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On canonical subgroups of Hilbert—Blumenthal
abelian varieties

par SHIN HATTORI

RESUME. Soit p un nombre premier. Soit F' un corps totalement réel non ra-
mifié en p. Dans cet article, nous développons une théorie de sous-groupes ca-
noniques pour les variétés abéliennes de Hilbert—Blumenthal avec O g-actions,
dans laquelle ceux-ci sont liés a des applications de Hodge—Tate si la S-hauteur
de Hodge est plus petite que (p — 1)/p™ pour tout plongement §: F — @p.

ABSTRACT. Let p be a rational prime. Let F' be a totally real number field
which is unramified over p. In this paper, we develop a theory of canonical
subgroups for Hilbert—Blumenthal abelian varieties with O g-actions, in which
they are related with Hodge-Tate maps if the S-Hodge height is less than
(p —1)/p™ for every embedding 8 : F — @p.

1. Introduction

Let p be a rational prime. Let K be a complete discrete valuation field of
mixed characteristic (0, p) with residue field k and K an algebraic closure of
K. Let A be an abelian scheme of relative dimension g over the integer ring
Ok of K. Let n be a positive integer. If A has ordinary reduction, then the
unit component A[p"]° of the p™-torsion subgroup scheme A[p"] is finite and
flat of rank p™9 over Ok and its reduction A[p"]° x Spec(Ok /pOf ) is equal
to the kernel of the n-th iterated Frobenius map of A x Spec(O /pOk).
The theory of canonical subgroups asserts that, if A is sufficiently close to
having ordinary reduction, then a similar subgroup scheme C,, of A exists
even for the case of non-ordinary reduction and that C, has distinguished
properties compared to other subgroup schemes of A[p"]. The subgroup
scheme C,, is called the canonical subgroup of A of level n. We can make
explicit how close A should be to abelian varieties with ordinary reduction
in order to have the canonical subgroup, in terms of the Hodge height
Hdg(A). It is an element of Q N [0, 1] such that Hdg(A) = 0 if and only if
A has ordinary reduction.
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This theory is a powerful tool to study overconvergent p-adic modular
forms and the Hecke operator U, at p acting on them. For example, the
theory tells us that, for any non-canonical subgroup D of A, the abelian
scheme A/D is closer to having ordinary reduction than A. From this we
can show that U, is a compact operator and thus has a rich spectral theory.
Furthermore, it is shown that we can control the cokernel of the Hodge—Tate
map of the Cartier dual C)/ which relates C,(K) with the module we, of
invariant differentials. This property leads to the construction of sheaves of
overconvergent Siegel and Hilbert modular forms and their eigenvarieties,
which is due to Andreatta—Tovita—Pilloni [1, 2]. The sheaves of overconver-
gent modular forms of Andreatta—lovita—Pilloni are defined on the loci in
modular varieties classifying abelian varieties A with additional structures
where A has the canonical subgroup of some level.

On the other hand, it has been actively studied how overconvergent mod-
ular forms are analytically continued over modular varieties (for example,
[4, 5, 16, 17, 18, 26, 27, 28]). Especially, Buzzard—Calegari [4] proved that,
for the case of l-analytic weights where weights are sufficiently close to
classical ones, any overconvergent elliptic eigenform of finite slope (namely,
eigenform with non-zero Up-eigenvalue) can be analytically continued to
the locus on a modular curve where elliptic curves have Hodge heights no
more than 1/(p+1), while any non-zero overconvergent elliptic eigenform of
infinite slope (namely, eigenform killed by U),) cannot. This clear distinction
between extension of overconvergent eigenforms of finite and infinite slopes
enabled them to prove a properness of the Coleman—Mazur eigencurve for
some cases.

In order to carry out a similar study of extension properties for overcon-
vergent Hilbert modular forms, what we need is a theory of canonical sub-
groups for Hilbert—Blumenthal abelian varieties (HBAV’s) satisfying the
following two requirements: First, we need to relate canonical subgroups
with Hodge-Tate maps, in order to make them yield sheaves of overcon-
vergent Hilbert modular forms. Second, we need to have a sufficiently large
existence locus for canonical subgroups, in order to investigate extension
properties of overconvergent Hilbert modular forms far away from the or-
dinary locus.

Let F' be a totally real number field which is unramified over p, O its
ring of integers and f, its residue degree at a prime ideal p dividing p. We
denote by Fj the completion of F' at p. Let Br be the set of embeddings
F — K and By the subset consisting of embeddings factoring through Fj.
For any HBAV A over Ok with Op-action, the Hodge height Hdg(A) is
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decomposed as the truncated sum

Hdg(A mln{ Z Hdgg(A }

BEBR

of more precise invariants Hdgg(A), the f-Hodge heights, for each embed-
ding 8 : F — K. Goren-Kassaei [9] established the theory of canonical
subgroups of any level, using the geometry of Hilbert modular varieties
over a field of characteristic p. In their theory, the existence locus of canon-
ical subgroups is described in terms of Hdgg(A) and much larger than what
we can obtain by using Hdg(A) or

Hdgp mln{ Z Hdgg(A }

BEB,

However, the relation of their canonical subgroups with Hodge—Tate maps
had been known only for the locus of Hdg,(A) < 1/2 for all p | p with p # 2
by comparing with canonical subgroups of Fargues [8], and thus sheaves of
overconvergent Hilbert modular forms of p-adic weights [2] had been defined
only on this small locus. This causes a constraint on the study of analytic
continuation of overconvergent Hilbert modular forms: for example, it is
only for p > max{2f, —1 | p | p} that overconvergent Hilbert modular
forms of p-adic weights are defined on the locus where Hdggz(A) = 1/(p+1)
holds for all 8, and a similar study of extension properties to [4] would be
possible only for a sufficiently large p so far.

In this paper, we present a theory of canonical subgroups controlled by
B-Hodge heights and satisfying the above two requirements, which is used
in the author’s work on a properness of the Hilbert eigenvariety at integral
weights [11]. To state the main theorem, we fix some notation. Let v, be
the additive valuation on K normalized as v,(p) = 1. For any non-negative
real number i, we put

my ={z € Ok |vy(z) > i}, Ok;=O0x/m7, & =Spec(Ok,).

For any extension L/K of Valuation fields, we consider the valuation on L
extending v, and define m , Or; and .77, ; = Spec(Op ;) similarly. Let L
be an algebraic closure of L For any finite flat group scheme G over Op, with
Cartier dual G, we denote the Hodge-Tate map for G by HTg : G (05) —
wgv ®o, Of (see §2 for the definition) and define the i-th Hodge-Tate map
HTg,; : G(Of) = wgv ®o,, Or ; as the composite of HTg and the natural
reduction map. We denote the ¢-th lower ramification subgroup of G by
G;. By definition, it is the scheme-theoretic closure in G of Ker(G(Of) —
g(om)). Let o be the p-th power Frobenius map on the residue field of K,
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which naturally acts on Br and By. Then the main theorem of this paper
is the following.

Theorem 1.1 (Theorem 8.1). Let L/K be a finite extension in K. Let ¢
be a non-zero fractional ideal of F. Let A be a HBAV over O with Op-
action and c-polarization. Put wg = Hdggz(A) and w = max{wg | 8 € Br}.
Suppose that

n

W + PWe—1o8 < pzf
holds for all p € Bp.

If the residue field k is perfect, then there exists a finite flat closed Op-
subgroup scheme C,(A) of Alp™] over Op, such that the Op/p"Op-module
Cn(A)(Og) is free of rank one and Cp(A) X Sp1_pn-1,, is equal to the
kernel of the n-th iterated Frobenius map of AX .7 1_yn-1,,. We call C,(A)
the canonical subgroup of A of level n. Put b = n —w(p™ —1)/(p — 1).
If w < (p—1)/p", then C, = Cp(A) also satisfies the following (among
others).

e Co(Of) coincides with Ker(HT 4pn) ;) for any rational number i

satisfying
w .
n—1+ —— <i<b.
p—1
e C, = A[p"|; for any rational number i satisfying
1 << 1 w
— << - .
p(p—1) prip—1) p-1

o For any i € v,(Op) satisfying i < b, the natural map
wa ®o; Or; — we, @0, O

is an isomorphism.
e The cokernel of the map

HTcy ®1:Cy(Og) ® O — we, ®o, O
zw/(p—1)

% )

Moreover, for the case where k is imperfect, the same statements hold if
w<(p—1)/p"

Weights for overconvergent Hilbert modular forms are p-adic continuous
characters of (Op ® Zy)*, and we say that a weight is n-analytic if its
restriction to 1 + p™(Op ® Z,) is analytic (see [2, §2]). Using Theorem 1.1,
we can enlarge the domain of definition of sheaves of overconvergent Hilbert
modular forms of n-analytic weights to the locus where Hdggz(A) < (p —
1)/p™ holds for all 8 [11], which in particular enables us, for the 1-analytic
case, to study extension of overconvergent Hilbert modular forms to the
locus of Hdgg(A) = 1/(p + 1) for all 8 even if p is small.

is killed by m
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Our approach to construct canonical subgroups is (reducing to the case
where k is perfect and) using the Breuil-Kisin classification of finite flat
group schemes over O [3, 20, 21, 23, 25]. For a HBAV A over Ok, the
group scheme A[p"] is decomposed as A[p"] = @, A[p"], where the direct
sum is taken over the set of prime ideals p of O dividing p. Each A[p"|
is a truncated Barsotti-Tate group with an action of Z,s for f = f, and
the Ok n ® Z,s-module wyppn is free of rank one. Moreover, Afp™] is also
endowed with a structure of alternating self-duality coming from the polar-
ization of A. We refer to such a group scheme as a Z,s-alternating self-dual
truncated Barsotti-Tate pr—group or a pr—ADBTn.

