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SIMPLICITY OF VACUUM MODULES AND
ASSOCIATED VARIETIES
BY Tomovukr Arakawa, Curro Jiane & ANNE MorEAU
AssTracT. — In this note, we prove that the universal affine vertex algebra associated with a

simple Lie algebra g is simple if and only if the associated variety of its unique simple quotient
is equal to g*. We also derive an analogous result for the quantized Drinfeld-Sokolov reduction
applied to the universal affine vertex algebra.

Résumié (Simplicité des algebres vertex affines et variétés associées). — Dans cet article, nous
démontrons que l'algeébre vertex affine universelle associée a une algebre de Lie simple g est
simple si et seulement si la variété associée a son unique quotient simple est égale a g*. Nous
en déduisons un résultat analogue pour la réduction quantique de Drinfeld-Sokolov appliquée
a Dalgebre vertex affine universelle.
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1. INnTRODUCTION

Let V be a vertex algebra, and let
V— (EndV)[z,27'], ar—a(z)= Z amyz” "
neZ
be the state-field correspondence. The Zhu Ca-algebra [Zhu96] of V is by definition the
quotient space Ry = V/Cy(V), where Cy(V') = spanc{a_2)b | a,b € V}, equipped
with the Poisson algebra structure given by

a.b= a(,l)b, {5, 5} = a(o)b,
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170 T. Arakawa, C. Jiane &« A. MoreAU

for a,b € V with @ := a+C5(V). The associated variety Xy of V is the reduced scheme
Xy = Specm(Ry) corresponding to Ry. It is a fundamental invariant of V' that
captures important properties of the vertex algebra V itself (see, for example, [BFM,
Zhu96, ABD04, Miy04, Aral2a, Aralba, Aral5bh, AM18a, AM17, AK18]). Moreover,
the associated variety Xy conjecturally [BR18] coincides with the Higgs branch of
a 4D N = 2 superconformal field theory T, if V' corresponds to a theory T by the
4D /2D duality discovered in [BLL*15]. Note that the Higgs branch of a 4D N = 2
superconformal field theory is a hyperkéhler cone, possibly singular.

In the case where V is the universal affine vertex algebra V*(g) at level k € C
associated with a complex finite-dimensional simple Lie algebra g, the variety Xy is
just the affine space g* with Kirillov-Kostant Poisson structure. In the case where V
is the unique simple graded quotient Ly(g) of V*(g), the variety Xy is a Poisson
subscheme of g* which is G-invariant and conic, where G is the adjoint group of g.

Note that if the level k is irrational, then Li(g) = V*(g), and hence Xy, 5 = g*.
More generally, if L;(g) = V*(g), that is, V*(g) is simple, then obviously X, 4) = g*.

In this article, we prove that the converse is true.

Turorem 1.1. — The equality Li(g) = V*(g) holds, that is, V*(g) is simple, if and

*

only if Xp, gy = 9"
It is known by Gorelik and Kac [GKO07] that V*(g) is not simple if and only if
(1.1) rV(k+h") € Qxo ~{l/m|m e Zx},

where hY is the dual Coxeter number and 7V is the lacing number of g. Therefore,
Theorem 1.1 can be rephrased as

(1.2) X G905 = (1.1) holds.

Let us mention the cases when the variety X, (4 is known for k satisfying (1.1).

First, it is known [Zhu96, DMO06] that X, ) = {0} if and only if L(g) is inte-
grable, that is, k is a nonnegative integer. Next, it is known that if Ly (g) is admissible
[KW89], or equivalently, if

hv i (rY,q) =1,
h 1f (lr\/’q)%]‘7

where A is the Coxeter number of g, then X, (4) is the closure of some nilpotent orbit
in g ([Aralba]). Further, it was observed in [AM18a, AM18b] that there are cases when
L(g) is non-admissible and X, (4) is the closure of some nilpotent orbit. In fact, it
was recently conjectured in physics [XY19] that, in view of the 4D/2D duality, there
should be a large list of non-admissible simple affine vertex algebras whose associated
varieties are the closures of some nilpotent orbits. Finally, there are also cases [AM17]
where X, (g) is neither g* nor contained in the nilpotent cone N(g) of g.
In general, the problem of determining the variety X, ) is wide open.

k+hv:§a p7q€Z21a (p7Q):1ap>{
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SIMPLICITY OF VACUUM MODULES AND ASSOCIATED VARIETIES 1

Now let us explain the outline of the proof of Theorem 1.1. First, Theorem 1.1
is known for the critical level k = —h" ([FF92, FG04]). Therefore, since Ry (4 is a
polynomial ring C[g*], Theorem 1.1 follows from the following fact.

Turorem 1.2. — Suppose that the level is non-critical, that is, k # —h". The image
of any nonzero singular vector v of V¥(g) in the Zhu Cs-algebra Ry k(g) is nonzero.

The symbol o(w) of a singular vector w in V¥*(g) is a singular vector in the cor-
responding vertex Poisson algebra grV*(g) = S(t~'g[t™!]) & C[Jwg*], where Joog*
is the arc space of g*. Theorem 1.2 states that the image of o(w) of a non-trivial
singular vector w under the projection

(1.3) ClJoog®] — Clg"] = Ryx(q)

is nonzero, provided that & is non-critical. Here the projection (1.3) is defined by
identifying C[g*] with the Zhu Cs-algebra of the commutative vertex algebra ClJoog*].
Hence, Theorem 1.2 would follow if the image of any nontrivial singular vector in
C[Jsg*] under the projection (1.3) is nonzero. However, this is false as there are
singular vectors in C[J,g*] that do not come from singular vectors of V*(g) and that
belong to the kernel of (1.3) (see Section 3.4). Therefore, we do need to make use of
the fact that o(w) is the symbol of a singular vector w in V¥(g). We also note that
the statement of Theorem 1.2 is not true if & is critical (see Section 3.4).

