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On a bounded remainder set for a digital

Kronecker sequence

par MORDECHAY B. LEVIN

RESUME. Soit Xg,X1, ... une suite de points dans [0, 1)*. Un sous-ensemble S
de [0,1)® est appelé un ensemble & restes bornés s’il existe un nombre réel C
tel que, pour tout entier positif N,

|card{n < N : x, € S} —mes(S)N| < C.

Soient (x,,)n>0 une suite de Kronecker de dimension s en base b > 2 et v =
(715--+,7s), O, pour ¢ = 1,...,s, le développement en base b de y; € [0,1),
Vi = Yiab"t + 450072 + - -+, vérifie v;; # b — 1 pour une infinité de j. Dans
cet article, nous prouvons que [0,71) X -+ X [0,7;) est un ensemble a restes
bornés relativement & la suite (X, ),>0 si et seulement si
ax s j>1: v, #0} <oo.

max up{j > 1: 7 #0} < oo
Nous obtenons ce résultat en conséquence d’un énoncé plus général donné
dans la Proposition.

ABSTRACT. Let xg,X1,... be a sequence of points in [0,1)%. A subset S of
[0,1)® is called a bounded remainder set if there exists a real number C' such
that, for every positive integer N,

|card{n < N : x,, € S} —meas(S)N| < C.

Let (X5,)n>0 be an s-dimensional digital Kronecker sequence in base b > 2,
v=(1,---57s), Vi € [0,1) with base-b expansion
Yi = Yi1b" 4+ 4i2b7% + -+ for infinitely many v;; #b—1,i=1,...,s. In
this paper, we prove that [0,71) X - - - x [0,7s) is a bounded remainder set with
respect to the sequence (x,,),>¢ if and only if
I .

max, sup{j > 1 : v #0} < o0
We get this result as a consequence of a more general statement given in the
Proposition.

Manuscrit regu le 10 septembre 2020, révisé le 10 novembre 2021, accepté le 1T décembre 2021.
Mathematics Subject Classification. 11K38.
Mots-clefs. bounded remainder set, digital Kronecker sequence.
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1. Introduction

1.1. Discrepancy. Let xg,x1,... be a sequence of points in [0,1)%, and
let S C [0,1)® be Lebesgue measurable,

N-1
(1.1) A(S, )b ) = D (Ls(x) = A(S)),

n=0
where 1g(x) =1, if x € S, and 1g(x) =0, if x ¢ S. Here A\(S) denotes the
s-dimensional Lebesgue-measure of S. We define the star discrepancy of an

N-point set (x,,)V- as

(12) D ((xa)5) = suPocyy...p <1 |A([0,3), ()N ) /N

where [0,y) = [0,y1) X --- x [0,ys). The sequence (x;)n>0 is said to be
uniformly distributed in [0,1)% if D*((x,)N=y}) — 0 for N — oco.

An s-dimensional sequence (x,,)n>0 is of low-discrepancy if D*((x,)N-3")
= O(N~1(log N)*) for N — oc.

So far, only three classes of multidimensional low-discrepancy sequences
in [0,1)® have been known: (¢, s)-sequences, Halton’s sequences and se-
quences obtained from a module of totally real algebraic number field (see,
e.g., [4, 6,17, 18, 19, 22]).

In 1954, Roth proved that limsupy_,, N(log N)™2D*((x,) -0) > 0.
According to the well-known conjecture (see, e.g., [4, p. 283]), this estimate
can be improved to

?

n=0

(1.3) lim sup n_ o N(logN)_sD*((xn)N_1> > 0.

In [17, 18, 19], we proved this conjecture for known multidimensional low-
discrepancy sequences. For the general case, the best lower bound of the
discrepancy were obtained in [5] : ND*((x,) =) > ¢(s)(log N)%“'”(S) for
some ¢(s),n(s) > 0.

1.2. Digital Kronecker sequence. For an arbitrary prime power b, let
Fy, be the finite field of order b, F; = F; \ {0}, Zy = {0,1,...,b — 1}. Let
Fy[2] be the ring of polynomials over F,, and let Fy((271)) be the field of
formal Laurent series. Every element L of F,((27!)) has a unique expansion
into a formal Laurent series

o
(1.4) L= Z wupz"®  with wu, € Fp, and w € Z where wuy, # 0.
k=w

The discrete degree valuation v of L is defined by
v(L) = —w for L#0, and v(0):= —ooc.
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Furthermore, we define the fractional part of L by

o0

(1.5) {Ly= > wz ™

k=max(1,w)

The elements of F; are denoted by 0,1,...,b — 1, respectively, with 0, the
neutral element of addition in F,. We use a bijection ¢ : Z, — F, with
W(j) :=j for j € Zy. For n =0,1,..., let

(1.6) n= iaT(n)br
r=0

be the digit expansion of n in base b, satisfying a,(n) € Z for r > 0 and
ar(n) = 0 for all sufficiently large r.

With every n = 0,1, ..., we associate the polynomial
o0
(1.7) n(z) = Zar(n)zr € Fy[z]
r=0

and if L € Fy((271)) is as in (1.4), then we define

(1.8) L= > v ™.

k=max(1,w)

In [22], Niederreiter introduced a non-Archimedean analogue of the clas-
sical Kronecker sequences. Here we use a slightly less general construc-
tion proposed by Larcher [11, p. 199], see also [16, p. 3]. For every s-
tuple L = (Ly,...,Ls) of elements of Fy((z71)), we define the sequence
S(L) = (Ly)n>0 by

(1.9) L, =0, ... 1)),
with () = {n(2)Li(2)}=p, for 1<i<s, n>0.