For the p-torsion case, Tian [28] constructed the canonical subgroup of
a Z,r-ADBTy of level one, following the idea of the author [13] for the
Siegel case. We can also construct the canonical subgroup of level n for a
Z,-ADBT), by a standard induction as in [8, 9], and obtain the canonical
subgroup C,,(A) of A as the direct sum of canonical subgroups of A[p™]’s.
The main contribution of this paper is to show that canonical subgroups
obtained in this way are related with Hodge—Tate maps and equal to lower
ramification subgroups. The coincidence with lower ramification subgroups
produces a larger existence locus of a family of canonical subgroups in the
Hilbert modular variety via [14, Lemma 5.6], and thus those of sheaves
of overconvergent Hilbert modular forms, than the other approaches in
the literature. To show this coincidence, the author’s description of lower
ramification subgroups via the Breuil-Kisin classification [14, Theorem 1.1
and Corollary 3.3] is crucially used. Note that the use of lower ramification
subgroups in the theory of canonical subgroups had already appeared in
the classical case of elliptic curves [19, Theorem 3.10.7].

As a byproduct of our construction of canonical subgroups, we also
study the variation of S-Hodge heights by the Uj-correspondence for Z,;-
ADBT,,’s of B-Hodge heights p/(p + 1) for the case of f < 2 (Proposi-
tion 6.1), which is one of the key ingredients for generalizing Buzzard-
Calegari’s extension property mentioned above to overconvergent Hilbert
modular forms [11].

This paper is organized as follows. In §2, we recall the Breuil-Kisin clas-
sification of finite flat group schemes and its relation with invariants on
the side of differentials such as the degree, the Hodge height and Hodge—
Tate maps. These invariants and the Breuil-Kisin module associated to a
finite flat group scheme with Z,s-action are decomposed by the action of
Z,s, which are studied in §3. In §4, we prove various properties of Tian’s
canonical subgroup of level one using the Breuil-Kisin classification. In §5,
we generalize Goren—Kassaei’s theory of variation of S-Hodge heights and
f3-degrees of HBAV’s by isogenies [9, §5] to the case of Z,;-ADBT,,’s. Using
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these results, canonical subgroups of Z,r-ADBT),,’s and HBAV’s are con-
structed and studied in §7 and §8, respectively. §6 is devoted to studying
the Up-correspondence for Z,;-ADBT),’s of 3-Hodge heights p/(p + 1).

2. Breuil-Kisin modules

Let K be as in §1 and suppose that the residue field k is perfect until §5.
Let e be the absolute ramification index of K and W = W (k) the Witt ring
of k. Put W,, = W/p"W. We denote by ¢ both the p-th power Frobenius
map on k and its natural lift on W. Let 7 be a uniformizer of K. Let v, be
the additive valuation on K normalized as v,(p) = 1. For any non-negative
real number i and any extension L/K of valuation fields, we put m?, Ok i,
7R mfi, Or,; and /7, ; as in §1. For any element x € O, 1, we define the
truncated valuation v,(z) by

vp(x) = min{u,(2), 1}

with any lift £ € Op, of x. Let us fix an algebraic closure K of K and
extend v, naturally to K. Put Gx = Gal(K/K). We fix a system (7,,)n>0
of p-power roots of 7 in K such that my = 7 and 7r£+1 = 7, for any n. Put
Koo = Upso K(mn) and G, = Gal(K/K).

Let F(u) € Wlu] be the monic Eisenstein polynomial for 7= and set
co = ptE(0) € WX. Put & = W[u] and &,, = &/p"S. The ring
S1 = k[u] is a complete discrete valuation ring with additive valuation
v, normalized as v, (u) = 1. We also denote by ¢ the o-semilinear contin-
uous ring homomorphism ¢ : & — & defined by u — u?.

An G-module M is said to be a Breuil-Kisin module (of E-height < 1)
if 91 is a finitely generated G-module equipped with a ¢-semilinear map
pon : M — I such that the cokernel of the linearization

1@om:e"M=6R,e M — M

is killed by E(u). We refer to gy as the Frobenius map of the Breuil-Kisin
module M and often write as ¢ abusively. A morphism of Breuil-Kisin

modules is defined as an G-linear map compatible with Frobenius maps.
Let
Ly
Mod /&1
be the category of Breuil-Kisin modules 9t such that the underlying &-
module 901 is free of finite rank over &1. We denote by

1,
Mod/éooo

the category of Breuil-Kisin modules 9t such that the underlying &-module
I is finitely generated, p-power torsion and u-torsion free.
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The category 1\/Iod}’goc admits a natural notion of duality, which is de-
noted by 9 +— MY [24, Proposition 3.1.7]. Here we give its explicit defi-
nition for the full subcategory Mod}g’l. For any object 9t of Mod}gl, let
e1,...,ep be its basis. Write as

om(er, ... en) = (e1,...,ep)A
with some A € M (&;). Consider its dual MY = Homg, (M, S1) with the

dual basis €7, ...,e). We give MY a structure of a Breuil-Kisin module by
E
oomv(ey,...,ep)=(ef,...,e)) ((u)) A=l
co

which is independent of the choice of a basis.
Consider the inverse limit ring

R = @(Oi{,l — Oy ¢ ),
n>0
where every transition map is the p-th power Frobenius map. The absolute

Galois group G acts on R via the natural action on each entry. We define
an element 7 of R by
= (mo, 71, .)-

The ring R is a complete valuation ring of characteristic p with algebraically
closed fraction field, and we normalize the additive valuation vy on R by
vp(r) = 1/e. We define m7' and R; = R/m7’ as before, using vg. We
consider the Witt ring W (R) as an G-algebra by the continuous W-linear
map defined by u — [x]. Then we have the following classification of finite
flat group schemes over Ok [3, 20, 21, 23, 25].

Theorem 2.1.
(1) There exists an ezact anti-equivalence
G — M(G)
from the category of finite flat group schemes over O killed by some

p-power to the category Mod}goo. If G is a truncated Barsotti—Tate
group of level n over Ok, then the S-module M*(G) is free over S,,.

(2) Let n be a positive integer satisfying p"G = 0. Then there exists a
natural isomorphism of G -modules
G(Og) — Home o(M*(G), Wa(R)).

Moreover, we have lg; (G(Og)) = lgg(9M*(G)).

(3) Let G be the Cartier dual of G. Then there exists a natural iso-
morphism IM*(GY) — IM*(G)Y which, combined with the natural
isomorphism of (2), identifies the pairing of Cartier duality

(-, :G(0g) x G (Og) — wn(OF)
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with the natural perfect pairing
Homeg o, (9M*(G), Wi (R)) x Home ,,(9*(G)Y, Wyn(R)) — Wi(R).

(4) For any non-negative rational number i < 1, there exists an ideal
I,; of Wy (R) such that the isomorphism of (2) induces an isomor-
phism

QZ(OR) >~ Hom&(p(i)ﬁ*(g), In,i)-

.
Moreover, we have I ; = mé’.

Proof. The assertions (1) and (2) are contained in [20, Corollary 4.3]:
the assertion on truncated Barsotti—Tate groups of level n over Ok fol-
lows from the fact that they are p"-torsion parts of p-divisible groups [15,
Théoreme 4.4 (e)], and the equality on the length follows from the natural
isomorphism of (2). The assertion (3) follows from a similar assertion on
p-divisible groups [20, §5.1] and a dévissage argument as in [12, Proposi-
tion 4.4]. The assertion (4) is [14, Theorem 1.1 and Corollary 3.3]. O

Next we recall, for any extension L/K of complete valuation fields, the
definitions of invariants associated to a finite flat group scheme G over Oy,
which is killed by p™ with some positive integer n. For any finitely presented
torsion Op-module M, write as M ~ @, Or/(a;) with some a; € O, and
put deg(M) = >, vp(a;). Since G is finitely presented over Or, the module
wg of invariant differentials of G is a finitely presented Op-module. We put

deg(G) = deg(wg)

and refgr to it as the degree of G.
Let L be an algebraic closure of L. Note that any element € G(Of)
defines a homomorphism

z:G" xo, Spec(Of) — Gm x0, Spec(O;)
by Cartier duality. We define the Hodge—Tate map by
ar

HTg : g(Oi) —r wgv ®o, Of, x+—— az*?

and, for any positive rational number ¢, the i-th Hodge—Tate map by the
composite

HT
HTg, : G(O;) -5 wgv ®o, OF — wgv o, OZ,i

of HT¢g and the reduction map. We also denote them by HT and HT);.
Suppose that G is a truncated Barsotti—Tate group of level n, height h
and dimension d over Or,. Consider the p-torsion part G[p]. Note that the
Lie algebra Lie(GY[p] x .1 1) is a free Of 1-module of rank h — d. The
Verschiebung of GV[p] x .#7,1 induces a map on the Lie algebra

Lie(Vgv s 1) © Lie(GY[p] x #7,1)®) — Lie(G"[p] x S11).
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The truncated valuation for v, of the determinant of a representing matrix
of this map is independent of the choice of a basis of the Lie algebra, which
we call the Hodge height of G and denote by

Hdg(G).
Finally, for any truncated Barsotti-Tate group G of level one over Ok and
any element i of e~'Z>, the quotient M*(G); = M*(G) /u®OM*(G) has a
natural structure of a ¢o-module induced by wgn. We put
Fil'*(G); = Im(1 ® ¢ : @*M*(G); — M (G);).

It also has a natural structure of a p-module induced by @gy. By the iso-
morphisms of k-algebras & /(u®) — Ok defined by u — 7 and R; — O i
defined by the zeroth projection pry for ¢ < 1, we identify both sides. For
any x € &1/(u®), we define the truncated valuation v,(z) by v,(z) =
min{v,(2), e} with any lift Z € &; of z. Then these invariants of G on
the side of differentials can be read off from the associated Breuil-Kisin
module, as follows.
Proposition 2.2.

(1) For any finite flat group scheme G over Ok killed by p, there exists

a natural isomorphism
MHG)/ (1 ® pane(g)) (™ M(G)) — wg

and we have

deg(G) = eil'l)u(det(@m*(g))).

