g(-,-,y,2) : Q x [0, T] — R is progressively measurable for
each pair (y,z) and continuous in (y,z). By a solution to (1), we mean a pair of progressively
measurable processes (Y;, Z;) te0,1], taking values in R x R? such that P — a.s., the function ¢ — Y,
is continuous, t — Z; is square-integrable, t — g(t, Yy, Z;) is integrable, and verifies (1). And, we
usually denote by BSDE (¢, g) the BSDE whose terminal condition is { and whose generator is g.

Finally, we recall that a process (X;) (0,7 belongs to class (D) if the family of random variables
{X; : 7 is any stopping time taking values in [0, 7]} is uniformly integrable.

pl2
I Zll.gp = {[E
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2. Main result

We define for any non-negative integrable function f(-) : [0, T] — [0, +oc0) and any constants x =0
and A > 0 the following function:

N
w(s, x; f,x,A) =exp (/le’“x+lf f(r)e”dr), (s,x) €0, T] x [0, +00). 2)
0

It is easy to verify that for each x € [0, +00), ds — a.e. on [0, T], it holds that
=Y (8% f,5, D (f(8) +xx) +ys(s,x; f,x,4) =0 3)

and
_AWx(S; x;er,A/) +1Vxx(sy X; ny)A) = 0; (4)

where and hereafter, (-, -; f,x, 1) denotes the first-order partial derivative with respect to time,
and ¥.(-,; f,x,A) and ¥x(+,+; f,x,A) are the first-order and second-order partial derivatives
with respect to space of the time-space function w(-,-; f,x, ).

In the whole paper, we always fix a progressively measurable non-negative process (&) te[o,T]
and several real constants $=0,0<y <7y, k=0, k=0andé € [0,1). Let us first introduce the
following two assumptions on the generator g.

(H1) dP x dt— a.e., for each (3, z) € R x R, it holds that
sgn(y)g(, t,y,2) < a;(w) + Byl + gIZIZ;

(H2) There exists a deterministic nondecreasing continuous function ¢(:) : [0, +00) — [0, +00)
with ¢(0) = 0 such that dP x dt — a.e., for each (y,2) € R x R%,

g, t,y,2)| < a (W) + ¢yl + %IZIZ.

The following proposition gives a slight generalization of the existence result of [2] for qua-
dratic BSDEs with unbounded terminal conditions.

Proposition 1. Suppose that the function vy is defined in (2) and that ¢ is a terminal condition
and g is a generator which is continuous in (y, z) and satisfies assumptions (H1) and (H2).

() Let (Y., Z) be a solution to BSDE (¢, g) such that (WP (t,1Y:; a., B,Y)) tepo, 1) belongs to class
(D) for somereal p = 1. Then, P — a.s., foreach t € [0, T,

<ElP (T [, B, V)| F]. (5

1 T
m/IYtIsw”(t,lYtI;a.,ﬁ,yHgp(p—l)yztEU IZs|2d8|=%
¢
() IfE[wP(T,I¢l;a., B,Y)] < +oo for somereal p = 1, then BSDE (¢, g) admits a solution (Y., Z.)

such that (WP (t,1Y¢]; ., B, 7)) er0,1) belongs to class (D). Moreover, if p > 1, then there exists
a constant C > 0 depending only on p such that

< CE[y"(T, s a., B,7)] (6)

E| sup v (t,1Yil; ., B,y)
t€[0,T]

and 7. € M?. And, ifp>2,thenZ € MP.

C. R. Mathématique, 2020, 358, n° 2, 227-235



230 Shengjun Fan, Ying Hu and Shanjian Tang

Proof.

(). Let L. denote the local time of Y. at 0. It6-Tanaka’s formula applied to v (s,|Ysl; ., B, py) =
v (s, Y550, 8, p)w(s,0; a., B, py) gives, in view of assumption (H1),

dy (s, |Ysl; ., B, py)
=—y,(s1Ys); ., ,6, py)sgn(Ys)g(s, Y, Zg)ds+ V(s Y| a., :6’ py)sgn(Ys) Zs - dBs

1
+yx(s,1Ysl;a., B, py)dLs + EWxx(S; |Ysl; ., B, pY)| Zs|*ds + (s, | Ysl; ., B, py)ds
= [—yx(s, Vsl a., B, py) (s + BIYs) + (s, | Ysl; a., B, py) | ds