This sequence is sometimes called a digital Kronecker sequence (or Kro-
necker-type sequence) (see [16, p. 4]). The similarity to the classical Kro-
necker sequence is obvious. In analogy to the classical Kronecker sequences,
in [14, Theorem 1], the following theorem has been proven.

Theorem A. A digital Kronecker sequence S(L) is uniformly distributed
in [0,1)® if and only if 1, Ly, ..., Ly are linearly independent over Zp|z].

Let us consider the famous Littlewood’s conjecture:

(1.10) lim 7 [naq]| - [Jnc | = 0
n—oo
for all reals a, . .., as, where ||z|| = min({z},1—{z}). This problem is also

known in the function fields case (see, e.g., [1]).
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By [23, Theorem 1.1], if (1.10) is false, then the corresponding Kro-
necker sequence is of low-discrepancy. The same result is true for the
digital Kronecker sequence [14, Theorem 2]. In [2], a counterexample for
a p-adic variant of the Littlewood conjecture in a positive characteris-
tic was constructed for s = 2. From this it could be derived that there
exist two-dimensional low-discrepancy digital Kronecker—van der Corput
sequences (lg), S o0 ar(n) /b7 )50, The digital Kronecker—van der Cor-
put sequences are special cases of the digital Kronecker-Halton sequences
(see [10]). For the ordinary Kronecker—Halton sequences see, e.g., [13]. But
the problem whether two-dimensional low-discrepancy digital Kronecker se-
quences (1.9) exist or not is still unresolved, as it is the case for the ordinary
Kronecker sequences.

By p1 we denote the normalized Haar-measure on Fy((271)) and by s
the s-fold product measure on Fy((271))*. Below we will talk about almost
all the elements L € Fy((271))*. In this case, we will keep in mind exactly
the measure ps.

By [24], lim,,_, . nlog®t“n |nai| - - - ||nas|]| = oo for all € > 0 and for
almost all reals ag, ..., as. The same result is true for function field cases
[15, Theorem 9.

In [3, Theorem 1], the following metrical upper bound for the star dis-
crepancy of Kronecker’s sequence was proved:

D* ({an}h=)) = O(N~"(log N)*(loglog N)?)

with {an} = ({ain},...,{asn}) for almost all reals oy, . . ., . Hence, Kro-
necker’s sequence is of almost low-discrepancy for almost all reals oy, . . ., as.
The same result is true for function field cases [11, Theorem].

In [3, Theorem 1], the following metrical lower bound for the star dis-
crepancy of Kronecker’s sequence was proved:

D* ({an}ﬁfz_ol) > c(b, s)N~*(log N)*loglog N

for infinitely many N > 1 for almost all reals aj,...,as. Therefore, for
almost all real numbers «q,...,as, Kronecker’s sequence is not of low-
discrepancy. The same result is true for digital Kronecker sequences [16,
Theorem 2.

1.3. Bounded remainder set.

Definition 1. Let xg,X1,... be a sequence of points in [0,1)%. A Lebesgue
measurable subset S of [0,1)* is called a bounded remainder set for (x,)n>0
if the discrepancy function A(S, (x,)N=3') is bounded in N.

n=0

Let « be an irrational number, let I be an interval in [0, 1) with length |I],
let {na} be the fractional part of na, n = 1,2,.... Hecke, Ostrowski and
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Kesten proved that A(S, ({na})_,) is bounded if and only if |I| = {ka}
for some integer k (see references in [7]).

The sets of bounded remainder for the classical s-dimensional Kronecker
sequence were studied by Lev and Grepstad [7]. The case of Halton’s se-
quence was studied by Hellekalek [8]. For references to others investigations
on bounded remainder set see [7].

Let v = (71,---,7s), 7 € (0,1) with the unique b-adic representation
¥ = %,11)_1 + 'y,-72b_2 + .-+, ¢ =1,...,s with infinitely many digits not
equal to b — 1 is used. In this paper, we prove the following main

Theorem. Let (1,),>0 be a uniformly distributed digital Kronecker se-
quence. The set [0,7v1) X --- % [0,vs) with ~y; € (0,1) is of bounded remainder
with respect to (1,)n>0 if and only if
(1.11) max sup{j > 1:7;; # 0} < oo.
1<i<s

In [20], we proved similar results for digital (¢, s)-sequences described in
[6, Chapter 8]. Note that according to Larcher’s conjecture [12, p. 215],
the assertion of the Theorem is true for all digital (¢, s)-sequences in base
b. By Lemma A (see below), a digital Kronecker sequence in base b can
be expressed as some digital (T, s)-sequence in base b. Therefore, in the
Theorem we consider the generalised conjecture of Larcher.

Let

!
I'= {‘Y: (1,5 9s) €0,1)° 4 =D A /¥, 1> 1},
j=1

Y ="%i+7 €1[0,1) (i=1,...,s,1>1). Applying the Theorem, we get that
the interval [41,%1) X - -+ X [¥s,5s) with 4 € I is of bounded remainder with
respect to (1,)p>0 if and only if (1.11) is true. But for % ¢ I', the problem
is still open.

Now we describe the structure of the paper. In Section 2 we recall some
notation and results about digital sequences. Section 3 proves the main
Theorem based on several lemmas. In Lemmas 1-3, we obtain an estimate
of generalized Walsh’s series of truncated discrepancy function of digital
sequences. In Lemma 4, we use the notation from the duality theory (see,
e.g., [6, Chapter 7]). The main result of this article is the Proposition.
Lemma 5-Lemma 7 are auxiliary.