(2) Suppose that G is a truncated Barsotti—Tate group of level one. Then
we have a natural isomorphism

Lie(GY x .71) — Fil'on*(G);.
The O 1-module Fil'ON*(G)1 is a direct summand of IM*(G)1 of
rank h — d. Moreover, we have the equality of truncated valuations

Hdg(G) = G_IUu(det(WFﬂlm*(gh))'

(3) Suppose that G is a truncated Barsotti-Tate group of level one. For
any positive rational number ¢ < 1, the i-th Hodge—Tate map HTg ;
coincides with the composite

G(Og) — Homg ,,(M*(G), R) — Homg (Fil'dM*(G)1, ;)
~ Homp, (Lie(G" x ), 0 ;) = wgv ®oy Of ;-

Proof. The first isomorphism is shown in [28, Proposition 3.2] and the oth-
ers are in [13, §2.3]. Note that though [13] assumes p > 2, the same proof
remains valid also for p = 2 by using [20] instead of [21]. O
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3. Zps-groups

Let f be a positive integer. We assume that the residue field k of K is
perfect and contains the finite field F ;. Let By be the set of embeddings of

F,r into k. We denote the unramified extension of Q, of degree f by Q,; and

its ring of integers by Z,s. Any 8 € By has the canonical lifts Z,; — Ok
and Q,r — K, which we also denote by 3. Then any W ® Z,s-module M
is decomposed as

M= P My
,BEIBf
according with the decomposition W ® Z,,; ~ [[cp ; w.

Let L/K be any extension of complete valuation fields and L an algebraic
closure of L. A group scheme G over Oy, is said to be a Z,-group if it is
equipped with an action of the ring Z,s. Then we have the decompositions

wg = @ wg .8, Lie(G x yL,n) = @ Lie(G x yL,n)ﬂ-
ﬁGBf ﬁGBf

When G is finite and flat over Op, we define the S-degree of G by

degy(G) = deg(wg p)-

We have deg(G) = > sep ; degs(G). Moreover, for any exact sequence of
finite flat Z,s-groups over Oy,

0 g g g" 0,

the equality degs(G) = degg(G’) + degs(G”) holds.

Let n be a positive integer. A Z,s-group G over Of is said to be a
truncated Barsotti-Tate pr—group of level n if G is a truncated Barsotti—
Tate group of level n, height 2f and dimension f such that wg is a free
OLn®Z,r-module of rank one. Note that for such G, we have degs(G) = n.

Definition 3.1. We say that a truncated Barsotti-Tate Z,;-group G of
level n is Z,r-alternating self-dual if it is equipped with an isomorphism of
Zys-groups i : G =~ GV over Of, such that the perfect pairing defined via
Cartier duality
14 v (g
G(0p) x G(0f) —=G(01) x G*(Of) — ppn(Of)

satisfies (r,i(az))g = 1 for any z € G(Of) and a € Z,s. In this case,
we also say that the isomorphism i is Z,r-alternating. We abbreviate Z,-
alternating self-dual truncated Barsotti-Tate Z,s-group of level n as

Z,s-ADBT,,.
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Note that the above map i is skew-symmetric: namely, we have the com-
mutative diagram

G—L gV

cn| |-

gV\/ — . g\/.
7

For p # 2, an isomorphism of Z,-groups i : G ~ GV is Z,r-alternating if
and only if it is skew-symmetric.
For a pr—ADBTn G over Or, the O, ® pr—modules

wg, Lie(Gx SLn), wgv, Lie(GY x SLn)

are all free of rank one. Moreover, the action of the Verschiebung on
Lie(Vgv[px.#, ,) can be written as the direct sum of o-semilinear maps

Lie(Vg\/[p]XyLJ)B : Lie(gv [p] X 5@71)07106 — Lie(gv[p] X YL,l)g.

Note that both sides are free O ;-modules of rank one, and by choosing
their bases, this map is identified with the multiplication by an element
ag € Or,1. We define the $-Hodge height Hdgg(G) of G as the truncated
valuation of ag, namely

Hdg,@(g) = vp(ag),

which is independent of the choice of bases. From the diagram in the proof
of [8, Proposition 2] and [6, Lemma 2.3.7], we obtain the equality

A Breuil-Kisin module 91 is called a pr—BreuilfKisin module if 901 is
equipped with an &-linear action of the ring Z,; commuting with pgy.
A morphism of Z,;-Breuil-Kisin modules is that of Breuil-Kisin modules
compatible with pr—action. The pr—BreuilfKisin modules whose under-
lying &-modules are free of finite rank over & (resp. finitely generated,
p-power torsion and u-torsion free) form a category, which we denote by

pr-Mod}gl (resp. pr—Mod}goo).

Note that 9t — 9V defines a notion of duality also for these categories.
The anti-equivalence 9*(—) of the Breuil-Kisin classification induces an
anti-equivalence from the category of finite flat Z,-groups over O killed

by some p-power to pr—Mod}goo.
To give an object M of pr-Mod}gl (resp. pr-Mod}goo) is the same
as to give a free G1-module M of finite rank (resp. a finitely generated



366 Shin HATTORI

S-module 9t which is p-power torsion and u-torsion free) equipped with a
decomposition into G-submodules

and a (-semilinear map
Pma - 9)?07105 — f)ﬁg,

which we often write as ¢g, for each 8 € By such that the cokernel of the
linearization 1 ® @g : @*M,-1,5 — My is killed by E(u). Since 1 ® ¢ :
@*IM — M is injective, the map 1 ® g is also injective. Hence we see that
if Mt # 0, then My # 0 for any § € By. Since E(u)M C (1 ® ¢)(¢*M), we
have B(u)Ms C (1@ 93)(¢™M, 105).

Let 971 be any object of pr—Mod}gl. The last inclusion implies that the
free &1-modules Mg have the same rank for any 8 € B, which is equal to

flrankg, (M) = dimg ; (Home, (MM, R)).
Moreover, Proposition 2.2 (1) implies that, if G is the finite flat group scheme
over O corresponding to 9, then we have
(3.1) degg(G) = e !lgg, (Coker(1 ® ¢g : O My105 —> Mg)).
Lemma 3.2. Let G be a finite flat Z,s-group over O . Then we have
degs(G) + degs(GY) = lgs (M (G)5)-

Proof. Let H be the scheme-theoretic closure in G of G(O)[p]. It is a finite
flat closed Z,,s-subgroup of G killed by p. Since both sides are additive with
respect to exact sequences of finite flat Z,,s-groups over Ok, by an induction
we may assume that G is killed by p.

Put 9 = 9MM*(G). Let Ag be the representing matrix of the map ¢on 3 :
M,-103 — Mg with some bases. From the definition of the dual, we see
that the representing matrix of the map ygyv g with the dual bases is
calE(u)tAEI. Then the equality (3.1) implies

degs(G) + degs(GY) = e v, (det(Ap) det(calE(u)tAgl))
= rankg, (Mp).
This concludes the proof. O

For any 9t € pr—Mod}g1 and i € e 1Z N0, 1], we put

Mp,; = Ma/u'Mp.
Then the map ¢z induces an Gq-semilinear map M, -1, — Mg ;, which
we denote also by ¢z. We define

Fil'Mg; = Im(1® @g : " My-105, —> Mp,;).
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4. Tian’s construction

We continue to use the notation in §3. Let G be a Z,-ADBT; over Ok
of f-Hodge height wg. Put M = M*(G) and My = M /uM. Then each Mg
is a free G1-module of rank two. By Proposition 2.2(1) and (2), we have
an exact sequence of p-modules over Ok 1 ® pr

0 — Fil'oy —— M —— 9, /Fil'9n; —— 0,

where the O 1 ®pr—modules Fil'9, and Oy / Fil'9, are free of rank one.
In particular, this splits as a sequence of Ok 1 ® Z,r-modules. Hence we
also have a split exact sequence of O ;-modules

0 — Fil'dg; —— Mgy — Mg /Fil'Ms; — 0,

where the modules on the left-hand side and the right-hand side are free
of rank one. As in the proof of [13, Theorem 3.1], we can choose a basis
{es, €5} of M satisfying eg € (1@¢)(p*My-1,3) such that the image of eg
in Mg ; is a basis of Fillimgjl and the image of e’B in mgvl/Filli)ﬁﬂ,l gives
its basis. Then we can write as
(41) ()0(60*1067 6:7—10[3) = <657 6/’3) (uCeLZ;’S UZZ§4>
with some invertible matrix
apg1 ag2
(o7 22) € Gra(en).

For any Z,r-group G over Ok killed by p, a finite flat closed Z,,s-subgroup
H of G over Ok is said to be cyclic if the F,,s-vector space H(Of ) is of rank
one. Note that, for such H, the free &;-module 9*(H)3 is of rank one for
any 3 € By. If G is a Z,;-ADBT}, then the proof of [9, Lemma 2.1.1] shows
that the [F,,;-subspace H(Of) is automatically isotropic with respect to the
Z,s-alternating perfect pairing on G(Og ). Moreover, since finite flat closed
subgroup schemes of G over O are determined by their generic fibers,
this implies that the pr—alternating isomorphism i : G ~ GV induces an
isomorphism H ~ (G/H)V.

Now the existence theorem of the canonical subgroup of level one for a
Z,s-ADBT; over Of is as follows.

