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Controlling A-invariants for the double and triple
product p-adic L-functions

par DANIEL DELBOURGO et HamisH GILMORE

RESUME. A la fin des années 1990, Vatsal a montré qu’une congruence modulo
p” entre deux formes modulaires implique une congruence entre leurs fonctions
L p-adiques. Nous prouvons des énoncés analogues pour les fonctions L p-
adiques L, (f ® g) et L, (f ® g ® h) associées aux produits double et triple de
formes modulaires : la premiere est de nature cyclotomique, tandis que ’autre
est définie sur I'espace des poids.

Comme corollaire, nous obtenons des formules de transition reliant les in-
variants A analytiques des représentations de Galois congruentes pour V¢ ® Vg
et V¢ ® Vg ® V4, respectivement.

ABSTRACT. In the late 1990s, Vatsal showed that a congruence modulo p”
between two modular forms implied a congruence between their respective
p-adic L-functions. We prove an analogous statement for both the double
product and triple product p-adic L-functions, L,(f ® g) and L,(f ® g ® h):
the former is cyclotomic in its nature, while the latter is over the weight-space.
As a corollary, we derive transition formulae relating analytic A-invariants of
congruent Galois representations for V¢ ® Vg, and for Ve ® Ve ® V4, respectively.

1. Introduction

A major theme at the Iwasawa 2019 conference was recent progress on
the Iwasawa theory of motives arising from tensor products of newforms.
Fix a prime p > 2. The principal objects at play here are:

(i) the analytic p-adic L-function which interpolates the normalised
critical values, and

(ii) the algebraic p-adic L-function which is traditionally the character-
istic power series of some large Selmer group.

The so-called “Main Conjecture” predicts that they are equal, up to a unit
of course.

Question. How do the analytic and algebraic A-invariants appearing in
the Main Conjecture vary as we switch between two p"”-congruent Gg-
representations?

Manuscrit regu le 26 février 2020, révisé le 16 juillet 2020, accepté le 18 septembre 2020.
2010 Mathematics Subject Classification. 11F33, 11F67, 11G40, 11R23.
Mots-clefs. ITwasawa theory, p-adic L-functions, automorphic forms.
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We shall provide an answer for the analytic p-adic L-functions attached
to double and triple product Galois representations, in certain common
situations at least. The algebraic version of our transition formulae will be
addressed in future work.

For a pure motive M defined over Q that has good ordinary reduction
at p, there is a precise recipe of Coates and Perrin-Riou [3] describing the
(conjectural) behaviour of its analytic p-adic L-function, L,(M,-,s), at a
critical point s = 1. Throughout we shall tacitly fix embeddings ¢ : Q—C
and ¢, : Q = C, where C, = @p denotes the Tate field, both of which are
needed for p-adic interpolation. At each Dirichlet character y of conductor
p™, the p-adic L-function should satisfy

Ly(M, X, 1) = tp 0 tog <5p<M, X L) L<M><1>>

Qgig,n(x) (M)
for a suitably chosen pair of archimedean periods QL (M) € C*, and where
the multiplier term &,(M,x ™!, s) is introduced fully in (4.14) of [3] and

consists of a Gauss sum, an Euler factor at p, and a power of the unit root
of Frobenius.

The Main Goal. Let (f0 g h®) and (£, gD nD) denote triples
of newforms of suitable weight, character and level. We want to prove an
implication
“T,(MY) = T, (M) mod p¥ = L,(MD, ., )sz(M -,1) mod p*”
)
® g

for the double product motives M®™) = M( ) and for the triple
product motives M™*) = M(f*) @ g © h(*)), ith Tp,(-) denoting their
p-adic realisations.

Note for M®) = M(f*)) with « € {I, IT} the above is a theorem of Vat-
sal [24], who established the existence of canonical periods QX (M*)) € C*
such that if one normalises each L, (M (f*)),-) using his periods, the con-
gruences hold modulo p”. It would therefore be worthwhile to recall Vatsal’s
congruences in a bit more detail, but we must outline some standard defi-
nitions and terminology first.

Let Qcyc denote the cyclotomic Zj-extension of Q. If one writes p,» for
the group of p™-th roots of unity, there is a decomposition

G = Gal(Qpy)/Q) = Z3 2T x (14 pZp) = A x Teye
where A := Gal(Q(u,)/Q), and the group I'eye := Gal(Qeye/Q) = Z

For a discrete valuation ring R of residue characteristic p, let us define
the (cyclotomic) Iwasawa algebras

p—2
Acye == R[] = lim R[D/T?"] and  R[Goo] = AeyelA] = @D RIT s
=0

n=>1
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with w: A = FJ = p1p—1 obtained from the Teichmiiller character mod p.
Now fix a topological generator vy of I'. By linearity and continuity, the
mapping 7o — X + 1 induces isomorphisms Acye — R[X] and R[Goo]] =
Do BIX] ).
Definition 1.1. Let w be a uniformiser of R, and choose 5(X )€ R[X][1/w].
(i) If the power series S(X) = > 02 cn(8) - X, then the integer in-
variant p(8) = pe(5) is the largest power of w such that ¢,(5) €
wwhB) . R for all n > 0.
(ii) The non-negative integer A(8) equals the number of zeroes (counted
with multiplicity) of 5(X), viewed as a function on the open p-adic
unit disk inside C,. One can also take

R[X]
MB) = ket (3t )
and both are equivalent.

Suppose we are given two newforms f( and £ of weight k > 1, char-

acter v, and of levels Nf(l) and Nf(H) respectively, such that their Fourier
coefficients satisfy

an(f9) = a, () (mod p”) at each n € N with ged(n, Nf(I)NtSH)) =1.

By enlarging R if necessary, one may assume that R contains a,(f*)) for
all n. The following result concerns congruences between the Mazur—Tate—
Teitelbaum [20] p-adic L-functions L,(f*),w’/) € Acye, and was instru-
mental in Greenberg and Vatsal’s subsequent work on the Iwasawa Main
Conjecture for elliptic curves [12].

Vatsal’s Theorem ([24, Proposition 1.7]). At each w’-branch with j €
{0,...,p—2}:

(i) Lps (U, w7) =L, 5, (F w?) mod p” - Acye, and

(i) ALp(ED, 7)) = MLy (M, w)) + s, v (@) — vi¥ (@)

where St consists of the primes dividing Nf(I) ~Nf(H), and Vl(*) (w?) denotes

the A-invariant of the power series that interpolates the Fuler factor
Li(f®) © Wi, s) at a prime l.

Strictly speaking, this is not quite the statement that Vatsal proves in [24]
but it is an easy exercise, involving the Sg-depletions of the newforms f(I)
and £ to show that it follows from his congruences (e.g. see [7, Sec-
tions 4.1-4.2] for a discussion). He also assumes irreducibility of the resid-
ual Galois representations pg(») and the torsion-freeness of some H Lgroups,
the details of which we ignore for brevity.

Emerton, Pollack and Weston [9] later generalised this construction to
allow f to vary within a Hida family, and showed that the A-invariant was



736 Daniel DELBOURGO, Hamish GILMORE

stable along the branches of a certain Hecke algebra, Tx(p), parameterising
the deformation. Recently the theory has been extended to cover anticy-
clotomic A-invariants in the work of Castella, Kim and Longo [1], and also
to treat non-commutative p-adic Lie extensions (with a meta-abelian struc-
ture) by the first-named author in [5, 6]. Further generalisations of Vatsal’s
original ideas can be found in [2, 7, 8, 19, 22].

1.1. Statement of the main results. There are three basic approaches
one can take in constructing p-adic L-functions for tensor products of mod-
ular forms:

e the Betti realisation approach adopted by Mazur—Tate—Teitelbaum,
Vatsal, and others [20, 24, 25], which utilises modular symbols;

e the étale realisation approach of Perrin-Riou [4, 18], which converts
Euler systems directly into p-adic L-functions; or

e the de Rham realisation approach of Hida and Panchishkin [14, 21],
which involves both the Rankin convolution and Petersson inner
product.

In the Betti approach, the two main ingredients are a “mod p multiplicity-
one” theorem and Thara’s Lemma. The multiplicity-one result is used to
show that the u-invariant is stable amongst families of p-congruent modular
symbols, whilst Thara’s Lemma allows one to change between different level
structures.

This paper follows the de Rham approach, which has the advantage of
being completely explicit in nature. It also carries the disadvantage that the
associated periods may not be canonical with respect to the Iwasawa Main
Conjecture, hence the p-invariants of our automorphic p-adic L-functions
can sometimes be negative. Here the role of mod p multiplicity-one is played
by holomorphic projection [13], while Thara’s Lemma is replaced with an
explicit calculation involving depletions of y-twisted modular forms (see
Theorem 2.5 and Proposition 2.11, respectively).

1.1.1. The double product. Let (f,g) and (f,g"V) denote pairs of
newforms of weight (k1,k2) > 1 with k1 > ko, levels (Nf,Ng)), (Nf,Ng(H))
respectively, and nebentypes (11, 12). We also assume they are p-ordinary,
i.e. ay(f),a,(g™) € Oép. Using the results of Hida and Panchishkin [14, 21],

for each choice of x € {I, 1T} there exists a p-adic L-function L,(f @ g*)) €
Acyc[A][1/p] interpolating

L(f g™ k
LpOLO_ol <5p(f®g(*),x_1,n+k2)- (Fog”nt 2)>

(2mi)i—Fz . o ()

with Quo(£) = (£,£),,,
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at all integers n € {0,..., k1 — k2 — 1} and special characters of the form
Xkeye Where x is of finite order, and ficye : Goo = Z, is the p-th cyclotomic
character.

Remark. It fg is the weight two newform arising from an elliptic curve E q,
then it is an easy exercise to show that

deg(Xo(Ng,) — E) / /
N (fr) = 2 :
(fr) 4Am2y/—1- r% 8 E(C)+ wE E(C)~ e

where wg is the differential associated to a minimal Weierstrass equation
for E/z, and rg € Q™ denotes the Manin constant for the modular param-
eterisation.

Let pgs) : Gg = GL2(Qp) be the p-adic Galois representation attached
to g*) by the work of Deligne if ks > 2, and by Deligne-Serre if ko = 1.
We assume that

mod p*? at all primes lJ(NéI) . Ng(;H),
Q

I = I
Pg® Go, Pe |,

which is equivalent to saying
an(g8D) = a,(g") mod p*2

if ged(n, Ng(I)NéH)) = 1. For stupid reasons, we must also suppose that 1,
is trivial or a quadratic character.

Theorem 1.2. At each branch j € {0,...,p — 2}, let ufﬂﬁ denote the
minimum of the p-invariants for Ly(f @ g, wl) and Ly(f @ g™, w’). If
p >k —2, then

(i) Lps,(f® g(I),wj) =L,s5.(f® g(H),wj) mod p“éjy)#”? - Acye, and

(i) MLp(f 2 g0, 07)) = A(Ly(f @81, 7)) + Ve, ef " () — ef ()
H), and el(*) (w?) is the -
invariant of the power series interpolating the Euler factor Li(fog™ @w?, s)
at a prime .

where Sg consists of the primes dividing Ng(l) . Né

There is a nice application of this result towards the Iwasawa Main Con-
jecture. By the work of Kings, Loeffler and Zerbes [18, Definition 3.3.2],
there exist one-cocycles

3 fa (*)7 * —
BisltS v € B (Z1/Np), T,(f © 7)) @ niyl)

for0<r<ke—2,b€eZ/NZ

called Rankin-Eisenstein classes, that map to a component L, (f @g™*), wl).
Applying Theorem 11.6.4 of [18] which relies on the existence of these
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classes then outside of the critical range, one obtains a divisibility of power
series

chary,,. (ﬁ? (2[1/5), T, (£ © 8" © Ar(—j); A(f))(wj)>
‘Twlﬂ(Lp(f ® g™, w))

where the left-hand side is described fully in Proposition 11.2.9 of [18] and
arises naturally from Nekovaf’s theory of Selmer complexes (in fact, it is
helpful to think of the H 2(...)-cohomology intuitively as being a cyclotomic
Selmer group).