2. Notations

Let b be an integer greater or equal to 2, and let s > 1 be a dimension.
A subinterval E of [0,1)® of the form

E = []laib™%, (a; + 1)b~%),
=1
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with a;,d; € Z, d; >0, 0 < a; < b% for 1 <i < s is called an elementary
interval in base b.

Definition 2. Let 0 < ¢t < m be integers. A (t,m, s)-net in base b is a point
set X, . .., Xpm_1 i [0,1)% such that #{n € {0,1,...,b™—1} : x, € E} = b’
for every elementary interval E in base b with vol(E) = bt~

Definition 3 ([6, Definition 4.30]). For a given function T : Ny — No with
T(m) < m for all m € Ny, a sequence (Xy)n>0 of points in [0,1)° is called
a (T, s)-sequence in base b if for all integers m > 1 and k > 0, the point
set consisting of the points Xyym, ..., Xgpmipm_1 forms a (T(m),m,s)-net
in base b.

A (T, s)-sequence in base b is called a strict (T, s)-sequence in base b if

for all functions U : Ny — Ny with U(m) < m for all m € Ny and with
U(m) < T(m) for at least one m € Ny, it is not a (U, s)-sequence in base b.

Definition 4 ([6, Definition 4.47)). Let m,s > 1 be integers. Let C1™),

, O™ be mxm matrices over Fy. Now we construct b™ points in [0,1)%.
Forn=0,1,...,0™ —1, let n = ?1:?)1 aj(n)b be the b-adic expansion of
n. We map the vectors

j ; i,m m—li i,m
21) ym™ = Uy, with g8 =Y a ()™ e Fy

n’]
r=0
to the real numbers
(2.2) 2l = Z:lw,(f”;n)/b], with xs]m) = yﬁi’}n),
j:

to obtain the point
x, = (..., 2®) e [0,1)%.
The point set {xXg,...,Xpm_1} is called a digital net (over Fy) (with gen-
erating matrices (CV™) ... C(m)),
For m = oo, we obtain a sequence xXg,X1, ... of points in [0,1)% which is

called a digital sequence (over Fy,) (with generating matrices (C1°), ...

C))).
We abbreviate C™) as €@ for m € N and for m = oo.

Lemma A ([15, Theorem 3]). A digital Kronecker sequence in base b can
be expressed as some digital (T, s)-sequence in base b.

Details on the generating matrices (C(1), ..., C®)) here are as follows. For
given s-tuple (L1, ..., L) of elements of Fy,((z 1)) with L; = > 45, u,(;)z_k,
1 <1 < s, we define

c = (Cg'i)n)jzl,rzo with cgfz = uﬁ)m for 1<i<s,j>1,r>0.
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Lemma B ([6, Theorem 4.86]). Let b be a prime power. A strict digital
(T, s)-sequence over Fy, is uniformly distributed in [0,1)°, if and only if
lim inf,, o0 (m — T(m)) = co.

For k > [, we put Zé-:k c; = 0 and Hé‘:k ¢j =1 For oz =34 z;b~I,
where x; € Zy = {0,...,b— 1}, we define the truncation
[x]m = Z z;b™  with m > 1.
1<j<m
If x = (M, ..., 2(8) € [0,1)%, then the truncation [x],, is defined coordi-
natewise, that is, [x],, = ([zM], ..., [2]m).

For z = 3 ;5 ZL‘jb_j and y = > ;5 yjb_j where x;,y; € Zy, we define
the (b-adic) digital shifted point v by v =2 @y = 3";5¢ v;b77, where v; =
zj +y; (mod b) and vj € Zp. Let 2 Oy := 3754 v;b™7, where v; = x; — y;
(mod b) and vj € Zy,.

For x = (M, ... 208) € [0,1)* and y = (yM,...,y®)) € [0,1)%, we
define the (b-adic) digital shifted point v by x @y = (M @yM, ... 25 @
y)). Let xoy == (zMeoy®, ... 28 oy®). For ny,ny € {0,1,...,6 -1},
we define ny ® ng := (n1 /b ® ny /b Let ny © ng := (ny /b © ny /LM,

Forz =3 ,5; z;b™9, where z; € Zp, x; =0for j =1,...,kand zy41 # 0,
we define the absolute b-adic valuation ||- ||, of = by ||z||, = b=*71. Let
||l = b with k € Ng such that n € {b¥ ... bFF1 —1}.

Definition 5. A sequence (Xp)n>0 in [0,1)° is weakly admissible in base
b if

(2:8) m 1= g i IPen © 2kl > 0

for allm > 1 where |[x]|, := H Hx(i)
i=1

b

In the following, we will use truncations [v;],, (i =1...,s), with 7,,, =
[[logy (54 )|] + m. By Lemma 1 and the Proposition, which will be stated
and proved in the subsequent Section 3, the weakly admissible property is
important for the proof of the Theorem.

3. Proof of the main Theorem

Lemma 1. Let (Xx,)n>0 be an s-dimensional weakly admissible digital se-
quence in base b, m > 1, 7, = [[logy(5em)|] + m. Then we have for all
integers A >0
1A (10,7), )t 1) = A (10, (), ()it A1) < s,
VNe{l,..,b"}
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Proof. Let

s

B=10.7), Bi= [[ I 10.4Y) x[0,[4"]5,) and By = J(B\ By).