1
+ 5 [ryas 1Y@, B pYI 4 + wax(s 1Yl ., B py)IZ s
+ (s, Ysla., B, py)sgn(Ys) Zs-dBs,  dPxds—a.e.
Then, by virtue of (3) and (4) together with the fact that (-, -; f,x, 1) = A, we have

1
dy (s, 1Yl B, py) = S p(p= DY?|Zsl*ds + (s, | Ysl; ., B, py) sgn(Ys) Zs - dBy, dP xds—a.e. (7)
Let us denote, for each ¢ € [0, T] and each integer m = 1, the following stopping time
N
Tﬁn = inf{s €[t T] :f (wx(r,erl;a.,ﬁ, mf))2 |Z,|2dr > m} AT
r

with the convention inf@ = +oo. It follows from (7) and the definition of T ,fn that foreach m=1,

)
f 12, 2ds
t

Thus, since (¢ (s,|Ysl; a., B, py))sero, ) belongs to class (D), the desired inequality (5) follows by
letting m — oo and using Fatou’s lemma in the last inequality.

1
v, 1Vl B py) + 5 p(p - DY’E Fi| <E[wh, 1V b bpp)|F], tel0,1

(ii). Thanks to (i), proceeding as in the proof of Proposition 3 in [2] with a localization argument,
we conclude that if E[w” (T, [£[; a., B,7)] < +oo for some real p = 1, then BSDE (&, g) has a solution
(Y, Z) such that (yP(t,Y¢l; ., B,7)) tejo, 1) belongs to class (D) and (5) holds. Moreover, for p > 1,
it is clear from (5) that Z € .#2. Since (5) holds for p = 1, we apply Doob’s maximal inequality to
get (6). Finally, the conclusion that Z. € .#” for p > 2 has been given in Corollary 4 of [2]. g

To obtain a stronger integrability with respect to the process Z., we need the following assump-
tion, called hereafter the strictly (positive) quadratic condition:

(H3) dP x dt— a.e., for each (y,z) e R x [Rd, it holds that
§@.1,1,2) = 212 = Blyl - as(w). (8)

Proposition 2. Lety be defined in (2), ¢ be a terminal condition, g be a generator satisfing (H3),
and (Y., Z.) be a solution to BSDE (¢, g). If[E[suplE[O'T]w(t,IYtl;a.,O, po)l < +oo for some real

po >0, then for each real € € (0,€0] with &g := 15 A %, we have

T
exp (ef IZSIst)
0

In particular, for each p >0 and 6 € [0,1), [E[exp(pfOT |Zs|1+5ds)] < +oo.

E < +o00. 9)

Proof. Since (Y., Z) is a solution to BSDE (¢, g) and (8) holds, we have foreachn =1,

On

Y (On On On
%f | Zs2ds < YO—an+f (a5+[5|Ys|)ds+f Zs-stsX+f Zs-dBs,
0 0 0 0
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where X := (2+ BT) sup;e(o, 771 Yel +fOT asds, and
S
a,,::inf{se[o,T]:f |Z,|2drzn}/\T.
0
Then, for each € > 0 such that 3e(2 + §T) < pg, we have
[ on 3 5 (" 2 3 o, %" 2
exp —ef |Zs1°ds | < exp(e X) exp Ef Zs-dBs— —¢ f | Zs|“ds|exp| -€ f | Zs|“ds].
2 Jo 0 2 0 2 0
Observe that the process
9 tNOp
H(t) := exp(3£f Zs-st—zszf IZSIst)
0 0

is a positive martingale with H(0) = 1. Taking expectation in both sides of the last inequality and
applying Holder’s inequality, we obtain
1
9 , [on 3
exp (—Ezf IZSIst)]) .
2 Jo

2
)3 < ([E[exp(3£X)])% < +00,

e

E

EYa On 1
exp(gef IZSIst)] < (E[expBeX)])? ([E
0
Consequently, for € <y/9, we have

Y_["
([E exp (ng |ZS|2ds)
0

which yields the inequality (9) immediately from Fatou’s lemma. Finally, for each p >0, § € [0, 1),
x=0and € € (0, &g}, it follows from Young’s inequality that

