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A transference principle for simultaneous rational

approximation
par NGoc A1 VAN NGUYEN, ANTHONY POELS et DAMIEN ROY

RESUME. Nous établissons pour tout entier n > 1 un principe de transfert
général concernant la mesure d’irrationalité des points de R"! dont les co-
ordonnées sont linéairement indépendantes sur Q. Partant de 1a nous retrou-
vons une inégalité importante de Marnat et Moshchevitin qui décrit le spectre
conjoint des exposants ordinaire et uniforme d’approximation rationnelle pour
ces points. Lorsque les exposants d’un point réalisent quasiment 1’égalité, nous
fournissons davantage d’informations sur la suite de ses meilleures approxi-
mations rationnelles. Nous concluons avec une application.

ABSTRACT. We establish a general transference principle about the irrational-
ity measure of points with Q-linearly independent coordinates in R™*!, for
any given integer n > 1. On this basis, we recover an important inequality
of Marnat and Moshchevitin which describes the spectrum of the pairs of or-
dinary and uniform exponents of rational approximation to those points. For
points whose pair of exponents are close to the boundary in the sense that
they almost realize the equality, we provide additional information about the
corresponding sequence of best rational approximations. We conclude with an
application.

1. Introduction

Let n be a positive integer and let & = (£, ...,&,) be a point of R*+!
whose coordinates are linearly independent over Q. For any integer point
x = (z0,...,7n) € Z" we set

Le(x) = max. S0k — Erwol,
and for each X > 1 we define
(1.1) Le(X) = min{Lg(x); x € Z"\ {0}, [[x]| < X},
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where ||-|| denotes the usual Euclidean norm in R"*!. The behavior of this
irrationality measure L is roughly captured by the quantities

)\(S) — sup{)\; lggioréfXAﬁg(X) < OO},

A(E) = sup{)\; lim sup X*L¢(X) < oo}

X—o00

(1.2)

which are called respectively the ordinary and the uniform exponents of
rational approximation to &. It is well known that they satisfy

(1.3) L<A@) <1 and 3O <AE) < o,

the inequality A(€) > 1/n coming from Dirichlet’s box principle [13, Theo-
rem 1A, Chapter II]. The study of such Diophantine exponents goes back
to Jarnik [1] and Khinchine [2, 3] and remains a topic of much research.
Recently Marnat and Moshchevitin [6] proved the following inequality con-
jectured by Schmidt and Summerer [15, Section 3, p. 92].

Theorem 1.1 (Marnat-Moshchevitin). Let & € R™"! be a point whose
coordinates are linearly independent over Q. We have

N N(£)2 N7
(1.4) NE) + AA((% +ot A?gil <1,

the ratio N(€)/\(€) being interpreted as 0 when A(€) = oo.

The formulation given by Marnat and Moshchevitin in [6] is slightly dif-
ferent and is complemented by a similar result for the dual pair of exponents
which we omit here. These authors also show that (1.3) and (1.4) give a
complete description of the set of values taken by (), X) at points & € R*H!
with Q-linearly independent coordinates. Previous to [6], the problem had
been considered by several authors. The case n = 1 of Theorem 1.1 is clas-
sical, as it reduces to (1.3). The case n = 2 is a corollary of the work of
Laurent [5]. The case n = 3 was established by Moshchevitin in [7], and
revisited by Schmidt and Summerer using parametric geometry of numbers
in [15]. For an alternative proof of the results of [6] based only on para-
metric geometry of numbers together with partial results towards a more
general conjecture, see the PhD thesis of Rivard—Cooke [10, Chapter 2].

Given a subset S of Z"!, we define for each X > 1

Le(X;S) =min{L¢(x); x € Sand 0 < ||x]| < X},

with the convention that min{) = co. When S ¢ {0}, that function is
eventually finite and monotonic decreasing. Then, upon replacing Lg¢(X)

by L¢(X;S) in (1.2) we obtain two exponents A(§;.5), A(&; S) which satisfy
(1.5) 0<AES) <A <1 and A(ES) < A9
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In particular, we have A(&;Z"+1) = A(€) and A(&; Z"H1) = X(£).
The next result gives further information about the behaviour of
Le(X;S) as a function of X.