Theorem 4.1. Let G be a Z,r-ADBTy over Ok with 3-Hodge height wpg.
Put w = max{wg | f € By}. Suppose that the inequality
wg +pwo-—106 <p

holds for all B € By. Then there exists a finite flat closed cyclic Z,r -subgroup
C of G over Ok satisfying

degﬁ(g/c) = wg
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for all B € By. Moreover, the group scheme C is the unique finite flat closed
cyclic Z,s-subgroup of G over Ok satisfying

degg(C) + pdeg,-1,5(C) > 1

for all B € By. We refer to C as the canonical subgroup of G. It has the
following properties:
(1) Let G be a Z,;-ADBT; over Ok satisfying the same condition on
the B-Hodge heights as above and C' the canonical subgroup of G'.
Then any isomorphism of Z,s-groups j : G — G over Ok induces
an isomorphism C ~ C'.
(2) C is compatible with finite base extension of complete discrete valu-
ation Tings.
(3) C is compatible with Cartier duality. Namely, (G/C)V is the canon-
ical subgroup of GV.
(4) The kernel of the Frobenius map of G X %1y, coincides with C X
A —w-
(5) If w <p/(p+1), then C = G _u)/;p—1)-
(6) If w < (p—1)/p, then C(Of) coincides with Ker(HTg ;) for any
rational number i satisfying w/(p —1) <i <1 —w.
(7) If w < (p—1)/p, then C = G; for any rational number i satisfying
1/(plp—1) <i< (1 —-w)/(p—1).

Proof. Note that, since we have w < 1 by assumption, Proposition 2.2(2)
implies
wg = e Tuylagy).

The existence and the uniqueness in the theorem are due to Tian [28,
Theorem 3.10]: the Z,s-subgroup C is defined as the finite flat closed Z,-
subgroup of G over O corresponding to the quotient 9 = M/ L via the
Breuil-Kisin classification, where £ = @gcp ; £s is the unique Z,-Breuil-
Kisin submodule of 9 satisfying

L51-w; = Fil'Mg 1,
for all 3 € B. In particular, the &;-module £5 is generated by
dg =eg+ ue(l_wﬁ)ylgelﬁ

with some ys € &1. The assertions (1) and (2) follow from the uniqueness.
Let us prove the assertion (3). Note that, since Hdgg(G) = Hdgs(G"), the
Z,r-ADBT, G over Ok also has the canonical subgroup C’. By Lemma, 3.2,
we have
degs((G/C)") =1 — degg(G/C) =1~ wp
and the uniqueness assertion of the theorem and the assumption on wg

imply C' = (G/C)".
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The assertion (4) is also due to Tian [28, Remark 3.11]. Here we give a
short proof for the convenience of the reader. Since 1 —w < 1 — wg, the
construction of £ implies

(4.2) 1w = Fil'Oy .
Then Proposition 2.2 (1) shows that the natural map
wg/e ® Og1—w — wg @ Ok 1—w

is zero. By [8, Proposition 1], the closed subgroup scheme (G/C)Y x . _,
of G¥ x S, is killed by the Frobenius. Comparing the rank, the former
coincides with the kernel of the Frobenius of the latter. Since GY x .%_,, is
a truncated Barsotti—Tate group of level one, we see by duality and [15, Re-
mark 1.3 (b)] that C x .%1_,, also coincides with the kernel of the Frobenius
of G X Ay
Next we consider the assertion (5). It can be shown similarly to [13, The-
orem 3.1(c)]. For any &;-algebra A, we define an abelian group H(91)(A)
by
H(M)(A) = Home, (M, A),
where we consider A as a p-module with the p-th power Frobenius map. If
we take the basis {eg, €3} gep, of M as above, it is identified with the set
of f-tuples of elements (75, 7}) € A? satisfying
p / Py — / ag,1 ag,2
43) (@il = aah) (0 2 ).
We define the subgroup H(91);(R) of H(IM)(R) by
H(M)i(R) = Ker(H(M)(R) — H(M)(Ri)).

We also have the subgroup H(M)(R) of H(IM)(R). Note that we have an
exact sequence

0 ——=HO)(R) —=HON)(R) —H(L)(R) —=0
which can be identified with the exact sequence of abelian groups
0 —=C(O0k) —=9(0k) —= (G/C)(Og) —0.
Since degs(G/C) = wpg, the basis § of £5 satisfies
25(05-10p) = Apds With vr(As) = wg.

Thus any element of H(£)(R) can be identified with an f-tuple (23)scp,
in R satisfying

(4.4) ngloﬁ = A\323
for all g € By.
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Lemma 4.2. For any element (23)sen, # 0 of H(L)(R), we have

w
p—1
In particular, H(L);(R) =0 for any i > w/(p — 1).

vr(28) < for any B € By.

Proof. From the equation (4.4), we see that (zs)sep, # 0 if and only if
zg # 0 for all 8 € By. This equation also implies

Pvr(Zs-108) = vR(28) + wg
for any 8 € By and thus

1 = w
— f—1-1
VR(25-108) = E P Wyiop < ——,
pl—1 = p—1
which concludes the proof. O

We claim that H(M)(R) = H(IM)(1—w)/(p—1)(R). Indeed, take any ele-
ment (zg,7}3)sep, of the left-hand side. Take the element ys € &; such
that

(53 = €3 + ue(lfwﬁ)yge’[g
is a basis of the &1-module £3. Then (x5, 7j)gen, € H(M)(R) if and only
if x5+ ue(l_wﬂ)ygm’ﬂ =0 for all 3 € By. The equation (4.3) implies

(@ 105)" = a(—ap2u " ys + ufag )
and thus
PUR(Z,-105) = vR(2j) + 1 — wp.
Hence we have

/ 1 = f—1-1 1—w
OR(Ep10) 2 g ST ) 2
=0

p—1
for any 8 € By and we obtain (zg, 2%)gen; € H(M)(1—w)/(p—1)(R)-

Conversely, let (z5,7}3)sen, be an element of H (M) _w)/(p—1)(R). By
the equation (4.3), we have

-1
el Y — (4P ! py (@81 ap2
19 (o) = o ) (221 207)
for any 8 € By. Recall that the matrix on the right-hand side is an element
of GLy(S;). Hence we obtain
p(l —w)

>
vp(zg) > b1
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and the element zg = x5 + ue(l_“’ﬁ)ygx’ﬁ satisfies
p(l —w)
p—1
for all 8 € By. By the assumption w < p/(p + 1), we have

vr(z8) >

1—
w__p(l—w)
p—1 p—1

and Lemma 4.2 implies z3 = 0 for any 8 € Bj;. Therefore we obtain
(25, 2%)peB,; € H(M)(R), from which the claim follows. Now Theorem 2.1 (4)
shows the assertion (5).

Let us show the assertion (6). This is shown similarly to [13, Theo-
rem 3.1(2)]. Since ¢ < 1 — w, Proposition 2.2(3) and (4.2) show that the
kernel of the map HTg; is equal to the kernel of the natural map

9(Ok) = HM)(R) — H(L)(R) — H(L)(R:).

Since i > w/(p — 1), Lemma 4.2 implies H(£);(R) = 0 and the right arrow
in the above map is injective. Thus Ker(HTg ;) coincides with the inverse
image of

H(M)(R) = Ker(H(M)(R) — H(L)(R))
by the isomorphism G(Og) ~ H(M)(R), which is C(Of). The assertion (7)
follows from the lemma below. O

Lemma 4.3. Let G be a Z,s-ADBT; over Ok with 3-Hodge height wpg.
Put w = max{wg | B € By} and

1 w y 1

in = - R (A —
toplep-1) p-1 " prp—1)
Suppose w < (p—1)/p™ for some positive integer n. Let C be the canonical
subgroup of G, which exists by Theorem 4.1. Then we have

C =06, =0,

forany 1 <m <mn.

Proof. This can be shown in the same way as [14, Lemma 5.2]. We follow
the notation in the proof of Theorem 4.1. By Theorem 2.1(4) and Theo-
rem 4.1(5), it is enough to show

Home (M, m7™) € H(M)(R).

We identify an element x of the left-hand side with a solution (zs, 2;) e,
of the equation (4.3) in R satisfying vr(zs),vr(7j) > i), for all 3 € By.
From the equality (4.5), we have vg(zg) > pil, > w/(p — 1). Since we have
1—wg>1—w>w/(p—1), the element z3 = x5 + ue(l_wﬁ)yﬁx’ﬂ satisfies

vr(z) > w/(p = 1).
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Thus Lemma 4.2 implies zg = 0 for any 8 € By and x € H(MN)(R). O

The description of the Hodge—Tate map via the Breuil-Kisin classifica-
tion also yields a torsion property of the Hodge—Tate cokernel, as follows.

Lemma 4.4. Let G be a Z,;-ADBT; over Ok with 3-Hodge height wpg.
Put w = max{wg | § € By}. Suppose w < (p —1)/p. Then the cokernel of
the linearization of the Hodge—Tate map

HT®1:G(0f;) ® O — wgv ®o, O

is killed by m "/ ®~V).

Proof. For this, we first show the following lemma.
Lemma 4.5. Let M be a finitely generated Og-module. Let N be an Og-

submodule of M. Suppose that there exist positive rational numbers r > s
satisfying m?M CN+ mf{M. Then we have m?{sM CN.

Proof. Put Q = m?{s(M/N) Since the assumption implies m?ﬂ*sQ = Q,

Nakayama’s lemma shows @) = 0 and m?(sM CN. U
Put M = wgv ®p, O and
N=ImHT®1:G(0f)® O — wgv @0, Of).
We claim that
m """ Coker(HT1_y © 1: G(Og) ® O — wgv @0, Og 1_,) = 0.
This is equivalent to the inclusion
m” PN C N 4wzl

The assumption w < (p—1)/p implies w/(p—1) < 1—w and thus Lemma 4.4
follows from the claim and Lemma 4.5.