If we now write A\*8(fog™*), w) for the \-invariant of chary (H2(-- ) (w)
and likewise \*"(f @ g*),w7) for the M-invariant of L,(f ® g*),w’), then
their divisibility theorem implies that A\*8(f @ g™ wi) < A (f @ g™, w);
moreover

(f]2(...;A(f))(wj))} c {zeroes of Twys; (L, (Fog™, wj))}
for all j € {0,...,p — 2}, and at either choice of x € {I,1I}.

{zeroes of chary

cyc

Conjecture 1.3. At branches j € {0,...,p — 2}, there is a transition
formula

2 (f @ gl W) = 28 @ g W) + Z ez(H) (W) — el(l) (w).
1€S,

This algebraic prediction is currently work in progress of the first-named
author. Assuming its validity, one can show if the Iwasawa Main Conjecture
is true for one motive, M (f ® g(I)) say, it must be true for the p“2-congruent
motive M (f ® gV). Unfortunately we have not yet found a method to
switch between two dominant weight newforms f( and £V if they are
congruent to each other modulo p*!.

1.1.2. The triple product. We shall now add an extra pair of forms
into the discussion: let (f, g, h(®M) and (f,g™ h) denote triples of
newforms of weight & = (ki, ko, k3), levels (Nf,Né*),N}(l*)) and neben-
types (¢1,12,13). We further suppose that these triples are p-ordinary,
so that a,(f), a,(g™)), a,(h™)) € Oép. There exist primitive A-adic families
(F, G® H®) passing through (f,g®), h®) at each choice of » € {I,1I}.
For technical reasons only, we impose the conditions:

(T1) The primitive characters satisfy 1119103 = 1.

(T2) pr, : Gg — GLy(F,) is absolutely irreducible and p-distinguished;

(T3) gcd(Nf,Ng(*),ng*) ) is a square-free integer for both choices x €

{I,11};
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(T4) €(1/2, Hé*l)) = 1 at primes l|NfNé*)N}(l*) and unbalanced k =
(k1, k2, k3), where H(E*) is the representation attached to F@ G®
H® at each k.

These hypotheses are required in [10, 15] to guarantee the existence of a
triple product p-adic L-function, L,(F ® G @ H(*))7 interpolating the
special values

- . - L(Fk ® G]({;*) ® Hl(c*) ® X];l’ k1+k22+1c372)

o (Ep(Fkl@G’gz)@Hi(ﬂz) Dxg')- : (2_1)k1 0 (Fr, )2
oo 1

at k = (k1, ko, k3) with k1 > ko + k3 — 1, where yy, is the unitarization of

det(II{)1/2.

Remark. To consider congruences here we will treat the following situa-
tion. Assume there exists a p-adic line V in the ambient weight-space for
(F,G®) H®), such that for all primes [ t Ng) : NéH) . NI(II) . NI(IH) and
unbalanced k = (kq, ko, k3) € V:

mod p”2, and
Q

mod p*3.
Gy,

i I = 11
(i) Pl g, = Pallq

= P

(ii) pem
Hka Q k3

Whenever this line is parameterised by a finite flat extension IV of O ,[1+
pZy], then we call V a congruence line of type (p?,p*®) for the triples
(F, G H®). Let LZ(F ® G @ H®) € IV denote the restriction of the
p-adic L-function to V.

Ezample. Consider two modular elliptic curves E® and E over Q, whose

p-adic Galois representations pg) , : Gg — GL2(Z,) satisfy the congru-

ences p P’G >~ ppan |~ (modp?) at all prime numbers [ { condQ(E(I))-
) @l ’P G@l

condg(EMW). Let GO € Ty[q] and G € T,[q] be Hida families pass-

ing through E® and EM respectively, and assume that F € I, [¢] and

H®O = HI ¢ I3[q] denote arbitrary primitive I;-adic forms. Then we can
choose our p-adic line in weight-space to be the set

where Dp C Zj, (resp. Dyy(v)) is the disk of convergence for F (resp. HO =
H(H)), and the specialisation map

¢y 1 R0, , 280, Is — 1V

is induced by sending (X1, X2, X3) — (Xy,0, (%JL;Q -1).
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As it is non-standard, we should define the (weight) A-invariant in this
context. Since IV is a finite extension of Ay 1= O p[1 + pZy] = Ok ,[X],
one can consider its normal closure IV and the field of fractions KY =
Frac(IV'). We then define

AVB) == [KY 2 Ful 1 (the number of zeroes of H ﬁ")
ceGal(KVY [ Fyt)
for each B € 1V, where Fyy is the field of fractions of Ay (note I, B° €
Ok p[X]). Let us denote by u‘%) the minimum value of the weight u-
invariant amongst the two p-adic L-functions, namely L;f (Fo GO oHD)
and L) (F @ GID @ HID),
Theorem 1.4. If the weights k = (k1, ko, k3) satisfying k1 > ko + ks — 1

2 2)!
then
(i) Lys, (FoGWeHW) =L

g h

are dense in Spec(IV), and if 1 is trivial or quadratic,

(FoGMeHI) mod pﬂsx)‘f'min{wm},
and

(if) ALY (FoGOHD) =" (LY (FoGWeHW))+ Y, wil -

i)
where Sg 1, consists of primes dividing Ng) : Nén) . N}(II) . NI(IH), and wl(ﬁz
is the A\V'-invariant for the 1V-adic factor Li(Fy, ® G,(:Q) ® chz) ® Xk_l,
%”Eev-

As discussed in the above example, a good source of these congruence
lines V is given by specialising G™) at a fixed weight ks at which there
exists a mod p*2 congruence between GECIQ) and GI%I)’ and taking the weights
(k1, k2, k1 — ko) with k1 denoting the free variable. One can therefore obtain

congruences between the p-adic L-functions Lp,Sg,h(Fkl ® GSQ) ® Hy,—k,)

and Ly s, , (Fr, ® Glg) ® Hp,—,). By symmetry, the same thing works
when the réles of G® and H® are reversed.

The reader will notice that there is no cyclotomic variable appearing
here, although by recent work of Hsieh and Yamana on exceptional p-adic
zeroes [16], this extra variable can certainly be introduced. The techniques
presented in our paper should carry over to the four-variable (quaternionic)
setting, thereby enabling us to prove transition formulae for the cyclotomic
AM-invariant at balanced (ki, ko, k3) € V.

We should also mention the results of Darmon, Rotger and others, which
relate specialisations of L,(F @ G®) @ H®)) to generalised Kato classes [4]

in global Galois cohomology with coefficients in T),(Fy, ® G,(;) ® H,(;;)) In
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particular, at weight (k1, ke, k3) = (2,1, 1) they obtain the key information
on the Birch and Swinnerton-Dyer Conjecture for elliptic curves E. There-
fore given the existence of a congruence line V of type (p*2, p*?) containing
(2,1,1) as a point, one could use a balanced version of Theorem 1.4 to pro-

duce non-trivial congruences between the values of L(FE, pg) ® pg), s) and

L(E, pgn) ® pén) ,s) at s = 1, for twists by degree four Artin representations

pg*) ® p:())*) which are self-dual and congruent.

1.1.3. Brief plan of the paper. In Section 2 we study projections of
C*°-modular forms of the type g - 58 )(h), where the differential operator

O = %m (2% + %). If h is an Eisenstein series then these projections are
related to double products, while if h is a cuspidal eigenform then they are
essentially triple product L-values. In Section 3, by writing these critical
values in terms of a linear functional Egr’g)( -) acting on the space of nearly
holomorphic forms, one can then read off congruences amongst the L-values
in terms of congruences between the original modular forms. This is an ad

hoc approach and we apologise in advance for the very ugly formulae!

Conventions. We employ the following terminology throughout this article:

o If x : Z — C is any Dirichlet character, then we write x(,) for its
p-part and similarly we use x®) to denote its non-p-part, so that
X =x@) X7

e If F' is a number field or local field then Op will be its ring of inte-
gers, and we say that two expansions H, HT € Op [¢] are congruent
modulo p¥ if their ¢"-coefficients satisfy a,(H) = a,(H') mod p”
for every n > 0;

e If I denotes the normal closure of Ayt := Og[1 + pZ,] inside of
Frac(Aws), then we assume K/Q,, is chosen large enough to ensure
INQ, = Ok, and that the algebraic points Spec I(O K )& are Zariski
dense in SpecI(Qy);

e For an integer N > 1 coprime to p and a Dirichlet character x
modulo N, we use T°"4(N, x; 1) to indicate the Hecke algebra acting
on SN, x;1), the space of ordinary I-adic cusp forms of tame
level N and character .

Acknowledgements. The first-named author was largely inspired by a
series of talks given by Victor Rotger and Shunsuke Yamana at Iwasawa
2019 in Bordeaux. He also thanks the local conference organisers, Denis
Benois and Pierre Parent, for their hospitality. The second author is sup-
ported by a University of Waikato PhD Scholarship and this paper forms
a part of his PhD dissertation [11].
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2. A lowbrow study of Petersson inner products

Let F1, G2, G'3 be modular forms of levels Ny, No, N3, weights k1, ko, k3 >
0 and nebentypes 11, 2, 13 respectively. We shall assume that F; and G
are cusp forms, that the primitive characters satisfy v - ¢35 = 9] 1 and
thirdly that k1 > ko + k3 — 1. Our main goal here is to derive an explicit
expression for quotients of the type

(F}, Ty, (Holoo (G - 657 (Gi)) [, W)

N /Ny No

<F17F1>N1 ,

where the various operators, levels and inner products above will be de-
fined shortly (the precise formulae for these ratios will be given in Propo-
sitions 2.12 and 2.13). We need to study these projections in some detail,
as the critical values of both the double and triple product L-functions can
be represented via integrals of this type.

(2.1) e €{0,1}

2.1. Preliminaries on modular forms. We begin with some terminol-
ogy. Choose an integer N > 1, a Dirichlet character ¢ modulo N, and a
weight k& > 0. One writes My (N, 1)) for the vector space of modular forms
of weight k, level N and character v, while the notation Si(N,v) refers
to the subspace of cusp forms. If F,G € My (N,1) one of which is a cusp
form, then we normalise the Petersson inner product! by taking

—_— dzdy
F.G ::/ F(2)G(2)y* - .
(FG)y = [ FEIGEN

Here $) denotes the standard upper half-plane {z=z+iy€C|y=Im(z)>0}.
An advantage of making this choice is that if M|N and F exists at level
M, then

<F’ G>N = <F’ Trf\v/[(G»M
where the trace mapping Trh; : My(N,1) — My(M,4) is given by the
summation
@)= > d)-a
YELo(N)\I'o (M)
Recall the three modular forms Fy, Go, G3 of levels Ny, No, N3 mentioned
above.

Notations.
(a) For each i € {1,2,3}, we factorise the level into N; = p® ~Ni(p) with

e; = ord,(N;), and where Ni(p ) is the corresponding tame (prime-
to-p) level.

I This normalisation differs from [23, Section 2] in that we do not divide by the volume of a
fundamental domain for I'g(N)\$, which means that our inner product will be level-dependent.
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b) We set N := lem Ny, No, N3), which one decomposes into N =
(b)
pe - N,
(c) Lastly let us choose Ny := p - lcm(Nl(p),NQ(p),Nép)) =pl®.N €
p-Zy.

Note that F; belongs to Sk, (N1,%1) with g-expansion Fi(q) =
Yoo 1 an(F1)q"™, so there exists a conjugate form Fltj € Sk, (N1, 97 h) with
Ff(q) = >0, an(F1)q". We shall further suppose that F; is a newform of
conductor N1, so that

0 -1

F
! k1 N O

> and ¢; € C, |61|oo:1.