Theorem 1.2. Let & € R*! with Q-linearly independent coordinates and
let S C Z™1. Suppose that there exist positive real numbers a,b, o, 3 such
that

(1.6) bX P < Le(X;8) <aX™®

for each large enough real number X. Then o and B satisfy
2 n

(1.7) a+%~w~+ﬁwl

In case of equality in (1.7), we have

(1.8) limsup X“L¢(X;8) >0 and li)gnianﬂﬁg(X;S) < 00,
— 00

X—o00

<1

thus a = X(E, S) and g = \(§; S).
Assuming that X(E ;S) > 0, the first part of Theorem 1.2 implies that

(& S)? &S
ANES) T AT
which gives Theorem 1.1 by choosing S = Z"*!. Indeed, if A\(§;S) < oo,
then (1.6) holds for X large enough with a = b =1 and any choice of a, 3
with 0 < a < A(&;S) and 8 > A(&; S). Inequality (1.7) then gives (1.9) by
letting o tend to A(€;S) and S to A(€;S). Otherwise, we have A(£;5) = oo
and (1.9) holds trivially since A(&;S) < 1. Another application of Theo-
rem 1.2 is given in Section 6.

Rather than taking monomials to control the function L¢, we now turn
to a more general setting in the spirit of [1]. The following transference
principle is our main result. As we will see, it implies Theorem 1.2.

(1.9) AE; S) +

Theorem 1.3. Let £ € R™ with Q-linearly independent coordinates and
let S C Z"*1. Suppose that there exist an unbounded subinterval I of (0, 00),
a point A € I and continuous functions p,,9 : I — (0,00) with the
following properties.

(i) We have Y(X) < Le(X;8) < o(X) for each X > A.

(ii) The functions ¢ and ¢ are strictly decreasing, whereas ¥ is increas-

ing with
Xlgnoow(X) = Xlgnoow(X) =0 and Xlgnooﬁ(X) = 00.

(iii) For each k =1,...,n—1, the k-th iterate 9% of ¥ maps [A, 00) to I.
(iv) We have o(X) = ¢(9(X)) for each X > A.
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(v) The functions @, ..., ¢on-1, Po, ..., Pp_1 defined on [A,0) by

(1.10) po(X) = (X)

(1.11) (X)) = (0" (X)) - p(D(X))p(X) (1 <k <n),

(1.12) Dp(X)=Xepr(X) (0<k<n-1)
have the property that ®¢ is monotonically increasing and that the
remaining ®q,...,P,_1 are monotonic (either decreasing or in-
creasing).

Then g, ..., P, o are monotonically increasing and we have

(1.13) d,_1>c

for some constant ¢ > 0 depending only on &.

Note that since ¢ is decreasing and ¢ is increasing, each function ¢y
is decreasing and tends to 0. The most natural choice for the functions
©, p, 9 is to take monomials in X as below. In doing so, we now prove that
Theorem 1.3 implies Theorem 1.2. With the notation of Theorem 1.2, the
functions v, ¢, ¥ defined for each X > 0 by

(1.14) (1, 0, 9)(X) = (bX_ﬁ’“X_a’ (Z)l/ﬂXa/B>

satisfy ¢ = 1 o ). Moreover since a < X(E,S) < 1 by (1.5), the product
Po(X) = Xp(X) = aX'7% is monotonically increasing for X > 0. For each
kwith0<k<n-—1and X >0 we have

a/B)++(a/B)*
(1.15) p(0-(x)) =a() T e,

and so the functions ®q,...,®,_; defined by (1.12) are monotonic. Thus
v, 1,9 satisfy Conditions (i) to (v) of Theorem 1.3, and Condition (i)
amounts to Condition (1.6) of Theorem 1.2. Furthermore note that there is
a positive number 6 > 0 (which is a polynomial in «/(3) such that for each
X > 0 we have
L oaanNd L B a? a”

(1.16) @,_1(X) =a (g) X°, wheree=1-— (a—I—F—P'-—I—W).
By (1.13) we then get (1.7), namely € > 0. This in turn implies (1.9) as

explained after Theorem 1.2. Suppose now that ¢ = 0. Since a < X(&; S)
and 5 > A\(&;9), we thus have

o’ "5 A& S)? A& S)"
=4 NE: AN R
Tt g SAES NS NCE R

1:a—|—ﬁ g1 S
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and we conclude that o = A(&; S) and 3 = A(£; S). Moreover, by using once
again (1.13), (1.16) and the hypothesis that e = 0, we obtain

a” (%)6 >,
where ¢ is given by (1.13). It means that in (1.6), we cannot replace a by a
constant strictly smaller that a’ = (¢b®)Y/("+9) and b by a constant strictly
larger than ¥ = (a9 /c)'/%. This proves (1.8) with the superior limit > a’
and the inferior limit < ¥'.

Remark 1.4. Clearly, Conditions (ii) to (v) apply to many more general
classes of functions ¢ and . For example, we can take

O(X) =aX “log?(X) and o(X)=0bX"log’(X)
for suitable positive numbers a, b, o, 8 and real numbers o, p.
The next result complements Theorem 1.2.