1<5<i i<j<s i=1

It is easy to see that B = [0, [v],,.) U Bo. By (L.1), we get
A([0,7), ()bt )
= A ([0, ), (ea)i A ) + A(Bo, ()i 52 ).
Hence
(3.1) [A(10.7), ()N ) = A (10, Iyl ). ()N ),
<318 (BB )|

Suppose that there exist ¢ € {1,...,s}, k,n € {0,1,...,0™ =1}, k # n and
A > 0 such that z, 1 pma, Trpma € B\ B;. Therefore

(4) _ (8 o
xn-i—bmA,j _xk+bmA7j for ] = 1,...,Tm.

From (1.6), (2.1) and (2.2), we have
(i) (i)

Ynsbmay = Ynppmay for Jj=1,....7m,
U s = Y+ ysa sy and Yy =y Fy s forj =1, T
Hence
yff)] = ,(:z, j=1,...,7m» and xS)J = x,(j)], i=1,...,Tm.
Therefore

Ha:ﬁf) © a:,(f)

S b7 <y and ||xp © Xgll, > 2.
By (2.3), we have a contradiction. Thus
card{n € {0,1,...,0" — 1} : xp4pma € B\ B;} <1,
and ‘A(B \ Bi, (xn)f;‘;i'év_l)‘ <1.
Using (3.1), we get the assertion of Lemma 1. O

Let p be a prime, b = p”~,
E(a) := exp(2mi Tr(a)/p), o €y,
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where Tr : F;, — [F), denotes the usual trace of an element of I, in IF,,. We
identify F, with Z,. Let
1, ifTist
(3.2) sy = b if T is .rue,
0, otherwise.
By [21, Ref. 5.6 and Ref. 5.8], we get

(3.3) = Z E(aB)=0(a=0), where «€TF,.
ﬁGIFb

Let 31, ..., Bx be a F}, base of [}, and let Tr be a standard trace function.
We need the following special bijection w : F, — Z, :

(3.4 wl@) = S P THaBy), b=

Jj=1

We use notations (1.6), (2.1) and (2.2). Let n = 3_,5( a,(n)b"be the b-adic
expansion of n, and let

(3.5) n= Zw ar(n))b
r>0
Therefore
(3.6) {n:0<n<d"}={0,1,...,0" —1}.
Hence
(3.7) ar(n) = w™ ' (ar(n))
and
(3.8) : Zw ar( ZGT —yn)], 1<¢<s.
r>0 r>0
Let
(39) &l = (b, @l =g (), Y = 2l

Bearing in mind that a,,—;(n) = w™(am,—;(n)), we put

(3.10) u%‘ijl) = w Hapm—j () = am—j(n) = ysjl), jed{l,...,m}.
Let

ul) = (ufi)l, ce S)T ) € F;m  and ul ) = (uslﬂ), . ,ugfj,;l)).
We abbreviate s+ 1-dimensional vectors (uq(ll), . ,u,(fﬂ)), (1:7(11), o 7%(erl))’
(kW ... k&tD) by symbols @,, X,, k, and the s-dimensional vector

(a:gl), o (S)) by the symbol x,,, where x(SH = {n/b™}.
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By (3.4)—(3.10), we get uStY = u;S:bQA, A=1,2, ...,

n1®na,j m WJ ng J’

j>Lliie{l,...,s+1},

Uy, @ny = Upy + Up,.

In what follows, we will need this linear property. To get this property, we
used ug) instead of y,%l) (i=1,...,s+1).

Let N€ {1,...,0™}, 7t = N/v™, k = (kq,...,k) # 0, with k; € Fy,
(3.12) v(k) :=max{j € {1,...,1} : k; #0}, v(0)=0, [ >1.

We introduce inner products as follows

m

Z Z A z) Z s+1) (s+1)

=1 1 7=1
(3.13) =

l
ku:Z]kjuj, k,uelF, [ >1.

In Lemma 2, we derive the generalized Walsh series decomposition of the
discrepancy function.

Although the argument is fairly standard (see, e.g., [6, Lemma 14.8],
[9, Lemma 1], [22, Theorem 3.10]), I have not found it stated explicitly in
the literature in a form that is easily applicable to our case. So, I give the
details in full.

Lemma 2. Let A > 1 be an integer, N € {1,...,0™}, vt = N/b™, and
let (xp)n>0 be a digital sequence in base b. Then

A([0, [V]r,.)s () )
b1 s+1

= > Bkt )1(k) - 0" [T,
n=0 (k). k())e(F]™)s kst eFm i=1
where
(3.14) 1(k) = [[19 %9,
i=0
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and
v(k)—1
(3.15) 10(k) =bp*®E (— 3 k]fy](’))
j=1

with k = (kq,..., k), l € {T,m},i=1,...,s+ 1.
Proof. Let v = 29:1 b7 >0, z = 252 zib™J, with v,z € Zp, | > 1 be
integer. It is easy to verify (see also [22, p. 37-38]) that

l %«—lr 1

Loy =2 > 119G z =D).

r=1 b=0 j=1
By (2.2) and (3.8), we have that

=b y](?l:E = u

and

Lo, @) =30 3 TTéG], =26 =b)

Similarly, we derive

m ’Y£S+l)—1 r—1

(3.16) Lpgpern(al™) =3 30 [T o™ =)o " = 1),
r=1 b=0 j=1

By (3.3), we have
i)

