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POSITIVE HARMONIC FUNCTIONS ON
THE HEISENBERG GROUP 11

BY Yves Benoist

ApsTrACT . — We describe the extremal positive harmonic functions for finitely supported mea-
sures on the discrete Heisenberg group: they are proportional either to characters or to translates
of induced from characters.

Risumic (Fonctions harmoniques positives sur le groupe de Heisenberg I1)

Nous décrivons les fonctions harmoniques positives extrémales pour les mesures & support
fini sur le groupe de Heisenberg discret : elles sont proportionnelles & des caractéres ou a des
translatées d’induites de caracteres.
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1. INnTRODUCTION

In this paper, we present the classification of the positive harmonic functions on
the discrete Heisenberg group G = H3(Z).

1.1. PosiTIvE HARMONIC FUNCTIONS. Let u = ZSES 1s0s be a positive measure on G
with finite support S C G. We recall that a function h on G is said to be p-harmonic
if it satisfies the equality h = P h, where P,h(g) := > g ps h(sg) for all g in G.
We want to describe the cone f%’jf of positive p-harmonic functions A on G. By the
Choquet theorem, it is enough to describe its extremal rays.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 31C35, 60B15, 60G50, 60J50.
KEyworbps. Harmonic function, Martin boundary, random walk, nilpotent group.
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974 Y. Benorst

The main aim of this paper is to prove that the extremal positive p-harmonic
functions on G are proportional either to a character of G or to a translate of a
function which is induced from a character of an abelian subgroup (Theorem 1.1).

The special case where p is the southwest measure was handled in the introductory
paper [2]. This case was striking because the classical partition function h(z,y, z) :=
py(z) with

py(2z) := number of partition of z by y non-negative integers

occurs as one of these extremal positive harmonic functions. This partition function
py(2) is the simplest instance of a “harmonic function induced from the character of
an abelian subgroup” that we will introduce in this paper.

1.2. CONSTRUCTION OF HARMONIC FUNCTIONS. The simplest examples of py-harmonic
functions are py-harmonic characters. Those are the characters x : G — R such that
> ses Ms X(s) = 1. Such a function h = x is an extremal positive y-harmonic function
on G which is invariant by the center Z of G, see Lemma 2.1.

We now introduce another construction of extremal positive p-harmonic functions
by inducing harmonic characters. Let Sy C S be a maximal abelian subset and Gy
be the subgroup of G generated by Sy. Denote by po = ZseGO s 05 the measure
restriction of p to Gy. Let xo be a pg-harmonic character of Gy. We extend xg
as a function on G, still denoted xg, which is 0 outside Gy. This function yq is
p-subharmonic, so that the sequence PJxo is increasing. We set

he,x, = nh_{réo P;}Xo-
We will tell exactly for which pairs (Go, xo) the function hg y is finite, in Lemma 3.8
and in Propositions 5.1, 5.4 and 5.5. When it is finite, the function he, x, is an
extremal positive p-harmonic function on G, see Lemma 3.1. We will call ha, x, the
harmonic function on G induced from the pg-harmonic character xo of Go.

For g in G, we denote by p, : ¢’ — ¢'g the right translation by ¢ on G. Whenever
a function h is p-harmonic, the function hy := h o pg is also p-harmonic.

1.3. MamN resuLts. — Our main theorem tells us that conversely these three con-
structions are the only possible ones.

Tueorem 1.1. — Let G = H3(Z) be the discrete Heisenberg group and u be a positive
measure on G whose support S is finite and generates the group G. Then every extre-
mal positive p-harmonic function h on G is proportional either to a character x of G
or to a translate he ,x, © pg of a function induced from a harmonic character of an
abelian subgroup.

Revark 1.2

— Of course the case where p(G) = 1 is the major case. However, even when dealing
with a probability measure p, the induction process forces us to work with positive
measures po which are not probability measures.

JIEP. — M., 2021, tome 8



PosiTive nnarmontic Funcrions oN THE HEISENBERG Group ]

o+
G,

. T

-
G,

GPo

X

(2b)

X
Ho

2b)

Ficure 1.1. In Case (1) and in Case (2b) of Theorem 5.10, no har-
monic function is induced from a character of an abelian subgroup Gj.

Ficure 1.2, In Case (2a), exactly two harmonic functions are induced
from a character of Go =G, and no other. In Case (3a), only one
harmonic function is induced from a character of Gy = Guo and one

or infinitely many are induced from a character of G; =G

Y

(3b)

Myt

Y

(3b)

Ficure 1.3. In case (3b), infinitely many harmonic functions are in-

duced from a character of Go = G, and one or infinitely many are

induced from a character of G; = Gﬂl.

975

— Theorem 1.1 can not be extended to all nilpotent groups G. Indeed, the conclu-
sion of Theorem 1.1 is not always valid for a probability measure p on the nilpotent

group G of rank 4 with cyclic center. See Section 5.5.

JLE.P
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976 Y. Bexoist

Theorem 1.1 has been announced in [2]. It will be proved in Section 4. Indeed it is a
direct consequence of Propositions 4.8 and 4.10. We will give a more precise description
of the extremal positive u-harmonic functions h in Theorem 5.10. In particular, we will
say exactly when and how many of these new examples occur. This is illustrated
in the schematic Figures 1.1, 1.2 and 1.3. In these figures, we have drawn various
cases of semigroup Gf{ generated by S that are described in Theorem 5.10. Note
that the support of a positive p-harmonic function h is invariant by the opposite
semigroup, i.e., by the semigroup generated by S~'. In particular when G: = G,
a positive harmonic function h is either identically zero or vanishes nowhere. Here are
two corollaries of Theorem 5.10 that we will prove in Section 5.4. The first corollary
tells us that these new examples always vanish somewhere.

Cororrary 1.3. Same notation. Let h be an extremal positive u-harmonic function
on G which does not vanish. Then h is a character of G.

The second corollary tells us exactly when no new example occurs. We denote
by G} the semigroup generated by S.

Cororrary 1.4. — Same notation with u(G) = 1. The following are equivalent:

(i) Every extremal positive u-harmonic function h on G is a character of G.
ii) G contains two non-central elements whose product is in Z ~ {0}.
“w

1.4. Previous resurts. — The study of harmonic functions on groups has a very long
history. I will just point out the part of it which is relevant for our purposes.

As a general motivation, let us recall that the bounded p-harmonic functions on
a group G are described thanks to bounded functions on the Poisson boundary of
(G, ). They are used to study random walks on G-spaces. The extremal positive
p-harmonic functions on G are related to the Martin boundary of (G, u). They are
used to study more precisely the behavior of these random walks, see [1], [9], [13]
or [15].

1.4.1. Abelian groups. This part of the history begins with the Choquet—Deny
theorem in [5]:

Let G be a finitely generated abelian group and p be a positive finite measure on G
whose support generates G as a group. Then every extremal positive p-harmonic func-
tion h on G is proportional to a character.

Indeed the proof of this theorem is very short: one notices that the harmonicity
equation (2.1) is a decomposition of h as a sum of positive harmonic functions and
hence all the terms in this sum are proportional to h.

1.4.2. Bounded harmonic functions. — The Choquet-Deny theorem has been ex-
tended to nilpotent groups when p has mass 1 and h is bounded. This is due to
Dynkin and Maljutov in [7]:

Let G be a finitely generated nilpotent group and p be a probability measure on G
whose support generates G as a group. Then every bounded p-harmonic function on G
s constant.

JIEP. — M., 2021, tome 8
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1.4.3. When S generates G as a semigroup. The Choquet—-Deny theorem has also
been extended to nilpotent groups for A unbounded under an extra assumption. This
is due to Margulis in [12]:

Let G be a finitely generated nilpotent group and u be a positive measure on G
whose support generates G as a semigroup. Then every extremal positive p-harmonic
function on G is proportional to a character.

1.4.4. The Heisenberg group. — The main significance of our Theorem 1.1 is that
even though the Choquet—Deny theorem can not be extended to finitely generated
nilpotent groups without this extra assumption, for the Heisenberg group one can
describe all the positive harmonic functions. Note that, because of Margulis theorem,
most of our paper will deal with a positive measure whose support generates G as a
group but does not necessarily generate G as a semigroup.

Many recent works focus on the random walks on the discrete Heisenberg group G
as in [3], [6] and [8], or on nilpotent groups as in [4] and [10], or on the geometry of
words in G as in [11] and [14]. We mention these related results even though we will
not use them.

1.5. Strarecy oF ProoOF. — We now explain the strategy of proof of Theorem 1.1 and
the organization of the paper.

In Section 2, we recall well-known facts on positive harmonic functions and nota-
tions for the discrete Heisenberg group G and its positive measures p with a finite
support S.