Theorem 1.5. Let n > 1, let € be a point of R"*! whose coordinates
are linearly independent over Q and let S C Z™+. Suppose that there are
positive real numbers a, b, o, f such that

(1.17) bX P < Le(X;8) <aX™®

for each sufficiently large real number X. Then we have o < 5 and

n

2

Q@ «@
Moreover, there exists a constant C' > 0 which depends only on &,a,b,a, 3
with the following property. If

1 /a\"
1.19 e< —(—=) min{a, S — a},
(1.19) < 5:(5) minfe.5-a)
then there is an unbounded sequence (y;)i>0 of non-zero integer points in
S which for each i > 0 satisfies the following conditions:

(i) |alogllyiril = Blogllyill| < C + 42(8/c)" log|lyitll;

(ii) [log Lg(y:) + Blogllyill| < C +42(8/a)?log]lyill;

(111) det(yi, e ,yi+n) 75 0,’

(iv) there exists no x € S\ {0} with ||x|| < |ly:|| and L¢(x) < Le(yq).

For a point £ of the form & = (1, &, £2) with ¢ € R not algebraic of degree
at most 2 over Q, satisfying (1.17) with S = Z3, 3 = 1 and € = 0, we recover
a construction of the third author [11, Theorem 5.1] dealing with extremal
numbers. For a point & = (1,7,...,9", &) with ¥ € R algebraic of degree n
over Q and ¢ € R\ Q(¥), satisfying (1.17) with S = Z"*} 3 =1/(n — 1)
and € = 0, the result is due to the first author [8, Theorem 2.4.3].
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Remark 1.6. As the proof will show, the upper bound for ¢ in (1.19) and
the coefficients of ¢ in (i) and (ii) can easily be improved.

This paper is organized as follows. In Section 2 we set the notation and
we recall the definition of minimal points. Section 3 is devoted to our main
tool which is a construction of subspaces of R"*! defined over Q, together
with inequalities relating their heights. The proofs of Theorems 1.3 and 1.5
follow in Sections 4 and 5 respectively. Finally, some applications of our
results are presented in the last section.

2. Notation, heights and minimal points

Given points y1,ya,... of R™! we denote by (yi,y2,...)r the vec-
tor subspace of R"*! that they span. Recall that we endow R"*! with its
usual structure of inner product space and that we denote by ||-|| the cor-
responding Euclidean norm. In general, for any integer £k = 1,...,n + 1,
we endow the vector space A¥(R"*!) with the unique structure of inner
product space such that, for any orthonormal basis (e, ...,e,) of R
the products e;; A---Ae; (i1 < --- < i) form an orthonormal basis of
AF(R™1). We still denote by ||| the associated norm.

If W is a subspace of R"*! defined over Q, we define its height H(W) as
the co-volume in W of the lattice of integer points WNZ" 1. If dim W = k,
this is given by

H(W) = i A A
for any Z-basis (x1,...,xg) of W N Z"*T!. Schmidt proved the following
result [14, Chapter 1, Lemma 8A].

Theorem 2.1 (Schmidt). There exists a positive constant ¢ which depends
only on n such that for any subspaces A, B of R™ ! defined over Q, we
have

H(A+B)H(ANB)<cH(A)H(B).

If f,g : I — [0,400) are two functions on a set I, we write f = O(g)
or f < gor g > f to mean that there is a positive constant ¢ such that
f(x) < cg(x) for each x € I. We write f < g when both f < g and g < f.

When S C Z™! is such that limy_oo L¢(X;S) = 0, there exists a se-
quence (x;);>o of non-zero points in S satisfying

(a) [Jxoll <=l <llx2f <...
(b) Ls(Xo) > L{(Xl) > Lg(Xg) > ...
(¢) For any ¢ > 0 and any non-zero point z € S with ||z|| < ||xi+1]|, we
have L¢(z) > Le(x;).
We say that such a sequence is a sequence of minimal points for & with
respect to S. Minimal points are a standard tool for studying rational ap-
proximation. The usual choice is to take S = Z"*1.
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3. Families of vector subspaces

The goal of this section is to prove the following key-theorem established
by the first author in her thesis [8, Section 2.3] in the case where S = Z"*!,
The proof in the general case is the same. In this section n is an integer
> 1.

Theorem 3.1. Let & € R™ ! with Q-linearly independent coordinates. Sup-
pose that for some S C Z™ T we have limy_o Le(X58) = 0. Let (x4)i>0
be a sequence of minimal points for & with respect to S. For each i > 0, set

Xi =|Ixi|| and L;= Le(Xi;S) = Le(xi).
Fiz also an index ig > 0. Then for each t = 1,...,n — 1 there exists a
largest integer i, with iy > ig such that
(3.1) dim (X, Xig4+1s - - -y Xip )R =t + 1.
For these indices 19 < i1 < -+ < ip—1, we have
Xiy - Xi, o, <cLigXig41---Li, X, 141
with a constant ¢ > 0 depending only on & and not on ig.