For this reason the proof of Theorem 1.2 is divided roughly into two parts. First, we
work in the commutative setting to deduce a first important reduction (Lemma 3.1).
Next, we use the Sugawara construction — which is available only at non-critical levels
— in the non-commutative setting in order to complete the proof.

Now, let us consider the W -algebra #*(g, f) associated with a nilpotent element f
of g at the level k defined by the generalized quantized Drinfeld-Sokolov reduction
[FF90, KRWO03]:

W, f) = H]%S,f(Vk(g)).
Here, Hpg f(M ) denotes the BRST cohomology of the generalized quantized Drinfeld-
Sokolov reduction associated with f € N(g) with coefficients in a V*(g)-module M.

By the Jacobson-Morosov theorem, f embeds into an slo-triple (e, h, f). The
Slodowy slice .7 at f is the affine space .y = f 4+ g¢, where g° is the centralizer of e
in g. It has a natural Poisson structure induced from that of g* (see [GG02]), and we
have [DSKO06, Aral5a] a natural isomorphism Ry k(g 5y = C[f] of Poisson algebras,
so that

Xpra.f) = s
The natural surjection V*(g) — Ly (g) induces a surjection #*(g, f) —» HYs ;(Li(g))
of vertex algebras ([Aral5al). Hence the variety X o o (Lu(e) 152 C*-invariant Poisson
subvarieties of the Slodowy slice 7.

Conjecturally [KRWO03, KW08], the vertex algebra Hpg ;(Lk(g)) coincides the
unique simple (graded) quotient #4 (g, f) of #*(g, f) provided that H]%S,f(Lk (g)) #0.
(This conjecture has been verified in many cases [Ara05, Ara07, Arall, AvE19].)

JE.P. — M., 2021, tome 8



172 T. Arakawa, C. Jiane &« A. MoreAU

As a consequence of Theorem 1.1, we obtain the following result.

Tarorem 1.3. — Let f be any nilpotent element of g. The following assertions are
equivalent:

(1) V¥(g) is simple,

(2) #*(g, f) = Hpg ;(Li(9)),

(3) Xug, (Lita)) = s

Note that Theorem 1.3 implies that V*(g) is simple if Xya,f) = L and
H]%S,f<Lk(g)) 7& 0 since XHI%s,f(Lk(g)) D nyk(g’f)

The remainder of the paper is structured as follows. In Section 2 we set up notation
in the case of affine vertex algebras that will be the framework of this note. Section 3
is devoted to the proof of Theorem 1.1. In Section 4, we have compiled some known
facts on Slodowy slices, W-algebras and their associated varieties. Theorem 1.3 is
proved in this section.

Acknowledgements. — T.A. and A.M. like to warmly thank Shanghai Jiao Tong Uni-
versity for its hospitality during their stay in September 2019.

2. UNIVERSAL AFFINE VERTEX ALGEBRAS AND ASSOCIATED GRADED VERTEX
PoissoN ALGEBRAS

Let g be the affine Kac-Moody algebra associated with g, that is,
§=gt,t '] ®CK,
where the commutation relations are given by
[z@t™ y@t"] = [z,y] @™ + m(z|y)dmn oK, [K g =0,
for x,y € g and m,n € Z. Here,

()= %x Killing form of g

is the usual normalized inner product. For x € g and m € Z, we shall write z(m) for
TRt
2.1. UNIVERSAL AFFINE VERTEX ALGEBRAS. — For k € C, set

V¥(g) = U(8) ®u(gack) Cr

where Cj, is the one-dimensional representation of g[t] & CK on which K acts as
multiplication by k and g ® C[t] acts trivially.
By the Poincaré-Birkhoff-Witt Theorem, the direct sum decomposition, we have

(2.1) VEg) = U(get 'Clt™]) = U "glt™"]).
The space V*(g) is naturally graded,

JIEP. — M., 2021, tome 8



SIMPLICITY OF VACUUM MODULES AND ASSOCIATED VARIETIES 173

where the grading is defined by
deg(z (—nq)---2' (—n,)1) = Zni, r>0, 2% €g,

with 1 the image of 1 ® 1 in V*(g). We have V*(g)y = C1, and we identify g with
V*(g); via the linear isomorphism defined by z — z(—1)1.

It is well-known that V*(g) has a unique vertex algebra structure such that 1 is
the vacuum vector,

r(2)=Y(@et )= Z x(n)z "1,
nez
and
T, 2(2)] = 0.(2)

for + € g, where T is the translation operator. Here, x(n) acts on V¥(g) by left
multiplication, and so, one can view x(n) as an endomorphism of V*(g). The vertex
algebra V*(g) is called the universal affine vertez algebra associated with g at level k
[FZ92, Zhu96, LLOA].

The vertex algebra V*(g) is a vertex operator algebra, provided that k + h" # 0,
by the Sugawara construction. More specifically, set

1 .
= 3 ai(~1)at (- 1)1,
=1

where {z; | i = 1,...,d} is the dual basis of a basis {z’ | i = 1,...,dimg} of g with
respect to the bilinear form ( | ), with d = dimg. Then for k # —hY, the vector
w=S/(k+h") is a conformal vector of V*(g) with central charge
kdimg
c(k) = e

L,2z~""2, we have

Note that, writing w(z) =3

Lo= 50—y k+hv (sz iix n) +a'(— )xi(n))>,
Ln = 5o k+hv (Z le “(m +n) +: Zmi(—m—&-n)xi(m)), if n#0.

m=1 i=1 =01i=1
Levva 2.1 ([Kac90]). — We have
[Lp,z(m)] = —mz(m +n), forxzeg, mnclZ,
and Lp,1 =0 forn > —1.
We have V¥(g)a = {v € V¥(g) | Lov = Av} and T = L_; on V¥(g), provided that
k+hY #0.
Any graded quotient of V*(g) as g-module has the structure of a quotient vertex

algebra. In particular, the unique simple graded quotient Lj(g) is a vertex algebra,
and is called the simple affine vertex algebra associated with g at level k.