In Section 3, we begin the proof of Theorem 1.1. When A is an extremal pg-harmonic
function on G, we merely focus on the equality h(g) = P;h(g), where the right-hand
side is written as a weighted sum of values h(wg) for words w of length n in S,
as in Equation (2.2). In Lemmas 3.1 and 3.2, we check that when the contribution
in this sum of the words w whose letters are in a proper subgroup of G, is not
negligible, then h is an “induced harmonic function” In Lemma 3.10, we prove a
useful generalization: we allow w to be a concatenation of k& subwords whose letters
are in a proper subgroup with £ > 1 fixed. The proofs are very general and do not
assume G to be nilpotent.

In Section 4, we assume that “h is not induced”, and we want to prove that h is
invariant by the center Z of GG. The main idea is to construct a symmetric relation %,
among the words in S™ such that two related words w and w’ have same weight and
their image w and w’ in G differ by a non-trivial element z of Z. A key point is
to be able to compare the number of words related to w and the number of words
related to w’, see Lemma 4.4. This allows us to prove that h is proportional to one
of its translate h., see Proposition 4.3. The last step is to prove that h is indeed
equal to its translate h,. This is done in Propositions 4.8 and 4.10. The key point
there, Lemma 4.11 is based on a counting argument that again involves the partition
function. This finishes the proof of Theorem 1.1.

J.E.P.— M., 2021, tome 8



978 Y. Bexoist

In Section 5, we give a complete classification of the extremal py-harmonic functions
that are “induced from a character”, see Theorem 5.10. Their existence is an important
new feature of this article. The proof of this classification in Propositions 5.1, 5.4
and 5.5 uses a transience property for random walks on Z similar to the large deviation
inequality, see Lemma 5.3.

In the last Section 5.5, we explain how to construct, for a rank 4 nilpotent group,
new extremal positive p-harmonic functions that are not induced.

2. NOTATION AND PRELIMINARY RESULTS

We introduce in this section notations that will be used all over this article.

2.1. THE coNE OF p-HARMONIC FUNCTIONS. — We first recall classical facts on positive
p-harmonic functions.

Let G be a finitely generated group and u be a positive measure with finite support
S C G. We denote by G: the subsemigroup of G' generated by S and by G, the
subgroup of G generated by S.

A positive function h : G — [0,00[ is said to be p-harmonic if it satisfies the
equality

(2.1) h = P,h, where P,h:g+— Z,ush(sg).
seS

A non-zero positive p-harmonic function is said to be extremal or p-extremal if every
smaller positive p-harmonic function A’ < h is a multiple of h.

A function h is said to be u-superharmonic, respectively p-subharmonic, if it sat-
isfies the inequality h > P, h, respectively h < P, h.

We will often write the n*™ power of the operator P, under the form

(22) Pih(g) = Y puwhl(ig),

weSs™

where, for a word w = s1...s, € S™ of length ¢,, = n, the constant u,, > 0 is
the product g, := ps, ---ps, > 0 and where the element w € G is the product
W= 818, in G.

Let ji‘f be the convex cone of positive p-harmonic functions h on G and & be a
Borel set of extremal u-harmonic functions containing exactly one function in each
extremal ray of %"’. We endow %’jf with the topology of the pointwise convergence.
When G} = G the cone J£," has a compact basis, this means that there exists a
compact subset of 7, that meets all rays of . In general, the cone .7," might not
have a compact basis but it is well-capped, this means that it is a union of closed convex
subcones t%‘irl with compact basis such that %‘jj‘ \t%’irz is also convex. This cone %’jj‘
is also reticulated, this means that every two positive y-harmonic functions hy and hs
admit a maximal py-harmonic lower bound h,, and also a minimal g-harmonic upper

JIEP. — M., 2021, tome 8
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bound hjs. Indeed one has

hm = lim PJ(min(hi, he)) >0 and

n—o0

hy = lim Pg(max(hl,hg)) < hy + he < .

n—roo

By the Choquet theorem, it is enough to describe the extremal rays of this
cone %’jj‘. Indeed, since f%’jf is well-capped, this theorem tells us that every positive
w-harmonic function h can be written as an integral of non-proportional extremal
p-harmonic functions: h = fg fda(f), for a positive measure « on the set &.

Since %’if is reticulated, this theorem also tells us that such a measure « is unique.

In this paper a character will always mean a multiplicative morphism y : G — Rsg.
A character x is p-harmonic if and only if it satisfies the equation »_ ¢ us x(s) = 1.

2.2. Harmonic cuaracrers. — We discuss here harmonic characters on nilpotent
groups.

Let G be a nilpotent finitely generated group and p be a positive finite measure
on G with finite support generating G.

Lemma 2.1. — Every p-harmonic character of G is an extremal positive p-harmonic
Sfunction.

Proofof Lemma 2.1. — Let x be a y-harmonic character such that y = b’ + h” with
both A’ and A" positive and p-harmonic. We want to prove that the function o=
X 1h’ is constant. We notice that the measure ji := yu on G is a probability measure
and the function A’ is a bounded p-harmonic function. Therefore by Dynkin—Maljutov
theorem, see Section 1.4, the function 1 is constant. O

2.3. Tur IHEISENBERG GROUP. We gather here notation that we will use in this
article for the discrete Heisenberg group.
Recall that the discrete Heisenberg group G := H3(Z) is the set Z3 of triples seen

lzz
as matrices (z,y, z) := (0 1 y) It is endowed with the product
001

(2.3) (x,y,2) (2,9, 2 )= (x+2",y+y, 2+ 2 +zy).

We will denote by 0 := (0,0,0) the identity element of G, and by z; the generator
20 := (0,0, 1) of the center Z of G.

For two elements g = (x,y,2), ¢ = (¢/,y,7') of G, we will denote by ¢4 4 the
integer ¢g o = xy’ —ya’ so that

(2.4) 99’97 g " =z

Let G := G/Z ~ Z? be the abelianization of G that we embed in the real vector
space V := G @z R ~ R2.

Let 1 be a positive measure on G with finite support S. We denote by i the image
of in G and by S its support.

J.E.P. — M., 2021, tome 8



980 Y. Bexoist

We denote by V,, the vector subspace of V' generated by S and by V/f the smallest
convex cone of V' containing S. Note that, when G, = G, one always has V, =V,
and, when G} = G, one always has V,} = V.

The description of %"’, when G, = G will heavily depend on the shape of Vlj‘.
We will often distinguish the three cases:

(2.5) Vlf = the plane, a half-plane, or a properly convex cone.

3 INI)UCI‘]I) HARMONIC FUNCTIONS

In this section we present general facts on p-harmonic functions on a finitely gen-
erated group G. These facts will be particularly useful when G is the Heisenberg

group.

3.1. CONSTRUCTION OF INDUCED HARMONIC FUNCTIONS. — The following lemma gives us
a method to construct p-harmonic functions starting from a harmonic function for a
smaller measure pg. This lemma will be mainly useful when g is the restriction of p
to a proper subgroup Gy.

Let G be a finitely generated group and p and pg be positive measures on G with
finite support such that po < p, i.e., such that p; := p— po is also a positive measure.

Lemva 3.1. — Let hg be a positive pg-harmonic function on G such that the function
h:=sup,>, P/ ho is finite.

(i) Then one has h = lim,,_, P[jho and h is a positive p-harmonic function.

(ii) One can recover hgy from h as ho = limy,_, o0 Pﬁoh.

(iii) Moreover when hq is po-extremal then h is p-extremal too.

When it is finite, the function h will be called induced from the harmonic func-
tion hg.

Proof of Lemma 3.1

(i) We first notice that, since hg = P, ho < P,ho, the sequence P;'hy is increasing.
Hence, when this sequence is bounded it converges to a py-harmonic function.

(ii) Since h=P,h> P, h, the sequence P]}O h is decreasing. Since P[}O h> PZ}O ho=ho,
this sequence PZ}O h converges to a po-harmonic function hy := lim,, P[}O h such that

0 = ho.

We want to prove that the function hj := h{, — hg is zero. Since hg < hj, < h,
one has Pj'hy < P;]h{) < h. Therefore one also has lim, e P[}h() = h and hence
lim,, 00 P]]h{)’ = 0. Since h{ is po-harmonic, this last sequence is increasing and
hence one has hj = 0.

(iii) Assume now that hy is ug-extremal and assume that h is the sum of two positive
p-harmonic functions h = b’ + h”'. We want to prove that h and h’ are proportional.
The functions h{ = lim, e P;}O B and hf = lim,_ o0 PIZLO R are pop-harmonic and,
by (ii), they give a decomposition hg = h{, + hj.