1+6

148 _L6\ 3 146
146 _ 2\ 2 %( 2 ) =0 - 2+1—6 1375(1+6)1—6
px (1+6”) (p 146" serTTTP 2¢ ’
Thus, the last desired assertion follows from (9). The proof is complete. U

In what follows, the following assumption on the generator g will be used.
(H4) dP x dt—a.e., for each (y;,z;) e R x R4, i=1,2 and each 0 € (0, 1), it holds that

Liy-0y,501 (8, £, y1,21) =08 (@, 1, 2, 2))
= (1 _0) (ﬁ |66J/| +Y|6HZ|2 + h(w) t,J/l»J/ZyZI,Zz,(S)), (]-0)

where 0 p
y1-6)2 21 -0z
Spyi=L22 5pz:= :
OV="1"9 0 % T g
and
h(@, 1,11, 72,21,22,0) = € (@) + k(1 +1y2D + K (12110 +1221'70).

One typical example of (H4) is
g(wy , » Z) =81 (Z) + 82 (Z),
where g, : R? — R is convex with quadratic growth, and g, : R? — R is Lipschitz continuous, i.e.,

g is a Lipschitz perturbation of some convex function. More generally, we have

Proposition 3. Assumption (H4) holds for the generator g as soon as it is continuous in (y, z) and
satisfies (H1) together with anyone of the following conditions:
(i) dPxdt—a.e, glw,t, -,-) is convex;
(ii) g is Lipschitz in the variable y and § -locally Lipschitz in the variable z, i.e., dP x dt — a.e.,
for each (y;,z;) e RxR%, i = 1,2, we have
8@, 1,1,21) — 8, 1,2, 22)| < Bly1 = yol + Y (L + |21 ° +|221) | 21 — 22 ; (1
(iii) dP xdt— a.e., foreach (y,z) € R x RY, g(w, t,, z) is Lipschitz, and g(w, t, y,-) is convex;

C. R. Mathématique, 2020, 358, n° 2, 227-235



232 Shengjun Fan, Ying Hu and Shanjian Tang

(iv) dP x dt — a.e., for each (,2) € Rx R, g(w,t,-,2) is convex, and g(w, t,y,") is 5-locally
Lipschitz, i.e., (11) holds with y, = y» = y.

Proof. Given (y;,z;) €R x R4 i=1,2and 0 € (0,1).
(i). Assume thatdP xd¢—a.e., g(w, t, -,-) is convex. In view of (H1), if 5y y > 0, then

g((}), t’ ylrzl) = g(w) t,9y2 + (]. - 0)69_)/,922 + (]. —9)63,2)
<0gw,1,y2,2)+(1-0)g(w,1,69y,602)

<08, 1,2, 22) + (1= 0) (@, (@) + Bldgy| + 21621
Thus, the inequality (10) holds with (y, k,%) being replaced with (y/2,0,0).

(ii). Letthe inequality (11) holds. Note by (H1) that |g(w, £,0,0)| < a;(w). Then, in view of the fact
that 20 < 1+ 9, using Young’s inequality, we deduce that for each € > 0,

g(w) t; J/I»ZI) _eg(wr tr }’2;22)
= |g(wr t»J’l,Zl) _g(w) try2)22)| + (1 _9)|g(wy t;yZ)ZZ)l

< Blyr = y2l +¥ (141211 + 1221°) 121 = 221 + (1= 0) (18w, £,0,0)  + Blyzl +7 (1 +1221°) I
< By =0yl + A=0)1paD+y(1+1211° +1201° | (121 = 0221 + (1= O)] 221

+(1=0) (@ (@) + Blyal +7 (1 +1201°) 1221
< (1-0) | Bl6gyl +2Bly |+ ar(@) + €169z + ¢ (14121 122"

’

where c is a constant depending only on (y, §, €). Thus, the inequality (10) holds with (y, a., k, k)
being replaced with (g, a. + ¢, 2, ¢).