Wn, = €1+ Ff where Wy, = (

For simplicity, throughout this paper we assume that Flli =F and 3 = 1.

Let us write Vg : Y ang” — 3. anq™® for the d-th degeneracy mapping,
and as usual Uy, : > anq™ — > appq" means the p-th Hecke operator if p
divides the level.

Lemma 2.1. Ifpt Ny so that e; =0, then for an arbitrary G € My, (]V, ),

k1

N ==z (NP2
(i (@) = e <N>

0
3 0@ (Rl Vi Fily Va)
d| ;2

where each form G|k1Wﬁ o Ug_l € My, (No, Y1) has been decomposed into
a sum

G| Wio Ue 1_ Z ch F1|k1Vd+G%)é for scalars ¢
d|fo 7

d,ﬁ,é(G) eC,

Ny

(L )~ is obtained by projecting G|k Wgo U6 1

e
onto the orthogonal complement of the Fi-isotypic subspace inside

My, (No, ).

and here the modular form G

Proof. As the ratio N/NO = p® 1 is a power of p and p|Np, one deduces
that

Tr%O(G) = pl=k1/2)(E-1) o G‘kl Wi o Upéq o Wy
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Applying this standard identity to our inner product:

<Ff, Tr%o(a)>NO _ kD@1 o <F1n, G|, Wy oUF o WN0>NO

_ ki, (1—k1/2)(é—1 # - é-1
— (—1)krp—ki/2) )X<F1|k1WN0’G’k1WNOUP >N0

ok

_ == (N®)\?2 e~

= (- ( )X<Ff|k1WN1O‘QW%GWNC’US )
N1

Ny No

and the last line follows because (- ) N Wy, = (p- ]f\va;i:))kl/Q () leNl .
a N ,
V'wl However Ff|k1WN1 =& - (—1)" x F} and also p - A][vf = %7 in
1
which case
v\ *
¢ N o _Umeaemy (NW 2
<F1’TrN0(G)>NO = €1p ) Nl

x <F1]klv%, G|, W © U§—1>NO.

Finally our assumption that Ff = F implies that the F}-isotypic subspace

inside My, (No, 11) is spanned by the normalised eigenforms Fl‘ . Viasd

runs through the divisors of Ny/N7; we may therefore write

a1 _ (L)
G|k1WﬁoUp = Cd’ﬁ’é(G%Fl’led—i-Gﬁ’é
Ng

le

for the particular choice of scalars, (G), obtained by projecting

¢, =
d,N,é
G ] leN o U}ffl onto each basis element Fl‘ . V4. Since the modular form

G%‘{ is orthogonal to F1|k1 Vn, under the Petersson inner product at level
7e Ni
Ny, the result now follows. O

2.2. Expansions of nearly holomorphic functions. The strategy over
the next two sections is to show for Gy € Sk, (N2, 12) and G3 € My, (N3, 3)
as before, that the modular forms

Holo (G2 - 8\ 4. 5.(Gs)) with r = (ki — ks — k3)/2 € Zsg

behave well under mod p” congruences, in the sense that if we replace Go

and G3 by p”-congruent forms then Holoo (( -) (5,(;;)_ ky—or(*)) Preserves these

congruences. We first recall properties of the Maass—Shimura differential
operator «58) from [23], and then in Section 2.3 we give some background

on the projection mapping “Hol,,".
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Let w,r > 0 be mteg?rs and consider the operator d,, := Q}rl(% +2)

where as usual % = %(a% — 8—y) for all z = x + iy. One can take an r-fold
composition

51(5) = 5w+2r—2 o:--0 6w+2 (¢] 5w

with the convention that if » = 0, then 6,(1? ) just refers to the identity
operator.

If G is a holomorphic modular form of weight w, level N and char-
acter 1, then 61(5 )(G) has weight w + 2r, level N and character ¢ al-
though it may no longer be holomorphic; in fact 51(; )(G) is an element
of {32%_gy ™ - hj|hj is holomorphic}. It follows that (5(r)(G) € C>®(9) be-
longs to the larger space of C*°-modular forms, denoted by Mgy ,.(I'(V)),
and exhibits “moderate growth” in the sense of [13, 21]. Specifically, a form
H e MY ((I'(N)) is said to have moderate growth at v € SLa(Z) if for all
z € $ and s € C with Re(s) > 0, the complex integrals

@2) [ (A7 =)= 2 2 ()

are absolutely convergent, and admit an analytic continuation to the point
s =0.

dudv

v2

Definition 2.2. Let R C C be a commutative ring, and p << R a prime
ideal.

(i) For each t > 0, denote by fl;i)l(F(N);R) the R-submodule of

M (T'(N)) consisting of C*°-modular forms, H(z), with Fourier
expansions of the type

_ ~2mmy p, (L > . e2mime
H(z) me%:lze Pu <47ry’m e
where z = x 4+ iy € § and for all m 6 N~1Z, the coefficient terms
Pu (X, m) € R[X] Satisfy deg(Pu) <
(i) We similarly define wpol(N ¥;R): Nw pol( (N); R)NM (N, ).
(i) If H(z), H(2) € No° pol( (N); R) and there exists v > 1 such that

w
Py (X,m) — Pyt (X,m) € p” - R[X] for every m € N7,

then we say that H is congruent to H' modulo p¥, and write H =
Ht (modp” - R).

For example, if R = O is the ring of integers of some number field K and
if one considers a classical form G = >"72 ; an(G)q"™ € My (N, ) N Ok[q],
then clearly Pg(X,m) = an(G) if m € Zso, while Pg(X,m) = 0 if
m & Z>g We therefore have a natural containment M., (N, ) N Ok[q] C
N pol(N 1; Ok ). Furthermore, the definition of mod p”-congruent forms

w
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introduced above generalises the standard notion of modulo p* congruences
used for series expansions in Ok [q].

Lemma 2.3.

(r)

(a) For a commutative ring R as above, the differential operator dy
sends the mnearly holomorphic forms >l (D(N);R) into

w,pol
Nijj-i;:;ol( (N); R), and by restriction sends ﬁffol(Nvdj;R) into
o+ .
N (N, R).

(b) If H(z), H'(2) € My(N,) are p’-congruent forms with R-coeff-

icients, then one also obtains congruences
SO (H) = 60 (H') (modp” - R)
at all integers v > 0, in the spirit of Definition 2.2 (iii).

Proof. Let us deal with part (a) first. Recall from [18] that a C°°-modular
form G(z) € M{P(I'(N)) can be always expanded as a Fourier series of the

type
G(z) = Z Ag(y,m) - €2™™®  with z =z + iy,
meN—1Z
and each term Ag(y,m) € C>°(R™). Applying the operator % to G(z) then
yields

0G(z . { TiMma
ai ) = Z (mﬂ'l -Ag(y,m) — §A/G(y7 m)) -e?

meN—1Z

with A (y,m) = %ﬁ"m), so that as an element of My o(I'(V)) we find
that

WG = 2 (5= Aatym) - A6 m)) -,

meN~—1Z

In the specific situation with G € N> (I(N); R), one can further write

w,pol
Ag(y,m) = e 2™ . Pg (1 m)
) 47Ty7
t
where Pg (X, m) Z - X7 € R[X].

A straightforward calculation reveals that

Ay, m) = —2me” 2. (Zmﬁg (4my) I +2: ZJBJ (47Ty)j1),
7j=1

7=0
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in which case

50(G(2)
m w —27m 1 1 / TimT
e (5 155) <o (gm) - g Astuem)) -
> @Z”my'(mﬂo<m>+2<mﬂj<m>+o—1—w>ﬁj-1<m>>'<4wy>j
meN—1Z J=1

+ (t —w)Bi(m) - (47ry)_t_1> - Amime

Consequently for every m € N~'Z, we set Ps.(c)(X,m) equal to the poly-
nomial

t

mfo(m Z (mBj(m) + (j — 1 —w)Bj-1(m)) - X7 + (t — w)Be(m) - X'

so in particular, Ps, (o) (X, m) € R[X] with deg(Ps,(c)) <t + 1, hence

—ZaTTm 1 TIMT (o}
ow(G(2)) = § e 2 y’P6w(G)<47T ,m> 2 Nw+t2+p101( (N); R).
meN—1Z Y

It follows that &y : N0 (D(N); R) = NoG55 0 (T(N); R), and then apply-
ing an inductive argument to &y (r) _ Owa2r_20+ - *00y 1200y, for increasing val-
t it
ues of r > 0, we conclude that 6 : ool D(N); R) — Nﬁ;;ol( (N); R)
as asserted in (a).
To show that statement (b) is true, let us in greater generality suppose

that:

t
Z e —2mmy P ( ) 2m’mm’ PH (X?m)225]<m)XJ,

meZ

Z e 2mmy 'P ( ) 27rimw’ PHT X m ZBT

meEZ

The condition H = H' (mod p” - R) is by definition equivalent to the family
of congruences f;(m) = 6;(771) (modp” - R) for every m € Z and j €
{0,...,t}. Adopting the same argument as in part (a), it directly follows
that

1 t+1 ,
Sw(H(z) =Y e I Py <47rya771> XM Pl (X, m) 255 X’

meZ
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where
(t — w)B(m) ifj=t+1
B} (m) = ¢ mBj(m) + (j — 1 —w)Bj_1(m) f0<j<t+1
mBo(m) it j =0.

Likewise for the second Fourier expansion,

1 )
Z)) — Z 6727rmy . ,P?{T <m7m> _627mmgv7

meZ
o |
Pl (X,m) = Zﬁ;’d(m) - XY
j=0
where
(t —w)B] (m) if j=t+1
B (m) = mﬁf( )+ (=1 —w)Bl_y(m) f0<j<t+1
mfj(m) it j = 0.

The implication “8;(m) = Bl (m) (modp*) = B¢(m) = I (m) (mod p*)”
is now obvious since the indices m, j,w,t € Z, whence 6,(H) = 6,(HT)
(mod p¥ - R). Finally, recalling that (51(1) = Ow42r—20+ 004200,y and iter-
ating this process above (r — 1)-times more, one establishes that 5 (H) =
58 (HY) (modp” - R).

O

2.3. Projecting Eisenstein series and cusp forms. Proceeding fur-
ther with our calculation of the inner product in (2.1), we shall require
some background on the operator “Hols(-)” which appears in the auto-
morphic theory.

Throughout Go is a cusp form of weight ko, level Ny and character 1s.

Definition 2.4. If H(z) = 3,,cz Au(y,m) - ™™ € M (N, 1)) denotes
an arbitrary C>°-modular form with w > 2 and Ay (y,m) € C*°(R™"), then

we define
(o)

Holw(H) := Y a(n, H) - ¢" € C[q]
n=0

where at each integer n > 0, the n-th Fourier coefficient is given by

(4
a(n,H) = lim ( mn)" / A (y,n)e 2Ty wts—2 dy>

s—0t
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Theorem 2.5 (Gross—Zagier and Panchishkin [13, 21]). Let us suppose
that H(z) € M (N,v) is a C*°-modular form which exhibits the two extra
properties:

(i) the coefficients Ag(y,m) =0 for all m <0, and

(i) H|, v € My(T(N)),y € SL2(Z) has moderate growth, cf. (2.2).
Then a(0,H) = 0, moreover Hols(H) belongs to My, (N, ) i.e. it is a

classical holomorphic modular form, and lastly it satisfies the inner product
identity

(F,Holoo(H)) y = (F, H), at every F € Sy(N, ).

2.3.1. The double product case. The first case we treat relates to the
double product L-function L(F; ® Gg,s). Consider the Eisenstein series
in [23, (2.3)] of weight w > 0, character n~! and level N, given by the
infinite series

i} —w —2s a b
(23) E’u},N(Z7 8,77) e Z n(’y)(CZ‘i‘d) |Cz+d’00 ) '7 = <C d> .

