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1. Introduction

Let us consider the Liiroth expansion of a real number x from the interval (0, 1] given by
_2! + ! ot ! +
T T d@-vd, T i - Dy dy 1 (1 - Dy
for some d; = 2(i € N), which was introduced in 1883 by Liiroth [8]. Each irrational number has
a unique Liiroth expansion and each rational number has either a finite expansion or a periodic
one. We denote the Liiroth expansion of x € (0, 1] by x = [d; (x), d2(x), - - -] for short.
The Liiroth expansion can be given by the map T: (0,1] — (0, 1], which is defined by

@

T(x):zdl(x)(dl(x)—l)(x—L), where dij(x)=|—|+1,

dy (x)

and
dp)=dy (T" (), n=1,
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where T" denotes the n' iterate of T(T° = Idjg,1)). The Lebesgue measure is T-invariant and the
map T is ergodic (see [4]). For more details about the Liiroth expansion, one is referred to [4].

The properties of digits in the Liiroth expansion have been intensely studied in recent years.
The behavior of the digits in Liiroth expansion were investigated in [1] and [6]. More recently,
Liao and Rams [7] studied the increasing rate of the Birkhoff sums in the infinite iterated function
systems, which include Liiroth expansion and continued fraction expansion as special cases.

For any x € (0, 1], write L, (x) = max{d, (x),d2(x),...,d,(x)} to be the maximal digit among the
first n terms in the Liiroth expansion of x. The growth rates of L,(x) were studied by Shen et
al. [10] and Song et al. [11] from the viewpoint of multifractal analysis.

Let the n™ convergent P,,(x)/Q,(x) of x in the Liiroth expansion be defined as the partial sum
of the first n terms of the series (1), i.e.

Px) & 1
Q) ~ Z di(di () -1)...dj (0(dj-1(x) - D (x)°

From the ergodicity of T and Birkhoff’s individual ergodic Theorem, we can obtain the follow-
ing result:

Py (x)
Qn (x)
Here and in the following a.e. will be with respect to Lebesgue measure.
In [14], they investigated the growth rate of the maximal digit relative to that of approximation
of the number by its convergents. More precisely, they proved

lim ——log =d, a.e. where d=2.03. 2)

n—oo n

Theorem 1 (cf. [14]). The set

] Ln(x)loglogn 3
xe (0, 1]: r}—>oo log‘x— Py(x)
n (%)

is of Hausdorff dimension 1, for any a = 0.

We use dimp to denote the Hausdorff dimension. For more information about Hausdorff
dimension, see the book [3].

In this note, we are interested in finding what happens when the relative growth rate of the
digits relative to that of approximation of the number by its convergents is a given number. For
any z =0, let

logd
F@)={xe©1: | Mfﬁ)— ,
log‘x ~ o
we obtain the following result.
Theorem 2. Forany 0< z<1,dimg F(z) = ==. F(0) is of Lebesgue measure 1. If z is not in [0, 1],

F(z) is empty.

It is worth pointing out that the kinds of relative growth rate of partial quotients for regular
continued fraction expansion have been attacked by Hass [5], Sun and Wu [12] and Tan and
Zhou [13] in recent years.

2. Preliminaries
In this section, we briefly recall some basic properties and results of Liiroth expansion.

By [4], any sequence of integers {d,},>1 with d, = 2 for n = 1, is admissible, i.e., there exists
some x € (0, 1] whose Liiroth expansion satisfying d,, (x) = d,, for n = 1.
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Foranyd,,dy,...,d, e N\{0,1},let I,,(dy,d>, ..., d,) be the set of numbers in (0, 1] whose Liiroth
expansion begins by d;, d»,...,d, and called a rank—n basic interval. It is clear that its length is
given by the following formula.

Lemma3 (cf. [41). |I(d1,db, ..., dp)| = ( " di(d;- 1))_1 :
Lemma 4 (cf. [7]). Let {s,},>1 be a sequence of positive integers tending to infinity, then for any
positive number N = 2, let
A={x€(0,1]: sp <dn(x) < Nsy for n=1},
then

1
dimy A = liminf 08(S152. - Sn) .
n—oco 2log(s182...5,) +10gs,+1

Lemma5 (cf. [9]). Foranya>1andb>1,
. n 1
dlmH{XE 0,1]: dy(x) = a’ , forn= 1} = 1
Lemma 6 (cf. [2]). Foranyv=2,
1
dimpy {x € (0,1]: |x = Py (x)/Qu(x)| < Qu(x)™" for infinitely many n} = "

To end this section, we borrow a result from [9]. It tells us that the Hausdorff dimension will
oo

be same if we change the restrictions on the first finite digits. Namely, let {A,}7” | and {B}}, be
two sequences of nonempty subsets of N\ {0, 1} with A,, = B, when n is large. Set

o ={xe(0,1]: d,(x) € A,, for n=1},

B={x€e(0,1]: d,,(x) € B, for n=1}.
Then we have

Lemma 7 (cf. [9]). dimpy </ =dimpy 2.