JIEP. — M., 2021, tome 8
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Therefore, one has h{y = A'hg and h{ = \"hg for positive constants A" and A" with
N + X" = 1. One has the inequalities
R > lim P"h{=Xh and A" > lim P’hy = \'h.
n—soo  #'0 nooo PO
Since h = h' + h”, these inequalities are equalities: one has b/ = X'h and h” = X"h.
This proves that the function h is p-extremal. ]

3.2. REcoGN1ZING INDUCED HARMONIC FUNCTIONS. — The following lemma is a converse
of Lemma 3.1. It tells us how to recognize a u-harmonic function that is induced from
a po-harmonic function.

Let G be a finitely generated group and pg < p be positive measures on G with
finite support.

Lemva 3.2 Let h be a positive u-harmonic function on G such that the function
ho :=inf,,>; Pﬁoh 1S mon-zero.

(i) Then one has hg = lim,_ o P,foh and hg is a positive pg-harmonic function.

(ii) One has the inequality h > lim,, o P/ ho.

(iii) Moreover when h is p-extremal, one has the equality h = lim,, _, oo Pl ho and hg
is po-extremal too.

In particular, when h is p-extremal, hgy is supported by a translate G%g of the
subgroup G, -

Proofof Lemma 3.2. — The argument is very similar to that of Lemma 3.1.

(i) Since the function h is positive and p-harmonic, the sequence P;‘Oh is positive
and decreasing. Hence it has a limit hy which is pg-harmonic.

(ii) By assumption, this limit hg is non-zero. By construction, one has the inequality
h = hg. Since h is p-harmonic, the sequence P/'hg is bounded by h and, by Lemma 3.1,
the limit A/ := lim,,_y oo Pﬁho exists, is pu-harmonic and is bounded by h.

(iii) Assume now that h is p-extremal. Then one has h’ = Xh for some constant
A > 0. Again by Lemma 3.1, one also has
(3.1) hy = nh_}n;@ P:O B o=\ nh_{lgo P;foh = MNho.

Therefore one has \' = 1.

It remains to check that hg is pg-extremal. Assume that hg = h{,+ h{ with both hj,
and hg positive pig-harmonic. The limit A" := lim,, o P}hg is a p-harmonic function
bounded by h. Hence one has h’ = \’h and by the same computation as (3.1), one
gets hj = X’hg. This proves that hg is extremal. O

The following definition relies on the previous lemmas:

Derintrion 3.3. — A p-harmonic function h on G is said to be induced from a sub-
group Gy if
(3.2) lim P h#0,

n—oo Ho

where pg is the restriction of p to Gy.

JE.P.— M., 2021, tome 8



982 Y. Benorst

By Lemma 3.2, when h is p-extremal this limit (3.2) is equal to hg o g, where g
is in G and hg is an extremal pg-harmonic function supported on Gy. Therefore one
has h = hGo’ho o pg, Where hgg,ho = lim,, oo P;‘ho. In this case the function h is a
translate of the harmonic function induced from hgy. Equivalently, the function h is
induced from hg o pg.

Derinition 3.4. — A p-harmonic function is said to be induced, if there exists a
subgroup Gq of infinite index in G such that h is induced from Gj. It is said to be
non-induced otherwise.

Remark 3.5. — The reason why we require in this definition Gg to have infinite index
will be explained in Lemma 4.1. A posteriori, for an extremal positive p-harmonic
function h on the Heisenberg group G with G, = G, this requirement is not so
useful. Indeed, by Corollary 3.6, the characters of G are not induced from proper
finite index subgroups. Moreover, by Definition 3.3, if h is induced from an infinite
index subgroup Gy, it is also induced from all the finite index subgroup of G that
contain Gy.

Cororrary 3.6. — Let G be a finitely generated group and p a positive measure on G
with finite support such that G, = G. A p-harmonic character x of G is never induced
from a proper subgroup Gy C G.

Proof. Since G, = G, the restriction pg of 1 to Go satisfies g < p. Since x is a
character, one has P, x = ax with some constant o > 0. Since P,x = X, one has
a < 1. Therefore, one has lim,,_, o, PZ}OX = 0, and the p-harmonic function x is not

induced from Gy. O
3.3. DousLe inpuction. — The following lemma tells us that two successive induc-

tions of a positive harmonic function is equivalent to a direct induction. Let G be a
finitely generated group.

Levva 3.7, — Let po < pgy < p be positive measures on G with finite support. Let hg
be a positive pg-harmonic function on G. The following are equivalent:
(i) the function h :=lim,_ Plhg is finite.
(i) the functions hj = lim,_ oo Pl ho and h' = lim,, o Pjhy are finite.
0

In this case, the two induced p harmonic functions are equal h = h'.
Proof'of Lemma 3.7
(i) = (ii) Since hg < h, one has the inequalities Pliho < Pjih < Pith = h and

hy < h. Therefore, one also has the inequalities P;'hy < Pjth = h and h' < h.
(ii) = (i) Since hg < hy, one has Pjho < Pjthg and h < /. O

JIEP. — M., 2021, tome 8
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3.4. INDUCTION OF CHARACTERS. We give now a few conditions that have to be
satisfied in order for the induction of a harmonic character to be a finite function.

Let G be a finitely generated group and p be a positive measure on G with finite
support S such that G = G,,. We write pt = po+ 1 as a sum of two positive measures
and set Sp := supp po and Go := G, . Let xo be a po-harmonic character of Gy that
we extend by 0 as a function on G. We denote by

Z(Go) :=={g € G| gg0 = gog for all go in Go}
the centralizer of G in G, and by

Ne(Go,x0) = {g € G | gg0g '€ Go and x0(9909 ") = x0(g0) for all go in Go}

the normalizer of (Go, xo0) in G.

Lemwia 3.8. — If the induced p-harmonic function ha, y is finite, then:

(i) The measure ug is the restriction of p to Go and So = S N Gp.
(ii) The subgroup Go has infinite index in G.

(ili) One has G} NGy = 2.

(iv) One has G| N Zg(Go) = 2.

(v) One has G} N Ng(Go,x0) = 2.

Remark 3.9

— In particular, the supports Sy of pg and S of p1 are disjoint and the semigroup
G,le does not meet the center Z of G.

— Note also that if one wants hg
generated by Sp. Indeed if this is not the case, the pg-harmonic character xq is not

0Xo [0 be p-extremal, the group Gy must be
po-extremal and, by Lemma 3.2, the function h¢ ,y, is not u-extremal.

— The above conditions are not the only necessary conditions, as we will see in
Section 5.

Proof of Lemma 3.8

(i) This is equivalent to 1 (Go) = 0 which follows from (iii).

(ii) This follows from (iii). Indeed pick an element s; in the support of u, if the
index were finite, there would exist a positive power s¢ belonging to Gj.

(iii) This follows from (v) because Gy C Ng(Go, xo)-

(iv) This follows from (v) because Zg(Go) C Na(Go, Xo)-

(v) This point is the main content of Lemma 3.8. We proceed by contraposition.
Let S; be the support of p; and wy = s1...8¢ € Sf, with ¢ > 1 be a word such
that wq belongs to Ng(Go, x0)-

The proof relies on a cautious analysis of the words that occur in Equality (2.2).
We recall the notation Piw, = s, Pi,s, > 0. We will denote Py, for the operator
of left translation by 1wy := s1-- s, € Gj it is given by P, h(g) = h(usg) for all
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function i on G and all g in G. One computes

Pt xotin ) = Y i, B Puy P xoir )

1<i<n

= Z Ml’wlebO PleO(wl—l) because Yo is fto-harmonic

1<ign
| .
= E H1w, E 110,uw, Xo(W1towy ) by definition of P,
1<i<n w, €5

= g B ,w, E Mo,wOXO(wo) because w; normalizes g
1<i<n w, €5}

= Z ,ul,wlx()(O) =np1,w, because xo is po-harmonic.

1<isn
This goes to infinity with n, and the induced function is not finite. |
3.5. NEGLIGIBLE TRAJECTORIES. We now discuss a lemma on non-induced extre-

mal positive p-harmonic functions. This lemma will be useful for the proof of the
Z-semiinvariance of these functions on the Heisenberg group.

Let G be a finitely generated group and g be a positive measure on G with finite
support S generating G.

For every word w = s1...s, € S™, we define k,, > 0 to be the smallest integer k
for which we can write w = wg...wy as a concatenation of strongly non-generating
subwords w;. Strongly non-generating means that there exists an infinite index sub-
group G; of G containing all the letters s; occurring in the subword w;. The following
lemma tells us that the words with k,, bounded are negligible in the sum (2.2) for a
non-induced p-harmonic function.