For technical reasons, our formulae become tidier if we renormalise these
series via

Nvw/2 D(w)

2 (2mi)w

Henceforth let us assume that r,w € Z satisfy both w = k1 — ko —2r > 0
and r > 0.

(24) Z},N(Zvn) = ’ CN(w777) X EZ),N(’Zaovn)'

Proposition 2.6. Setting N = N, = 13 and Gg = E* —(z,1h3),
k1—ko—2r,N
then

H = Holoo (Ga - 00, 0, (G3),, W) € Miy (N, thais)

has the q-expansion H(z) =Y poyq a(n,H) - q", where
a(n,H) = Y ag(Ga)- Y BRI () - P (&,n)
n=§2+£3>0 &3=b-c

and for s € Z<o, the rational polynomial “Ps(—,—)" is given by

= i(=s\ D(ki—ko+s) T(ki—1-j)
PS(X’Y>_Z(_1) ( )F(kl—k2+8_j) F(kl_l)

) XTSIy
=0 J

Proof. Firstly applying [23, (2.9)], one has the identity

* — F(w) r (r) *
Ew+27‘,ﬁ(z’ - 77) - m(_4ﬂy) ’ 5w (Ew7ﬁ(zv 0, 77)) :
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If one has » = 0 then E* ~(
w+2r,N

then it is nearly holomorphic and has moderate growth, so that Theorem 2.5
is applicable. After rearranging the above equation, it follows directly that

z,0,7) is of holomorphic type, while if r > 0

5 (E;N(Z,O,n)) ]Wﬁ
) (e e )y

and then combining it with Panchishkin’s definitions [21, (4.3), (4.6) and
(4.13)],

(v B 5| Wy

_ 2 (n(w,n)~t . (2mi)™
Nw/2.T(w+7r) (—4m)~"

' €w+27'(_r7 77)

Here E,42-(s,m) denotes the Eisenstein series introduced in [21, (4.13)]:
in particular at s = —r, the C*-function &, y2,.(—r,n) has the Fourier
expansion

(4my) =" i (

&3=1

Z bwfln(c) i(_l)J (T‘) FF(U/ + T) . (47r£3y)rj) 627ri§3z'

= j=0 7 Lwtr=j)

Writing out everything in terms of our renormalised Eisenstein series

* . (1) (= . .. .
E;, n(2,+), one finds that du (Ew’ﬁ(z,n))‘erWN coincides with

Ew+ar(—r,m), in which case

HO]OO(GQ ’ (51(;)(]3; ﬁ(za n))’w+2rwﬁ) = HOloo(GQ : gw+2r(_ra 77))

k1—1
We next apply the integral operator % o Am(y, n)e”FMyk1=2. dy
to the n-th Fourier coefficient of the form

H(z) =Gy Ewrar(—1,m) = > Ap(y,m) - ™™
m=1

and then exploit the well known identity

(4mn)kr—1

(k1 —3j—1)
T(kr — 1)

o0 . - I
9 . 4 —Jj ,—2mny\, —27ny k172‘d — J.
(25) | ety ay = . S
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A tedious calculation, but essentially identical to the one given in [21, Sec-
tion 5], allows us to conclude that

Hol (GQ : 5w+2r (—T, 77))

Z( Y ag(Ga)- Y bw_ln(C)-Pr(és,n)> q".

n=1 \n=£+£&>0 &3=bc
The automorphy properties follow directly from Theorem 2.5 since each
translate Gg - Eyqor(—T, n)‘klv has moderate growth for v € SLy(Z), and
secondly the Fourier coefficients A (y,n) of the form H = Ga-Eyyor(—1,7)

vanish at every n < 0. O

Corollary 2.7. Suppose Gg), GéH) € Sk, (Na,12) have expansions in Ok [q]
for a given number field K, that they satisfy the p-adic congruence
Gg) = GgH) (mod p"?)
at some integer vy > 1, and that G = E* ~(z,¢3). If p > k1 — 2,
k1 —ka—2r,N
then

I r 2 11 T b
HOIOO<G§ ) ‘5]EJ1)—’€2—27”(G3) ‘k’l—k‘z Wﬁ) = HOlOO(Gg ) '51(61—k’2—2r(G3) ’kl—k}g W]V)
modulo p*2-Ok[q], provided the integer r lies in the range 0 <r < %(kl —ko).

Proof. We use the Fourier expansions given in the preceding result for both
Gy = Gg) and Gy = ng), and observe that P_.(X,Y) € Z,[X,Y] as
p >k —2. O

2.3.2. The triple product case. The next case relates to L(F; ® Gy ®
G3,s). Here there are no Eisenstein series to contend with, and their role
is replaced by the holomorphic form G3 of weight w = ks, level N3 and

nebentypus ¢3 = (1h192) .

Proposition 2.8. If G3 € M, (N3, ¥192; R) for a given subring R C C,
then

G = Holoo(Go - 6)(G3))  at each r = (ki — ko — w)/2 € Zg

s a cusp form of weight ki, level N and character 1; furthermore, it has
the g-expansion G(z) = > o>, a(n,G) - ¢", where

~ Tk —1-7j) o :
a(n7g): GQ(G)' B (g)n]

and P&S)(Gg) (X,m) = Y 6J(r) (m) - X7 € R[X] in the sense of Defini-

tion 2.2 (i).
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Proof. One simply points out that Gs - 555 ) (G3) has the Fourier expansion

<G2 . (51(5)((;3))(2’) = i ( Z a§2 GQ Zﬂ 47Ty) j) _627rinz

n=0 \n=£2+£3>0

which we hit it with the operator Holy (- ), and then repeatedly use (2.5).
The property that Gs is a cusp form directly implies G vanishes at cusps
too. O

Corollary 2.9. If GV, GV € Sy, (No, v02) and G{”, GV € My, (N3, b3)
have expansions in Og[q] for a given number ﬁeld K, if they satisfy re-
spectively

Gg) = Géﬂ) (mod p*?) and Ggl) = G:(,)H) (mod p™®)  for some vo,v3 > 1,

and lastly if the prime p 1 (k(k1—2)!

m, then

Holoo (G367, 5.(GS")) = Holao (G767, ,,(GY")) mod prmintrasa}
provided again that the integer r lies inside the range 0 < r < %(kl —ka).

Proof. From Lemma 2.3(b), 6., , (G3) = &\, , (GY") (mod p™)
and using the Fourier expansions which are calculated in the preceding
proposition, the result follows immediately. O

2.4. The effect of X-depletion and x-twisting. In the following dis-
cussion g) and gl denote primitive Hecke eigenforms of weight k, char-
acter 1, and levels Ng) and NéH) respectively (note that we treat both

p1 Ng) ~Ng(H) and p | Ng) -Ng(H)). We shall further suppose the coefficients
in their g-expansions satisfy:

(2.6) an(g") = an(g") (modp")

for all n € N with ged(n, NéI)NéH)) =1
1) A (11
()Né ),

Let ¥ C Spec(Z) be a finite set containing the primes dividing Ng
but not p.

Definition 2.10.
(a) If x € {I,1I}, then gg ) indicates the depleted cusp form

g (2 Z " € S(NG  0), N = lem(NSY, T 1)

n=1 lex

(*)) an(g™) if supp(n) N L = @, and an(gg)) =0 if

where a,(gy.’) =
supp(n) N3 # 0.
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(b) For a Dirichlet character x of conductor p™ > 1, and choosing

* € {I,1I}, we define x-twisted cusp forms by g( ). g® @ x and

gl =W eys =g x
If we set j\?&x = 1cm(p2"X,Ng),N( )) then both g(z)x and g(H)
cuspidal Hecke eigenforms of weight k£ and character 2, each of whose
levels divides Ny . Furthermore, their g-expansions automatically satisfy

gg(*) _ Z x(n) 'an(g(*)) ¢" and gEX Z x(n) - an( gz)) Lo

provided that the conductor p™x > max {]N ‘ 5, ‘Ng(H)‘;é }

Proposition 2.11. If gV and gV satisfy (2.6), then at all characters x
of p-power conductor and for each finite set 2 D supp(Né) H)) {p},

gg?x kW gEx’ W5 (modp”) if NE,X‘N and ordp(f\'fg’X) = ordp(N),

as a congruence between (on both sides) a p-integral linear sum of eigen-
2

forms®.
Proof. For a rational prime [, if [ does not divide the level we write T; for
the [-th Hecke operator, whilst if I does divide the level we shall use the
notation U;. For m € N coprime to the level, the m-th diamond operator is
denoted by (m) and for an integer d > 1, one writes V; for the degeneracy
map (as we did in Section 2.1). Let us begin by remarking that for each
* € {111},
@7 g =l T[Q-T-Vitt'- 0 -Ve) [ 0-0-V)
kE lex, lex,

UNg” g

which gives an alternative construction of these X-depleted, y-twisted cusp
forms. To prove our result, it is necessary to establish that the composition
of operators

() [Ta-1-vi+*=t-@)y-vie)- [[ Q=0 W)| Wk
k 1ex, lex, k
NG NG

acting on newforms of weight k& and character 1)x? preserves the integral
structure.

2By work of Vatsal [25, Proposition 4.5], the canonical motivic periods associated to g(*) and

( )

gy~ are known to differ from each other by a p-adic unit, at least in the case where ap(g <*)) S Oé .
P
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Fix a choice of x € {I,II}. Let us assume that [ is a rational prime

number, and M denotes a multiple of Né*) such that [? divides M. Then
for a “weight k£” action,

A-U-V) Wy=Wy—-U-V-Wy
=2 Wy V= U2 U Wy,
because at such a weight, we have Wy, = [k/2 . WM/l -Viand V- Wy =
172 Wy, /1- One therefore deduces
A =U Vi) War =12 Wy - Vi = U7F2 Wy, - Uf

(2.8)
=W - (IF12 v, —17%2 .Uy

where (-)* indicates the adjoint Hecke operator. Analogously, one calculates
that

=T - Vi+ 110 - Vo) - Wy
=Wy —T,-Vi- Wy +F 5 - Ve - Wy
=15 Wiy - Vie = U2 T Wy + L) M2 - Wy e
as Wy = 15 Wy Vie, VieWay = I7F2. Wy and Vie- Wiy = (12) 72 Wy 2.
We then obtain a string of equalities
(2.9) (L=Tp - Vi+ 1" (1)- Vi) - Wiy
=" Wy - Vie =T0 Waggee - Vi+ 11 (1) Wiy
=15 Wi - Vie = Wagpe - T7 - Vi 170 Wiy - (1)
= Wyggee - (IF-Vie = Ty - Vi+ 170 (171)
and these three lines follow from the respective identities: {~%/2 . Wi =
Wiz Vi, T Wz = Wy e - T and (1) = (I71), applied in a consecutive
order.

Returning to the description in (2.7), our calculations in Equations (2.8
2.9) imply via an inductive argument that

(2.10) gl

[T 07 Vit Vi - TT (- 00| W

k lex, lex, X
Ung” 1 Ng”
= | Wi IL(# Vi =i 1070 T @210 )

YN NG
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with the level of the W-operator being decreased to

]\A/fE,X::Ng,X . H 2. H 1= g<*>®x><Mé*)g for some Mg)geN OZ;.
ey, lex,
ung? INg?
Under this weight k action, we may factorise
N _ (%) k/2
W o (MZ,g) . WNg<*)®X V)

Ms.x My, o

and one readily deduces that

= (Mg)g>k/2 ( ) ®X‘ N, () gy ) ’kVMg;

o\ F/2 n T(X)? (« . _
= (M) (w(zf X)X(Né*))];gf(g) (gt e x 1))

where eé*) e C, ]eg‘)‘oo = 1 satisfies g(*)]kWN<*) = e(g) gt (see [21,
(1.24)]). If we define the algebraic number

* k/2 n TX 2
2§, = (M) ™" v () T

(2.11) g .