JE.P. — M., 2021, tome 8



174 T. Arakawa, C. Jiane & A. Moreau

2.2. ASSOCIATE GRADED VERTEX POISSON ALGEBRAS OF AFFINE VERTEX ALGEBRAS

It is known by Li [Li05] that any vertex algebra V admits a canonical filtration
F*V, called the Li filtration of V. For a quotient V of V*(g), F*V is described as
follows. The subspace FPV is spanned by the elements

yi(=n1 — 1)y (—n, — 1)1
with y; € g, n; € Z>0, n1 + -+ -+ n, = p. We have
V=FVOFV>.., ,FV=0,

TFPV C FPFLy,
amyFIV C FPY""1Y for a € FPV, n€Z,
amyF1V C FPra="y for a € FPV, n>0.

(2.2)

Here we have set FPV =V for p < 0.
Let grf'V = @p FPV/FPTIV be the associated graded vector space. The space

grf'V is a vertex Poisson algebra by
op(a)oq(b) = opiqla-1)b),
Top(a) = opta(Ta),
o

0p(a)(n)0q(b) = 0prg—n(a(n)b)

for a,b € V, n > 0, where o,: FP(V) — FPV/FPT'V is the principal symbol map.
In particular, gr’” V is a g[t]-module by the correspondence

(2.3) alt] 2 z(n) — 09(2)(n) € End(gr™ V)

forx € g, n > 0.

The filtration F*V is compatible with the grading: FPV = ®Aez>o FPVA, where
FPVA :=VANFPV,

Let U,(t"'g[t™!]) be the PBW filtration of U (¢t~ 'g[t™]), that is, U,(t'g[t™1]) is
the subspace of U(t !g[t~!]) spanned by monomials y1ys ...y, with y; € g, r < p.
Define

G,V = U,(t 'glt !)1.
Then G,V defines an increasing filtration of V. We have
(2.4) FPVA = Ga—pGa,

where GpVa = G,V N Va, see [Aral2a, Prop.2.6.1]. Therefore, the graded space
gréV = ®pEZ>o G,V/G,-1V is isomorphic to gr’ V. In particular, we have

grV(g) 2 grU, (¢ Mgt ™)) = St talt ™).

The action of g[t] on grV*(g) = S(t~'g[t~!]) coincides with the one induced from the
action of g[t] on g[t,t71]/g[t] = t~1g[t~!]. More precisely, the element z(m), for = € g

JIEP. — M., 2021, tome 8
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and m € Zso, acts on S(t"'g[t™!]) as follows:

(2.5) z(m)-v=2 Y yil=m)--[z,y)m —ng) -y (—n,),

j=1n;—m>0

if v=yi(—n1) -y (—n,) with y; € g, n1,...,n, € Zso.

23 Z]IL)S CQ-ALGEBRAS AND ASSOCIATED VARIETIES OF AFFINE VERTEX ALGEBRAS

We have [Li05, Lem. 2.9]
FPV = spanc{a_;—nb|la€V,i>1be FP7'V}
for all p > 1. In particular,
F'V = Cy(V),
where Co(V') = spanc{a(_2)b | a,b € V}. Set
Ry =V/Cy(V) = FOV/FV c grf'V.

It is known by Zhu [Zhu96] that Ry is a Poisson algebra. The Poisson algebra structure
can be understood as the restriction of the vertex Poisson structure of grf'V. It is
given by

for a,b € V, where @ = a + Co(V).
By definition [Aral2a], the associated variety of V is the reduced scheme

Xy = Specm(Ry).
It is easily seen that
F'V¥(g) = C2(V*(g)) = t gt V" (g).
The following map defines an isomorphism of Poisson algebras
Clg*] = S(g) — Ry (yg)
g3z — x(—1)1 +t2g[t 1 V(g).

Therefore, Ry« () = Clg*] and so, Xy« (g) = g*.

More generally, if V is a quotient of V*(g) by some ideal N, then we have
(2.6) Ry =Clg"]/In

as Poisson algebras, where Iy is the image of N in Ry g = Clg*]. Then Xy is just
the zero locus of Iy in g*. It is a closed G-invariant conic subset of g*.

Identifying g* with g through the bilinear form ( | ), one may view Xy as a
subvariety of g.

JE.P.— M., 2021, tome 8



176 T. Arakawa, C. Jiane &« A. MoreAU

2.4. PBW gasis. Let Ay = {f1,...,58,} be the set of positive roots for g with
respect to a triangular decomposition g = n_ ® h ® ny, where ¢ = (d — ¢)/2 and
£ =r1k(g).

Form now on, we fix a basis

{u'es,, f3, |i=1,....6,j=1,...,q}

of g such that {u’|i=1,...,¢} is an orthonormal basis of h with respect to (| ) and
(eg;|fs,) =1fori=1,2,...,q. In particular, [eg,, f3,] = 8i for i = 1,...,q (see, for
example, [Hum?72, Prop. 8.3]), where h* and b are identified through ( | ). One may
also assume that ht(8;) < ht(3;) for i < j, where ht(3;) stands for the height of the
positive root f;.

We define the structure constants c,,g by

[eas eﬁ] = Ca,BCa+p;

provided that o, 8 and « + § are in A. Our convention is that e_,, stands for f, if
ae Ay If a, B and a+ S are in Ay, then from the equalities,

c—a,a+p = (follfa eats]) = —(fslleats: fa]) = —([f3, eatsllfa) = —c—pga+s,
we get that
(2.7) C—a,a+f = ~C—fa+p-

By (2.1), the above basis of g induces a basis of V*(g) consisted of 1 and the
elements of the form

(2.8) z =200

with
Z(+) =6 (_l)al’l ey (_rl)alyrl T, (_l)a(bl T eﬁq(_rq)aqyr(ﬁ
2 = o, (1) fay () -, (1) f (),

2O = gt (1)t (=)t b (—1) %t (=)ot
where r1,...,7rq,51,...,8¢,,t1,...,t¢ are positive integers, and a;m,bin, ¢ j, for | =
1,....¢, m = 1,...;r, n =1,....,8,4 =1,..., ¢, j = 1,...,1; are nonnegative
integers such that at least one of them is nonzero.