Lemma 3.10. — Let h be a non-induced positive p-harmonic function on G Then,
forall k >0, and g in G, the partial sums

(3.3) Liik(9) = ) puhlibg)

wesS"
kw<k
converge to 0 when n — co.
Proofof Lemma 3.10. — Fix g in G. For w in S™ we introduce the maximal strongly

non-generating suffix o of w. Suffix means that one can write w = w’c. We denote by
So,w the set of letters of o and by £ ., the length of o. Since there are only finitely
many subsets Sy of S, we can write I, x(g) as a finite sum I, x(g) = ZIW“SO (9),
where I, ks, (g9) involves the words w for which Sy, = Sp. Here this finite sum
is indexed by the subsets Sy of S that generates an infinite index subgroup of G.
We argue by induction on k.

First assume k = 0. — For such Sg C S one has

Tnoss,(9) < D tw, hltiog) = P h(g),

w, GSSL
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where p is the restriction of p to Sy. By Definitions 3.3 and 3.4, since h is non-
induced and since Sy generates an infinite index subgroup of G, the sequence P[L‘O h(g)
converges to 0 when n — oo, and the claim (3.3) is true for k£ = 0.

Now assume k > 1. Fix g9 > 0. Since h is non-induced, as above, we can choose £
such that, for any subset Sy of S that generates an infinite index subgroup of G, one
has Pﬁg h(g) < eo, where pug is the restriction of p to Sy. We decompose the sum
Ink,s,(g) as a sum of two terms

Ine,s,(9) = Tn ks, 0, (9) + I ks, 0, (9);
where I;L’k15.07£0 (g) involves the words w for which ¢, > ¢y and 17/1/-,16,30,50 (g) involves

the words w for which £ ,, < 4.
Bounding I},. One computes, using the p-harmonicity of h,

Les, e, (9) <D pwy D, hlintog)

wOGSf;O w, €S0
< E fw, h(tog) < 0.
woeSf;“

Bounding I)/. One decomposes Ig,k7307e0 as a finite sum
1" _2 : "
In,k,SO,KO (g) - Mo n,k,a(g)
g

over the finitely many words o of length ¢ < ¢y, where

;L/J{:,O'(g) < Z [ h(W' G g)
w’eS"—“,kwxgk—l
< In_¢r-1(d9).

Therefore by the induction hypothesis one has lim,, ., I/, _(g) = 0. Since gy can be

n,k,o
chosen arbitrarily small, one deduces that lim,, o I x(g) = 0. O
3.6. When G:[ MEETS THE CENTER. — There is a simple case where the semiinvariance

of p-harmonic functions is easy to prove, namely when G:[ meets the center.
Let G be a finitely generated group, Z be the center of G and u be a finite positive
measure on G.

Lemva 3.11. — Assume that an element z of Z belongs to the semigroup Gj;. Then,
for every extremal positive p-harmonic function h on G there exists a constant ¢ > 0
such that h, = qh.

We recall that h, is the function g — h(gz).

Proof'of Lemma 3.11. — This is a slight generalization of the Choquet-Deny theorem.
Let n > 1 be an integer such that z is in the support of x*". The equality h = P]h
is of the form h = ah, + I/, where a > 0 and h’ is a positive function. Since the
function h, is also p-harmonic, the extremality of h implies that h, is proportional
to h. |
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4. Z-INVARIANCE OF HARMONIC FUNCTIONS

In all this section we keep the following notation:

G is a finite index subgroup in Hs(Z), Z is the center of G,
(4.1) W is a positive measure with finite support S such that G, = G,
h is a positive p-harmonic function on G.

In this section we will mainly focus on non-induced p-harmonic functions (see Defi-
nitions 3.3 and 3.4) and we will prove that they are Z-invariant.
We begin by a lemma that explain our choices in Definition 3.4.

Lemma 4.1. The positive p-harmonic function h is non-induced if and only if
limy, 00 Py h = 0, for all restriction po of p to an abelian subset So of S.

Proof. — By Definition 3.4, “h non-induced” means that h is non-induced from an
infinite index subgroup Gy of G. Note that the subgroups Gy of infinite index in G
are exactly the abelian subgroups of G. Indeed any two non-commuting elements of
H3(Z) generate a finite index subgroup of H3(Z). O

Remark 4.2. — A finite index subgroup G of H3(Z) is not always isomorphic to
H3(Z), but it contains a finite index subgroup that is isomorphic to H3(Z). Extending
our theorem 1.1 to these groups G would be straightforward but not so interesting.

The main reason we want to work with this slightly larger class of group G in this
section is that, in the “proof by induction” of Proposition 4.10, we need to apply the
“induction hypothesis” to a finite index subgroup of G.

4.1. SEMIINVARIANCE OF HARMONIC FUNCTIONS. In this section we prove that h is
semiinvariant by one central element. The proofs below are self-contained. They are
inspired by the more intuitive proofs for the south-west measure in [2] that rely on
Young diagrams.

Prorosrrion 4.3. Keep notation (4.1) and assume that h is p-extremal and non-
induced. Then there exist z # 0 in Z and q > 0 such that h, = qh.

Proof of Proposition 4.3. — By Lemma 3.11, we can assume SN Z = &.
For n > 2, we introduce a symmetric relation on S™ given by
R, = {(w,w'") € S™ x 8" | w = wpss'w;, and w' = wys’swy(,, where
wo € S, wy € "2 s S, 5 €8 with ss’ # s's).

This means that w and w’ are obtained from one another by switching two consecutive
non-commuting letters. For a word w € S™ we let

ky = the number of pairs of consecutive non-commuting letters in w.

Since G is the Heisenberg group H3(Z) and since S N Z = @, this number k,, is the
same as the one occurring in Lemma 3.10. Indeed, there exists a unique partition
S = SyU---US, of S such that two elements s, s’ of S commute if and only if
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they belong to the same S;. To go on the proof of Proposition 4.3, we will need the
following two lemmas.
We set pg := max, |cs,s’|, where the integers ¢, o are defined in (2.4).
s,8’'€

Levma 4.4. For (w,w") € %y, one has
(i) w =w'zl for some integer p with 0 < |p| < po,
(i) pwr = Haws
(iii) |kw — kw| < 2.

Proofof Lemma 4.4

(i) This follows from the equality ss’' = s's 25" .

(ii) The same letters occur in w and w'.

(iii) The pairs of adjacent letters in w and w’ are the same except for at most two
of them. m

Levva 4.5, — For g in G, one has h(g) < 220 p1<p, M209)-

Proof'of Lemma 4.5. — Replacing h by its translate hy, we can assume that g = 0.
We want to prove that the following difference is non-positive:

D:=h(0)— > h(zh) <.
0<|pl<po
Using notations (2.2), we compute D as
D= Z pwh(w) — Z Z fraw B (0" 2).
wesn 0<|p|<po w'€S™

We fix gg > 0and kg > 2+ 260_1. By Lemma 3.10, one can find an integer n > 1 such
that the first sum limited at the trajectories w for which k,, < kg is bounded by &q.
Using the fact that, for w in S™, the fiber

{(’LU,’LU,) | ’LU/ € Sna (’LU,’[U/) € '%H}
of the maps %, — S™; (w,w') — w has cardinality k,,, one gets
Hoaw . M’ .
D < €0 + Z <k;7 h('lU) — K ZO<|P|<}70 h(wlzg))
(w,w")eZ,,, w w
kw=ko

By Lemma 4.4, the element w is equal to at least one of those w'z}, therefore one

gets
kw/ - ku} .
D < w——— h(w).
€o + E H T (w)
(w,w/)e%n,
kw Zko

By Lemma 4.4, one has |k, —ky| < 2, and 2/k, < 2/(ko—2) < €9, and

D<so+eo ., Eohw).
(w2 w")eR,, w
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Using again that k,, is the cardinality of the fiber and using the harmonicity of h, one
gets
D <eg+eg Z ph () = g9 + 0 h(0).

wes™
Since €¢ can be chosen arbitrarily small, this gives D < 0 as expected. O
End of proof of Proposition 4.3. — Lemma 4.5 tells us that there exists a finite subset
F c Z ~ {0} and a positive g-harmonic function »’ such that

> he=h+h.

zEF
Since the cone %”M‘”‘ is well-capped and reticulated, both the function A’ and the sum
> .cr h. admit a unique desintegration in p-extremal functions (see Section 2.1).
Hence, since all the positive g-harmonic functions h and h, are u-extremal, the func-
tion h has to be proportional to one of these translates h,. O

Remark 4.6. We now want to deduce from the semi-invariance of h proved in
Proposition 4.3, the Z-invariance of h. This is not a general fact. Indeed, the harmonic
function h in Case (3b) of Theorem 5.10 can be Z-semiinvariant but is not Z-invariant.
Hence, we have to use once more the assumption that & is not induced. One technical
difficulty comes from the fact that, when G:j # @, the cone L%’jj‘ often does not have
a compact basis. This prevents us from using the same arguments as in [12].