Tm ’77‘2 -1
(3.17) Lopop @) => > o7 > 1K),
r=1 b=0 Kk1,....kr€Fp

where
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with
. r—1 ﬁ .
1(1)(E{):E —Z]kj’yjz -k/b .
j=1
Hence
Tm "/rl) ]. ) o
Lo oy @) =30 3 67 3 i) < Bk uf)IOK)
r=1 b=0 ]kl’ 7Ik7'm€]Fb
Tm ’y, —1
= > Y Y bTe(K) < Bk )T (k)
ki,.. 7Ik7'm€]Fb7" 1 b=0
= Y Ex-u{Mi®(K),
]kl,...,]kTmE]Fb
where
S O
= > Z b1 (k
r=v(k) b

Applying (3.15) and (3.17), we derive

Tm ‘> -1 r—1 —
i = > Z b TE(—ZE{]"}/](»Z) —]krlb>
r=v(k) b=0 j=1
71(;(31«)_1

o(k)—1
= Z bv@{)E( Z ]k] ] _ U )[b>
b=0

v(k)—1 : Tm WT )1
E( > ) 3 s
j=1 r=v(k)+1 b=0
(k) —1
e 3 )

Yot
x E(—k,ayb) + E(~ U(ﬂ{)( )){b”(ﬂ‘)[ 193
b=0
=10 (k).
Hence
Lo o@D = Y Blcu)TOm).

ki,....krp, €Fy
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Similarly, we obtain from (3.15) and (3.16) that
s s+1)\3 (s
Loy (@5™) = 3 Bk ul I (k).
K1,....km€Fy
Using (3.13), we obtain
s+1

(318)  II Loy, =) = > S EB(k-ug)i(k).
=1 (KD k() E(FTm) k(s+D P
Bearing in mind that xffjbl,,)m ={(n+bmA)/b"™} = {n/b™} and Als+D) =

N/b™, we have
{ne{0,1,....N =1} : xpypma € [0, [7]7,.)}

§n+bmA = (Xn—l—bmA’ xflsrbln)zA)
€ [0,[v)r,,) x [0,7TY)

= {nE {0,1,...,0" —1}:
From (3.18) and (1.1), we derive

A([0, [l ), (xn )y d )

b —1s+1 s+1

= Z H 1[0,[7(i>]7m)(x£:-)i-bmA) - H [7(i)]'rm
n=0 i=1 i=1
bm—1 . L s+1 A
=2 > > Blkd o 1K) = 0" [[H7)
n=0 (K1), k6))e@Epm)s k(s+DeFr i=1
Hence Lemma 2 is proved. O
Let

T

K= kW, kD) g0 = 60Dy e {1, s,
k(s+1) = (k‘igs_'—l)v cee 7k'$7i+1))7

G _{1; kj() eFywithje{l,...,7}, i € {1,...,5},

= (Fym)® x FyY,
and j € {l,...,m}fori=s+1

G = Gm \ {0},
and let
(319) Dy ={K€Gp : k-, =0 forall ne{0,1,...,6™—1}},
Dy, = Dm \ {0}.

It is easy to see that

(3.20) pk € DX, forall pelF;, ke D?,.
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These definitions, Lemma 3 and Lemma 4 are slight modifications of the
results of the duality theory (see, e.g., [6, Chapter 7]).

Lemma 3. Let (xy)n>0 be a digital sequence in base b. Then

m_1
(3:21) A([0, [Vl ), ()i V1) = Z 1(k) Z E(k -ty + k- ).

Proof. By (3.14) we have 1(0) = ]_[5'*'1[7(Z J7..- Applying Lemma 2, we get

bm—1

A([0, [Y]r,), o)t A = 30 1(R) Y B(k-6 ).
KeGx, n=0

Using (3.5), (3.8) and (3.11), we obtain
NEMA=TATA=RSA and 6 o = i+l
Now from (3.6), we get (3.21). Hence Lemma 3 is proved. O

Lemma 4. Let (xy,)n>0 be a digital sequence in base b. Then

bm—1
(3.22) o= Y E(k-i,)="b"(k € Dy,).

s Tm m—1 m
R % % s+1
k-up = Z k:j( )ar(n)cg-ﬂ)q + Z k:]( ) m—j(n)
i=1j=1 r=0 j=1
m—1 s Tm 41 -1
= ar(n) ( kj(z)cgfr + kv(ri—r)> - Z fr&r,
r=0 i=1j=1 r=0
where
(3.23) fr=a,(n) €F, and & = Z Z kj(l)cglz + kgﬂ)
i=1j=1

By (3.6), (1.6) and (3.3), we obtain

b —1 b —1
o= Y Ek-t,) =) FE(k-iy)
n=0 n=0

. (Zfr&)—bmﬂé

fO7"'7fﬂL—l€Fb r=0

Now from (3.19) and (3.23), we get that kK € D,,, and Lemma 4 follows. [
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Let
A = {K= (W, k) € Gy kD = 0} = (Fpm)* x {0},
Jor = {A>1 yl(ﬂ')lA,j ](-l), ie{l,...,s}, je{lj...,Tm}},
0 if g =0, .
(3'24) Pv = { . b @ M, = {pv_s} tWE Am}a
min gg otherwise,
w=(wh, .. wttD) w® = (wgz), . .,wgi) eFm™ i=1,...,s,

wtt) =0 e F.
Bearing in mind (3.8), we get
(3.25) g {A>1 IEQA—M“, ie{l,...,s}}.
We consider the following condition :
(3.26) gw #0 forall we A,
Let R,, be a finite set of integers, and let

5 Y [A(0.B). Gl )]

AGRm

(3.27) o1(Ry,) == card

Lemma 5. Let (xy,)n>0 be a weakly admissible uniformly distributed digital
(T, s)-sequence in base b, satisfying to (3.26) for all m > mgy with some
mg > 1. Then

(3.28) o1(Mp) = > vi(k)?

keD;,
where M, is defined in (3.24).