We first note that under the conditions of Theorem 3.1, each subsequence
(yi)ien of (X;)ien spans R™F1. Indeed, suppose by contradiction that a
subsequence (y;)ien spans a proper subspace W of R" 1. Since (y;)ien
converges to & projectively, we deduce that & € W, which is impossible
since W is defined by linear equations with coefficients in Q while the
coordinates of € are linearly independent over Q. In particular, (x;)i>4,
spans R™*! for the given index ig, and the existence of 41, ..., 4,_1 follows.

Clearly we have ig < i1 < --- < i,,_1. For simplicity, we set

V[Z?]] = <X’iaxi+17 ... 7Xj>R

for each pair of integers ¢, j with 0 < ¢ < j. Then, foreacht =0,1,...,n—1,
we have

dim V[ip,i;] =t+1 and dimV[ig,i; + 1] =t + 2,
thus x;,+1 ¢ V[ig, it]. By comparing dimensions, we deduce that

R"™ = Vlig,in—1 +1] and Vlig,iz—1 + 1] = V[ig,i] (1<t <n—1).
For each (t,k) € N? with 1 <k <t + 1 < n, we define
VFL = V[s(t, k),ip + 1] and  UF = V[s(t, k), i),

where s(t, k) is the largest integer with s(t,k) < 4; for which we have
dim Vt]€+1 = k+1. By varying k for fixed ¢, we obtain a decreasing sequence

s(t,1) =i > s(t,2) > -+ > s(t, t + 1) > ip.
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Thus UF is contained in V[ig, 4], so x;,11 ¢ UF and therefore dim U} = k.
Moreover, when 2 < k <t + 1, we have s(t, k) < s(t,k — 1) < 4y, thus
(3:2) Vit =t v

is the sum of two distinct k-dimensional subspaces. Since UF and V;* both
contain UF~!, we deduce that

(3.3) Utki1 = Utk N V;:k,

as both sides have dimension k—1. Finally, we note that, fort =1,...,n—1,
the subspaces U/ ™! and Wﬁf are both contained in V[ig, it] = V[io, it—1+1].
Since all of these have dimension ¢ + 1, we conclude that

(34) Ut = Vlio, i1 +1] = V2

The proof of Theorem 3.1 relies on the following lemma relating the heights
of the above families of subspaces.

Lemma 3.2. For eachk=1,...,n— 1, we have
(35)  H(URHUfky) - HUs_) < HVEHHWE) - H(VH)
with an implicit constant depending only on n.

Proof. We proceed by descending induction on k. By (3.2), we have
R =Vt =Un  + V.

Since (3.3) gives U] = U?_;NV,™ 4, it follows from Schmidt’s Theorem 2.1
that
H(Up =) < H(Up 1) H(Vyy)
because H(R"*!) = 1.As (3.4) gives H(U"_;) = H(V,",), this proves (3.5)
for k=n—1.
Assume that (3.5) holds for some k with 1 < £ < n—1. By Theorem 2.1,
the relations (3.2) and (3.3) imply that

H(UFH(VF)
H(UF™)

foreacht =k—1,...,n—1. Combining this with the induction hypothesis,
we obtain

H(VM <

H(UF_ )H(VF H(U*_)H((VE
H(U]]:) .. H(U1]§71> < ( k*l)ki(l k-,l) . ( nfl)ki(l nfl).
H(U—)) H(U,~y)
After simplification, this leads to
HUZ) - HUNZD) < HUE_)H(VE ) - H(Vy).

Since UF | = V¥, by (3.4), this yields (3.5) with k replaced by k— 1. Thus,
by induction, (3.5) holds for all k =1,...,n — 1. O
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Proof of Theorem 3.1. By Lemma 3.2 applied with k = 1, we have
H(UNH(Uy) - H(U,_1) < H(VG)H(VE) -+ H(V;7_y)
where U} = (x;,)r and V2 = (x;,,%;,+1)r for t =0,...,n — 1. The conclu-
sion follows since
H(U}) = [Ixi |l = Xi, and - H(V?) < |lxi, A X1 | < X1 L,
fort =0,...,n — 1, with implicit constants depending only on &. (|