Vo
k Msg

which is a p-adic unit as T(§)2 , ¥ e 0 , Equations (2.8) and (2.10-2.11
p"X g (Cp
imply

(%)

8y, x V

(*)
szg

=20 - @ ex

N
k Z,x k

[I (FVe-1r Vit (™)
lex, yNg

H (lk/2 i ‘/l _ l*k/Z . Ul*)
Fles, g vy

The right-hand side of the above equation is clearly a p-integral combination
of eigenforms with algebraic integer g-expansions, therefore the left-hand

(*) W~, one

side is too. To pass from gzx‘ W~ to the cusp form gy,
employs the identity

. o k/2 *
9 WNZ(N/NX:,X) -(g(z,)x kWﬁm> ‘kvﬁ/ﬁz,x

and oPserves that the quotient N/le € NNZ; since ordp(]vg,x) =
ord,(N).

Finally, those congruences asserted in the statement of the proposition
now follow from the system of congruences

) an(gy)) = x7'(0) - an(gy”) (modp")
which hold at integers n > 1 by (2 6), and the proof is complete. |
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2.5. Finishing off the inner product calculation. Let us return to our
earlier computation of the numerator from (2.1), namely we must evaluate

<F1,TrN/N (Holoo(Ga - 657(G3))|, WS)) y,: € €{0,1}

for forms Fi,Go,Gs of level N1, No, N3, weight ki, ko, k3 and nebentypus
Y1,2,¥3 with g - 3 = Y] ! Throughout we will again suppose that
Ff = [ and 93 = 1.

In particular, after dividing through by the period (Fy, Fi)n,, one wants
to see how this quantity varies when we replace Gy and Gg with p”-
congruent forms. We shall treat the same two cases as in Section 2.3, cor-
responding to the double product L(F; ® Go,s) and the triple product
L(Fy ® G2 ® G, s), respectively.

2.5.1. The double product case. Assume we are given newforms g(I)
and g™ of common weight k = ko > 0, common character 1, and conduc-
tors Nél) and Ng(H). Let us further suppose (2.6) holds for their ¢g-expansions
with v = vy, i.e.

an(gW) = an(g™) (modp*2) for all n € N with ged(n, Ng)Ng(H)) =1.

We shall carefully select the subset ¥ C Spec(Z) of primes in order to
satisfy the three conditions:

(i) supp(Ng'Ng") = {p} < %
(ii) #3 < oo and
(iii) p ¢ X.
Let x denote a character of Conductor p™ >1.If we set N =lem(NVy, Ng%)

and 1 = 1)x 2, one may consider gE X| Ky W5 and gZ e, Wy as belong-

4"
ing to the vector space SkQ(N 19); they have p-integral g-expansions by
Proposition 2.11, and their Fourier coefficients lie in some finite algebraic
extension of Q.

Now for any integer r in the range 0 < 2r < kj — kg, just as in (2.4) one
can define

Gae) =B}, 520

where 13 = (11109) "t = 1 - 1 - X2, and the level of the Eisenstein series
equals N. It follows for each choice of x € {I,1I}, the product of the two
modular forms

G = g 31y, o, (Cs) € ME(N, (Vi) ™)
is such that G*) | ol has moderate growth at every v € SLy(Z), in which

case
) .~ Hol (G® ~>
H oloo (G') N kl_k2WN

Wﬁ : 5](6:le —2r (é3)

_ (*)
W5 = Hols <g27X "
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is an element of My, (N, 1h91)3).
Let Ok, denote the integral extension of Z generated by the Fourier
()

coefficients a,(gy,”) and the character values x(n), for all positive integers
n and x € {I,II}. Note that in the context of Lemma 2.1, each of the
holomorphic modular forms

Ue-

kP

24 )

! = Holoo(G™) Wi o U™t € Muy (No, dhas) 0 O la]

can be decomposed into its Fi-isotypic and non-F}-isotypic components via

H ™)

-1 _ ) . (),(L)
klUp = cdﬁ’é(?{) F1|k1Vd+HA~/7é

No
d|zT1

for scalars ¢ ])V (H) € Ok . If we define M : N/Ngx € NNZ;, using
Proposition 2 11 one finds that

gg?x WV ggl,)(] W5 (mod p™)

and moreover, if the prime p > ko — 1, then Corollary 2.7 implies
(2.12) HD =21 (mod p*2).

We next apply the results in Section 2.1 to this pair of congruent modular
forms.

Proposition 2.12. [fe = 0 and G*) = (Z) 5,(;;) g 2T(E’}; _— N(Zﬂ/ﬁg))
1—R2—427,
as above for either x € {I,11} with the prime p € ¥, p > ko — 1 and pt Ny,
then
i N *
(F{, Try, (Holoo (GW)|, W)
(F1, Fl>N1

k
| (=2 (E=2) <N(p) < |k VN07F1|k Vd>N
=€-p 2 :
N

k1
2
()
x> e (H)-
) d|%(1) d,N,é <F1’F1>N1

No

(2.13)

where N = lcm(Nl,pQ”X,Ng),NSI)), NP = |f\7‘p - N and lastly Ny =

p- N®) . Moreover the congruences ¢ (H) (0 (H) (mod p*?) hold at

d,N,& d,N,&

Il
i)
t

integers d ] %

Proof. Most of these assertions follow upon applying Lemma 2.1 directly
to the forms

G = Holoo (85), - 017 4, 5.(Gs)) and G = Holo (g8 - 31, 5,.(Ga)).
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The levels N , N® and Ny are easily determined from their descriptions in
Section 2.1. We should point out that the g-expansions of X and HID take
values in Ok , by Propositions 2.6 and 2.11, hence so do the g-expansions
of the No-level modular forms #M|, US~ and #D|, UF~". Finally, one

may combine (2.12) together with the 1mphcat10n
HD =D (modp™?) = ’H(I)| Ué_1 = H(H)| Ué_1 (mod p"?)
to conclude that the Fi-isotypic parts of 7—[(1)| Ue U and 7 |k Ue !

are similarly congruent modulo p** - O [[q]], whence c,(;)ﬁ (H) =
(1) v o
cdﬁ’é(’H) (mod p*2). O

2.5.2. The triple product case. Alternatively, suppose one is given cusp
forms g, g of weight ko, character ¥, and that their respective levels

are Ng), Ng(;H). In addition, we suppose that h® h( are modular forms of
weight ks = ki — ko — 2r, character 3 = ¢, with levels N\” and N
respectively. One further assumes:
(214)  an(gD) = an(g™) (modp™?) if gcd(n,NéI)NéH)) =1, and
(2.15)  an(h®) = a,(h™) (modp®)  if ged(n, NN =1
We shall now choose the set of rational primes Y to satisfy the three mod-
ified conditions:

(i) supp(Ng'Ng " N N) - {p} € £,

(ii) #X < oo and

(i) p € =
Notations.

(a) If we construct a “suitably large enough” level by taking

N := lem (Nl, N NS N NI T 12)
lex

then the ¥-depleted forms gg), g(E ), h(E), h(EH) will each exist at this

top level N.
(b) Let K = K(gy,hy) denote the number field generated by the ¢-
coefficients of the depleted modular forms gg), ggl) , hg) and hgl).
(c) We shall write Og = Og(gy,hy) for the ring of integers of

K(gs, hy).
Proposition 2.13. If ¢ = 1 and G® = g(z*) : 6,&:)_k2_2r(h(£)) for x €
{LII} with p & X, p ¢ % and p + Ni, then GO and G bpe-
long to ,jigol(ﬁ,w;l;o;{) and they both satisfy (2.13), where H*) =
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Holoo (G™W)| W2 and
ko N
2 () N Ug—l _ c((i*j)vé(H),Fllkl Vd+7'[%)éu), c((7;(])\75(,}_[) € O (gs, hy).
d|%>

Moreover the congruences c((il)ﬁé(?'-[) = cg%é(ﬂ) (mod p™ini¥2:3}) hold for
2
1

Proof. The forms above satisfy h(*) e My, (N,v3; O) C s, pol(N ¥3; OK)

so that (5,(;;)_,@_27”( 5) c N, lDOl(N 13; Ok) by Lemma 2.3(a); conse-
quently

GW =gl 67, (W) € NI (N, hatbs; Ok),

and combining (2.14-2.15) with Lemma 2.3 (b) implies G = G mod
pmin{v2.vs} From Corollary 2.9 with Gg ) = g(z) and G( ) — (2)7 it follows
directly that

Holoo (GM) = Holoo (GM)  mod p™™¥2v3} . O [q].

One next applies Lemma 2.1 to the pair of cusp forms G =Hol, (GW) | . W
and G = HO]OO(G(H))|k1 W5 By copying the same argument as in the pre-

vious proof, the required congruences are a consequence of the implication
H(I) = %(II) mod pmin{ug,l/3}

— HO Ug_l = ! Upé_1 mod pmin{v2vs}

kl kl

and the property that taking the F}-isotypic projection will respect congru-
ences (because the module My, (Ny, ;') MOk [q] contains a basis consist-
ing of Hecke eigenforms whose g-expansion coeflicients also lie in the ring
of integers Ok ). O
% ’s explicitly. For both the double
product and triple product cases, our special value formulae each involve
(2.13). It therefore remains to evaluate the ratio of (F1|, VNO : F1|k Va)n,

2.5.3. Determining the

o} <F1,F1> as the integer “d” runs through the divisors of . Firstly
applying [237 Lemma 1],

(F: |k VNO,F1|k1Vd>NO DsF1
= Ress=p,

VNO , F1

|k ‘klvd)

<F1,F1>N0 D(s,Ff,Fl)
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where the convolution L-series D(s, F,G) = > o2 an(F)an(G) - n=* for
Re(s) > 0. By assumption FlIj = F1, so we may factorlse the ratio of L-
functions above into

D(s, F} M%Jﬂ

ke

MJ@>_(A@)ﬂ‘]I S50 ap (F)ag s (Fi) - 177

D(S,Fl,Fl) M Z;’ioalj(Fl)Q-l*jS

! v
with the integer exponent ¢; 4 := ord;(Ng) — ord;(dN1) > 0.
Lemma 2.14. If the prime | divides into No/dNy, then

@t 4 (F1)—1F1 _Qaliz,d—Q (F1)

B ! >0
S0 a (Fu)ag+n . (Fy) - 17750 al(F1)1+w1(l)-z T Z'f Ld

Yo (F1)? -1k R SR iftra =1

1 if t1.q = 0.