DeriNtrion 2.2, Each element x of V*(g) is a linear combination of elements in
the above PBW basis, each of them will be called a PBW monomial of x.

Derintrion 2.3. — For a PBW monomial v as in (2.8), we call the integer
q T S; ¢ t;
depth(v) = (Z ai;(G—1)+ > bij(G— 1)) +3 D G-
i=1 N\j=1 j=1 i=1j=1

the depth of v. In other words, a PBW monomial v has depth p means that v €
FPVF¥(g) and v & FPT'V*(g). By convention, depth(1) = 0.

JIEP. — M., 2021, tome 8



SIMPLICITY OF VACUUM MODULES AND ASSOCIATED VARIETIES 177

For a PBW monomial v as in (2.8), we call degree of v the integer

q ri Si Lt
deg(v) = Z(Z Qq, 5 + Zbi’j> + ZZ Cijs

i=1 \j=1 j=1 i=1 j=1
In other words, v has degree p means that v € G,V*(g) and v ¢ G,_1V*(g) since the

PBW filtration of V*(g) coincides with the standard filtration G,V*(g). By conven-
tion, deg(1) = 0.

Recall that a singular vector of a g[t]-representation M is a vector m € M such
that e, (0).m = 0, for all & € A4, and fy(1) - m = 0, where 6 is the highest positive
root of g. From the identity

L, = kJrlhv( Z u' (=1 — m)u'(m)
i=1 m=0 o
S S (a1 = ) fam) + fa(-1 —m)ea<m>>)7

acAy m=0
we deduce the following easy observation, which will be useful in the proof of the
main result.

LEmma 2.4. If w is a singular vector of V*(g), then
1 14
L_yw= Py <Z u'(—=1)u'(0) + Z ea(l)fa(0)>w.
i=1 a€EA L
2.5. BASIS OF ASSOCIATED GRADED VERTEX POISSON ALGEBRAS. Note that grV*(g) =

S(t~tg[t!]) has a basis consisting of 1 and elements of the form (2.8). Similarly to
Definition 2.2, we have the following definition.

Derinition 2.5. — Each element z of S(¢t~1g[t™!]) is a linear combination of elements
in the above basis, each of them will be called a monomial of z.

As in the case of V*(g), the space S(¢'g[t~!]) has two natural gradations. The first
one is induced from the degree of elements as polynomials. We shall write deg(v) for
the degree of a homogeneous element v € S(t~1g[t~!]) with respect to this gradation.

The second one is induced from the Li filtration via the isomorphism S(¢t~1g[t~!]) =
gr'V¥(g). The degree of a homogeneous element v € S(t~1g[t~!]) with respect to the
gradation induced by Li filtration will be called the depth of v, and will be denoted
by depth(v).

Notice that any element v of the form (2.8) is homogeneous for both gradations.
By convention, deg(1) = depth(1) = 0.

As a consequence of (2.5), we get that

(2.9) deg(x(m) -v) = deg(v) and depth(z(m)-v) = depth(v) —m,

for m > 0, z € g, and any homogeneous element v € S(t~1g[t~!]) with respect to
both gradations.

JE.P. — M., 2021, tome 8



78 T. Arakawa, C. Jiane &« A. MoreAU

In the sequel, we will also use the following notation, for v of the form (2.8), viewed
either as an element of V*(g) or of S(t~'g[t™!]):

‘
(2.10) deg(_oi(v) = Zcﬂ,
j=1

which corresponds to the degree of the element obtained from v(®) by keeping only
the terms of depth 0, that is, the terms u(—1),i=1,...,¢.

Notice that a nonzero depth-homogeneous element of S(t~'g[t~!]) has depth 0 if
and only if its image in

Ryi(g) = VF(g)/t gt "1V (g)

is nonzero.

3. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1.1.

3.1. Stratecy. — Let Nj be the maximal graded submodule of V*(g), so that
Li(g) = V¥(g)/Ng. Our aim is to show that if V¥(g) is not simple, that is, Ny # {0},
then X7y, (q) is strictly contained in g* = g, that is, the image I := Iy, of N in
Ry () = C[g*] is nonzero.

For k = —hY, it follows from [FG04] that I is the defining ideal of the nilpotent
cone N(g) of g, and so Xy, () = N(g) (see [Aral2b] or Section 3.4 below). Hence,
there is no loss of generality in assuming that k + h¥ # 0.

Henceforth, we suppose that k& + kY # 0 and that V*(g) is not simple, that is,
Ny # {0}. Then there exists at least one non-trivial (that is, nonzero and different
from 1) singular vector w in V*(g). Theorem 1.2 states that the image of w in I}, is
nonzero, and this proves Theorem 1.1. The rest of this section is devoted to the proof
of Theorem 1.2.

Let w be a nontrivial singular vector of V*(g). One can assume that w € FPV¥(g)\
FPHLVE(g) for some p € Zs,.