4. Proof of Theorem 1.3

Suppose that € € R**1 S CR"™ A € T and ¢,,9 : I — (0, 00) satisfy
the hypotheses of Theorem 1.3, and let (x;);>0 be a sequence of minimal
points for € with respect to S. Since ®¢ is monotonically increasing, the
case n = 1 of Theorem 1.3 is trivial. Thus we may suppose that n > 1. Asin
Section 3, we write X; = ||x;|| and L; = L¢(x;) = L¢( X3 S) for each i > 0.
Choose ko > 0 such that Xj, > A. Then, for each i > ko and ¢ € (0, 1] we
have

U(Xi) < Li = Le(Xi59) = Le(Xip1 — &:5) < p(Xiy1 —¢)
by definition of minimal points. Letting € tend to 0, we deduce that

(41) Ll S SO(XZ'—H) and Xl Z 19<X2+1) (2 Z k‘o),

because ¢ = 1o} is continuous and 1 is strictly decreasing. Then, for each
10 > ko, the sequence of integers ig < --- < 4,1 given by Theorem 3.1
satisfies

(42) Xil cet Xin,1 < C(I)O(XioJrl) c (I)O(Xin71+1)>

where ¢ = ¢(€) > 0 and ®p(X) = X¢(X) as in (1.12).

Lemma 4.1. Suppose that the functions ®q, ..., P,,_o are monotonically
increasing for some integer m with 2 < m < n, and let jo,...,Jm—1 be

integers with ko < jo < -+ < jm—1. Then we have
(43)  Po(Xjor1)  Po(Xjpoi+1) < Xjy - Xy P (X1 41)-

Proof. For simplicity set Y3, = X, and Z = Xj, 11 for k =0,...,m — 1.
By induction on k, we show that
k—1
(4.4) H ®y(Zy) < (Hn)@k (Z—1 (H P, Zg> k=1,...,m).
=1
The case k: = 1 is an equality; there is nothing to prove. Suppose that (4.4)
holds for some k with 1 < k < m. We have Z;_1 < Y} since jr_1 < ji. We
also have J(Zy) < Y by (4.1). Since ®j_; is monotonically increasing and
(pr—1 is monotonically decreasing, we deduce that

(4.5) P 1(Zp-1) < Pp1(Yi) = Yaor—1(Ya) < Yepr—1(9(Z1)).



396 Ngoc Ai Van NGUYEN, Anthony POELS, Damien ROy

Since @g_1(9(Zy))Po(Z) = Pr(Zk), we conclude that (4.4) holds as well
with & replaced by k + 1. The inequality (4.3) corresponds to the case
k=m. 0

Lemma 4.2. The functions ®q,...,P,_o are monotonically increasing.

Proof. Otherwise there is a largest integer m with 2 < m < n such that
Dy, ..., P,,_9 are monotonically increasing. By our choice of m, the function
®,,,_1 is monotonically decreasing. It is thus bounded from above. Let 79 <
i1 < -+ < ip—1 be integers satisfying (4.2) for a choice of ig > ko. For
simplicity we write ¥}, = X;, and Z = X;,4+1 (K =0,...,n — 1). Then,
Lemma 4.1 applied to jo = tp—my-- -, Jm—1 = in—1 implies that

QO(Zn—m) T (I)O(Zn—l) S Yn—m—l—l T Yn—lq)m—l(Zn—l)
= O(Yn—m—i-l T Yn—l)a
with an implicit constant depending only on ®,,,_1, not on ¢g. Furthermore

fork=0,...,n—m—1we have ®y(Zy) = p(Zr) Zx < ©(Z)Yit1 = 0o(Yii1)
as ig tends to infinity. Putting these inequalities together yields

Do(Zo) - o(Zn-1) = oY1 -+ Yno1)
as 1o tends to infinity. This contradicts (4.2). O

Proof of Theorem 1.3. Fix ig < --- < i,_1 satisfying (4.2) for some iy >
ko. According to Lemma 4.2, we may apply Lemma 4.1 with m = n and
jo = io, RN 7jm71 = ln—1. This gives

Do(Xigr1) - Po(Xip_y41) < Xy -+ Xy @1 (X i 11),

which together with (4.2) yields ®,_1(X;, ,+1) > ¢ 1. Since the function
®,,_ is monotonic, we deduce that ®,,_1(X) > ¢ ! foreach X large enough,
by letting ig go to infinity. O

5. Proof of Theorem 1.5

First, note that (1.18) follows from Theorem 1.2. So it only remains to
prove the second part of Theorem 1.5. Let (x;);>0 be a sequence of minimal
points for & with respect to S. For each ¢ > 0, we write

Xi=|lxi|l and L;= Le(Xi;8) = Le(xi).