Proof. At each prime [, let us factorise the Hecke polynomial for Fj into
X2 —a)(F)X +11(1) - 1M~ = (X — oq)(X — a}) where we choose o = 0 if
I|N1. Then quoting verbatim from (3.1) of [23], for any integer ¢ > 0:

X Z apj (Fl)alj+t(F1) . l_js

=0
apt (Fl) — altfl(Fl)al(Fl)alaf T8+ Qpt—2 (Fl)(alaf)?) 172 if ¢ > 2
= a(F1) —a(F)oya) - 17° ift=1
1— (qa))? - 172 ift =0,

and the Euler factor® here is defined by
Yils) i= (1 —af - 1) (1 — a2 - =) (1 — agaf - 1)2,

Putting s = k; and utilising the identities oy +a) = a;(F1) and ooy = ¢ (1)-
[F1=1 the required quotient can be readily computed from this expression,
firstly at t = t; 4 and secondly at ¢ = 0. We will leave these details as an
exercise for the reader. (|

3In general, given two distinct cusp forms F = Znoozl an(F)-q" and G = ZZO:I an(G) - ¢,
the Buler factor Yi(s) = (1 — a8 - 17°)(1 — ayf] - 17%)(1 — o} By - 17°)(1 — B} - I %) where
ay,a) (resp. fB;,B]) denote the Weil numbers of F (resp. G); moreover the actual formula for
Z;'io ay; (F)agi+(G) - 1778 involves ay, a}, B1, 8], and only simplifies to the above when F = G.
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Corollary 2.15. For each positive divisor d of No/N1, one has the identity

<F1|k1vx—(l)’F1’k1Vd>No
<1[71,l'71>]\,1

— H jordi(No)—ord; (N1) o H (1+1)- jordi(No)—1

1| Ny | No,ltN1
X(%)klx H al(Fl) - X H atld(Fl)*l atlld 2(F1).
Ny L+ (l) -1~ L+4(l) -1
& |W

Proof. The result follows upon splitting up the quotient into a product

<F1|klvﬁ—g’F1’k1Vd>No <F1|klvﬁ—g>F1’k1Vd>No (F1, F1)y,

<F17F1>N1 - <F1’F1>N0 <F1,F1>

and using the above lemma to compute the first ratio, whilst it is well
known that

m,F Jordi(No) y jord;(No)—1
w = [[o(Ny) : To(Np)] = Iy _ B
(Fi, Fu)y, [Ty, o) o fordi(N) =1

3. Variation between the analytic A-invariants

The technical portion of the paper is complete, and we now use these
formulae to study the A-invariant for both the double and triple product
p-adic L-functions. A nice feature of our inner product expression is that
the special values of both types of p-adic L-function can be treated on an
equal footing, using the same ideas. However let us begin by streamlining
the existing notation to avoid clutter later.

Definition 3.1.
(a) Fore€{0,1} and an integer r € {0, ..., [k1/2]}, one defines a linear
functional Ly = £5°) (p, No, N1, N) : N7 (N, 47 h) — C by

(re) 1, DD N®) £2 (No)

| (F!, e} (Holoo (H)| 2w,
<F17F1>N1
where F1|le/VN1 =€ -Flﬁ, and the levels N = pé-ﬁ(p), Ny = p-ZV(p)

are as before.
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(b) At each positive divisor d of Ny/Ni, we will introduce the algebraic

number
X.d(NO,Nl) = H lordl(NO)_Ordl(Nl) X H (l + 1) . lOI’dl(NO)—l
l‘Nl l|N0,lJ[N1
" H al Fl " H pt1.q (Fl) — lk172alt,’d72 (Fl)
L4y (1) - 171 N L+ (1) - 171
3 2| 2

with the identical choice of exponent ¢; 4 = ord;(Ny) — ord;(dNy)
from Section 2.5.

For instance, using these definitions above, one may repackage (2.13)
into the more succinct form

(31) E Z C Xd(No,Nl)
a5

where H*) = HOIOO(G(*))‘]C1 ]1/% at either choice of x € {I,1I}.

The Xg4(No,N1)’s each have bounded denominators, and are

independent of the C*°-modular form G®. Furthermore, if G*) = gg, )x .

O oo (B () orif GO = (g0, o, ()], Wi, cor-
responding to the double product and triple product cases respectively,

then the scalars c;*J)v (H) are algebraic integers which are congruent to
e

[EAE]

each other as one switches between x =1 and x = II.

Although we shall treat the double and triple product separately, the
underlying methods are basically the same. In both situations Fy = £ will
be a weight ki newform of level N1, p{ N1 and nebentypus ¢y, where f* = f
and 13 = 1. In addition, it is now necessary to assume that the cusp form
f is ordinary at p.

3.1. The double product p-adic L-function. For two eigenforms F
and G of weights k1 > ks and characters 71, 12, the L-function attached to
F ® G equals

L(s)I'(s+1— k)
(27‘(‘)25
with Re(s) > 0, and this admits an analytic continuation to the complex
plane. We write ¥y (s, F, G) for the L-function stripped of Euler factors at
primes [ € X.
Throughout assume we are given newforms gV, g of weight ks, char-

(3.2) ¥(s, F,G) = X ((25s+2—k1—ko,mn2)-D(s, F,G)

acter v, with conductors Ng), NéH) respectively, and which satisfy:
an(gM) = a,(g"™) (modp™?)  for all n € N with ged(n, Ng(;I)NéH)) =1
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We again choose the set ¥ so that supp(Ng(I)Né;H)) —{p} C L, #¥ < x©
and p € .

1 1
Proposition 3.2. If x has conductor p"™x > maX{]Ng(I)‘;i, ‘Nén)‘;i},
then
(r0) ((*) | 5(r) -2
Ly (gﬁx : 6k1;7k272r(E;;1_k2_27,,]\7(27¢1¢X )))

~ _ —rar—k1/2 *
_ (N®)yki—ka/2-r k] « pix (ki —ho—2r—2)+1 Uk —1-1f,g" ®x)
(2mi) 2 - (£,£),,

€12 (Qi)kl_l

at each integer v in the range 0 < 2r < ki — ko, and for either choice of
* € {I,11}.

Proof. Recall that 13 = 1y - ¢ - x2 and N = lem(Ny, Ng,x) =pf - NP An
essential starting point is the following formula* of Shimura [23, Theorem 2],
(—1)1”(471')]{171 . F(kl — ko — 27")
F(/ﬂ—l—?“)'r(k‘l—k‘z—’l“)
7”) *
X <fﬁ’ gg)x ’ 5/(61—/@—27‘ (Ekl—k2—2r,ﬁ(z’ wg))>]\~/

where EZ A ]\7('27 n) denotes the C*°-modular form defined in (2.3), and
1—R2—21,

D(s,f, g(z*’ )X) coincides with the 3-depleted convolution L-function

D(ki —1—rf,g8)) =

o
Ds(s,f,g{)) = an(f)an(g™)x(n) - n~*,  Re(s) > 0.
=1,
supp?n)ﬂE:(b
Reconciling the different normalisation of Eisenstein series in (2.3-2.4), one
may rephrase Shimura’s identity above into an equivalent form

(*) r *
<fﬁ’ gE*vX ’ 6](61)_’“2_27’(Ekl—k2—2r,ﬁ(z7 w3>)>ﬁ

(—l)r Nk17k272'r
= (4m)F1-1 ) 2(2mi)k—ka—2r x Dk —1—1)

Tk — ko — 1) - Gk — ko — 2r,03) - Ds (k1 — 1 — 1, f,g0)

~ k1 —ko—27
(-7 NI (%)

_ 2\k1—1—r . 1
= (47°)™ BT S X Uk —1—-rf,g").

In fact, the terms directly before Wg(---) can be simplified to (2i)*21 -

~ki—kog—2r

N%lif,@, which means that if G = g(E*)x . 5,(;;)_,62_%(Ezl_kz_%ﬁ(z, 3))

4His normalisation of the Petersson inner product differs from ours by vol(I'y (ﬁ)\j’))*l.
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then

~ k1 —kog—27r

(.60 N WUg(k—1-rf,gl))

<f7 f>N1 2(2i)k1—k2 X rl—ka . <f7 f>N1

Focussing on the left-hand side, as G(*)] el has moderate growth for all
v € SLa(Z) it follows from Theorem 2.5 that

(.60 g (f Holo (M) 5 (P Ty (Holoo (G™)))
(£, 65, (£.£) (£.£)y,
and so by Definition 3.1 (a),

k

1
e NO\ Nk (G0
LGy = gt ptE L ( 0) w27 N
f ( ) 1 b Nl Nl <f,f>N1

k1 ~ ky—kg—2r

_ 1 ey (NPT (NO)’“ N
S Ny N 220k ke

Uy(ky —1—nf, g§<*))
ql=ko . <f7 f>N1

Provided that p?™x > max {!Nél)|;1, |N§I)};1}, the p-part of the level of

both cusp forms g(ZI)X and g(EH))( equals p?™x: thus € = 2ny, N = p2nx . N®

and Nog = p - N®). Substituting these values into our formula, the result
follows after a clean-up. U

Let K be the number field generated by the Fourier coefficients of
gD gD Since the newform f is p-ordinary, we can factorise its Hecke
polynomial at p into

X2 —apy(H)X +h1(p) - p" 7 = (X — ) (X — aj)

where |ap|p =1 and ]a;,‘p = p'=F1 < 1. Now applying the results of Hida
and Panchishkin [14, 21], for each choice of x € {I,1I} there exists a p-adic
L-function Ly (f ® g(E*)) € Ok p[Z;][1/p] interpolating

Xx; (Lp(f ® gg)))
x)? - prxhatasl) (5.%) x (ks + 5,f,88))
(1) - o™ ' (2mi)t=he - (£,£)

at all integers s € {0,...,k; — ko — 1}. Here 7(x) = ij?ixl x(n)e2mid/p™x
denotes a Gauss sum for x, and the p-Euler factor term A(s, ) is equal to
1 whenever x # 1.
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Remarks.
(i) If one changes variable by instead setting s = k; — ko —r — 1, then for
X # 1 the above becomes

Xx; (Lp(f ® gg)))
7(x)? - P ka2 Wk — 11, f,g0))
(_1)161*162*1“*1 . ainx 8 (27Ti)1_k2 . <f, f>N1 .

=(p)"x -

(ii) The formula in Proposition 3.2 can similarly be expressed in the form

£r0(E)

~ ko /29— nr—k1/2 ()
_ (N @)y —ha/2—r k! xRk =2r=2)41 Uk —1-rf,g5)
€12 - (2i)k1—1 (2mi)t =k (£, £)

(iii) Consequently, (—1)5-XxZ(Lp(f®gg))) = pil-Er,Xxﬁgr’o) (G(*)) where

= . <T/J(P)>nx ' 7(%)? y €12 (21:)1431—1

—r,X 2 phx (N(p))kl—k‘g/Q—’r‘N;kl/Q

P
is actually a p-adic unit.
There is a natural decomposition Z; = F; x (1 + pZ,), and let w :

Z, —» pp—1 be the Teichmiiller character, so that w(a) = a (modp) and
w(14+pZp) = {1}. One can split the Iwasawa algebra up into I} -eigenfactors

p—2 p—2
Ok plZ5] = P Ok [l + PLp) iy — &b Ok p[ X1 sy
j=0 j=0

where the last isomorphism arises by sending 1+p € Z,; to the polynomial

X + 1. For each j € Z and * € {I, 11}, we will write L,(f ® g(z*),wj) for the
image of the Hida—Panchishkin p-adic L-function inside the w’-eigenspace
Ok p[X][1/p)(ws)- Let us also choose a local parameter, @, for the discrete
valuation ring Ok .

Theorem 3.3. At each j € {0,...,p — 2}, let us define IU’%,jI)I to be the

minimum of fi(Ly(f ® gg),wj)) and fi(Ly(f @ g(EH),wj)). If the prime
p > ki — 2, then one obtains a congruence of X-imprimitive p-adic L-
functions

. . (4)
L,(f® g(ZI)>wJ) =L,(f® ggl)’w]) mod wepuz—l-ul,jn Ok ,[X] (w9)

where the ramification index ¢, € N satisfies (w)® = p- Ok p.
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Proof. We first pick an integer s = k1 — ko —r — 1 > 0 to Tate twist by.

Consider the Oc,-module, LU") | generated by the special values [,y’o) (ch*))

where

ch*) = g(Z*,)x ' 5](61;)*]62*27‘(EZ‘1_]€2—27’7N(Z’ &1wx2)) € MZT(N’ wl)’ and

X ranges over non-trivial characters of conductor p™x > max{]Ng)‘p £
an, -1 o
| Ng |p 2} such that X|]F;< = w/.

Using the identity x,(L,(f ® gg))) = +p 5, - E(T’O)(G(*)) in Re-
()
mark (iii), and also because |ETX| =1, it follows that LU") = o+ .

Oc, where u%JI)I = min,cqpm { o (Lp(f® g(*) ))} € ZU{ £oo}. From a
naive perspective only three possibilities can ever happen:

() LGV = {0},

. ) :
(b) LUM) = AT Oc, with uijl)l # 400, or alternatively
(c) LU = C,.