The image

w:=o(w)

of this singular vector in S(t~'g[t™1]) = grf'V*(g) is a nontrivial singular vector of
S(t~1g[t71]). Here o: V¥(g) — grf'V*(g) stands for the principal symbol map. It
follows from (2.9) that one can assume that @ is homogeneous with respect to both
gradations on S(¢t~1g[t~!]). In particular w has depth p. It is enough to show that
p = 0, that is, w has depth zero. Write

w = Z Njw? |
jeJ

where J is a finite index set, A; are nonzero scalar for all j € J, and w; are pairwise
distinct PBW monomials of the form (2.8). Let I C J be the subset of i € J such that
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depthw® = p = depthw. Since w € FPVF(g) . FPH1Vk(g), the set I is nonempty.
Here, @' stands for the image of w' in gr’ V*(g) = S(t~g[t™!]).
More specifically, for any j € I, write

(3.1) wl = () () (wh) O,

with
; ) ) (7) a(d)
(w)® := e, <—1>“fl ey ()M e, (<1)M e, (—rg) T
) p()

(W) 1= fo (~1)MR - fy (s )“’1' fp, (D)t fy (—sg) 00,

(wj)(o) = ul(_l)cg,i . ul(_tl)cg'»% - ug(_l)céjl) A ue(—té)céjzl

where 71,...,74,81,...,8¢,,t1,...,t are nonnegative integers, and a(]) bl(]g, E;, for
lzl,...,q,mzl,...,rl,nfl Lsni=1,...,0, p=1,. tl,arenonnegatlve
integers such that at least one of them is nonzero.

The integers r;’s, for [ = 1,...,q, are chosen so that at least one of the al(JT)l’ is
nonzero for j running through J if for some j € J, (w?)(*) # 1. Otherwise, we just
set (w?)() := 1. Similarly are defined the integers s;’s and t,,’s, for I = 1,...,q and
m =1,...,¢. By our assumption, note that for all ¢ € I,

a s n
z(zamzb 1)+ 30l = dest
=1 n=1[=1
4 s oty
Z (Z afi)l )+ Z b l) (i-1) ) Z cnl’)l(l — 1) =depth(w) =p
n=1 \=1 n=1l=1
3.2. A tecunicAL LEMMA. — In this paragraph we remain in the commutative setting,

and we only deal with w € S(t~'g[t~!]) and its monomials w'’s, for i € I.
Recall from (2.10) that,

¢
deg(o) Z cgq
j=1
for i € I. Set
d°)(I) := max{deg®) (w') | i € I},
and

19 = {i € I | deg) (w') = d°)(I)}.
If (w')© =1 for all i € I, we just set d°)(I) = 0 and then I'%) = I.

Levwa 3.1 — Ifi € I(,Ol), then (w')(~) = 1. In other words, for i € 19 1, we have
w' = (@) (w")(H)1.

Proof. — Suppose the assertion is false. Then for some positive roots 3;,,...,3;, €
A, one can write for any i € I(O)

(1) (D (%)

(3:2) (@) = fio,, (S50 gy (=)o (1P S (=)
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so that for any [ € {1,...,t},

{5, 1ie 19} # {o}.
Set
169 >0}

J1,85,

K(O ={iel 1)
Since w is a singular vector of S(¢t~'g[t™!]) and sj, — 1 € Zx(, we have
ep; (85, —1)-w=0.

On the other hand, using the action of g[t] on S(t~1g[t~!]) as described by (2.5), we
see that

(3.3) 0=ep, (55, — 1)@= > Nb}) v+,
iek)
where for 1 € K Eol) ,

i —i bs?) b —1
o 1= (@) 85, (<1) f,, (1)1 f, (=55,) 10
)

b
fﬁgt(i ) Jtl' fﬁ]t( Sjt) Tt (’lU )(+)17
and v is a linear combination of monomials x such that
deg?)(z) < d“)(D).

Indeed, for i € K © ) , it is clear that
es;, (sj; —1)- w' = bV
where 3 is a linear combination of monomials y such that deg(o)( ) < d(f)% (I) because
ht(8;,) < ht(By,) for all L € {1,...,t}. Next, fori € I') N K9 eg, (55, —1) @ isa
linear combination of monomials z such that deg(o)(z) < d(_oi(l ) because b;?)sjl =0.
Finally, for ¢ € I \ I( , we have deg(o) (') < d(o)(I) and, hence, eg, (s;, — 1) - @' is

a linear combination of monomials z such that deg@% (2) < d@%([ ) as well.

Now, note that for each i € K (701) ,
deg(o)( H = deg(o) @)+ 1= d(,O%(I) +1

Hence by (3.3) we get a contradiction because all monomials v?, for i running through
K (701), are linearly independent while Aibg? o #0, fori e K £01)' This concludes the
proof of the lemma. O

3.3. Usk or Sucawara opEraTORs. — Recall that w = >
such that for i € Jy, (w’)(~) = 1. Then by Lemma 3.1,

o #1% c .

jeJ)\jwj. Let J; C J be

So Ji # @. Set
d®) .= d° (7)) = max{deg®) (w') | i € J1},
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and
JO) = {i e Jy | deg) (w') = d)}.
Then d(f)i (I) < d(i)%. Set
d* := max{deg(w®)") | i e J(_Ol)}
and let
Jt={ieJ? | deg(w)® =dt} c JO.

Our next aim is to show that for i € J*, w® has depth zero, whence p = 0 since p
is by definition the smallest depth of the w/’s, and so the image of w in Ry =
FOV*(g)/F'V*(g) is nonzero.

This will be achieved in this paragraph through the use of the Sugawara construc-
tion.

Recall that by Lemma 2.4,

L,lw = L,lw

since w is a singular vector of V*(g), where

_ 1 o .
Eo= e (S 0+ 3 cal0s0),

aEA L

Lemva 3.2. — Let z be a PBW monomial of the form (2.8). Then L_1z is a linear
combination of PBW monomials x satisfying all the following conditions:

(a) deg(zM) < deg(2(+)) + 1 and deg(z(?) < deg(2(?) + 1,

(b) if 20) £ 1, then 2(7) # 1.

(c) if 27) = 27 then either deg(z(®) = deg(2(?) + 1, or 2 = 29,

(d) if deg(z(?) = deg(2(D) + 1, then (=) = 2() and deg(z™)) < deg(2(1)).
Proof. — Parts (a)-(c) are easy to see. We only prove (d). Assume that deg(z(?)) =
deg(29) + 1. Either 2 comes from the term Zf:l ut(=1)u’*(0)z, or it comes from a
term e, (—1) fo(0)z for some o € A .