The sequence (y;)i>0 will be constructed as a subsequence of (x;);>0 so
that Condition (iv) of Theorem 1.5 will be automatically satisfied. In this
section, all implicit constants depend only on &, a,b, o, 5. For each X > 0,

we set
a

(¥, 0, 9)(X) = (bX 7, aX 7, (3)_1/%(&/5),

asin (1.14). Then, for k = 0,...,n—1, we denote by @) and P}, the functions
defined on (0, c0) by the formulas (1.10)—(1.12) from Theorem 1.3. We also
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fix an index ¢y such that the main hypothesis (1.17) is satisfied for each

X > Xy,.
Consider the sequence ig < i1 < -+ < i1 given by Theorem 3.1 for a
choice of ig > £y. For each £k =0,...,n — 1, we set

(51) (Yk’Yk) = (X’ikaX’i ) and (Zka Zk:) = (XikJrl)XikJrl)‘

By construction, we have

(5.2) (yo,zo)r = (yo,y1)r and (yo,....¥n—1,Zn—1)r = R"".
Using (1.15), we also find that

ak-i—l

pr’
for each kK =0,...,n — 1 and each X > 0, where ¢; > 0 depends only on
a,b,a, B. Note that

(5.3) Dp(X) = Xpp(X) = X* withep=1—-a—---—

eg>->ep1=¢€2>0
where ¢ is given by (1.18). We find

n—1 n—1
! H Y, < H ZiLe(yr) by Theorem 3.1,
k=1 k=0
n—1
< T @o(2) by (4.1),
k=0

n—1
< (H Yk) ®,_1(Zn—1) by Lemma 4.1 with m = n,
k=1

n—1
= (H Yk) Cn 1754 by (5.3).

k=1
This uses sequentially the inequalities
Le(yr) < 0(Zk) (0<k <n),

coming from (4.1) as well as the inequalities
Pp—1(Zk—1) < Pp—1(Ye) and  pp—1(Yr) < op1(9(Zk)) (1 <k <n)

coming from (4.5) in the proof of Lemma 4.1 with m = n. In each of
these inequalities the ratio of the right-hand side divided by the left-hand
side is therefore at most cc,—1Z5_;. Using (5.3) and the fact that for k =
1,...,n—1 we have

€ 6+ak+1 + + o > (a)k and 1-—¢ >
k-1 = — t+- — 2ol > n —Ek-1 2 Q,
B* pn—t B
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we thus get the following estimates

(5.4)  |log Le(yk) + alog Zy| < O(1) + elog Zn—1 (0 <k <mn),
k

(55)  [logY; —log Zy1| < O(1) + Z(i) log Zu 1 (1<k<n),

(5.6) log Y, — %log Z| < 0(1) + glog Zn1 (1<k<n).

Suppose from now on that e satisfies the inequality (1.19) of Theorem 1.5.
We distinguish two cases.

First case: a < 8. We start by noting that

n—=k
(5.7)  log Zn1 < O(1) + z(i) log Ze 1 (1< k<n).

Indeed, (5.5) and (5.6) imply that
2 k+1
log Z, < O(1) + glog Zp—1+ ;(i) logZn—1 (1 <k<n),

and by descending induction starting with £k = n — 1, we obtain

n—k
log Z,_1 <O(1) + <§> log Zj,_1 + W(i

) log anl
for k = 1,...,n — 1. This yields (5.7) since by (1.19) the coefficient of
log Z,,—1 in the right-hand side is less than 1/2.

Combining (5.6) and (5.7) together with Z;_1 < Y%, we obtain

n—k+1
(5.8) |alogZ, — BlogYy| < O(1) + 26(5) logVy, (1<k<n).

Thus there exists a constant C' > 0 (depending only on &, a,b, a, 3) such
that

B

(5.9) log X1 — b log X;| < C+ p () log X;
« a\a

for each ¢ among {i1,i2,...,ip—1}. By (5.5) and (5.7), we also have

(5.10)  |logY), —log Zj,_1| < O(1) + 22<§> logZx—1 (1 <k<mn).

For the intermediate indices ¢ with ix_1 < i < iy forsome k € {1,...,n—1},
we have Zp_1 < X; < X;41 < Y%, and the above estimate yields

5.11 log Xi 11 —log X;| < ¢ +25 (2 1og x5,
( g Xit g o) los

at the expense of replacing C' by a larger constant if necessary.
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By the hypothesis (1.19) on € and the fact that §/a > 1, the inequali-
ties (5.9) and (5.11) cannot hold simultaneously for any sufficiently large
integer i, say for any 7 > £1 where ¢1 > £y. Define I to be the set of all inte-
gers ¢ > {1 for which (5.9) holds. Then, for a sequence iy < i1 < -+ < ip_1
as above, with ig > ¢1, we have I N (ig,ip—1] = {41,2,...,ip—1}. In partic-
ular, the set [ is infinite and, if we choose ig € I, then ig,¢1,...,i,—1 are n
consecutive elements of I.