Now let us prove the claim. Consider the basis dg of £3 as in the proof
of Theorem 4.1. Using this, we identify each element of H(£)(R) with an
f-tuple (25)pep, in R satisfying the equation (4.4). By Proposition 2.2(3)
and (4.2), the cokernel of the claim is identified with the cokernel of the
natural map

H(L)(R) © R — Home, (£, Ri_w) = £V ® Ry_u,
(Zg)gggf X1+ Z 5% X 28-
56]3)/:

Note that the abelian group H(£)(R) has a natural action of the ring I,
defined by

a(28)per; = (B(a)zp)pen, for any a € Fr.
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Take a generator o of the extension For /Fp, and also a non-zero element
(28)peB; of H(L)(R). Then the subset {o(23) seB; }i=0,1,....7—1 forms a basis
of the [F,-vector space H(£)(R). Hence the image of the natural map above
is generated by the entries of the f-tuple

(8 ® 1) e, (B(ab)zs)p1 = (0§ ® 1) sep, diag(2s) ses, (B()) p1-

Since the matrix (3(af)) s, is invertible in My (R), the cokernel is isomorphic

as an R-module to
P Riw/(23).
ﬁEBf
Thus the claim follows from Lemma 4.2. O

Corollary 4.6. Let L be a complete discrete valuation field of mized char-
acteristic (0,p) and G a Z,s-ADBT1 over Or, with 3-Hodge height wg. Put
w = max{wg | B € By}. If w < p/(p+ 1), then there exists a finite flat
closed cyclic Z,s-subgroup C of G over Oy, satisfying

degg(g/c) = wg
for all B € By, which is characterized by the inequality
degg(C) + pdeg,-1,3(C) > 1
for all B € By. The Z,s-subgroup C has the properties (1)~(7) in Theo-
rem 4.1. We also refer to C as the canonical subgroup of G.

Proof. From [10, Théoreme (19.8.6)] we see that O, is a finite totally ram-
ified extension of a Cohen ring, and as in the proof of [13, Theorem 3.1]
we can choose an extension of complete discrete valuation fields L'/L with
relative ramification index one such that the residue field of L’ is perfect.
Put € = G(1_w)/(p—1)- Since the map Op — Oy, is flat and lower ramifi-
cation subgroups are compatible with base extension of complete discrete
valuation fields, Theorem 4.1 applied to G®p, O/ implies the corollary. [

5. Goren—Kassaei’s theory

Here we analyze the variation of S-Hodge heights by taking quotients
with cyclic Z,s-subgroups. For the case of abelian varieties, it was obtained
by Goren—Kassaei [9, Lemma 5.3.4 and Lemma 5.3.6]. We are still assuming
that the residue field k£ D IF'pf of K is perfect.

Lemma 5.1. Let G be a Z,r-ADBT; over Ok with 3-Hodge height wpg.
Let H be a finite flat closed cyclic Z,s-subgroup of G over Ok. Put vg =
degg(G/H).
(1) If we have
vg + Puy-108 < p for all B € By,

then wg = vg and G has a canonical subgroup, which is equal to H.
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(2) If we have
vg + PUs-108 > p for all B € By,

then wg = p(1 — v,-103) and G has a canonical subgroup, which is
not equal to H. We refer to any H satisfying this inequality as an
anti-canonical subgroup of G.

(3) If both of the inequalities in (1) and (2) are not satisfied, then

wWg + pwy—1,3 = p for some € By.

Proof. Let B and Q be the Breuil-Kisin modules corresponding to G/H
and H, respectively. We have an exact sequence of G1-modules

0 PBs Mg Qp 0

for any 8 € By. Note that &1-modules 35 and Qg are free of rank one. Let
{3 fé} be a basis of the free &1-module Mg such that fz is a basis of Pg

and the image of f/g is a basis of Q3. We can write as
ag b
@B(fa—loﬁ) fé—*loﬂ) = (fﬂ7 fé) ( 06 CZ)

with some ag, bg, cg € &1 such that vr(ag) = vg and vgr(cg) = degz(H) =
1 — vg. Thus we obtain

Fillfm/m = (apfs,bsfs + Cﬂf@‘

Since it is a direct summand of Mg of rank one over Ok 1, we have

vr(ag) =0 (vg=0),
vr(bg) =0 (0 <wvg < 1),
vr(cg) =0 (vg=1)
and
i 1 _ <f,3> (Uﬁ = 0)7
FE {<bﬁfﬁ Feafs) (v >0).

Moreover, in M,o5,1 wWe have

(5.1) {%oﬁ(fﬁ) = Agop foop;
poos(bpfs + caf) = (Vgaoes + chboop) faop + ChCaop fros-
Now let us consider the assertion (1). The assumption implies vyo5 < 1

for any 8 € By. Hence wyop is equal to the truncated valuation of the
coefficient of f,op3 of the right-hand side of the equality (5.1) in both cases.

o If vg =0, then wyog = VR(Aros) = Vsos-
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e If 0 < vg < 1, then vgr(bg) = 0 and
Weop = min{vR(bgaaoﬂ + cgbgoﬁ), 1}.
The assumption also yields vyo3 < p(1 — vg) and thus we have
WgopB = Vgof-
Thus G satisfies the assumption of Theorem 4.1 and has the canonical
subgroup C. Since deggz(H) = 1 —vg, the uniqueness of the theorem implies
H=C.
Next we treat the assertion (2). The assumption implies v,0g > 0 for any
geb f-
o If 0 < v,0p < 1, then vr(byop) = 0 and

Waop = Min{vz(bhases + hboop), 1}

By assumption we have vs05 > p(1 —1)5) and thus we obtain ws.g =
p(1 —wvg).

o Ifv,03 = 1, then vp(cyop) = 0. This implies that wyop is equal to the
truncated valuation of the coefficient of f; 5 of the equality (5.1),
namely

Woop = min{vR(cgcgoﬁ), 1} =p(1 — vg).
From this we see that G has the canonical subgroup C. If C = H, then we
have

U = dEgB(g/H) =wg = p(1— Ua—loﬁ)
for any 8 € By, which contradicts the assumption.

The assertion (3) can be shown as in [9, Corollary 5.3.7]: Take 5’ € By
such that vg + pv,-1,8 < p. Let ¢ > 1 be the minimal integer satisfying
Vgiog T PUgi-108 = p. The minimality shows that g = o1 o B satisfies
(52) vp +pUG—105 <p, Voo ‘Hm/,B > p.

We claim that
wp = Vg, Woop = P(1 —vp).
Indeed, if v3 = 0 then the first inequality is trivial. If 0 < vg < 1, then (5.1)
implies
o UR(CLB) (Ua—lo,b’ = 0)7
Y87 min{vg (b &
min{vg( r—10%8 T Co-10508), 1} (vy-105 > 0).

From this and (5.2), we obtain wg > vg. If vg = 1, then (5.1) gives
1 (Uafloﬁ = O)a
wg =19 . .
B mm{vR(ci,loﬁcﬁ), 1} = min{p(l — vy-105),1} (v,-103 >0)
and the inequality wg > vg follows from (5.2).
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Let us consider the second inequality. If v50o3 = 0, then (5.2) implies
vg = 1 and the inequality is trivial. If 0 < vyop < 1, then (5.1) implies

w. . — JUR(agos) (vg = 0),
70T \min{vr(bases + boos) 1} (vg > 0)

and from (5.2) we obtain w,.3 > p(1 —vg) for both cases. If v, = 1, then
we have vg > (p —1)/p > 0 and

Woop = min{vR(cgcaoﬁ), 1} = p(1 — vg).
This concludes the proof of the claim. Now we have

Woop + PW3 > p(l - Uﬁ) +pvg=p
and the assertion (3) follows. O

Lemma 5.2. Let n be a positive integer, L/K any extension of com-
plete discrete valuation fields and L an algebraic closure of L. Let G be
a Ly -ADBT, 11 over O with Lt -alternating isomorphism i : G ~ GV.
Let H be a finite flat closed cyclic Z,s-subgroup of Glp] over Or. Then
p "H/H is a Z,s-ADBTy, over Or, with its Z,s-alternating isomorphism
of self-duality induced by 7.

Proof. Note that p~"H/H is a truncated Barsotti-Tate group of level n
over Or. Indeed, by taking a base change we may assume that the residue
field of L is perfect, and in this case it follows from the fact that G is the
p"Hl-torsion part of a p-divisible group [15, Théoréme 4.4 (e)]. Put H' =
(Glp]/H)V. Since H(Oj) is isotropic, the map ¢ induces an isomorphism
H ~ H'. On the other hand, Cartier duality gives a natural isomorphism
Jip "H' /H ~ (p7"H/H)V satisfying

<SE’ j(g»p_"?‘i/'}i = <LE, y>g
for any x € p™"H(O;) and y € p~"H'(O;), which can be shown as in [13,
§4, Proof of Theorem 1.1(b)]. Thus these maps induce a Z,s-alternating
isomorphism
PTH/H T (T H M)
It remains to prove that the Of, , ® Z,s-module wy,-ny, /3 is free of rank
one. Consider the decomposition

WpmnH/H = @ WpmnH/H,B
,BE]Bf

Since we know that the left-hand side is free of rank f as an Oy, ,-module,
each wy-nqy/3 g is a free O ,-module of rank f with some non-negative



On canonical subgroups of HBAV’s 377

integer fg. For n = 1, we have exact sequences

Xp
0 ——wy,p ——=wp-19,3 — wgpp],s —> 0,

0 ——wp-19/,8 — Wp-12,3 WA 0

and thus Igo, (wp-191/2,8) = 180, (Wg[p),5)- Since the O 1-module wgyy,) 5 is
free of rank one, we obtain fg = 1 and the lemma follows. O

Corollary 5.3. Let G be a Z,;-ADBTy over O with 3-Hodge height wg.
Suppose that the inequality

Wg + PWy—105 < P
holds for all 8 € By. Theorem 4.1 ensures that the canonical subgroup C of
Glp] exists.

(1) For any finite flat closed cyclic Z,s-subgroup H # C of G[p] over
Ok, we have

Hdgﬁ(p_lH/H) = p_lwooﬂ for any B € By.

Moreover, p~YH /H has the canonical subgroup G[p]/H.
(2) Suppose that the inequality

wg + pwy-1,5 < 1
holds for all 3 € By. Consider the Z,r-ADBT; p~1C/C over Ok.