4.2. Z-INVARIANCE AND Z-INVARIANCE. — We first notice that in order to prove the
Z-invariance of a positive py-harmonic function i on the Heisenberg group G, it is
enough to check that it is invariant under one non trivial element of Z.

LEmma 4.7, Keep notation (4.1) and assume that there exists z # 0 in Z such that
h, = h. Then h is Z-invariant. In particular, if h is p-extremal, it is proportional to
a p-harmonic character of G.

Note that in this lemma the positive py-harmonic function h is not assumed to be
p-extremal.

Proofof Lemma 4.7. — We write z = z!. We can assume that p is the smallest positive
integer for which h, = h. We can also assume that h is extremal in the convex cone

", := {positive, p-harmonic and z-invariant functions on G}.
Therefore the functions h,:, for ¢ = 1,...,p, are non-proportional functions which
0

are extremal in this cone, and the function f :=h, +---+ hzg is p-harmonic and
Z-invariant.

We claim that f is extremal among the p-harmonic functions on G/Z. Indeed,
assume that one can write f = f/ + f” with both f’ and f” positive, y-harmonic and
Z-invariant. We argue as in the proof of Proposition 4.3 with the well-capped and
reticulated cone %”M"’Z Both the function f’ and f admit a unique desintegration in
extremal functions in this cone (see Section 2.1). Hence, since all the functions h, are
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extremal in this cone, one must have f' =", <i<p )\ihzé for some constants \; > 0.
Since f’ is zp-invariant, all these constants are equal to some A > 0 and one has
/= Af. This proves that f is extremal among the p-harmonic functions on G/Z.
Since G/Z is abelian, by the Choquet—Deny theorem, this function f is a p-har-
monic character of G. Therefore, by Lemma 2.1, this function f is p-extremal and
one has p = 1. This means that h is Z-invariant. O

4.3. Z-INVARIANCE WHEN Vlj' CONTAINS A LINE. — In this section, we finish the proof
of our main Theorem 1.1 when the cone V;’ is the plane or a half-plane, see (2.5).

Provosition 4.8. — Keep notation (4.1), assume that the cone V5 contains a line
and that the u-harmonic function h is not induced. Then h is Z-invariant.

Proofof Proposition 4.8. — We can assume that h is p-extremal and apply Proposi-
tion 4.3. Then our claim follows from the following slightly stronger Proposition 4.9.
This stronger version will also be useful in Section 5. ]

Provosrrion 4.9. —  Keep notation (4.1) and assume that the cone V.5 contains a
line. Assume also that there exists z # 0 in Z and q > 0 such that h, = qh. Then the
function h is Z-invariant.

Proof'of Proposition 4.9. — According to Lemma 4.7, it is enough to prove that ¢ = 1.
Replacing h by a multiple of a suitable translate, we can assume that h(0) = 1.
Replacing z by its inverse if necessary, we can also assume that ¢ > 1. Since the
cone VI contains a line, there exists two words wo in S and wy in S5m0 whose
product is in the center:

oy = 2% for some a in Z.

Since the cone V,j‘ is not a line, there exists also a word w; in S™ such that

b

(4.2) o gty = 2 for some b > 1.

Note that one might have to switch wy and wy to ensure that b > 1.
Assume, for a contradiction, that g # 1, so that ¢ > 1. Choose an integer ¢ > 1
such that C' := fuy, fuy ¢t > 1. Notice the equality, for all k > 1,
(4.3) wh wf "y = zak Ok,
Note that both Equations (4.2) and (4.3) rely on the bilinear formula (2.4) for the
commutators in the Heisenberg group. Now we can compute with n := kno+fni+kng,
h(ui ") = Pih(uy”)
E 0  k ko0 sk . g
> :U‘wo :u’wl :u‘wé h(wo’wl w6 wy )
ko 6k _ak+blk ¢ Ak
2 oy Mo, oy @° " = i, O
Since C' > 1 and since this inequality is valid for all integer k£ > 1 one gets a contra-
diction. This proves that ¢ = 1. |
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4.4, Z-INVARIANCE WHEN V/f CONTAINS NO LINE. In this section, we finish the proof
of our main Theorem 1.1 when the cone Vj is properly convex, see (2.5).

Prorosirion 4.10. — Keep notation (4.1), assume that V5 contains no line and that
the p-harmonic function h is not induced. Then h is Z-invariant.

Beginning of proof of Proposition 4.10. — The proof is by induction on the cardinality
of the support S of pu, simultaneously for all the finite index subgroups G of H3(Z).
We will use the induction hypothesis inside the proof of Lemma 4.12. We begin the
proof by a few reduction steps.

First step. — We can assume that h is p-extremal. Indeed by Definitions 3.3 and 3.4,
almost all the p-extremal p-harmonic positive functions f that occur in the desinte-
gration h = [, fda(f) of h are non-induced. In this case, by Proposition 4.3, there
exist z =z} # 0 in Z and ¢ > 0 such that h, = gh. According to Lemma 4.7, it is
enough to prove that g = 1.

(a) We can assume z = zy. Because we can replace h by the function f := ¢, 1hzo +
-+ +qo "hzr, where go > 0 is chosen so that g = ¢. This function f is y-harmonic
and Z-semiinvariant. It might not be p-extremal, but this property will not be used
in the argument below.

(b) We can assume SN Z = @. Indeed, by (a), if pz is the restriction of u to
the center, one has Pﬂzh = M\h for a constant 0 < A < 1. But then the function h
is harmonic for the measure (1 — A\)~!(u — pz). It might not be extremal for this
measure, but, as we just said, this is not important.

(¢) We can assume h(0) = 1. Because we can replace h by a multiple of a suitable
translate.

(d) We can assume q < 1. Because we can replace the generator zg by its inverse.
We are now looking for a contradiction.

Second step. — We now can enter the key argument of the proof. Since the cone V;‘
is properly convex and since SN Z = &, we can find a partition of the support of u
in two non-empty subsets

(4.4) S=51U5;,
such that
(4.5) Cs1,s, = 1 for all s; in Sy and sy in Ss.

The partition (4.4) is given by a suitable decomposition V- = V;* U V" of the
properly convex cone V/f in two cones V1+ and V2Jr of disjoint interior so that the
inequalities (4.5) will follow from the bilinear formula (2.4) for the commutators in
the Heisenberg group.

We will use the decomposition p = py + p2, where g := 1g p and where
p2 := 1g, p. The proof again starts with the equality (2.2) which tells us that, for
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alln>1

)

(4.6) 1=h(0)= Y pmuwh(i).

weSsn

We cut this sum into pieces parametrized by pairs (w1, ws) € S7*x552, with ny +ns =n.
We define

By, w, = {w € S™ containing w; and wsy as subwords}.
For instance when wy; = 11 and wy = 23, one has

B, ., = {1123,1213,1231, 2113, 2131,2311}.

This allows us to write the above sum (4.6) as

(4.7) 1= > > Y > pwh(ib).

ny N, =n w €S w, €552 WEBW, w,

For every w in By, w,, we write, using iteratively (2.4) and (4.5),

(4.8) W = w2, for some integer n,, > 1.

Then Equality (4.7) becomes

4y 1= Y Y Y bt (X o)
ny Ny =n w, eS7 w, €552 WEBuw, w,

To pursue our analysis, we will need the following lemma which bounds this last sum.

Levwa 4.11. — For all wy in S7* and wo in S5, one has
(4.10) Y d"<nl@) 7t <o,
wEBw w
172
where n(q) := [ (1 —¢*) > 0.
i>1

Note that this upper bound does not depend on (wq, ws).

Proofof Lemma 4.11. — For each word w = s1 ..., in By w,, we set
my = |{(i,j) | 1<i<j<n and s; €51, s; €S2}
Condition (4.5) implies that
My < Ny for all win By L, -

A word w = s1...8, in By, w, 1s determined by the increasing sequence 1 < i; <
ig < -+ <ip, < nof places i where s; belongs to Sz, and m,, is given by

Moy = (in, =n2) + -+ + (i2=2) + (i1 —1).
Therefore, for all m > 1, the number

p(n1,na,m) == [{w € By w, | My =m}|
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is equal to the number of partitions of m by ns non-increasing integers ax, ..., ay,,
bounded by n;:

p(ni,na,m)={n1>a1 > >a, >0 and m=ay+ - +an,}|
This quantity is bounded by the partition function
|{a1/~~ ap > --->0 and m:a1+~~+ak+-~~}|.