(iii). Assume that dP° x dt — a.e., for each (y,z) € R x R4, g(w, t,, z) is Lipschitz, and g(w, t,y,") is
convex. Then, noticing by (H1) that |g(w, £,0,2)| < a; + y|z|2/2, we have

gw, t,y1,21) —0gw, t, ¥2,22)
= |g(a)r L, yl,Zl) - g(w) t» J’2, Zl)' + g(wr L, J’Z,Zl) - gg(w, t, J/ZVZZ)
<Blyi—yl+gw, t,y2,02:+(1-0)5p2) —0g(w, t,y2,22)
<BUy1 -0yl + 1 -0)y21) + 1 -0)(Ig(w, 1, y2,692) — g, 1,0,692)| + g, 1,0,5¢2)|)
<(1-6) (ﬁlégyl +2B1ysl + () + gl%zlz),
Thus, (10) holds with (y, k, k) being (y/2,28,0).

(iv). Assume that dP x dt — a.e., for each (y,2) € R x Rd, glw,t,-,z) is convex, and g(w,t,y,-) is
6-locally Lipschitz. In view of (H1) and the fact that 26 < 1+ 6§, we can apply Young’s inequality to
get that if 5y y > 0, then for each € > 0,

glw, t,y1,21) - 08w, t,y2, 2)
=g, t,y1,21) —0g(w,t,y2,21) +018(W, 1, y2,21) — § (W, £, Y2, 2)|
< g, 1,072+ (1-0)89y,21) - 08, t, y2, 21) +9y(1 +lzl® + |zz|5) 121 - 2|
<(1-6)(Igw,t,60y,21) — 8w, 1,69y,0)| + g, 1,60y,0))
+y(1+121 +1221°) (121 = 0221 + (1 - D)1 22

<(1-6) [at(w) +Bl8gy| +eldgzl? + c(l +1z1 )70 + |zzll+5)] ,

C. R. Mathématique, 2020, 358, n° 2, 227-235
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where c is a constant depending only on (y, 8, ). Thus, the inequality (10) holds with (y, a., k, k) :=
(g,a.+c, B, c). The proposition is then proved. 0

Remark 4. It is easy to verify that the sum of generators satisfying assumption (H4) still satis-
fies (H4). Hence, in view of Proposition 3, the generator g satisfying assumption (H4) is neither
necessarily convex nor Lipschitz in the variables (y, z), and it may have a general growth in the
variable y.

The main result of this paper is stated as follows.

Theorem 5. Suppose that the function vy is defined in (2) and that ¢ is a terminal condition, g isa
generator which is continuous in the state variables (y, z) and satisfies assumptions (H1) and (H2),
andE[yP (T, |l a., B,7)] < +oo for each real p = 1. Then, we have
(i) If g also satisfies assumption (H4) with k =0, then BSDE (¢, g) admits a unique solution
(Y., Z) such that for each p = 1, E [sup o1y ¥ (t,1Y¢l; ., B,y)] < +o00. Moreover, Z. € M7
foreachp=1.
(i) If g also satisfies assumptions (H3) and (H4), then BSDE (¢, g) admits a unique solu-
tion (Y., Z) such that for each p = 1, E[sup,con¥? (t,1Yil; ., B,7)] < +o0o. Moreover,
Elexp(e fOT | Zs|?ds)] < +oo0 for some real € > 0.

Proof. The existence is a direct consequence of Propositions 1 and 2. We now show the unique-
ness part. Let us assume that (H4) holds.
Let both (Y, Z) and (Y/, Z/) be solutions to BSDE (¢, g) such that for each p = 1,

<+oo and E| sup ¢ (t,1Y/l;a.,B,y)| < +oo. (12)

te(0,T]

E| sup v” (t,1Y¢; ., B,7)
te[0,T)

We use the 6-difference technique developed in [2]. For each fixed 0 € (0, 1), define

Y.-60Y’ Z.-07!
opU. = . d 6gVii= -
0 1-0 an 0 1-0
Then, the pair (69 U., g V.) solves the following BSDE:
T T
59Ut=cf+f 59g(s)ds—f 6gVs-dBs, tel0,T], (13)
t t
where 1
bog(s):= 16 (g(s, Vs, Z) —0g(s, Y{, Z))].

It follows from (10) that
Lis,0,50,008(5) < @5 + BlogUsl +y109 Vsl?, (14)
with
1= ag+ k(Y| + 1Y) + R (1210 +12010).