Proof. By (3.24), (3.13) and (3.3), we obtain

S Tm
— @, ()
w() Ry, ie{l,... s}, jE{Lrm}  \TLIT

:Hﬁé(kj(.i):ﬁ H(S )*0 where Kk € G,p,.

i=1j=1
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Using (3.21), we derive

(3.30) |A([0, [7]r), (Xn)ﬁfrﬂ;\[—l)ﬁ
bT,L 1
= Y 1k ) > E(K iy, + K- ulm—k” i, — K’ U
k/,k”EG;}L ni,ne2=0

Here 7 is the complex conjugation of z. According to conditions of Lemma 5,
(3.26) is true, i.e. g5z # 0 for all w € A,,. Therefore for all w € A, there
exists pw > 1. By (3.24), if Wy # Wo, then pg, # pw,. So
card(M,,) = card(A,,) = b°™.

From (3.10), we get that u(sj) 0. In view of (3.24), (3.25), we have

that if Ay, Ay € M,,, A1 # Ag, then ﬁﬁv #1 U Hence
{Uy : A€ Mp}=An
Applying (3.24), (3.29), (3.30) and (3.27) with R, = M,,, we have
01 (Mm)

K/ K"eGr,
pm_1q
Z p—STm Z E(k/ . ﬁnl _ k/l . ﬁn2 + (k/ _ k//) . ﬁm)
n1,n2=0 AeMp,
= Y Ak
E/7EIIEG;<R
bm—1 o .
ST B -y, — KT, Y E(K —K) - W)
ni,n2=0 weEAm,
b77L 1 .
_ Z k// Z E O H 5( B — g z))
E/7E//€G:’L ni,n2=0

Let ng = ng © ny. From (1.6), we obtain {ng : 0 < ng < ™} =
{0,1,...,0™ —1}. By (3.5)—(3.11), we get U, = Uy, — Uy,. Hence
a(Mp)= Y AE)I(K") Z E((K —K") -d,, — K" dp,)

E’,ENEG;L ni,n3=0

xH5 (KD — k"),

We get K — k' = (0,...,0, k/(SJrl) _ k”(3+1))_
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From (3.10), we have u(~;r ) = am—j(n) and

(l‘{’/ _ 1‘{‘//) iy = (k/(s+1) . k//(s+1)) . u(~8+1) _ Z(kl§'8+1) _ k//§5+1))am_j(n)'

n
J=1

Taking into account (3.3), we get

bm—1
Z E(K -X")-d Z E((K —K")- ) U)

n1=0 n1=0
b —1

- ZE( W a5
—0 j=1

—pm H 5 k:, (s+1) k/’(5+1)).
J=1

Hence k' = k”. Now using Lemma 4, we obtain

b —1

(M) =4 Y [AE)P Y B(K )= Y K
K'eGs, n3=0 keD;,
Therefore Lemma 5 is proved. 0

Lemma 6. Let Ay, = E(—k&) Y5t E(kb), k € Fy, © € Zy, and let

c—1
(3.31) Bye(z):=Y_ E(kb)+ E(kt)zx = E(kt/b)(Are + ), x€[0,1].
b=0

Then there exist ay,...,a5 € Zy, a3 + a3 + a% > 0, a4 = a5 = 0 such that
5
(332) ‘Bh@(Z Ej ) > 6757 VkelFy, ce€Zy, yc< [0, 1]
and
(333) > |Bre(@)? >0 Ve €Zy, where |jzf| >0, rg > 1.
keFy
Proof. Let

Ay ={0pc :=Re(Ape) : k €Ty, ¢ € Zs}.
We get card(A1) < b2. Let
Ay={a=(ay,...,a5) €Z}) : a3 +a3+a3 >0, ag=as=0}
and let zo = a1/b+ -+ a5/b°. By (3.31), we derive
| Bre(®)| = [Age + 2| = [Re(Ape) + .
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Suppose that (3.32) is not true. Then for all a € Ay there exist k(a), c(a)
and y(a) such that

y(a)
On(a)c@ + 2+ =5 |-

5
a; , yla)
Bk<a>,c<a>< T >|2
Jj=1

Hence |0y(a)c(a) + 2al < b=%. Suppose that Ok(ar)c(ar) = Ok(as),c(a) fOT
some aj,az € Ay, a; # ay. Hence |za, — 2a,| < b—3. Bearing in mind
that |za, — 2a,| > b2 for all a; # as, we get a contradiction. Therefore
Gk(al),@(al) % Ok(az),c(ag) for all aj,as € Ag, a; # as. Thus card(Al) >
card(Ag). Hence

b= >

b? > card(A1) > card(Ag) = 0% — 1 > b2

We have a contradiction. Therefore (3.32) is true.

Now we consider assertion (3.33). If ¢ = 0, then | By, ¢(z)| = |z| and (3.33)
follows.