In case (a) one has L,(f ® gg),wj) =L,(f® ggl),wj) = 0 and there-

fore fi(Ly(f ® g(z* ),wj )) = +o0, so the congruence is vacuously true and
moreover content-free. On the other hand, if we are in case (c) then

po (Lip (f @ gg ),wj )) = —00, which would then imply that the w’-branches

of L,(f ® gg )) arise from an unbounded p-adic measure. This directly con-
tradicts the work in [14, 21] and so never occurs!

This leaves us to deal with the interesting case (b). Recall from (3.1)
that the linear functional degenerates into a finite sum

LTO) Z ch~ ) - Xa(No, N1)

a7

where ch*) = Holoo(Gg(*))‘ W, and the X4(No, N1)’s are independent of

k1
G,
Applying Proposition 2.12, one has congruences cg)ﬁ (Hy) = cg% (Hy)
€

(mod p*?) at every d | and finite order character y on Z,. As an immediate
consequence

[€))
£80(GD) — £5(E) € w2 O,
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(4)
ie. xzp(Ly(f® gg)) L,(f® g(H))) € it - Oc, at almost all char-
acters® y : Ly — @; such that X|]F>< = w/. The rest now follows by p-adic
P
continuity. Il

Let us instead consider primitive versions of these double product L-
functions, namely L, (f ® g w7) and L,(f® g w7) which both belong
to Ok p[X][1/pl(ws). For either choice of x € {I,1I}, they are related to
their X-imprimitive cousins via

(33) Ly(fogl,w)=Ly(tog", o) x [[ E(f 2 g®,w)
ey

where each term Ej(f @ g™, wi) € Ok p[X] p-adically interpolates the

Euler factor L;(f ® g™ @ yw?, s) as x ranges over finite order characters on
L +pZy CZy.

Definition 3.4. At each prime [ and branch j € {0,...,p—2}, let us define
the non-negative integer el(*) (w?) := the M-invariant of Fj(f ® g™*),w?).
Theorem 3.5. If the prime p > k1 — 2, then
MLy (f o g w) =AML, eg™ o)+ 3 (W) —ef’ ().
NS NP

Proof. Firstly, we note that the Euler factors Ej(f ® g™, w’) in (3.3) for
primes [ € X each have unit content, and therefore possess a trivial p-

()

invariant. If ;' € Z U {+00} denotes the minimum of the p-invariants for
L,(f ® g, wi) and L,(f ® g™, w’), then by Theorem 3.3 one has

() . )
o Ly ogl) o) = w i Lfogl",w) mod @ Ok, [X].
Moreover as e, - 5 > 1, we can then deduce that

(9)
)‘(L (f ® g(l) )) = rank]F[[X]] (OKJ;[[X]]/@U, Fovalila 8 s8N (f ® g(I) )>>

(7)
= rankp[x] <(9K’p[[X]]/<w, w MLy (f @ g(H) )>)

= AL, (f © g, )

where F = O ,/(w) indicates the residue field. Finally, using (3.3) in
tandem with the additivity of the A-invariant, clearly one has a relation

ALy (f© g, 07)) = ALy(f @ g™, w)) + e (o).

5This containment is also true for the missing characters, which can be seen by exploiting the
p-adic density of finite order characters x with X‘]FX = w’ inside the parameter space 1 + pZp.
p
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The result follows upon observing that el(I) (W) = el(H) (w?) at any prime
l € ¥ such that [ 1 Ng(I)Ng(H), because here Ej(f g, w?) = Ej(fog, w)
mod w2, O

3.2. The triple product p-adic L-function. We shall closely follow
the notation employed by Fukunaga and Hsieh in [10, 15]. In particular, I;
denotes a normal finite flat extension of the algebra Ayt = Ok [IT™'] at each
i € {1,2,3}, with T™* = 1 4 pZ, and [K : Q,] < co. Let us fix a triple of
I;-adic forms (Fl,G(Q),G(g)) such that F; := GO € S (Cy,apy;11) and
also GO ¢ So(Cy,1hi; 1;) for i = 2,3 are each primitive families in the
sense of Hida [14], and have expansions in I;[q¢].

For a choice of index i € {1,2,3}, we consider the set of non-zero con-
tinuous O g-algebraic homorphisms X; := {ngl) L= Q. cn- Now given
such a formal series G € I;[q] as described above, at every m > 1 one
can take its specialisation

G(Z Z Q ) q" € Qp[[Q]]

Which yields a normalised p-stabilised newform of weight k(®)(m), level
@ (m M) and character Piw —k®(m )67(77;), where e$,? is the restriction of Q%)

to FWt - A wt -

Definition 3.6. If R = H1®@KHQ®OK]I3 is the three-parameter weight

algebra, then the unbalanced domain %71;1 of interpolation points for R
is given by

ki >ko+ko—1, k1 > 2

k1 + ko + k3 =0 (mod 2)
xRt = {Q: (O, 02, 0y € X1 x Xy x X3

where we abbreviate (k(V)(my),k® (ms),k®)(m3)) by instead using
Let H’Q be the product of the automorphic representations TG (m) O

GLs(A) associated to the triple (F1, G, G®))(Q), and define Mg :=TH®

(XQ)A with a

(1) (2) (3)
kM my)+k émsz (m3) .(67(%) (2 ())%

Xg =w at every point Q € .'{71;1

Passing from the automorphic viewpoint to the setting of Galois represen-
tations, one has an identification of complex L-series

L(Hg, s) = F(Hgoo, s)

—1
H L (Fl(m) ® G (m) o GO (m) @ X, s+ w2)
leSpecZ
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where I'(Ilg o0, 5) = I'c(s+w/2) TI3, Te(s+1—Fk}) is the factor at infinity,
w = kM (my) + k@ (ma) + kG (m3) — 2, and each kf = w/2+1— kO (m;).
The following conditions (which are copied directly from those given

in [10]) will guarantee us the existence of a p-adic L-function attached to
F, 2 G® g GO,

Hypothesis (T1). The primitive characters satisfy ¢11913 = 1.

Hypothesis (T2). The residual Galois representation pp, : Gg — GL2(F))
is absolutely irreducible, and the semi-simplification of ﬁF1| Go =00
P

with 91 75 (92.
Hypothesis (T3). The value of ged(C1, Co, C3) is a square-free integer.

Hypothesis (T4). At each Q € %% and [|C1C5Cs, one has €(1/2,11g ;) =
+1 where €(s,Ilg;) denotes the local e-factor at a prime [, as defined by
Ikeda in [17].

Theorem 3.7 (Hsieh-Fukunaga [10, 15]). Under the Hypotheses (T1)-
(T4), there exists a unique element £21(2>,G(3> € R satisfying the interpola-
tion property

L(llg,1/2)
2k (m1) 2
=1 R )

(Lo g (Q)? = Erym)(Tgy)

at all unbalanced points Q € 1{7121, where the p-Euler factor g, () (Ilg,p) and
the canonical period Qg () are given in [10, (3.3.1) and Definition 3.3.4],
respectively.

To avoid possible confusion later on, the element 521(2)7 G 8 the square-
root of the p-adic L-function, L, (F1, G®3, G(3)), originally mentioned in the
Introduction. Therefore any congruence modulo p” one can prove
for the former automatically implies the same mod p” congruence holds for

the latter. The construction of Eglm a» from [10] involves gluing

“«G@. 5£T)(G(3))(Q)” along the unbalanced points %% to produce an in-
terpolating family H** ¢ S°d(N, wl,(p)lﬂp); I;) ®1, R. One then sets

LF

G2 q» = the first Fourier coefficient of nr, - 1, - Try/c, (H*™)

with N := C1C3Cs, and where the operators nr,, 1y, will be introduced
shortly (in fact 532)’(;(3) and Lg@)’G(g) differ from each other by a very
simple R-unit).
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3.2.1. The basic congruences set-up. At the risk of bombarding the
reader with too many superscripts, suppose that we are given two primitive
I;-adic triples

(Fr, G20 GBO) and (Fy, GO G@).0D)

where F1 has level N1 =C1, and the families G () have level equal to Ci(*).
Assume there ezists a one-dimensional subset (i.e. line) V C X1 X X x X3
in the parameter space, such that for all unbalanced points Q@ € ¥V N 3&'7]';1

(3.4) Q(an(GP)) =Q(an(GHHM)) (modp™) if ged(n, C3)CY") =1
(35) Q(an(GHD)) =Q(an(GHM)) (modp™) if ged(n, C§CY! >>=1.

We also suppose the image of the specialisations ¢y : R — Gagevmel Q(R)

glues into a one-parameter algebra, IV = ¢y,(R), of finite-type over Ayt.
Let us write u‘%) € Z U {—o0,+0o0} for the minimum of the (weight)

p-invariants associated to ¢y (Lp(Fl,G(Q)’(*),G(3)’(*))) e 1V over both

choices of x € {I,1T}. The theorem immediately below is the primary tech-
nical result in this section.

Theorem 3.8. If both triples (F1,G®-0D GE-MY) gnd (Fy,GR-D,
G®).(10) satisfy Hypotheses (Tl) (T4), f the congruences (3.4)-(3.5) hold

orvo,v3 = 1, if the points Q € with p 7, are dense in Spec R
f if th Q € x5 with ky 2>) d Spec(1Y
and if Y3 = 1, then

ov (Lys(F1, GO0, GO0)) = 6y (L 5 (F1, GO, GD))

modulo p“ﬁv\?*mi“{””“} 1V, where the finite set 3. ::supp(CéI)Cén)CéI)CéH)).

In particular, this is equivalent to Theorem 1.4 (i) stated in the Intro-
duction. Moreover let us recall that the Y-imprimitive p-adic L-function
factorises into

L, 5(F1, GO®, GO

= Lp(Fl,G@)’(*),G(S)’(*)) > H El(*)(Fl,G(Q),G(3))
lex
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where El(*)( -) interpolates L;(F1(m) ® G®-®)(m) @ GO (m) @ X2, %)
on .’{71?21. Applying an identical argument to that used in the proof of The-
orem 3.5,

AW o oy ( (Fl G(Q) (I ) + Z AWt o (EZ(I) (F17 G(Q), G(B)))
lex
= X0 gy (Lyn(F1, GO0, G(3>,(I>))
by_3.5

X6 gy (Ly s (F1, G0, GOHID))

_ ogbv(Lp(Fl,G(Q)’(H),G(3)’(H )+Z)\wto¢ ( J(F,,G®, G0 )))
les

and Theorem 1.4 (ii) now follows as an immediate corollary.

Remarks. The strategy we adopt to establish Theorem 3.8 has three steps:
(1) At each point Qe .’f%l and x € {I, 1T}, we will express the special

value Q( (2) (%) (3),(*>) in terms of Q(a1 (UFl'lFl‘T‘rﬁ/Cl(H;ux(*))))-

Note that by construction, both the Y-depleted families H;ux’(*) €
Sord(ﬁ,wl’(p)zfgp);]h) ®1, R exist at the top-most level N =

lem(C1 VY, 1OV O Tiex 12).
(2) By replacing the original triple (Fl,Gg)’(*),GS)’(*)) with the

twisted triple

(F1 @ (w kY m)-1/2, G(Z2)7(*) © (VM) (1)y1/2. Gg,),(*))’

we relate Q (a1 (nr, - 1w, - Tl“ﬁ/cl(H;ux’(*)))) to the special value of

our functional £V (QGEY™) - 619G ™))|77) with Ff =
Q1) ® (w K e) U2, | = (ko ko, k), 7 = (k1 — o — ks) /2,
and “??” a combination of Hecke operators.

(3) Finally, upon exploiting the congruence preserving properties of
the linear functionals Egl’l)(—|??) and the Zariski density of V N
%71;1 inside of Spec(IV), the mod p™n{»2#s}_congruences between
Q(H;ux’(l)) and Q(Hg 0y will produce mod p“gv‘ih“min{”?’”‘”’}—
congruences between the respective triple product L-values.