Then we have
Hdgﬁ(p_lc/C) = pwy-10g for any B € By.
Moreover, G[p]/C is an anti-canonical subgroup of p~*C/C.

Proof. For the assertion (1), Lemma 5.1(3) implies that # is an anti-
canonical subgroup and

degg(Glpl/H) + pdeg,-1,5(Gpl/H) > p,
Hdgg(9[pl) = p(1 — dego—105(G[pl/H)) = pdegy-105(H).
Hence we have
degg((p™ ' H/H)/(GIp]/H)) + pdegy105((0~ ' H/H)/(Glp]/H)) < 1.
Lemma 5.1 (1) shows that p~!#H /H has the canonical subgroup G[p]/H and
Hdgg(p~ "M /M) = degg(H) = p~ 'Hdg,o5(G).
Let us consider the assertion (2). Since degg(G[p]/C) = wg, we have
degg((p~'C/C)/(Gp]/C)) = degg(C) = 1 — wp.

The assumption implies

degg((p~'C/C)/(GIP]/C)) + pdeg,-105((p™C/C)/(GIP]/C)) > p
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and Lemma 5.1(2) yields the assertion. O

6. The case of Hdgg(G) = p/(p+ 1)

In this subsection, we investigate the behavior of the U,-correspondence
at the locus where all the 5-Hodge heights are p/(p+ 1), under the assump-
tion of f < 2. The results of this section is one of the key ingredients of [11],
while it will not be used in the sequel. Let K be as in §1 and we assume
k2D,

Proposition 6.1. Suppose f < 2. Let G be a Z,s-ADBTy over Ok with
Hdgg(G) = wg. Suppose wg = p/(p+1) for all 3 € By. Then, for any finite
flat closed cyclic Z,;-subgroup H of G[p| over O, we have

1
Hdgs(p ' H/H) = —

degs(Glpl/H) = 1

_P
p+1
and p~YH /H has the canonical subgroup G[p]/H.

Proof. By a base change argument as before, we may assume that the
residue field k is perfect. Put 9t = 9MM*(G[p]) and P = M*(G[p]/H). We
take a basis {eg, e/’B} of the &1-module Mg as in §4 and consider the equa-
tion (4.1). Take z4,ys € & such that the element fz = wgeg + ygej; is a
basis of the free &1-module Bg of rank one. Then there exists an f-tuple
(As)pes; in &1 satisfying

D
ag,1 %2) To—tog ) _ <1’B)
6.1 —\
(6.1) <uea5,3 uag 4 (yﬁ—log 7 \ys

for all 3 € By. Note that vg(ag1) = p/(p+ 1). Since the matrix

(2 )
ags3 ag4
is an element of GL2(&1), we have vg(agz2) = vr(ag3) = 0.

We claim that the inequalities 0 < wg < 1 for all 3 € By imply
VR(Ys-105) > 0. Indeed, if vg(y,-105) = 0, then vr(Ag) = vr(zg) = 0
and vr(yg) > 1. This is a contradiction if f = 1. Using (6.1) for oo 3 yields
VR(Apop) < Woop and thus vr(Yeop) > 1 — weop. This is a contradiction if
f = 2 and the claim follows.

Since zgeg + ygef@ generates the direct summand Ps of the &;-module
Mg, the claim implies vr(xg) = 0. Replacing fz by I‘Elfﬂ, we may assume
zp =1 for all B € By. Then (yg)sep, satisfies the equation

ag1+ agayt 1 .= Az,
(62) { 8,1 ﬂvQyo' 105 B

u(ags + agayy-1,5) = Asys-
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Next we claim that every solution (yg)sep, of this equation satisfies
vr(Ag) =p/(p+ 1) for any B € Bs. For f =1, we see that y = yg satisfies
the equation

Yt — ueag,§a5,4yp + aE}Qafg’ly — ueagéaﬁjg) =0.

An inspection of its Newton polygon shows vg(y) = 1/(p + 1). Then the
second equation of (6.2) implies vr(Ag) = p/(p+ 1).
Let us consider the case f = 2. Take any 3 € By. Put

A B _ [ Qoo Ggo3,2 a:g,l CLIEQ
C D UGy08,3 UAgoB,4 upeag’3 upea‘g’4 )
Note that

or(4) 2 p, wr(B)= L wp(@)=1+

A B 1 o[ 1
(C D) <y£2loﬂ> N )‘ooﬁAg (ya_loﬁ)

and thus y = y,-1,3 satisfies the equation

We have

y?" 1 — B 1py?’ + BlAy — B~1C =0,

where the coefficients are all integral. An inspection of its Newton polygon
shows vRr(y,-1053) = 1/(p + 1). Then the second equation of (6.2) yields
VR(As-103) = p/(p +1). Since € By is arbitrary, we obtain

1 D
’UR(yﬁ) = ﬁ’ UR()‘B) = m

for any 8 € By.
Now the claim shows

degg((p™"H/H)/(G[p]/H)) = degg(H) = 1 — vr(Ag) = 1/(p + 1),
degg(Glp]/H) = degg(p™"H/H) = 1/(p+1) = p/(p+1)
for any 8 € By. Then Lemma 5.1(1) implies that
Hdgs(p™'H/H) =1/(p+1)
and that G[p]/H is the canonical subgroup of p~'H /H. O

Remark 6.2. A naive generalization of Proposition 6.1 has a counterex-
ample for f = 3, if p # 2. Suppose k = k and p + 1 | e. Replacing the
uniformizer 7 by a scalar multiple, we may assume that ¢o = p~1E(0) sat-
isfies cp = 1 mod p. Let r be a positive integer. Fix 3’ € B3 and consider
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the following elements of M»(&).

P _pe_
/Al ;= urtt 1 R A ol = urtt —1 s
’ <c51E<u> o'BEw)” 7\ Bu) B
£
Agogg = [ ¥ 1
o*oB (colE(u) co u"E(u)
We define the Z,s-Breuil-Kisin module M = Dsep, ?fnﬁ by
My = Gég @ Gy,  Pa(Eg-108:Eh105) = (65, 5) As.
Take dg € & for each 8 € B3 satisfying
0(Gp-108) = coE(u)~!det(Ag)ag for all § € Bs.

Then the map

A RVEPR R 0 1
(eg,e’ﬁ) — (e\é, (e’ﬁ)v)ag <_1 O)

gives a skew-symmetric isomorphism M — MY. Since M corresponds to
a Barsotti-Tate group I' over Ok, we see that 951/}9295? corresponds to a
Z,3-ADBT2 G = I'[p?] over Ok. Let H be any CAyclic Z,s-subgroup of G[p]
over Og. We write the images of é3, &} in 9/pMg as e, €3 and a basis of
M*(G/H)p as zpes + ypej.

Suppose vgr(yz) > 0 for all 5 € Bz. Then we may assume zg = 1, and
we see that y = y,2,4 is a root of the equation

y?’ T — BiDy?’ + Bl Ay — B71C =0,
where we put

e(p>+p%+p) 2
T o1 e(p”+
A=y »H 1@ p),

e(@3+p2+p)
B=2u® —nu »rt 40P

e(3+p2+2p+1)
C=u ot 17 e pitr
2
+p+1
D= ue(ppﬂ L we® D) 4 ee+Dtr g e(®+p+i)+r,

An inspection of its Newton polygon and derivation shows that this equa-
tion has exactly p?® roots satisfying vg(y) = 1/(p+1) and one root satisfying
vr(y) = 1+ r.

The latter case does not occur, since it contradicts the second equation
of (6.2). In the former case, put y = u®/(P+1y. Then 7 satisfies a monic poly-
nomial of degree p® + 1 whose reduction modulo w is X(Xp3 —o1xP 14
271). Hensel’s lemma and the assumption on k imply y € &;. Thus G[p]
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has exactly p? cyclic Zys-subgroups over Ok such that, for any 8 € Bs, we
have vr(yg) > 0.
By the assumption k = k, there exist exactly p>—1 characters Gx — IE‘;?,

Hence, among these p? cyclic Zps-subgroups, two define the same character
on the generic fiber. This means that G acts on G[p|(O) via this charac-
ter. In particular, any Fs-subspace of G[p](Oy) is Gk-stable. Taking the
scheme-theoretic closure, we see that G[p] has one cyclic Z,s-subgroup H
over O satisfying vr(y,-103,) = 0 for some [y € Bs.

For this #, the equation (6.1) gives vr(Ag,) = vr(zg,) = 0 and vr(yg,) >
1. This in turn gives vr(Asog,) < p/(p+1) and vr(Yoos,) > 1/(p+1). Since
T 0By Caofy T Yoofo ef,o 3, generates a direct summand, we have vg(Z503,) = 0
and this implies vr(Asog,) = p/(p + 1). Thus we obtain

1
degyop, (H) +pdegg,(H) =p + b1l

and G[p]/H is not the canonical subgroup of p~'H /H.

7. Canonical subgroups of higher levels

Let K be as in §1, with residue field £ 2 [,y which may be imperfect.
In this section, we derive from Theorem 4.1 the existence of the canonical
subgroup of level n for a Z,;-ADBTy,, by following an argument of Fargues—
Tian [8, §7] as in [13, §4]. A similar result was also obtained by Goren-
Kassaei [9, Proposition 5.4.5] except the compatibility with Hodge—Tate
maps and lower ramification subgroups. This compatibility shown here will
be used in [11] to enlarge the locus where the sheaf of overconvergent Hilbert
modular forms is defined from that of [2].

Theorem 7.1. Let G be a Z,;-ADBT,, over Ok with 3-Hodge height wg.
Put w = max{wg | f € By}. Suppose that we have

Wg + pwy-105 < P> "

for all B € By.
If k 1is perfect, then there exists a finite flat closed Z,s-subgroup C,, of G
of rank p™f over Ok satisfying

degs(G/Cn) pr ~Log-

We refer to C,, as the canonical subgroup of leveln of G. It has the following
properties:
(1) Let G" be a Z,;-ADBT,, over O satisfying the same condition on
the B-Hodge heights as above and C!, the canonical subgroup of level
n of G'. Then any isomorphism of Lyps-groups j 1 G — G over Ok
induces an isomorphism Cy, ~ Cl,.
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(2) Cy, is compatible with finite base extension of complete discrete val-
uation rings.