The generating function of the partition function is
S pm)gm =[]0+ ¢ +¢*+-)=][a-¢) " =n@"
m=0 i>0 i>0

We now collect the sequence of inequalities we have just proved

o< Y g™ = plni,ng,m)g"

WEBw w, WEBw w, m2=0
<Y pm)g™ =nlg) ™
m>=0
and we obtain the bound (4.10) we were looking for. O

Ind of proof of Proposition 4.10. — We plug Inequality (4.10) in Formula (4.9) and
we obtain, for all n > 1

(4.11) > BrPh(0) = n(g) > 0.
n +n27n
This contradicts the following Lemma 4.12 O

Lemma 4.12. — With the same notation. In particular p = py + pe with S1 and So
disjoint, and h is a non-induced p-harmonic function on G.

(a) One has lim,, PIZ h =0 and lim,,_, Pﬁzh =0.

(b) One also has
(4.12) lim Y PUPh=0.

n—00
"y +n2 =n

Proofof Lemma 4.12
(a) Let us prove it for p;.

— If Sy is abelian, this follows from the assumption that A is non-induced.

— If 51 is not abelian, we will use our induction hypothesis. Assume, for a contradic-
tion, that the pi-harmonic function A’ := lim, Pﬁlh is non-zero. By Lemma 3.2,
this function b’ is pi-extremal and satisfies
(4.13) lim P"h' h.

n—r oo
By Lemma 3.7, this p;-harmonic function A’ is not induced and, since S; is smaller
than S, the function A’ is a pi-harmonic character of the group G, - Since this
group G, has finite index in the group G, Lemma 3.8 (ii) tells us that the function
lim,, o Pjh" is not finite. This contradicts (4.13).
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(b) The argument is the same as for Lemma 3.10, but is simpler. We fix g in G and
€0 > 0. According to point a), there exists N7 > 1 such that Pl{\lilh(g) < gg. Let I, be
the left-hand side of (4.12). We decompose I,,(g) as the sum of two terms

In(g) = 1:(9) + I;/(9),
where I} (g) involves the terms with ny > N; and I)/(g) involves the terms with
ny < N1
Bounding I},. One computes, using the pg-harmonicity of h,

L= Y. PNESPEN)

n’l +n,=n—N,
< PP Nih(g) = Ph(g) < 0.

Bounding I//. One decomposes I)/(g) as a finite sum

D)= Y. > pw B " (ing)

n, <N, w, ES?I

over the finitely many words w; of length n; < Nj. By point a), all terms of the sum
go to 0 so that one has lim,_,o I//(g) = 0.
Since g can be chosen arbitrarily small, one gets lim,, o, I,,(g) = 0. ]

This ends the proof of Proposition 4.10. We can now complete the proof of our
main theorem 1.1.

Proof'of Theorem 1.1.. — Let h be an extremal positive y-harmonic function on G.
By Propositions 4.8 and 4.10, either h is Z-invariant or h is induced.

Assume first that A is Z-invariant, then h is an extremal positive harmonic function
on the abelian group G/Z and, by the Choquet—Deny theorem (see Section 1.4), h is
proportional to a character of G.

Assume now that h is induced. Since h is extremal, as we have seen in Lemma 3.2
and Definitions 3.3 and 3.4, there exist an infinite index subgroup Gy of G and an
extremal pg-harmonic function on Gg, where g is the restriction of y to Gg, such
that the function h is a translate of the function h¢,_, induced from hg. Since G is
the Heisenberg group, this group G is abelian and, by the Choquet—Deny theorem,
the extremal pp-harmonic function hg is proportional to a character of Gy. O

5 EX[STEI\CE OF INDUCED HARMONIC FUNCTIONS

In this section, except for Section 5.5, we will keep the following notations:

G = H3(Z) is the Heisenberg group, Z is the center of G,

W is a positive measure with finite support S such that G, = G,
So C S is a maximal abelian subset, pg := 1s, 1, Go = G#O ,
Xo s a po-harmonic character of Gy and py = p — po-

(5.1)

By Theorem 1.1, we know that an extremal positive p-harmonic functions on G
which is not proportional to a character is proportional to a translate of an induced
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p-harmonic function of the form hg, ,. Note that the maximality of Sy is guaranteed
by Lemma 3.8 (iv).

We will give in this section a necessary and sufficient condition for the induced
p-harmonic function hg, y, to be finite.

In Lemma 3.8 (iv), we have already found that the following condition is neces-
sary: G/J; N Zg(Go) = @. Since V,, is a line, one can check that this condition is
equivalent to:

(5.2) S1NZ=2 and V:; NV, =1{0}.

We will assume that it is satisfied. We distinguish two cases according to the rank of
the abelian group Gjy.

5.1. InpuctioN oF cHARACTERS WHEN rank Gg = 1. — In this section we give the nec-
essary and sufficient condition for the induced function he, , to be finite when the
rank of Gg is 1.

Note that, since Sy is maximal abelian in S, one has the equivalence:

rank Gy = 1 <= Gy N Z = {0}.

Prorosirion 5.1. Keep notation (5.1). Assume (5.2) and rank Gy = 1. Then the
induced harmonic function h := hg s finite if and only if the probability measure
Lo := Xopo on G is not centered.

Remark 5.2

— The measure figp = xolo is a probability measure because xq is a pg-harmonic
character.

— The condition fg centered means, as usual, that ZSGSO fo,sS=01in V, where 5
is the image of s in V.

— This condition fig non-centered is always satisfied when Vj contains no line.

Proof'of Proposition 5.1. — Using (5.2) and rank Gy = 1, we can assume that
So C {(2,0,0) |z €2} and S; C{(z,y,2) €G|y=1}.
Let 7 : Go — Z be the morphism given by 7(go) = = for go = (2,0, 0).

First case: when Jig is centered. We fix s; in S; and we compute, as in Lemma 3.8,
forn > 1,

h(si') = Pl xo(si!) = ps, D Pl Po Pl xo(s )

k<n

= ps, 3 PE Poxo(si!) = ps, Y D towxo(s1tbs7 ).

k<n k<nwesk

(5.3)

The words w that contribute to this sum are those with slu')s;lu')_l € Gy, ie,w=0
or, equivalently, 7(w) = 0. Hence letting n go to co, one gets

h(sh) = ps, D > Fowlirm)—o)-

k20 wesk
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If we write w = s1...s, and x; := 7(s;), and if we think of these letters s; as
independent random variables with same law fig, this inequality can be rewritten as
h(sp') = ps, Y Plar 4+ 2 = 0).

k>0
But since the random variables x; € Z are centered, the expected number of passage
at 0 of the walk z; + - - - + x, is infinite, and the function h is not finite.

Second case: when [ig is not centered. — The computation is similar but more involved
since we want to prove finiteness of h(g) at every point ¢ in G.
We want a uniform upper bound for
Pixo(9) = > tw Xo(thg)-

weSsn
The only words w that contribute to this sum are those for which wg is in Gj.
By assumption (5.2), if we extract from w the maximal subword o = s;...s, whose
letters are in Sy, the length ¢ of o is uniformly bounded by an integer ¢y. Therefore
we can split the above sum into a finite sum

Pixo(9) =Y D o Qon—t X0(9),

<Ly UESiZ

where
Qonxolg)= Y. PP, - PP, Pl xo(g)
a,n ot S o™ S o™ S17 g
5.4 o e
o0 = Y PYP, PP xol9)
l"o Sl{ )U'O Sl :
kitetke<n

We want to bound the limit
Qoo (g) = nILrI;o Qo,n X0 (g)

ZZ Z Z ,u'wl"',UszO(Slwl"'Séwég)-

k20 kl>0w1€5’§1 wZES[I;e

(5.5)

For i </, let 0; :=s1---s; € G and b; > 1 be the integer given by
01900, tgo L = 207 790) for all go in Gy,

so that one has

7b1T(’l,i}1)7"'7bgT(U‘)z).