Denote by ig < i1 < --- the elements of I and define yg, Yz, z;r and Zj
by (5.1) for each k£ > 0. By the above, the relations (5.2) extend to

<y]€7 Zk>R = <Yka yk+1>R and <yk7 -y Yk+tn—1, Zk+n—1>R = Rn+1
for each k > 0. Thus {yx, ..., Ykin_1,Ykin} spans R*"! for each k > 0 and
so (yr)k>0 satisfies Condition (iii) of the theorem. Applying (5.4), (5.7),
(5.8) and (5.10) with & = n — 1 (which is possible since n > 2), we also
obtain that

(5.12) |log Le(yx) + alog Zi| < O(1) + elog Zg,
(5.13) log Z, < O(1) + 2(5) log Zk_1,
5 2
(5.14) |alog Z), — Blog Yy, < O(1) + 28((1) log Y,
(5.15) llog Vi, —log Zj—1| < O(1) + 22 (i) log Zj,_1,

for each k > n — 1. Combining the first three inequalities (5.12)—(5.14), we
find

2
llog Le (yi) + Blog Y| < O(1) + 25(@) log Zj,—1 + 2€<§) log Yy
2
<001)+ 4E<§> log Y

since Zy_1 < Y. Thus Condition (ii) is fulfilled. Finally, replacing k by
k41 in (5.15) and using (5.14), we find
B\" A
|alog Vi1 — Blog Yi| < O(1) + 2¢ o log Zy, + 2¢ o log Y}

<0(Q1)+ 4€<§> log Yii1

since Yy, < Zj < Yj11. Thus Condition (i) is satisfied as well.
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Second case: aw = 3. Then we have ¢ = 0 and o = 8 = 1/n. Moreover, the
hypothesis (1.17) implies that

(5.16) Le(xi) =< X; ™ (i > 0).

(2

Thus the estimate (5.4) with k = 0 yields Yy =< Zj, while (5.5) and (5.6)
simplify to
Zo=xYV1=Z1 ==Y, 1=Z,_1.
Thus {X;,, X, -+, Xi,_1,Xi,_,+1} is a basis of R"*! with
(5.17) 1o | = lIxa [ = = Iy | = 1%y 41 [l
We now construct recursively a subsequence (yg)r>0 of (x;)i>0 such that

el < lyrs1ll and  (yr, ..o Yiin)r = R*T

for each k£ > 0. To start, we simply choose ig = £y and set

(yo, e ,yn) = (Xio, e 7Xin—1axin—1+1)'

Now suppose that yq,...,yr have been constructed for an index k& > n.
Then W = (Yg_ni1,---, YR is a subspace of R**! of dimension n. We
take ip to be the index for which y, = x;,. By the above there exists
a point yp41 among X;,,...,X;, ,,X;,_,+1 which lies outside of W. Then
{Yk—nt1s--+ Ye1} spans R"! and by (5.17) we have [lyjy1 = [yl

This sequence (yx)r>o has all the requested properties since it also sat-
isfies L (yx) < |lyx[| =" for each k > 0 by (5.16).

6. Applications

The following result is implicit in the thesis of the first author. It follows
from the proof of Theorem 2.1.3 of [8] although the theorem by itself is a
weaker assertion. We give a short proof based on Theorem 1.2.

Theorem 6.1. Let ¥ be a real algebraic number of degree n > 2 and let
£ € R\ Q(V9). Then the point &€ = (1,9,...,9" 1 &) € R*M satisfies
(6.1) NGESH
where A, is the unique positive solution of
4+ (n—1Dz* 4+ (n—1)""12" = 1.
Moreover precisely, we have

(6.2) limsup X" L¢(X) > 0.

X—o00

Proof. By Liouville’s inequality, there exists a constant ¢; = ¢1(¢) > 0 such
that the system

max |yp| < XYY and  |yo 4+ 9y + -+ 0" oy < e X!
1<k<n—1
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admits no non-zero integer solution (o, . . ., yn—1) for any X > 1. By Khint-
chine’s transference principle [13, Theorem 5A], there is therefore a constant
¢z = c2(¥) > 0 such that the dual system

(6.3) |zo] < X and max |zg — 19’%0| < 62Xfl/(nﬂ)
1<k<n—1
admits no non-zero integer solution (xq, ..., z,—1) for each X > 1. Thus,
we have
(6.4) X V0D < £.(X)

for each X > 1. If L¢(X) > X for arbitrarily large values of X,
then (6.2) is immediate. Otherwise, Condition (1.6) of Theorem 1.2 is ful-
filled with o = X\, and 8 = 1/(n — 1). As this yields an equality in (1.7),
we again get (6.2) as a consequence of (1.8). O

In the case n = 2, the number A9 =2 0.618 is the inverse of the golden ratio
and it follows from [12] — which more generally deals with approximation to
real points on conics in P?(R)- that the upper bound (6.1) is best possible:
for any quadratic number ¢ € R\ Q, there exists £ € R\ Q(¢#) such that
€ = (1,9,€) satisfies limsup X*?L¢(X) < oo and (&) = Ag. For n > 3 the
optimal upper bound is not known.