(3) Cy, is compatible with Cartier duality. Namely, (G/Cp)" is the canon-
ical subgroup of level n of GV.

(4) The kernel of the n-th iterated Frobenius map of G X #_pn-1,
coincides with Cp, X 1 _pn—1,.

(5) The Zs [p"Z,ysr-module Cr(Og ) is free of rank one.

(6) The scheme-theoretic closure of C,,(Of)[p'] in Cy, is the canonical
subgroup C; of level i of G[p'] for any 0 <i <n — 1.

(7) If w < (p—1)/p"™, then Cp(Of) coincides with Ker(HTg ;) for any
rational number i satisfying

n—1+L<i§n—M.
p—1 p—1
(8) Ifw < (p—1)/p", then C,, = G; for any rational number i satisfying
i = - R ! -2
prp—-1) = =" prlp-1) p-1
Moreover, for the case where k is imperfect, the same statements hold if
w < (p—1)/p".

Proof. The last assertion on the case where k is imperfect follows from the
assertion (8) in the case of a perfect residue field and a similar base change
argument as in the proof of Corollary 4.6. Thus we may assume that k is
perfect.

We proceed by induction on n. The case n = 1 is Theorem 4.1. Suppose
that n > 2 and the assertions hold for n — 1. Let G be a pr-ADBTn
satisfying the assumption. Then we have the canonical subgroup C; of the
Z,;-ADBT; G[p] and Lemma 5.2 implies that p'~"Cy/C is also a Z,-
ADBT,,_;. By Corollary 5.3(2), we have

Hdgg (p'"C1/C1) = PWs—10p

and by the induction hypothesis, p'~"C; /C; has the canonical subgroup of
level n — 1, which we write as C,,/C; with some Zp s-subgroup C,, of G. Then
we have

degg(G/Cr) = degg(G/p'~"C1) + degs((p'~"C1/C1)/(Cn/C1))
n—2

n—1
= degs(Glpl/C1) + Y P (pwy-i-105) = D P'wy-10p.
=0 =0

The assertions (1) and (2) follow from the construction and the induction
hypothesis. The assertions (3) and (4) can be shown exactly in the same
way as [13, Theorem 1.1(b) and (1)], using the assertion (1).
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Let us show the assertion (5). By an induction, we can show C,,—1 C C,,.
By the induction hypothesis, it suffices to show C,(Og) N Gp|(Of) =
C1(Og) for any n > 2. From the assertion (6) for p'="C;/Cy, we see that
(Cn/C1)(Og)[p] is the generic fiber of the canonical subgroup of p~1Cy/C;.
On the other hand, Corollary 5.3 (2) implies that G[p]/C; is not the canoni-
cal subgroup of p~*Cy/Cy. Then we have (C,,/C1)(Ox) N (G[p]/C1)(Of) =0
and thus C,(Oz) NG[p](O) € C1(Of), from which the assertion (5) fol-
lows. The assertion (6) follows from C,_; C C,, and the assertion (5).

Next we show the assertion (7). Let ¢ be as in the assertion. Put ¢ = n—i.
Since we have

w/(p—1)<l—-e<1-—w,
by using Theorem 4.1(6) we can show #Ker(HT;) < p™ as in the proof
of [8, Proposition 13]. On the other hand, since degg(Cy’) = wg, the Og-
module wey ® O is killed by mf—(w. Take any element z € C,(Of) and
denote its image in (G/C1)(Of) by z. By the induction hypothesis, we
have HT;(Z) = 0 for any j satisfying

n—=2+pw/(p—1)<j<n—-1-wp"-p)/lp-1).
Thus we obtain

mZ T UIHT(2) =0, m MY HT(2) = 0

and HT1_,j(z) = 0, which yields C,(Og) C Ker(HT;). Then the asser-
tion (7) follows from #C,(Og) = p™/.

Finally, we show the assertion (8) following the proof of [14, Theorem 1.2].
Using Lemma 4.3 and Theorem 4.1 (4), the same argument as in the proof
of [14, Lemma 5.4] shows G C C,. For the reverse inclusion, we need the
following variant of [14, Proposition 5.5].

Lemma 7.2. The image of the map G;,(Of) al Glp" Ypi, (Og) contains
Glp"inr (Og)-

Proof. Note that the map in the lemma is well-defined by [14, Lemma 5.3].
Put M = M*(G[p]). Consider the basis {ds, ej} of the &1-module M as in
the proof of Theorem 4.1. Write as

A
(,0((507105,6/0.—105) = (6,376,/8) ( OB 55) .
We have vr(Ag) = wg and vr(vg) = 1 — wg. Then, in the same way as in

the proof of [14, Proposition 5.5], we reduce ourselves to showing that for
Zin—1

any {g,1mg € myp ", there exist (g,wg € m?" satisfying

oG - 3 )
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for all B € Bf. We can show by recursion that the equation on (g’s has a
solution satisfying vg((g) > pi, for all 5 € By. Fixing such (g’s, we obtain
the system of equations on wg’s

Wy 1,5 — vsws — kals +ng = 0.
Take any a € R satisfying vgr(a) = i, and put wg = aag. Then (ag)sep, is
a solution of the system of equations

vg psCs | M
agfloﬂ - ap—laﬁ - aP + ﬁ = 07

where all the coefficients are contained in R. This system defines a finite R-
algebra which is free of rank p/. Since Frac(R) is algebraically closed and R
is normal, we can find a solution (as)sep, in R and the lemma follows. [

By the induction hypothesis, we have G[p"~1];, , = C,_1. By Lemma 4.3,
we also have G[pl;, = Ci. Then Lemma 7.2 implies 4G;, (Ox) > 1C,(Ox).
Now the assertion (8) follows from the inclusions G;, C Gy C C,. This
concludes the proof of Theorem 7.1. O

Corollary 7.3. Let n be a positive integer. Let G be a Z,;-ADBT,, 1 over
Ox with B-Hodge height wg satisfying

n

wg + PWs-1,5 < p2_
for all B € By.

Suppose that the residue field k of K is perfect. Let C,,_1 and C1 be the
canonical subgroups of level n —1 and level one of G[p"~!] and G[p], respec-
tively. Let H # Cy be a finite flat closed cyclic Z,s -subgroup of G[p] over O .
Then the Z,;-ADBT,, p~"H/H has the canonical subgroup p1Ch1/H.
Moreover, the natural map Cp, — p~'Cpn_1/H is an isomorphism over K.

For the case where k is imperfect, the same statements hold if

max{wg | 3 € By} < (p—1)/p".
Proof. By a base change, we may assume that k is perfect. By Corol-
lary 5.3(1), the Z,;-ADBT; p~*H/H has the canonical subgroup of level i
for any positive integer ¢ < n, which we denote by C;. Moreover, we have
C1 = G[p]/H. By the construction of the canonical subgroup in Theorem 7.1,

the quotient C, /Cy is equal to the canonical subgroup of level n — 1 of the
Zy,s-ADBT;, p'~"C;/C1. We have the map

p'"C1/Cy = p TGP/ H)/(GIP) /M) = (G"/H)/(Glpl/H) =B Gl

where the last arrow is an isomorphism. By Theorem 7.1(1), we obtain
Cn = p~1Ch—1/H. Moreover, Theorem 7.1(6) implies C,,(Ox) NH(Ox) =0
and the map C, — p~1C,,_1/H is an injection over K. Since both sides have
the same rank over O, the last assertion follows. O
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Finally, we show the following generalization of [1, Proposition 3.2.1] to
our setting.

Proposition 7.4. Let G be a Z,;-ADBT,, over Ok with 3-Hodge height
wg. Put w = max{wg | B € Bs}. Suppose w < (p —1)/p™. Let C,, be the
canonical subgroup of G of level n, which exists by Theorem 7.1.
(1) For any i € e~ 'Z>q satisfyingi < n—w(p”—1)/(p—1), the natural
map
wg ®o Ok, — we, ®ox Ok,
is an isomorphism.
(2) The cokernel of the linearization of the Hodge—Tate map

HTey ®1:C(0f) ® O — we, ®oy, O

is killed by m>w/(p b,

Proof. By a base change argument as before, we may assume that the
residue field k is perfect. Put b = n — w(p™ — 1)/(p — 1). For the first
assertion, consider the exact sequence

0 ——wg /Cn wg we 0

and the decompositions
wgre, = D woe,p wo= D wap.
5€Bf ,BGIBf
Note that wg g3 ~ Ok . Theorem 7.1 implies

—1
deg(G/Cn) pr 1o < (p 1 ) <n-—i.

Thus the image of the natural map wg ¢, g — wg g is contained in m?wgﬁ
for any 8 € By and the first assertion follows.
For the second assertion, consider the commutative diagram

v HTQ\/
G'(Og) Ok wg ®o, Of 4
- |
GV [pl(Of) —= wgpy ®oy O —— wgpy ®ox Ok 15

where the horizontal composites are the first Hodge—Tate maps and the
left vertical arrow is surjective. Since the right vertical arrow is an isomor-
phism, the map HTgv ; factors through GY [p](O) and we obtain a natural
isomorphism of O g-modules

Coker(HTgv; ® 1) >~ Coker(HTgvp, ;1 ® 1).
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By Lemma 4.4, they are killed by mf—(w/ @1 and thus

m 2" "D (wg ®0, O) C Im(HTgv @ 1) + p(wg ®o, OF).