If  comes from the term Y '_, u'(—1)u?(0)z, then it is obvious that z(~) = z(-)
and () = 2(+),

Assume that © comes from e, (—1) f,(0)z for some av € AL . We have
ea(=1fa(0)z = ea(=1)[fa(0), 2]z 201 + €0 (=1)2[£a(0), 27201
+ eq(—1)2) 2 [£4(0), 2O]1.
Clearly, any PBW monomials x from
ea(—1)2 [0 (0), 2071201 or  eq(=1)zH 2 [£,(0), 291
satisfies that deg(2(?)) < deg(z(?)). Then it is enough to consider PBW monomials in
ea(—1)[fa(0), 2Pz 2001,

The only possibility for a PBW monomial z in e, (—1)[fa(0), 2(]2(7) 291 to satisfy
deg(z(®) = deg(2(®) + 1 is that it comes from a term [f,(0), eq(—n)] = —a(—n) for
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some n € Zsg, where eq(—n) is a term in z(t). But then, for PBW monomials z in
ea(=1)[fa(0), 2P]2(D1 such that deg(z(?)) = deg(2(?)) + 1, we have 2(~) = 2(-) and
deg($(+)) < deg(z). O

We now consider the action of E,l on particular PBW monomials.

Lemma 3.3. Let z be a PBW monomial of the form (2.8) such that z(~) =1 and
depth(z(1)) = 0, that is, either 2*) = 1, or for some j1,...,5, € {1,...,q} (with
possible repetitions),

z=-eg, (—1)eg, (=1)---eg, (—1)z91.

Then L_1z is a linear combination of PBW monomials y satisfying one of the fol-
lowing conditions:

(1) ¥ =1, depth(y™)) > 1, deg(y") < deg(:D), y @ = 2,

(2) y) =1, depth(y+)) =0, deg(y*)) <deg(z(*) — 1, and deg(y®) > deg(=(?),
aeg)(y) = deg®)(:),

(3) y(=) =1, depth(y)) > 1, deg(y ")) <deg(2*))—1, and degg (y)= deg(o)( )+1,

(4)y) # 1L

Proof. — First, we have

ﬁu%—l)ui(ov S STRE [ﬁ W1 (0), 5, (1) -+ €5, (—1)201,
aunzd:1 - ) -

E;Ui(—l)ui( ves;, (= :z; )se5,, (=] + [ (=1), eg,, (1) (0))

= B, (—1)eg,, (=1) + e, (=2)8;,(0).
So

¢
(34) D w'(-1)u'(0)z
=Y e, (=) (B, (—Deg, (—1) + e, (—2)8;,(0)) -5, (—1)zO1.

Second, we have

Y cal=1)fal0 z—zzea Jes;, (1) [fa(0), €5, (—1)] -5, (-1)2(V1

aEA L aceAy r=1
+ ) eal—Deg, (—Deg, (—1) e, (—1)[fa(0), 21
cueAJr

It is clear that any PBW monomial y in

S eal(~Leg, (~1)es,, (~1)---es,, (~DIfal0), 21

aEA L

satisfies

(3.5) y ) #£1.
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‘We now consider

up =Y ea(—1)eg, (—1) -+ [fal0),e5, (D] eg, (~1)2V1, for 1<r <t

ac€A

- If 85, = a+ B for some «, B € A, then there is a partial sum of two terms in w,.:
C_aarpea(—1)eg, (1) -eg(—1)-ep, (—1)201

+c_patpes(—1eg, (—1)-ea(—=1) - -eg, (—1)2O1.

Rewriting the above sum to a linear combination of PBW monomials, and noticing
that

C—ajatpea(—1)es(—1) + c_parpes(—1)ea(—1) = c_a,atpCa,pats(—2),
due to (2.7), we deduce that it is a linear combination of PBW monomials y such that
(3.6) Y =20 =1, 4@ =20 depth(y ™)) > 1, deg(y™) < deg(zH)),

where c_q 048,C—8,a48,Ca,g € R
— If a — B;, € A4 for some ov € A, then there is a term in u,:

(37) C—a, By, ea(_l)eﬁjl (_1) ey (_1>f0t*,3jr (_1>eﬂj7‘+1 (_1> T sy, (_1)2(0)1'

It is easy to see that (3.7) is a linear combination of PBW monomials y such that y
satisfies one of the following:

(3.8) ¥ =1, depth(y™) > 1, deg(y™)) < deg(M)), y@ =2,
(3.9) ¥y =1, depth(y ™)) =0, deg(y)) < deg(2F)) — 1,
deg(y”)) > deg(=\?), deg)(y) = deg®)(2),
(3.10) y ) £1.
Notice also that with o = f3;_, there is a term in wu,:
—ep,, (—Deg,, (1) e, (=1)B;,(=1eg, , (=1) e, (-1)=V1.
Together with (3.4), we see that

4
Z Z+ZeﬂJ Deg, (=1) -+ [fa, (0), e, (—1)] -+ eﬁjt<_1)z(0)1
=1

—2%1 (B, (e, (—1) +eg, (=2)8;,(0)) -+~ eg, (—1)2(V1

T—

_Zzeﬂh 6/3] ( 1)76@5(_1)}

r=1s=1
€85, (_1)ﬁj7'(_1>eﬁjr+1 (_1) Tl (_1)2(0)1

t
= ep, (=) --rep,  (—Deg, (=1)B;,(=eg, (—1)--- e, (=1)21
r=1
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is a linear combination of PBW monomials y satisfying one of the following:

(3.11) y' ) =1, depth(y'™) > 1,deg(y™) < deg(), y@ =2,
(3.12) y) =1, depth(y™) > 1,deg(y ")) < deg (=) —
deg@% (y) = deg(,)( )+ 1.
Then the lemma follows from (3.5), (3.6), (3.8)—(3.12). O

Levva 3.4. — Let z be a PBW monomial of the form (2.8) such that 2~) = 1. Then
Z_lz =zt Zaﬂvlﬂ] ) + y',

where ¢ is a nonzero constant, v = ijl S ajsBj, and y! ds a linear combination
of PBW monomials y such that

deg®)(y) = deg!)(2) + 1, deg(y ") < deg(zH)) -1,

or

deg"”) (y) < deg"¥)(2).
Proof. — Since the proof is similar to that of Lemma 3.3, we left the verification to
the reader. 0O

Lrvwva 3.5. Fori € J*, we have that depth((w?)()) = 0.