Now let ¢ € {1,...,b—1}. By (3.31), we have

(3.34) | Brc(z)” = |Ael” + 22 Re(Age) + 2°.
Using (3.3), we get

D Akel =3

kEF; kEF;

c—1
=—c’+ Y > E(k(b1-Dby))
b1,ba=0 kel
c—1
=—c?+b > (b1 =Dhy) =—c’+be.
b1,ba=0

c—1 2
> E(kb)

b=0

We obtain
c—1 - c-1
Y Ape=—<c+ > > EkDd-c)=-c+b) db=c)=—c
keF; b=0 k€T, b=0
Now from (3.34), we derive
Z |B/r€’qg(:1:)|2 = @(b—@)—2x<13+x2(b—1) > @(1—2:c+:c2) > (1—3:)2 > ch||2
keF;
and (3.33) follows. Thus Lemma 6 is proved. O

Corollary. Let aj,...,as be integers chosen in Lemma 6 and let

75?2(21))“ —a;,j=1,...,5, with somek = (kM,... ktD) € D* . Then

(3.35) LD (kD) > b F5 for gl e F
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and

(3.36) Z T (k)2 > b2k =2r0  yhere
HEF;

RCRING

Jr| = 5770,

Proof. By (3.15) and (3.31), we get

1) (k)

(®) _
Tk @) !

=00 X B (ko P) + B (b oD )

(i) :
=p v |Bu<<>@(>( @),

where

i 7 i v(k(® 7 .
ﬂ{():—ﬂk( 5 £0, el (()k(.>), x():{b (k )[’Y()]Tm}, 1=s,5+ 1.

Bearing in mind the conditions of the Corollary, we get that x(*1 have
the following b-adic expansion :

+1) (s+1
x(H = 7(?k(s+1> /bt Sk<s)+1) +2/52 =ay/b+ - +a5/b° +
Now applying Lemma 6, we get the assertion of the Corollary. g

Lemma 7. Let (x,,)n>0 be a digital sequence in base b and let p € {2,3, ...,
m — 2} be an integer. Then there exists ke Dy, such that

D = =D =9, ®

v(k(s) L 1< U(k(S)) <p—-1

and v(kGHD) <m — p+2.

Proof. From (3.5)—(3.10), (3.19), (3.22) and (3.23), we get that kK € D, if
and only if

(3.37) ZZk )+k8+1) 0, forall r=0,1,...,m—1.
i=17=1

We put k(1) = = k=D = 0, k(s) =0, for j > p and k;](-sﬂ) = 0, for
j>m— p—|—2 Hence (3.37) is true 1fand only if

p—1
(3.38) kf{iﬂ):—Zk(s)() for r=0,1,...,m—1,

j=1

kﬁsfi):Ofor m-—r>m-—p+2.
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Therefore, in order to obtain the statement of the lemma, it is sufficient to
show that there exists a nontrivial solution of the following system of linear
equations

(3.39) Zk(s l)—i-ksﬂ)é( —r<m-p+2)=0, r=0,...,m—1.

In this system, we have m + 1 unknowns k%s), e kg‘i)l, kgsﬂ), e kﬁsf;%

and m linear equations. Hence there exists a nontrivial solution of (3.39).
By (3.39), we get that if k) = 0, then kt1) = 0. Hence k(* 7é 0 and
1 < v(k®) < p — 1. Taking into account that if kK € D, then uk € Dy,

for all u € Fj. Therefore there exists K c Dy, such that k(&( 9y = =1 and

1 <w(k®) < p—1. Thus Lemma 7 is proved. O

Proposition. Let (x5,)n>0 be a weakly admissible uniformly distributed dig-
ital (T, s)-sequence in base b, satisfying to (3.26) for all m > mg with some
mo > 1. Then [0,71) X -+ X [0,7s) is of bounded remainder with respect to
(Xn)n>0 if and only if (1.11) is true.

Proof. The sufficient part of the Proposition follows directly from the def-
inition of (T, s) sequence, Lemma A and Lemma B. We will consider only
the necessary part of the Proposition.

Suppose that (1.11) does not hold true. Then

max card{] >1: ’y§i> #* 0} =00

1<i<s
Suppose, w.l.o.g,
card{j >1: fyj(.s) £ 0} =
Let

(340) W={j>1:9"e{1,...,b=2 ory{” =b—1, andy{}, =0}.

Bearing in mind that {j > 1 : (S) =b—1 VI>j} =10, we obtain either
'yjs) e{l,...,b—2} for mﬁmtely many j > 1 or 7(5) =b-1, and’y(s) =0

J+1
for infinitely many j > 1. In both cases we obtain that card(W) = oo.

Suppose that there exists H > 0 such that v*7¢; > 4H?,

(3.41) ‘A([O, | (3¢, ) MAN = 1)) <H-s forall M>0, N>1,

with ¢; = 50724, [0,9) = [0,71) X -+ X [0,7%5), Yo = Y172 Vs—1-
We arrange the elements W in an ascending order, W = {w; : w; <
w; for ¢ < j, j = 1,2,...}. Furthermore we choose a proper subset of W,
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{r(1),7(2),7(3),...} again arranged in ascending order, with
(3.42) r(j+1) =min{wy, € W :wy, > r(j) + H?}
forj=0,1,..., r(0) = 1.

We choose m and J from the following conditions
s _
(343) m=r(J), 2 H[%‘]Tm > H Y =7, J> H2b1870_2, m > my,

where myg is chosen in Lemma 5.
Applying Lemma 1 and (3.41), we have

(3.44) (A([o, V), (xn)g’lg‘ig—l)] <H VYA>0, Ne{l,. .. b

By Lemma 7, we get that there exists a sequence (E(]))jzl such that

5 K(j) e Dr, kW) =---=kED(j) =0, kﬁjL(s)(j))(j) =1,

vk () <r() =1 wEETVE) <m—r(G) +2 je{l... T}
We see that the sequence (E(j))}lzl does not depend on 761, We will
construct vt as follows (see (3.48)). We have

vk (j s _ (s)
{b ( (J))h( )]Tm} = V@ Gy Gy

In view of (3.40) and (3.42), we get 77("8) e{l,...,b—2} or 77(8.) =b—1,
and 7(5) = 0. In both cases, we obtain from (3.45) that

J+1
(3.46) bv(k“)(j))[,y(b‘)% H > bv(k(s)(j))fr(j)fzj =1,
Let Hy ={1,2,...,J} if
(3.47) oD (o)) — (kD (1)) = 6

for all 1 < jp < j1 < J, and let Hy = {jo} if there exist 1 < jp < j1 < J
such that (3.47) is false.