In [9], the second and the third authors apply Theorems 1.2 and 1.5 to
extend the results of [4] and [12] to points on general quadratic hypersur-
faces of P"(R) defined over Q.

References

[1] V. JarN{K, “Zum Khintchineschen “Ubertragungssatz””, Tr. Tbilis. Mat. Inst. 3 (1938),
p- 193-212.
[2] A. KHINTCHINE, “Uber eine Klasse linearer diophantischer Approximationen”, Rend. Circ.
Mat. Palermo 50 (1926), p. 170-195.
, “Zur metrischen Theorie der diophantischen Approximationen”, Math. Z. 24 (1926),
no. 1, p. 706-714.

[4] D. KLEINBOCK & N. MOSHCHEVITIN, “Simultaneous Diophantine approximation: sums of
squares and homogeneous polynomials”, Acta Arith. 190 (2019), no. 1, p. 87-100.

[5] M. LAURENT, “Exponents of Diophantine approximation in dimension two”, Can. J. Math.
61 (2009), no. 1, p. 165-189.

[6] A. MARNAT & N. MOSHCHEVITIN, “An optimal bound for the ratio between ordinary and
uniform exponents of Diophantine approximation”, Mathematika 66 (2020), no. 3, p. 818-
854.

[7] N. MOSHCHEVITIN, “Exponents for three-dimensional simultaneous Diophantine approxima-
tions”, Czech. Math. J. 62 (2012), no. 1, p. 127-137.

[8] N. A. V. NGUYEN, “On some problems in Transcendental number theory and Diophantine
approximation”, PhD Thesis, University of Ottawa (Canada), 2014, https://ruor.uottawa.
ca/handle/10393/30350.

[9] A. PoiLs & D. Roy, “Rational approximation to real points on quadratic hypersurfaces”,
https://arxiv.org/abs/1909.01499, to appear in J. Lond. Math. Soc. (2), 2019.

[10] M. R1vARD-COOKE, “Parametric Geometry of Numbers”, PhD Thesis, University of Ottawa
(Canada), 2019, https://ruor.uottawa.ca/handle/10393/38871.

(3]


https://ruor.uottawa.ca/handle/10393/30350
https://ruor.uottawa.ca/handle/10393/30350
https://arxiv.org/abs/1909.01499
https://ruor.uottawa.ca/handle/10393/38871

402 Ngoc Ai Van NGUYEN, Anthony PoOELS, Damien ROy

[11] D. Roy, “Approximation to real numbers by cubic algebraic integers I”, Proc. Lond. Math.
Soc. 88 (2004), no. 1, p. 42-62.

, “Rational approximation to real points on conics”, Ann. Inst. Fourier 63 (2013),
no. 6, p. 2331-2348.

[13] W. M. ScumIDT, Diophantine Approximation, Lecture Notes in Mathematics, vol. 785,
Springer, 1980.

, Diophantine Approximations and Diophantine Equations, Lecture Notes in Math-
ematics, vol. 1467, Springer, 1991.

[15] W. M. ScHMIDT & L. SUMMERER, “Simultaneous approximation to three numbers”, Mosc.
J. Comb. Number Theory 3 (2013), no. 1, p. 84-107.

(12]

14]

Ngoc Ai Van NGUYEN

University of Information Technology

Vietnam National University, Ho Chi Minh City, Vietnam
E-mail: nnaivan@gmail.com

Anthony PoOELS

Département de Mathématiques
Université d’Ottawa

150 Louis Pasteur

Ottawa, Ontario KIN 6N5, Canada
E-mail: anthony.poels@uottawa.ca

Damien Roy

Département de Mathématiques
Université d’Ottawa

150 Louis Pasteur

Ottawa, Ontario KIN 6N5, Canada
E-mail: droy@uottawa.ca


mailto:nnaivan@gmail.com
mailto:anthony.poels@uottawa.ca
mailto:droy@uottawa.ca

	1. Introduction
	2. Notation, heights and minimal points
	3. Families of vector subspaces
	4. Proof of Theorem 1.3
	5. Proof of Theorem 1.5
	6. Applications
	References