(5.6) S1W1 -+ Sp W g = W1 -+ Wy T g 20

Writing o/ g = go 2§ with go in G and c in Z one gets

Qoo(9) =x0(90) D - D D oo D Foaw,  Fow, Lbyr(in)4tbyr (i) =c}-
k20 k, =0 wlesgl wzes(’jf

If we think of all the letters occurring in one of the words wy, ..., w, as independent
random variables with same law g, this equality can be written as

Qoe(9) = x0(g0) > ... > P(biSis, + -+ beSe, = c),

k, >0 k,>0
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where S; ;= 7(w;). Then the finiteness of Quo(g) follows from the following
Lemma 5.3. O
Levvia 5.3 — Let (X r)i<e, k>1, be independent real variables with same law. Assume

this law has finite support and is not centered. Let (b;)i<e be positive numbers and ¢
be a real number. Set S; , == X;1 4+ -+ X; 1. Then one has

(5.7) D> PO1Suk, e+ beSer, =) < 0.

k20 k20

Proofof Lemma 5.3. — We adapt the classical proof of the large deviation inequality.
We set X = X7,1. Assume for instance that E(X) > 0. One can choose £ > 0 so that
all the expectations
;= E(e™ebiX)
are smaller than 1. Then one computes
P(b1S1k, + -+ beSer, = ¢) BT T T )

— ef¢ E(e—ele)kl _“E(e—sbzX)kg — € allﬂ .. a?e

and therefore, summing all these inequalities, we find the following upper bound for
the left-hand side L of (5.7)

L<e(1—a) ™t (1—a)™! < oo
This ends the proof of the lemma and of Proposition 5.1. g

5.2, INpucTION OF CHARACTERS WHEN rank Gg = 2. — In this section we give the nec-
essary and sufficient condition for the induced function h¢ ,y, to be finite when the
rank of Gy is 2, or equivalently when Gy N Z # {0}.

We split the statement into two cases depending on the shape of the convex
cone V'

Prorosrriox 5.4. Keep notation (5.1). Assume (5.2) and rank Gy = 2. Assume
moreover that the cone Vlf contains a line. Then the induced harmonic function h :=

he, x, is not finite.

Proof of Proposition 5.4. — This follows from Proposition 4.9. Indeed, let z be a non-
zero element of GoNZ and ¢ := xo(z). Assume, for a contradiction, that the function h
is finite. By Lemmas 2.1 and 3.1, this function h is p-extremal. By construction
this function h is semiinvariant: one has h, = gh. Hence by Proposition 4.9, one
has ¢ = 1 and by Lemma 4.7 the p-harmonic function h is Z-invariant. Therefore,
by the Choquet—Deny theorem, this function A is a p-harmonic character of G. But
by Corollary 3.6, a u-harmonic character is never induced. Contradiction. O

Prorosition 5.5. — Keep notation (5.1). Assume (5.2) and rank Gg = 2. Assume
moreover that the cone V/f contains no line. Then the induced harmonic function
h:=hq, y, is finite if and only if

(5.8) there exist so in Sy and sy in Sy such that xo(sos155 “s7') > 1.
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Remark 5.6. Even though we will not use this remark, it is interesting to notice
that, since Assumption (5.2) is satisfied and since the cone VJ is properly convex,
this condition (5.8) is equivalent to

(5.9) for all so in Sy~ Z and s in S1 one has Xo(soslsalsfl) > 1.
Proofof Proposition 5.5. — The calculation is the same as for Proposition 5.1, but

the interpretation is different. Using (5.2) and the proper convexity of the cone VJ‘,
we can assume that

(5.10) So C{(2,0,2) € G|z >0} and Sy C{(z,y,2)€G|y>1}
Let 7 : Go — Z be the morphism given by 7(go) = = for g9 = (2,0, 2).
Proof of =. By (5.10), we know that the half-line VM‘E is extremal in the properly
convex cone V/j. Assume by contraposition, that for all s in Sy and s; in S7 one has
Xo(soslsalsfl) < 1. In particular, one has
(5.11) Xo(s1s7h) = xo(w) for all s; € Sy and w € Sb.

We fix s1 in S; and, using (5.11), we compute, for n > 1, as in (5.3),

h(syh) = s, Z Z 0.0 Xo(s1ts7 )

k<n weSk
> s, D D How Xo() = s, Y x0(0) = np,
k<n wES(’;’ k<n

Letting n go to oo, one gets h(s; ') = oc.

Proof'of <. — As for Proposition 5.1, one can find an integer ¢y and one can split
P;LXO (g) as a sum parametrized by words o = s; ...s, with letters in Sy and ¢ < {y:

Prxo(9) = S0 3 b Qo xolg),  where, as in (5.4),
(<to o€

Qa,nXO(g) = Z P/fjpsz "'Pplfépsl Xo(9)-
kit ke<n
As in (5.5), we want to bound the limit
Qoo(g) = nlggo Qa,n XO(g)'

The only words w that contribute to this sum are those for which wg is in Gy. For i < ¢,
let 0; :=s1--+8; € G and b; > 1 be the integer given by
0 9o Ui_lgo_1 = zab”(go) for all gy in Gy,
so that one has
(5.12) S - Spp g = opioy e aptbeoy L or g
Hence, one gets
Qoo (9) = 1o Xo(o0 g) F1 -+ FY,

F; = Z Z H0o,w XO(oin’;l)'

k20 weSk

where, for all ¢ < ¢,
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We want to prove that the sums F; are finite. We will denote by go > 0 the real number
such that for all i in Z such that 2{ is in Gy, one has xo(z}) = ¢}. By assumption,
one has ¢y > 1. One computes then

Fi=>>" fow g,

k>0 wGS(’)C

where, as before, [ig is the probability measure yguo. Let p,, be the number of letters
of w that belong to Sy \ Z and « := [1p(Sp \ Z) < 1. One goes on:

FE<Y Y fowa™ =% (;)aj<1 )t igy

k>0 wesg k>0 <k
= Z(l —atagg =o' (1-¢") ! < .
k>0
This proves the finiteness of Fj, of Quo(g) and of the function hg - a
5.3. EXISTENCE OF HARMONIC CHARACTERS. We explain in this section when pg-har-

monic characters on abelian groups do exist.
Let Go = Z® and pg be a positive measure with finite support Sy generating Gy as
a group. For a character xo of Gy we set

E(xo) == Z 10,5 X0(8)-
SES,
The map xo — E(xo) is the Laplace transform of p9. We denote by
(5.13) Apo) = i)?f]E(Xo)
0

the minimum of this Laplace transform. Here is an example where it is easy to compute
Ato)-

Revark 5.7. — If Sy is included in a properly convex cone of R, one has
Apo) = po(0). More generally, if Sy is included in a half-space bounded by a
hyperplane Hy, one has A(ug) = )\(,LL0|HO).

Lemwva 5.8
(a) There exists a ug-harmonic character if and only if AM(uo) < 1.
(b) We can choose it so that fig := Xopo s not centered if and only if A(uo) < 1.

Proof. — Lemma 5.8 follows from the following three remarks:

— A character xg is g-harmonic if and only if E(xo) = 1.
— The group of characters is isomorphic to R, hence it is connected.
— Since Sp contains non-zero elements one has sup, E(xo) = co. O

Cororrary 5.9
(a) If po(So) < 1, po-harmonic characters exist.
(b) If uo(So) < 1, we can choose it so that fig := Xopo s not centered.
(¢) If 11o(So) > 1 and po is centered, po-harmonic characters do not exist.

Proof. — This follows from Lemma 5.8 and the inequality A(uo) < 10(So). O
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5.4. CoNcLUSION. We sum up in the following theorem the main results we have
obtained in this paper.

Let G = H3(Z) be the Heisenberg group, Z be the center of G, 1 be a positive
measure on G with finite support S such that G, = G. We use the notation of
Section 2.3.

Turorem 5.10. — The extremal positive u-harmonic functions on G are proportional
either to a character of G or to a translate of a function h induced from a character
on an abelian subgroup. Here is the list when pu(G)=1.

(1) When V.t is the plane. There is no induced p-harmonic function.

(2) When V. is a half-plane. Let Vg be the boundary line of V,f and Go C G be
the subgroup generated by the elements of S above Vi and gy := M|G0~ Then h is equal
to a function hg, .y, induced from a po-harmonic character xo of Go.

(a) If GoN Z = {0} there are exactly two such hg, y, -
(b) If Go N Z # {0} there is no such hg

(3) When Vj is properly convex. Let V', i = 0, 1, be the two extremal rays
of VJ, let G; C G, be the two subgroups generated by the elements of S above Vf
and p; = u|(;i. Then h is equal to a function he, x, induced from a p;-harmonic
character x; of G;, i =0 or 1.

(a) If GiN Z = {0} there is exactly one such hg, . -
(b) If GiN Z # {0} there are uncountably many such hg, y. -

0:Xo *

Remark 5.11. Theorem 5.10 is illustrated in the schematic Figures 1.1, 1.2 and 1.3
of the introduction. We have drawn a rough approximation of the shape of the semi-
group G} C G and its subsemigroups Gzo and G;l , in order to illustrate the different
cases that occur in Theorem 5.10. In these pictures the center Z is the vertical axis.