Hence card(H;) € {1, J}. Note that the choice of H; is not unique for
card(H;) = 1.

Let a1, ..., a5 be integers chosen in Lemma 6 and let

(3.48) N = bm,y(erl) with ’Y (s+1) Z Za =k ()
jeEH; v=1

From Lemma 5, (3.24), (3.27), (3.44) and conditions of the Proposition, we
have
(3.49) H? > 01(My) = > b*™[A(k

KeDz,
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By (3.20), we obtain that if K(j) € D,, then K (j) € Dy, for p € ;. Sup-
pose that card(H,) = J. Taking into account (3.47), we get that piK(j1) #

pok(j2) for all puy, pp € Fy and ji, j2 € Hi, j1 # jo-
For both cases card(H;) = J and card(H;) = 1, we have from (3.14),
(3.45) and (3.49) that

(3.50) o1 (M) = > > b*™[L(uk(4))]?

neFy jeH,
= ([71]7—7n ’YS 1 7—7n Z Z b2,'n|]]'(S k(S)(]))’2|ﬁ(8+1)(lu’k(s+l)(j))’2
ueF e

In the proof of the Proposition, we will use the following heuristic. Apply-
ing the Corollary, we get that summands in (3.50) are not small (see (3.52)
and (3.53)). Hence the case card(H;) = J is simple (see (3.53)). The case
card(H;) = 1 is more complicated. We will prove that in (3.50) there is a
big summand (see also (3.52)).

Let us consider (3.52). According to (3.45), we have r(j;)+v (kG (j1)) <
m + 2 for all j; € {1,...,J}. Taking into account that r(j1) — 7(jo) >

2 and that |u(EGHD(51)) — v(EGH ()| < 5 (see (3.47)), we get that

—(r(jo) +v (kY (5))) > H?—17. So, we will get a contradiction in (3.52)
(see also (3.54)).

Let us return to (3.50). In view of (3.48), we have that fy(?i)ﬂ)(j))ﬂ/ = ay,

v =1,...,5. Therefore, we can use (3.35) :
LD (kD ()2 > o 2ETE0 for all € B, j € Hy.

Bearing in mind (3.46) and applying (3.36) with 7o = r(j) —v(k®)(j))+2,
we get

(351) > [T ()
HEFy

> p 20 ()20 ()~ )+ _ =2 ()4 e b,

By (3.43), we obtain 4 > v2([v1]r,, - - [Vs—1]r,, ) ~2- In view of (3.49)—(3.51),
we have

(3.52) 4H? > 401(Mp) > 01(Mp )%([w]Tm---[%_l]Tm)-?

8 m—uv (s+1) (7)) —
>3 30 ST 1D (k) (7)) Pp2m v kETRE)=5)
JjEH1 ,LLEF*

> ’Yg Z p2(m—r(G)—v(kCTD (7)) =T7)
JjEH
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Suppose that card(H;) = J. From (3.43) and (3.45), we get

J
(3.53) 4H? > 4oy (My,) > A2 S p2m—r—e T O)=1) > 02 7=18 4 2,
j=1

We have a contradiction. Now let card(H;) = 1.

By (3.47), we obtain that there exist jo,71 € {1,...,J} such that jo €
Hi, jo < ji and [o(E"FY (o)) — v(kETV (51))] < 5.

According to (3.42) and (3.45), we have

r(jo) + (kD (o)) < (1) — H? + (kT (1)) + 5
and
m = r(jo) = v(K*D (o) = m —r(jr) — vk () + H? =5 > H? 7.
Applying (3.52) and (3.41), we get

(3.54) 4H? > do1(M,,) > ~A2b2m—r(o)—v(EF (jo))=5)
> %2)62H2724 _ 62H201 > 4H2,

with ¢; = 72b~2%. We have a contradiction. By (3.53) and (3.54), the Propo-
sition is proved. O

Note that by Definition 3 and Lemma B, the sufficient part of the state-
ment in the Proposition holds true for any uniformly distributed digital
sequence.

Completion of the proof of the Theorem. By Theorem A, we get that
1,Lq,...,Ls are linearly independent over Fy[z]. Hence 1,2"Lq,...,2"Ls
are linearly independent over Fy[z]. Let L™ = (:™Ly,...,2™L,), and let

SLMY) = (18,50 (see (1.9)) with

1m) = (qOmD) | mas)y - g(m) {n(2)2" Li(2) }|.=b>
for1<i<s, n>0.

Using Theorem A, we obtain that S(L(™) is a uniformly distributed se-
quence in [0,1)%. Therefore, for all W € A,, there exists an integer A4 > 1
with

ll()igj)] = wj(l) for 1<i< 5, 1 <j <.
Thus S(L) satisfies the condition (3.26).

Bearing in mind that 1, L,..., Ly are linearly independent over [Fy[z],
we get that {n(z)L;} # 0 for all n > 1. Hence {I{®(n)} # 0 for all n > 1
(t=1,...,s). Therefore the sequence S(L) is weakly admissible.

Applying the Proposition, we get the assertion of the Theorem. O
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