3. The proof of Theorem 2

Our proof starts with the dimension result. For this purpose, we will transform the target set F(z)
to another set. For any f = 1, let

Pp(x)
~log| - i3

G(,B)={x€(0,1]: nlim T:ﬁ}'
- n+1

It follows immediately that

Lemma8. Forany0<z=<1, F(z)=G(1/2).

Consequently, we are expected to determine Hausdorff dimension of the set G(f). To do this,
we will determine the lower bound and upper bound of its dimension separately.

Proposition 9. Forany > 1, dimy G(B) = ﬁz—‘ﬁl
Proof. Let A= % +1and
KW ={xe©1: 2] <d<2[2""] foran n=1f.
Since
_ T"(x)
T () () = 1) dp () (dn(x) - 1)

‘ Py(x)
x —
Qn(x)
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and
n

1 1
<T"x<s———,
dp1(x) dp+1(x) -1

we deduce that

_ Py(x)
Qn(x)

j
Then for any x € K(A), we get

-1
n n
< (1‘[ dj(0(dj(x) = D(dns1 () -D| . @)

-1
d;j(x)(dj(x) - 1)dn+1(x)) <|x
j=1

1

-1
1 2 n n+l
< 22n+1 22/1 22/1 . 22/1 2/1 .

9=3n-292A1 9202 24" A" ‘x— Pn(x)

Qn(x)
Hence, it may be concluded that
lim —log‘x— SZ((?) = 2 +1=
n—co  logdyy1 A-1 ’
which implies K(1) < G(B).
By Lemma 4, we see that
log H;?:l 2 ]
dimy G(B) = dimy K(1) = liminf — Py
2logll}_, [2M] +1og 24"
1 p-1
TA+1 28
which is the assertion of the Proposition 9. O

We are now in a position to establish the upper bound of the Hausdorff dimension of
G(f). To do this, we will again transform it to another set. Let Gn(x) = Qux)dp(x)—-1) =
7:1 dj(x)(dj(x)—1) and for any 7 > 0,

C(r):{xe(o,u; lim lﬁ)ggQTn(’”:T}.
o0 n+1

By definition of Q, (x) and inequality (3), it is evident that
Lemma 10. Foranyf=1,G(B)=C(f-1).

If T = 0, it is obvious that dimyC(r) = 0 by Lemma 6. This implies that dimy F(1) =
dimpy G(1) = 0. By virtue of the above Lemma 8, we are reduced to proving the following result.

Proposition 11.  Foranyt >0, dimy C(7) < 5-5.
Proof. Assume 7 > 0. For any0<£<%,choose6>Osmall enough that
1 ¢
(3-5)weor<u,
T 2
and ng € N such that for any n = ny,
1 ¢
1-[=—-=|G+6
(T 2)( )]

By definition of Q, (x), it follows that

- d 2 ~
Qn (x)%m =Qu+1(x)=Qy (x)dn+1(x)2-

From this, for any x € C(1),

1 T (1 e
—+l-¢| >|-—--|(n+D+1
T T 2

T+2.
n—oco logd,+

C. R. Mathématique, 2020, 358, n° 5, 557-562



Xiaoyan Tan and Zhenliang Zhang 561

Therefore _
1
Cr) = {xe ©,1]: lim 28Qn1(0) =T+2}.
n—oco logdy41
Writing
W(r,6,m) = {xe 0,1]: dps1(x) = 6n+1(x) 75 foralln = m},
we can assert that

C)c |J w,6,m).
m=1
Let
&€ = {x €(0,1]: dp(x) = [2(%”_5)”] +1forl<n<ng and dys1(x) = Qper (%) 7275 forall n = no}.
Due to Lemma 7, it gives that

dimy C(7) < supdimy W(r,5, m) =dimy %.

m=1

Our next claim is that for any x € ¥ and forany n = 1,
dp(x) = 234179, @

We proceed by induction. For any 1 < n < ng, the inequality (4) holds by the definition of %
When n > nyg, from the construction of %,

~ 1 ~ _1
dn(0) 2 Qu(0) 775 = (27 Quot (0dn (0)?) 7570 .

Using induction on 7, we obtain

- 1

dn (X)l_ T+§+5 > (Z_ndl (X)Zdz (x)z dp (.X:)Z) TH2H0
Thus
1 (%14-1—7@"—17"7“
dp(x) = (Z_ndl (X)Zdz (x)2... dn,l(x)z] ™5 >0 (1-5)are T
By the choice of ng, we deduce that
dn(x) = 237179,

On account of Lemma 5, it follows that

dichg <

Since ¢ is arbitrary, it is easily seen that

O

dimy C(r) =dimy %€ < .
e %= o142
By Lemma 8, Lemma 10, Proposition 9 and Proposition 11, we can check at once that for

0<z<l,
1-z

dimp F(2) =dimp G(1/2) =dimg C(1/z—1) =
Finally, what is left is to prove the last two statements. By [4, Corollary 6.6], it is obvious that

lim logd, (x) _

n—oo n

0, a.e..

Combining this with the limit (2), the set F(0) is of Lebesgue measure 1. According to the
inequality (3), F(z) is empty when z is not in [0, 1].
This finishes the proof of Theorem 2.
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