Proof. — First we have
w = g Ajw! + g Ajuw? + E Ajw? + g Aju.
JEJ*T jeg O+ jesi~J®) JEINT1

Then by Lemma 3.2(b) and Lemma 3.4, we have

ieJt q
+ Z ( ~ Y aly ) (w0 + ¢t

ieJiNJt Jj=1

where v; = > %, ZS 105 SBZ, for i € Ji, and y' is a linear combination of PBW
monomials y batlsfymg one of the following conditions:

deg"®)(y) = d) +1, deg(y™) < d* -
deg}(y) < d“,
y) £ 1.

On the other hand, by Lemma 2.4

L_lw = E_lw.
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By Lemma 2.1, there is no PBW monomial % in L_jw such that deg(y(*)) = d*
y(-) =1, and deg@%(y) = d(f)i + 1. Then we deduce that

5 ) (= Sl ) (-1 <o

icJ+
which means that (y; — >27_, agﬁﬁj) =0, for i € J*, that is, depth((w®)(")) =0. O

As explained at the beginning of §3.3, Theorem 1.1 will be a consequence of the
following lemma.

Lemma 3.6. — For each i € J*, we have depth(w’) = 0.

Proof. — By definition, for i € J*, (w)® = 1. Moreover, by Lemma 3.5,
depth((w?)(+)) = 0. Hence it suffices to prove that for i € J*,

(w)© = 1 (—1)0 gl (—1)%0,
Suppose the contrary. Then there exists ¢ € J such that

(@)

. (2) (i) (i)
w' = s, (71)‘11,1 R eﬁq(fl)aq 1

ut (1)1 -t (—my )

(3) ()
..uf( 1) .

.o ue(_me)cé,m( ]_7

with at least one of the m;’s, for j = 1,...,¢, strictly greater than 1 and c(fznj #0

for such a j. Without loss of generality, one may assume that 1 € J¥, that
(1)

+
1y = clm,forzeJ

miy =max{m; |j=1,...,¢} and O0#c
Writing L_jw as
L_qw= Z L_qw' + Z L_jw' + Z L_qw' + Z L_qw',
it ieTO) g+ iei~J) €I\
we see by Lemma 2.1 that

(3.13) L_jw= Almlcl U+ Z i m101 mlv +v+0,
i€t i#l

where for i € J*, v® is the PBW monomial defined by:

(319 @) = @) =1,

(3.15) (@) = @)D = e, (<) e, (1),
. i (4)

(3.16) (,Uz)(O) - ul(_l)c(l,)l ...ul(_ml)cl,ml—lul(_ml — 1) ub(—my)eme,

and so, by definition of J* C JSOI),

(3.17) deg?) (v') = d"°),

v is a linear combination of PBW monomials x such that

@) (@

2© = g (D) () et ul (—n®) e
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and
either ngx) <my, or deg(z™M) <dt—1, or deg(f)% (x) < d(f)i -1,

and v is a linear combination of PBW monomials z such that (=) # 1. Note that
the assumption that m; > 2 makes sure that (3.17) holds, and that depth(v?) =
depth(w?) + 1 for all i € J*.

On the other hand, by Lemma 2.4,

L_lw = Z_lw,

1

since w is a singular vector of V*(g). Hence v! must be a PBW monomial of L_jw.

Our strategy to obtain the expected contradiction is to show that there is no PBW
monomial v! in L_;w"® for each i € J.

— Assume that i € J*, and suppose that v! is a PBW monomial in L_jw®. First
of all, deg((w'))) = d* because i € J*. Moreover, by the definition of .J; and
Lemma 3.5, we have (w')(~) = 1 and depth((w*)(+)) = 0. Hence by Lemma 3.3(2),

deg((v) M) < deg((w)H) = d*
because (v1)(7) = 1 and depth((v')(*)) = 0 by (3.14) and (3.15). But dt =
deg((v")(F)) by (3.15), whence a contradiction.

— Assume that i € J(f)l) ~ JT. By the definition of J* and (3.15),

(3.18) deg((w) ) < d¥ = deg((v})™)).
Suppose that v! is a PBW monomial in L_;w’. Then
(3.19) (W) ) =1= ()

by Lemma 3.1 since i € Jgol) . The last equality follows from (3.14). Then by
Lemma 3.2(c), either deg((v!)®) = deg((w®)®) + 1, or (v1)©® = (w")©). But it
is impossible that deg((v!)®) = deg((w")®) + 1, by (d) of Lemma 3.2 because
deg((vh))) > deg((w?®)*)). Therefore,

W) = ("),

Computing Z,lwi, we deduce from

(W) = eg, (—1)00 e (—1)%0,

that
(W) = eg, (—1)01 e (—1)%1.
Since (v1)(7) = (w?)(7) =1, it results from Lemma 3.3 that deg((v!))) <deg((w?)(H)),
which contradicts (3.18).
— Assume that i € J; \ Jﬁof. Then
(3.20) deg(_of (w') < d(_oi = deg(_oi (v!)
by (3.17). Suppose that v! is a PBW monomial in L_;w’. By Lemma 3.2(b) and (c),

(3.21) (wH ) =1, deg(v') = deg'®) (w') + 1,
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because (v1)(7) = 1 by (3.14). Remember that
(3:22) (W) = e, (<L) e, (<1)%00
Computing z,lwi, we deduce that
() = e, (<145 e, (1),

Since v(~) = 1 and deg(_of (v!) = deg(_oz (w?) + 1, it results from Lemma 3.3(3) that
depth((v')(+)) > 1, which contradicts (3.22).