@i). Let ¥ =0. Inview of (12), using Holder’s inequality;, it is not hard to verify that

E < +o00. (15)

sup v (t,160U;;@., B,y)
te[0,T]

Thus, in view of (13), (14) and (15), we apply It6-Tanaka’s formula to v (s,59 U ; @., 8, 7) and argue
as in the proof of Proposition 1 to deduce that for each ¢ € [0, T,

Y8eU <y (t,6U 5., B,y) <E[y(T,&"a., B,7)IF: | <E[y(T, @, B,V)|F:],

and then
y(Y;—0Y) ' <(1-0)E [1//(T, IEI;R.,ﬁ,Y)Igt] .

C. R. Mathématique, 2020, 358, n° 2, 227-235



234 Shengjun Fan, Ying Hu and Shanjian Tang

Letting 8 — 1 in the last inequality yields that P—a.s., foreach € [0, T], Y; < Yt’ . Thus, the desired
conclusion follows by interchanging the position of Y. and Y.

(i). Let assumption (H3) hold. Thanks to Proposition 2, we have E[exp(p fOT IZs|1+5ds)] < +00
and E[exp(p fOT IZs’I”‘sds)] < +oo for each p = 1. Then, in view of (12), using Holder’s inequality,
we can conclude that (15) still holds. Thus, the same computation as above yields the uniqueness
result.

The proof is then complete. d

Remark 6. In view of Proposition 3 and Remark 4, Theorem 5 generalizes the uniqueness
result for quadratic BSDEs with unbounded terminal conditions obtained in [2]. Indeed, for the
uniqueness of solutions to quadratic BSDEs with unbounded terminal conditions, Theorem 5
covers the case of a Lipschitz perturbation of some convex function when the strictly quadratic
condition holds.

The following Remark 7 illustrates that some previous results remain true when some other
conditions are satisfied. For this, let us introduce the following assumptions on the generator g.

(H3") dP xdf— a.e., for each (y,z) € R x [Rd, it holds that
Y, 2
g(w,t,y,z)s—EIZI +Blyl+ ar(w).
(H4") dP x dt— a.e., for each (y;,z;) € R x R, i =1,2 and each 0 € (0, 1), it holds that

Lioy,-y,503 (0gw, t,y1,21) — 8§, 1,2, 22))
<(1-6) (ﬁ |6oy|+y |59z|2 +h(w,t, yl,yz,zl,ZZ,é)), (16)

where 0 0
s . Un—-)y2 ¢ .= 21— 22
59_)/.——1_9 ’ 692. 1-0 ,
and
B, 1,11, Y2,21,22,6) 1= @ (@) + k(1 + 172 + & (1222 #1212

Remarks 7.

(a) Itis easy to check that the conclusions in Proposition 2 still hold if assumption (H3) is
replaced with assumption (H3').

(b) It is not difficult to verify that the assertions in Proposition 3 and Remark 4 still hold if
assumption (H4) is replaced with assumption (H4') and the word “convex” is replaced
with “concave”. In particular, a (locally) Lipschitz perturbation of some concave function
satisfies (H4').

(c) By virtue of (a) and (b), in the same way as in Theorem 5, we can prove that all the
conclusions in Theorem 5 still hold if assumptions (H3) and (H4) are replaced with (H3')
and (H4), respectively.

Remarks 8.
(a) Letting y; = y» = y and z; = z» = z in (10) and (16) respectively yields that
Ly>08W, £,1,2) < Blyl +71z* + ar(w) + 2k|y| + 2Kz *°
and
~1y<0 8@, t,,2) < Blyl +ylzl* + a; () +2kly| + 2k|z|"*?,

whose combination implies assumption (H1).
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(b) Letting first z; = zo = z in (10) or (16) and then letting 8 — 1 yields that
Ly—y>0 (8@, 8, 11,2) — 8w, 1, ¥2,2)) < Bly1 — yal,
which means that g satisfies the monotonicity condition in the state variable y.
Example 9. For each (w,1,,2) € Qx [0, T] xR x R?, define
81, 1,y,2) = |2* = |2 % +sinlzl + y*1y=0 — Y| + B, (@)]

and

o, t,y,2)= —|z)? + sinlzI% +|z| - y3]ly20 +sin|y|+ |B:(w)].
By virtue of Proposition 3 together with Remark 7 (b), it is not difficult to verify that g; (resp. g2)
is continuous in (y,z) and satisfies assumptions (H1)—(H4) (resp. (H1), (H2), (H3') and (H4')).
However, both of them are non-convex (non-concave) in z and non-Lipschitz in y.
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