Proof of Theorem 5.10. — The first claim follows from Proposition 4.8 and Proposi-
tion 4.10. Moreover, Case (1) and the first claims of Cases (2) and (3) follow from
Lemma 3.8 (iv).

— Case (2a) Since rank Gy = 1, by Proposition 5.1, o must be a pp-harmonic char-
acter of Gy with oo non centered. Since po(Gp) < 1 and since pg is not supported
by a half-line, there are exactly two such xg.

— Case (2b) Since rank Go = 2, this follows from Proposition 5.4.

— Case (3a) Since rank G; = 1, by Proposition 5.1, x; must be a u;-harmonic
character of G; with x;u; non centered. Since p;(G;) < 1 and since p; is supported
by a half-line, there is exactly one such ;.

— Case (3b) Since rank G; = 2, by Proposition 5.5, x; must be a u;-harmonic
character of G; satisfying (5.8). Since u(G;) < 1, and since p; is supported by a
half-space delimited by Z, there are uncountably many such ;. O
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Remark 5.12
— When p is not assumed to be a probability measure, the formulation of Theorem
5.10 has to be modified. Indeed, if ©({0}) > 1, positive g-harmonic functions cannot
exist. More precisely, each of the three cases (2a), (3a) and (3b) has to be split into
two subcases:
(2a") If GoN Z = {0} and A(uo) < 1, there are exactly two such hg . -
(2a”) If GoN Z = {0} and A(uo) > 1, there are no such hg, -
(3a") If G;NZ = {0} and pu({0}) < 1 there is exactly one such hg, . .
(3a”) If G;N Z = {0} and p({0}) > 1 there are no such hg_ .
(3b') If G; N Z # {0} and A(,); <1, there are uncountably many ha, x. -
(3b") If Gy N Z # {0} and A(u,)i > 1, there are no such hg_y .
— Here is the definition, motivated by Condition (5.8), of the constants A(f,,);-
For instance, for ¢ = 0, we choose s; € supp(p;) \ Z, j =0 or 1, and set

AMpy )y = 1nf{>" c, s, (s) | x, character of Z, x, (sos155 sy ') > 1}.

— Note that Cases (2a”), (3a”) and (3b”) do not occur when p is a probability
measure.

We now can deduce from Theorem 5.10 the corollaries in the introduction:

Proof of Corollary 1.3. — The support of hg , is the semigroup generated by Go
and S~1. In the cases where a p-harmonic function he, x, induced from a character
is finite, by Lemma 3.8 (iv), one has V:; NV, = {0}, and this semigroup is never
equal to G. O

Proofof Corollary 1.4. — Both conditions (i), (ii) are true in Cases (1) and (2b). Both
conditions are not true in Cases (2a), (3a) and (3b). O

One also has the following variation of Corollary 1.4.

Cororrary 5.13. — Same notation and u(G) = 1. The following are equivalent:

(i) Eatremal positive p-harmonic functions are ZP-semiinvariant for a p > 1.

(i) G}f nZ ¢ {0}.

Condition (i) means that there exist ¢ > 0 and a non-zero element z in Z such that
h, = qh.

Proof of Corollary 5.13. Both conditions (i), (ii) are true in Cases (1), (2b) and (3b).
Both conditions are not true in Cases (2a) and (3a). O

5.5. A NILPOTENT GROUP OF RANK 4. In this section, we explain why Theorem 1.1
can not be extended to all nilpotent groups.

In this section G = N4(Z) will be the nilpotent group equal to the set Z* of
1¢t%/2 2

¢ z) The product is

quadruples seen as matrices (¢, z,y, z) := ( L
0 1

01
00
00
(t,a,y,2) (', 2y, 2) = (t+t o+, y+y +ta', 2+ 2/ +ty + 1t°2).
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The center Z of G is generated by 2o := (0,0,0,1). Let u be the measure
1
5((5(1 +8), where a:=(1,0,0,0) and b= (0,1,0,0).

A p-harmonic function h on G is a function that satisfies, for all g in G,

=

2h(g) = h(ag) + h(bg) or, equivalently,
2h(t,z,y, 2) = h(t+1,2,y + 2, 2+y+2/2) + h(t, z+1,y, 2).
We now construct extremal positive u-harmonic functions on G. Fix a sequence o

of rapidly increasing integers 1 < 0¢ < 01 < 03 < ---. We introduce the left-infinite
word w, in a and b of the form

wy = - a'"balT=1p . . ba () g (0)

where the notation ("™ means that the letter a is repeated m-times. For each k > 0
we denote by w, i the suffix of length k of w,, i.e., the word given by the £ last letters
of w,. We introduce the functions on G

Py 1= Zlewm and hg :=sup P[ﬁ/}cr.
k>0 n>1

As before, the dot means that we replace the word by its image in G.
Levmva 5.14. — Let G = N4(Z) and p and o be as above. Assume that
(5.14) oxp1 =205 forall > 0.

(a) The function v, is subharmonic and the sequence Pl is increasing.
(b) The limit hy = lim, o0 Pls s finite.

(¢) The function h, is an extremal positive p-harmonic function on G.
(d) The function h, is not Z-invariant.

(e) The function h, is not induced.

Note that Condition (5.14) is not optimized.

Proof

(a) One has ¢, < P,t), and therefore Py, < Py,

(b) This is the key point. Fix g = (¢,z,y, 2) € G. Fix also two words v and v in a
and b such that g = 49—, Such words always exist. By definition of h,, one has

(5.15) ho(g) = 28+7 lim (number of words w such that Wi = 1, ),
—00

where Wo,n | is the suffix of w, of length ny := A+ Zi@\ oj, i.e.,

(5.16) Won, = a@)palor-1p . .. palon) pgloo) .

We also write
(5.17) w = a®paFe=p . . pa k) pg ko)
with all k; > 0. We denote by ¢(w) the length of a word w.
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We want to prove, using Condition (5.14), that the quantity (5.15) is finite. We will
see that there exists A\g = Ao(g) such that the number of words w such that

(5.18) Wil = We,n, 0

does not depend on A for A > Ay(g). More precisely, we will see below that, for
A = Ao(g), Equality (5.18) implies that k; = o, so that we could remove the prefix
al®»b in both words and replace A by A—1.

Equality (5.18) gives four equations. We could write them down but we will not
need to. The first two equations tell us that the same number of a’s and the same
number of b’s occur in the words wu and Won, V. In particular, those words have
same length. The third equation tells us that the sum of the positions of the b’s in
these words are the same. Once these three equations are satisfied, one can write
Wi = wmk vzév"“ with N,, € Z. The fourth equation tells us that this integer N, is
zZero.

We claim that, for A > A\g(g), if k¢ # o then N,, # 0. The reason is that we can
go from the word wu to the word we, v by a (minimal) succession of “moves” that
changes only the central component. These “moves” are

wiabwabaws +— wibawsabws.

The images in G are modified by a factor zé“(wz)ﬂ

occurring in the word wo:

, where £, (w2) is the number of a’s

. . . . . . 1
wybawgabiz = wlabwgbawgzoa(w2)+ .

Therefore, by (5.14), the largest contributions to N,, come from the “moves” that
involve the first b on the left of the word Won, - Hence, when k; # o) one has
[Nw| = ox_1 — (0(v) + Z 0i)?
i<A—2
which is non zero for A large enough by Condition (5.14).

(¢) By construction h, is p-harmonic. We want to prove that h, is extremal.
Assume that h, = b’/ + h” with b’ and h” positive p-harmonic. It follows also from
the previous computations that

27 % hy (e ) =1 for all k > 0.
Introduce the two limits
o = lim 2_kh’(u'1(,)k) and o” := lim 2_kh”(u'10,k).
k—o0 k—o0

These limits exist since by harmonicity of h’ and h” these sequences are non-
increasing. Moreover, one has o’ + o” = 1 and

n >dv, and B’ > a"1,.
Using again the harmonicity of A’ and A", one deduces
W >dh, and A" >da"h,.

Since o/ +a’” = 1, these inequalities must be equalities. This proves that h is extremal.
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(d) The above computation also tells us that supp(h,)NZ = {0}. This prevents h,
to be Z-invariant.

(e) If the function h, were induced, it would be the translate by an element g € G
of a function induced from a character of the cyclic group G, generated by a or of
the cyclic group Gy generated by b. Since hy (wy) # 0, for all k > 1, all the sets G} wy,
would meet G,9~! or Gpg~ !, which is impossible since both limy,_,« £(wy) = +00
and limg_, o0 €4 (wi) = +o0. O
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