3.2.2. Step (1). Let us begin by reviewing the important properties of
H>>()_ In fact this family is obtained from a secondary R-adic family,
HO'%™) | through

aux, (% ¢1, ny/d <n1/d1>]1 dl ord. (%
2w (%) — Z (_1)#1_ (p)(ﬁ;/(};)l).m 1M grord, () Uss s

ITb
rcsity
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where the sets I, EHb and the positive integers ny,d; can be found in [10,
Section 4]. Each BI(Fl) € I} is a distinguished root of X2 — a;(F1)X +

Y1(1) - I7H(1)1, at the primes l|C’1C’§*)C’?(, ), in which case the denominator
Br(F1) - ny must be a unit.

Definition 3.9. The operator T3%, € Endy, (S (N, ¢y () d; 1) @1, R)
is obtained via the formula
H’ o= Y (CD# V1 (py(nr/di){ng/di)r, da
Br(F1)-ng

NF, - — OH‘Udl/TL[‘

H@N
If we instead deplete our families by omitting the ¢"-coefficients involving
aux,(x)

those integers n such that supp(n) N # (), then analogously Hy,
HOrd ) |'I“8”uX Now by its very definition,

LGl(;M*) (3).(0) =01 (171:‘1 1p,- TrN/C (HE™ (*))) (e.g. see [10, Section 4.2.5])

where ng, € I; generates the annihilator of the congruence module at-
tached to F'1, while 1g, € Tord(Cl, Pr; ]I1)mF1 ®r, Frac(I;) is the idempotent

element® which cuts the Fi-isotypic part out from Sord(Cl,wL(p)zﬂp);]Il).
Therefore at every Q € %Fl

(3.6) Q(L]‘;@) ) g (*)) Qﬁni(nfl)xg(al@“ Tr /o, (Hy Hy *)‘T?\}D;rl)»

and the next stage is to relate the right-hand side of this to the functional
ﬁ(rvl).

"
3.2.3. Step (2). Before we can proceed further, a word of caution: for

a fixed unbalanced point Q € %%1, the specialisation Q(F;) = %3 (F1)
has the character wlw_k(l)(m)e%), which in general is not quadratic. Con-
sequently the theory we developed in Section 2 cannot be directly applied

to the classical eigenform Q(F1).
To salvage the argument, we replace the triple (F1, Gg)’(*), GS)’(*)) with

its modified version (F; ® (w*"f(”(m%%))*l/?, G(EQ)’(*) ® (wik“)(m)eg))l/za

Gg’ )’(*)), which works fine for even k(1) (m). If the original triple satisfies

(T1)—(T4), it is easy to check the modified version does too. Furthermore,
it follows readily that

Fp = Q(F1 @ (w7 M eD)712) € 80y (PC1, 15 O 1)

6Hsieh and Fukunaga consider Mg, and 1F where Fy := F1| [1/)@)} however our condition

¢2 = 1 implies F1 and F; share the same character, so we supress notation and ignore this
switch.
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must be an ordinary p-stabilised newform. If £)(m) > 2 then we can
assume it is principal series at p, in which case

a M (m
F{'(2) = Fi(z) — ¢a(p)p® ™ a7t Fi(p2)
where the underlying newform Fy € Sya),, (C’l, 1) is exactly as in Sec-
tion 2.

Remarks.
(a) If k(D (m) = 2 and F{* is Steinberg at p, then F{* = F) is already
a newform of level pC}, and we cannot apply the calculations in
Section 2 to it.
(b) Replacing (Fl,Gg)’(*),G(E?’)’(*)) by the modified (twisted) triple
above has no effect on the triple product L-function as the Galois
representation is unchanged, however L&;)«*xcgm is essentially

a square-root so it might flip its sign around.

By the previous discussion, after first modifying (Fl,(-}(g2 )’(*),Gg’ )’(*))
one may then assume F¥ = Q(F1) has exact level pCy and character 1y,
such that ¢ = 1. To simplify the notation suppose that we have fixed a
point Q € X5 and define (k1, ko, k3) = (k) (m), k@ (m), k@) (m)), Ny =
Cq, and N; = pe(l)(m)Ci for i« = 2,3. We shall also require the depleted
Hecke eigenforms

g = Q2 (GP™) and h{ = Q¥ (GEM)|6g

in the context of Section 2.5, where Og = 1y - w (ki—ka—ks)/2
(eﬁi)e%)eﬁﬁ))m and the twisting operation “ - |®g” sends > 02 ¢p - "

Y ome1n©g(n) - q".

Lemma 3.10. If Q is unbalanced of weight (k1,ke,k3) and ki € 2 - Z>o,
then

Qar(1r, - Trg , (HEM))

=ug - LY <g(£ Vo6 ()

(s )

with ug € OEP independent of x € {1, 11}, and Uy is the adjoint of U, at
level N.

Proof. We start by using a convenient formula of Hida in [14, Lemma 9.1],
which implies that the specialised coefficient

(QUF)t, - Q(EEM™)|, W)
(Q(F1)%, Q(F1)|, W) 5

Qan (1, - Trg  (HZ™)) =
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Here the idempotent €™ = lim,,_,0 U, " and Q(F;) = F{* as before, whilst
from [10, Lemma 4.2.3] we know that Q(H Ord( )) coincides with

) , (re) ;
eord ol (Q%(G(;) (*)) - 2 le(gg’) (*))’@g)

3
_ ol (5 ))

with r = ’I"g = (kl — kQ — kg)/2.
As an immediate consequence, one deduces that

ord,
Q(al<1F1 TI‘N/N (H (*))))
((Fpf, e Holy, (g - 3 (n3))

(PO PR W) 5

k1Wﬁ>ﬁ‘

To deal with the denominator first, applying [14, Lemma 5.3 (vi)] it can be
shown

(R PR, Widg = (~DM (PR, Wi F)g
— (—0Fp( T (R R
- p t 1, L1 Ny
where the term u; is composed of Euler factors/Gauss sums’, and is a p-adic
unit.
To study the numerator term, if we write “gh” as shorthand for gg ).

5,&2)(hg )) then because the p-stabilised newform F}* is p-ordinary,

((F{')*,¢" - Holo (gh !kl bk
= <( HOl (gh) ’k1WJ\~/>N
:25< gh‘k1Wﬁ>ﬁ

() (p)pkl_l <

= <F1,gh’k1W]\7>A~[— F1|k1v;0’gh’k1W]\7>]\~/

and the last equality follows since (F{)!(q) = Fi(q) — %pkrl - Fi(gP)
if k1 > 2. Now (Fily,Vp. ghl, Wx)5 = p"(F1,gh|, W5 o Up)y while

N
W5 oUp = Uy o Wi, in which case
(id—wl(p) -U;)oWﬁ> .
pa -
N

~ _ _ ’ d
"In fact, the term u = n(p)° - voo(=1) - W/ (Ff) - S(P) - [T cx, 70 %" [Toex e
in the notation of [14, Section 5]; one then carefully checks each individual term is a unit of Oc,,-

<(F1 ) , € ord HOI (gh) |k1Wj\7>ﬁ = <F17gh

k1
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Therefore, combining together the numerator and denominator calcula-
tions:

Qax (1, - Tryg  (HE ™))

p( 2)e <F1,gh‘ <1d 1!11() U*)oWﬁ>ﬁ‘

( )klu-‘- ' <F17F1>N1

On the other hand, carefully rearranging the factors in Definition 3.1 (a)
one finds

(id _¢1(P) . U;))

k1 pe
Con (p)

and then setting u € Né”) -7 (=% - ut € OF, the result is
s Ug = a7y f Cp

proven. (|

k

e <F1,gh‘ (id — 2} U*)oWﬁ>ﬁ
X
<F1aF1>N1

aux,(*)
N/N; (HE

Q not the value of ai(lg, - Trg HX™)) at Q, but they are closely
connected. Comparing the preceding lemma with Definition 3.9, then at

even weight k; > 2

Qa1 (e, - 1, - Trg (HE™)))

r,1 * r *
—ug- ) () < £ (85 (1)

Of course, we want the value of a1 (nr, - 1g, - Try )) at a point

Qe )o(l.id—¢12(p) .U;)).

NES \p o

Moreover by its construction L]g@),(*) GOm =0 (nF,-1p, - Trﬁ/N (H;ux’(*))),
z Eab >}

and so we may summarise the various calculations of Step (2) in the fol-
lowing way.

Corollary 3.11. If Q € X' has weight k = (k1,k, k3) and ky € 2- Lo,
then the special value of Lgl(m’(*) GO at the unbalanced point Q is equal to
3 L

ot Jo(p-id _h), 0;))

]{,‘1 71

P2 1g- QW (e, ) x L5 (g(z .60 ()

The operator Q(Taux ) (p-id — %(p) -Uy) is the mysterious “??” men-

tioned in the remarks after Theorem 3 8.
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3.2.4. Step (3). The final task is to prove the congruences for
£ GO G ) by reading them off at enough unbalanced specialisations

Q Wthh are Zarlskl dense. An important initial observation is that
F1 1/2 rF 1/2
L G0 gE® = = (1, (~1) 7Y LG1<2>( RICKORS L3
IIN

where the factors f; € R* are given in [10, Proposition 5.1.4], but are
not required here. Thus to prove a congruence for the £21(;)’(*),GS)’(*)’S

over the one-dimensional set V), it is necessary and sufficient to show the
F F .
same congruence for the L"! ’s. Because each L! isa
& @) g@ c@) g@

square-root, one has an equality of p-invariants
(2),) @Bh)NY F
o ¢V (Lp(Fly GZ , GE )) =2- MO ¢V (LGl(;)‘(*),Gg)’(*))

at either x € {I, 1T},

V)
which means Q( G(Q) © @ () takes values in pl'wt /2. Oc, for all Q €

yn }Igl. It follows directly from Corollary 3.11 that for each x € {I, 11},
T T aux . p *
£ (s o) | o ve (poia- 22 0y

N,F1

W)
lies inside QSL{ (ng, )~ tp* T /2 Oc,, provided that @ € VN %71;1 with
kie2- Z)Q.
Remarks.
(i) By (3.1), the functional values below degenerate into

£ (8800 1) = 37 % () - Xa(No, N1)

N,
d| =2
Ny

where H{ = Holoo(gl)’ - 317 ()], W2 = (=1)" - Holuo (gl -
51 (0))).

(ii) Applying Proposition 2.13 at divisors d| {2 n> and if p{ kkl 2)!

(k12— O1€

has

CEII,)Nﬁ(/HE) = CEII,I]lV,é(/HE) (modpmin{l’%l@})‘

Since the composition of operators 9ig := Q(Taux )o(p-id— wl(p) -Uy)
Fy

does not introduce any new denominators 1nvolv1ng p, it follows from these
remarks that

T, I r *
£ (e - o) (n)

1

T, II *
%g) . L%ll)(g; ) 5£3)(h( ))

f)f{g)

k1 k1
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. )
belongs to Q%) (g, )~ 1p> Tz velti /2-(9@p at all the points @ € VNXR!

. —2)! . : .
satisfying k1 € 2-Z>9 and p { % Reversing the previous chain of
reasoning, N

Fi N Fq min{l/g,ug}Jru&,V) 2
Q<LG<22),(I>7G;3>,<*)) Q(LGg>,<II>7Gg>,<*)) €p % O,

hence both Q(Ly,(F1 9GP oGP W) and (L, (F1 0 G o E-1)y)

V) ;
are congruent to each other modulo ptw Tmin{r2.vs},

Lastly as p # 2, we use the density of those Q@ € V N %%1 with p 1
(kl(k_:127__27’)!2)! and Q‘kl inside Spec(IV) to obtain the full congruence, and The-
orem 3.8 is proved.
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