— Finally, if j € J \ Ji, then by Lemma 3.2(b), any PBW monomial y in L_;w’
satisfies that y(~) # 1. So v' cannot be a PBW monomial in L_jw’.

This concludes the proof of the lemma. O

As already explained, Lemma 3.6 implies that w has zero depth and so its image
in Ry« (g is nonzero, achieving the proof of Theorem 1.1.

3.4. Remarks. — The statement of Theorem 1.2 is not true at the critical level. Also,
it is not true that the depth of a depth-homogeneous singular vector of S(g[t=1]t~1)
is always zero. Indeed, the g[t]-module S(g[t~!]t~!) can be naturally identified with
C[Jg*], where Joo X is the arc space of X, and so S(g[t~1]t~)8ll = C[Jg*]’~C.
It is known [RT92, BD, EF01] that

ClJocg"]"= 2 ClJoc (g7 // G-

This means that the invariant ring is a polynomial ring with infinitely many variables
&p;, i =1,...,0, 5 > 0, where p1,...,p¢ is a set of homogeneous generators of
S(g)¢ considered as elements of S(g[t~1]t~!) via the embedding S(g) — S(g[t~ ]t™1),
g2z — x(—1). We have depth(d’p;) = j although each &’p; is a singular vector of
S(alt 1),

For k = —h", the maximal submodule N}, of V*(g) is generated by Feigin-Frenkel
center ([FGO04]). Hence [FF92, Fre05], gr Nj is exactly the argumentation ideal of
S(g[t—1t= )9l Therefore, the above argument shows that the statement of Theo-
rem 1.2 is false at the critical level.

4. W -ALGEBRAS AND PROOF OF THEOREM 1.3

Let f be a nilpotent element of g. By the Jacobson-Morosov theorem, it embeds
into an sly-triple (e, h, f) of g. Recall that the Slodowy slice .4 is the affine space
f+g¢, where g° is the centralizer of e in g. It has a natural Poisson structure induced
from that of g* ([GGO02]).

The embedding spanc{e, h, f} = sl — g exponentiates to a homomorphism
SLs — G. By restriction to the one-dimensional torus consisting of diagonal matri-
ces, we obtain a one-parameter subgroup p: C* — G. For t € C* and x € g, set

plt)a := *p(t) ().
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We have p(t)f = f, and the C*-action of p stabilizes .s. Moreover, it is contracting
to f on 7%, that is, for all x € g°,

lim 7(0)(f + ) = /.

The following proposition is well-known. Since its proof is short, we give below the
argument for the convenience of the reader.

Prorosiriox 4.1 ([Slo80, Pre02, CM16]). The morphism
e.f:nyf—>gv (g,x)l—)gm
1s smooth onto a dense open subset of g*.

Proof. Since g = g+ [f, g, the map 0 is a submersion at (1¢, f). Therefore, 6; is
a submersion at all points of G x (f + g¢) because it is G-equivariant for the left
multiplication in G, and

dm p(t) -z = f
for all z in f+g°. So, by [Har77, Ch.III, Prop. 10.4], the map 6 is a smooth morphism
onto a dense open subset of g, containing G - f. a

As in the introduction, let #*(g, f) be the affine WW-algebra associated with a
nilpotent element f of g defined by the generalized quantized Drinfeld-Sokolov reduc-
tion:

Wk(ga f)= H]%s,f(vk(G))-
Here, Hpg f(M ) denotes the BRST cohomology of the generalized quantized Drinfeld-
Sokolov reduction associated with f € N(g) with coefficients in a V*(g)-module M.
Recall that we have [DSK06, Aralba] a natural isomorphism Ry kg 5y = C[7}] of
Poisson algebras, so that

Xyrigp) = s

We write #;(g, f) for the unique simple (graded) quotient of #*(g, f). Then Xy, 4.1)
is a C*-invariant Poisson subvariety of the Slodowy slice ..
Let Oy, be the category & of g at level k. We have a functor

ﬁk — Wk(ga f) _MOdv M r— H]%S,f(M)7

where #%(g, f)-Mod denotes the category of #*(g, f)-modules.
The full subcategory of O} consisting of objects M on which g acts locally finitely
will be denoted by KLy. Note that both V*(g) and L(g) are objects of KLy.

Tueorewm 4.2 ([Aralbal)
(1) HESJ(M) =0 for alli# 0, M € KLg. In particular, the functor

KLy — #*(g, f)-Mod, M+ HBg (M),

is exact.
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(2) For any quotient V of V*(g),
XH]%S,f(V) - XV ﬂ yf
In particular H]%S)f(V) #0if and only if G- f C Xy.

By Theorem 4.2(1), H]%&f(Lk(g)) is a quotient vertex algebra of #*(g, f) if it is
nonzero. Conjecturally [KRW03, KWO08], we have

Yi(g, f) = H]%s,f(Lk(G)) provided that H]%S,f(Lk(g)) # 0.
(This conjecture has been verified in many cases [Ara05, Ara07, Arall, AvE19].)
Proofof Theorem 1.3. — The directions (1) = (2) and (2) = (3) are obvious. Let us
show that (3) implies (1). So suppose that XH%S,f(Lk(g)) = .%%. By Theorem 1.1, it is
enough to show that X, 5) = g*. Assume the contrary. Then X, (4) is contained in

a proper G-invariant closed subset of g. On the other hand, by Theorem 4.2 and our
hypothesis, we have

It = Xugg (@) = Xou@ 175
Hence, .y must be contained in a proper G-invariant closed subset of g. But this
contradicts Proposition 4.1. The proof of the theorem is completed. O
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