Since w < 1, Lemma 4.5 implies that the O gz-module Coker(HTgv ® 1) is
killed by m>"/#~.
On the other hand, we have a commutative diagram

v HTgv
G (Ok) —wg ®oyx O —wg ®o, Ok,

| |

Ch(Og) —=we, @0y O —we, ®oy Oy

where the left vertical arrow is surjective. By a base change argument using
Theorem 7.1(2), the first assertion implies that the right vertical arrow is
an isomorphism. Thus we have a surjection of Og-modules

Coker(HTgv ® 1) — Coker(HTgv ; ® 1) ~ Coker(HT¢y , ® 1)

and Coker(HT¢y ; ®1) is also killed by m}%(w/ "= This is equivalent to the
inclusion

m =" (we, ®o, Og) € Im(HTey ® 1) +m2 (we, ®o, Of)-
Since w < (p —1)/p™, we have b > w/(p — 1) and the proposition follows

from Lemma 4.5. O

8. Canonical subgroups for Hilbert—Blumenthal abelian varieties

Let p be a rational prime. Let F' be a totally real number field of degree
g which is unramified over p. We denote its ring of integers by Op and its
different by Dp. For any prime ideal p | p of Op, let f, be the residue degree
of p. Fix a complete discrete valuation field K of mixed characteristic (0, p)
with residue field k£ such that F'® K splits completely. We denote by Br the
set of embeddings ' — K and by B, the subset consisting of embeddings
which factor through the completion F,. Then we can identify B, with By, .
The set Br is decomposed as

Br = [[B,.
plp

Let N > 4 be an integer with p { N and ¢ a non-zero fractional ideal of
F. Let S be a scheme over Ok. A Hilbert—Blumenthal abelian variety over
S, which we abbreviate as HBAV, is a quadruple (A, ¢, A\, %) such that

e A is an abelian scheme over S of relative dimension g.
e .: Op — Endg(A) is a ring homomorphism.
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e )\ is a c-polarization. Namely, \ : A ®, ¢ ~ A" is an isomorphism
of abelian schemes to the dual abelian scheme A compatible with
Op-action such that the map

Hom@F(A,AV) ~ Homp, (4, A®o, ¢), [f+— A lo f

induces an isomorphism of Op-modules with notion of positivity
(PA,PX) ~ (¢,cT). Here P4 denotes the Op-module of symmetric
Op-homomorphisms from A to AV, Pj is the subset of Op-linear
polarizations, ¢* is the subset of totally positive elements of ¢ and
any element v € ¢ is identified with the element (z — z ® 7) of
HOInoF (A, A Rog C).

o 1 : D;l ® uy — A is an Op-linear closed immersion of group
schemes, which we call a I'go(N)-structure.

Note that for such data, the Og ® Op-module Lie(A) is locally free of rank
one [7, Corollaire 2.9].

Let (A,¢,A,¢) be a HBAV over S with c-polarization A and I'go(V)-
structure . Let a be an ideal of Op. The c¢-polarization A\ defines a perfect
pairing

(-,): Ala] x Ala] ®0o, ca — Gy

satisfying (x,azr ® v) = 1 for any = € A[a|(T") with any scheme T over S,
a € Op and v € ca. Let H be a finite locally free closed subgroup scheme
of A over S which is stable under the Op-action such that H is isomorphic,
etale locally on S, to the constant group scheme Op/a. Then H is isotropic
with respect to this pairing. Therefore, if we have Im(1))NH = 0 in addition,
then we can define on A/ a natural structure of a HBAV (A/H, 7, \, 1))
with ca-polarization \ [22, §1.9].

Let L/K be an extension of complete valuation fields, L an algebraic
closure of L and (A,:,\,¢) a HBAV over Or. In this case, we say that
a finite flat closed Op-subgroup scheme H of A over Oy is a-cyclic if the
Op-module H(Of) is isomorphic to Op/a. Since the generic fiber of H
is isotropic and any finite flat closed subgroup scheme of A over Op is
uniquely determined by its generic fiber, we see that H is also isotropic.
Thus, if (a, N) = 1, then we can define a structure of a HBAV on A/H
similarly.

For any HBAV (A4, \,¢) over S, the group scheme A[p"] is decom-
posed as

Alp"] = P A"y = D Alp"]
plp plp
according with the decomposition

Op @ Zy =[] O,
plp
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If S = Spec(Or) with some extension L/K of complete valuation fields,
then each A[p"] is a truncated Barsotti-Tate group of level n, height 2 f, and
dimension f,. Moreover, for any prime ideal p | p, the Op,-module c®0o,, OF,
and the Op/p"Op-module ¢/p™c are free of rank one. This implies that, for
any element x of ¢ which generates the Op-module ¢/p™c, the element p"x
and the above pairing define isomorphisms

in t A[p"] — A", ing  Alp"] — A"

such that i,y is Op,-alternating. Hence each A[p"] is an Op,-ADBT,, over
OL. Moreover, i, is Op-alternating, namely (z,i,(ar))spm) = 1 for any
x € A[p"](O;) and a € Op. For any 3 € By, we put

Hdgg(A) = Hdgg(Ap]).

On the other hand, for any finite flat group scheme H over Op with an
Op-action, we have the decompositions

H=EPHy, wn= P wus
plp BEBR

as above such that H, is a finite flat closed subgroup scheme of H over
Orp and wy 3 = wy, s for any B € By. Since the i-th Hodge-Tate map
HT; : H(Of) — wyv o, Op; is Op-linear, it is also decomposed as the
direct sum of the maps
HT; = PHTy,:, HTy,,: Hy(0p) — wiy ®o,, Of ;-
plp
Now we can show the main theorem of this paper.

Theorem 8.1. Let L/K be a finite extension in K. Let ¢ be a non-zero
fractional ideal of F. Let A be a HBAV over O, with c-polarization. Put
wg = Hdgg(A) and w = max{wg | B € Br}. Suppose that

2—n

wg —i—pwaqoﬂ <p

holds for all B € Bp.

Suppose that k is perfect. For any prime ideal p | p, let C,,, be the canon-
ical subgroup of the Of,-ADBT,, A[p"] of level n, which exists by Theo-
rem 7.1. The finite flat closed subgroup scheme

plp

of Alp"] over O, is stable under the Op-action. We call C,(A) the canonical
subgroup of A of level n. It satisfies

n—1
degg(Alp"]/Ca(A)) =~ pwy1e
=0
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for any 5 € Br and the Op/p"Op-module C,(A)(Of) is free of rank one.
The canonical subgroup C, = C,(A) also satisfies the following.

(1) Let A’ be a HBAV over Oy, satisfying the same condition on the
B-Hodge heights as above. Then any isomorphism of HBAV’s j :
A — A’ over Oy, induces an isomorphism Cp(A) ~ C,(A").

(2) Cy is compatible with finite base extension of complete discrete val-
uation rings.

(3) Cy, is isotropic with respect to the Op-alternating isomorphism iy, :
A[p"] =~ A[p"]" defined by the c-polarization of A and any element
x € ¢ generating the Op-module ¢/p"c.

(4) The kernel of the n-th iterated Frobenius map of A[p"] X Ly, 1_pn-14,
coincides with Cp, X S, 1_pn—14-

(5) The scheme-theoretic closure of Co(Og)[p'] in Cp is the canonical
subgroup C; of level i of A[p'] for any 1 <i<n—1.

Putb=n—wp"—-1)/(p—1). Ifw < (p—1)/p", then C, = Cpr(A) also
has the following properties:
(6) Cn(Of) coincides with Ker(HT gpn;) for any rational number i

satisfying
w .
n—1+ —— <i<b.
p—1
(7) Cn, = A[p™]; for any rational number i satisfying
1 << 1 w
—— <i< - .
pp—1) prip—1) p-1

(8) For any i € vy(Or) satisfying i < b, the natural map
wa ®o, Or; — we, ®0, OL;
is an isomorphism.
(9) The cokernel of the map
HTey @1 C:Z/(OK) ® O — we, ®o, O
is killed by m "/~
(10) For any prime ideal p | p and any finite flat closed p-cyclic Op-

subgroup scheme H # Cip of Alp] over O, the HBAV A/H has the
canonical subgroup Cp(A/H) of level n, which is equal to

( @ C”vq) 69(pilcn—l,p//}'[).

qlp,a#p

Moreover, the natural map A — A/H induces a map C,(A) —
Cn(A/H) which is an isomorphism over L.

For the case where k is imperfect, the same statements hold if w < (p—1)/p™
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Proof. The assertion on degg follows from that of Theorem 7.1, since we
have
degg(A[p"]/Cn(A)) = degg(Alp"]p/Cnyp)

for p | p satisfying 8 € B,. The assertion on the freeness follows from The-
orem 7.1(5). The assertions (1), (2) and (5) also follow from Theorem 7.1.

Let us show the assertion (3). Theorem 7.1(3) implies that (A[p"]/Cp)Y
can be identified with the canonical subgroup of A[p"]". By Theorem 7.1 (1),
the isomorphism 4,, induces an isomorphism C,, ~ (A[p"]/C,)". This shows
the assertion (3). Put

wp = max{wg | B € By}.

1 n—1

Since we have 1 — p™~
Theorem 7.1 (4).
Suppose w < (p — 1)/p". Then we have

w < 1 —p" tw,, the assertion (4) follows from

n_ 1 n_1
n—1+&§n—1+L<n—M§n_M
p—1 p—1 p—1 p—1
for any p | p. Since the map HT gppnp is the direct sum of the maps
HT gm0+ Alp"](Og) — waprn)v @0, Ofpy

Theorem 7.1(7) implies the assertion (6). Since the formation of lower ram-
ification subgroups commutes with product, the assertion (7) follows from
Theorem 7.1(8). Similarly, the assertions (8) and (9) follow from Proposi-
tion 7.4. Since we have the decomposition

(A/H)p" = | P Ala"]| ®p "H/H,
q|p,a#£p

Corollary 7.3 shows the assertion (10). The last assertion on the case where
k is imperfect follows from Theorem 7.1 and Proposition 7.4. This concludes
the proof. O
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