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On uniform lower bound of the (Galois images
associated to elliptic curves

par KEISUKE ARAI

RESUME. Soit p un nombre premier et K un corps de nombres.
Soit pgp : Gk — Aut(T,E) = GLy(Z,) la représentation Ga-
loisienne donnée par I'action du groupe de Galois sur le module
de Tate p-adique d’une courbe elliptique £ définie sur K. Serre
a prouvé que l'image de pg, est ouverte si £/ n’a pas de multi-
plication complexe. Pour E une courbe elliptique définie sur K et
dont I'invariant j n’appartient pas & un ensemble fini exceptionnel
(qui est non explicite cependant), nous donnons une minoration
uniforme et explicite de la taille de I'image de pg .

ABSTRACT. Let p be a prime and let K be a number field. Let
pEp : Gk — Aw(T,E) = GL2(Z,) be the Galois representation
given by the Galois action on the p-adic Tate module of an elliptic
curve I over K. Serre showed that the image of pg , is open if
FE has no complex multiplication. For an elliptic curve E over
K whose j-invariant does not appear in an exceptional finite set
(which is non-explicit however), we give an explicit uniform lower
bound of the size of the image of pg ;.

1. Introduction

Let k be a field of characteristic 0, and let Gy, = Gal(k/k) be the absolute
Galois group of k where k is an algebraic closure of k. Let p be a prime
number. For an elliptic curve E over k, let T,/ be the p-adic Tate module
of E, and let

PEp G — Aut(TpE) = GLQ(ZP)

be the p-adic representation determined by the action of Gy on T, E. By a
number field we mean a finite extension of Q. We use the following conven-
tions:

1+ p°Z, := Zy,
14 p"Ma(Z,) := GLa(Z,),
1+ p"Ma(Z/pZ) == GLa(Z/pZ).

Manuscrit regu le 16 janvier 2007.
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Recall a famous theorem proved by Serre (we can find a stronger form
in [19, Théoreme 3]):

Theorem 1.1. ([18, IV-11]) Let K be a number field, let E be an elliptic
curve over K with no complex multiplication and let p be a prime. Then
the representation pgp has an open image i.e. there ewists an integer n > 0
depending on K, E and p such that

pEp(Gr) 2 1+ p"Ma(Zy).

In this paper, we show that there exists a uniform bound of such n if we
let E vary for fixed K and p.

Theorem 1.2. Let K be a number field and let p be a prime. Then there
exists an integer n > 0 depending on K and p such that for any elliptic
curve B over K with no complex multiplication, we have

pEp(Gr) 2 1+ p"Mo(Zy).

We will deduce Theorem 1.2 from the following more precise result of
this paper at the end of Section 2.

Theorem 1.3. For a prime p, there exists an integer n > 0 satisfying the
following condition (C),.

(C)p: Let K be a number field. Then there exists a finite subset ¥ C K
depending on p such that for any elliptic curve E over K, the condition
J(E) € % implies

pEp(Gr) 2 (14 p"Ma(Zy)) 4=

Let n(p) > 0 be the minimum integer n satisfying (C)p. Then we have
n(p) = 0 if p > 23, n(19) = n(17) = n(13) = n(11) = 1, n(7) = 2,
n(5) <3, n(3) <5 and n(2) < 11.

Remark 1.4. Ifp > 23 and

K 7 (the quadratic subfield of Q(¢,)) when p # +3 mod 8,
there exists an inclusion K — Q, when p = +3 mod 8§,

then the result of Theorem 1.3 follows from [3, Theorem 7; 22, Proposition
1.40, 1.43; 9, p.116-118].

If p =17, 19 and K = Q, the result of Theorem 1.3 follows from [3,
Theorem 7; 8, Theorem (4.1); 9, p.116-118].

Remark 1.5. There are many other studies of the Galois images associated
to elliptic curves over number fields or rational points on modular curves in
[2,4,6,7,10-17,19,21]. Several questions related to the subject of this paper
are raised in [20, p.187].
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The contents of this paper are as follows:

In Section 2, we deduce Theorem 1.2 from Theorem 1.3 by studying the
determinants.

In Section 3, we regard elliptic curves as rational points on modular
curves, and reduce Theorem 1.3 to a genus estimate. Replacing K by its
finite extension, we may assume that K contains a primitive p™®)+1_st root
Cpn(w+1 of unity. Suppose an elliptic curve E/K does not satisfy pg,(Gk) 2

(1+ pn(p)M2(Zp))det:1. Then we have
pEp(Gr) mod p"@H C H
for some subgroup H C SLy(Z/p*P)+17) satisfying
H 31 + p" PN (Z/prP)+17))det=1,

Thus E/K determines a rational point on the modular curve Xy corre-
sponding to H. If the genus g(Xpg) of Xy is greater than or equal to 2,
we conclude that Xz has only finitely many rational points by Mordell’s
conjecture ([3, Theorem 7]). Since there are only finitely many subgroups H
as above, the number of the j-invariants of E/K not satisfying pg ,(Gk) 2
(14 p"P)My(Z,))2*=" is finite. Thus Theorem 1.3 will follow.

In Section 4 - 7, we prove g(Xg) > 2. In section 4, we prepare for estimat-

ing ¢(Xpu). Put G = SLa(Z/p"PH'Z), o = <_01 (1)) T (—11 (1)) e

<(1) 1) For a € G, let Conj(«) be the conjugacy class containing «. If

H > —1, we have the following formula (][22, Proposition 1.40]).
9(Xu) =

1
14 (G H] (1_3

#H N Conj(o) $H N Conj(T) 6ﬁ<u>\G/H
§Conj(o) §Conj(r) (G : H] )
We calculate the number of elements conjugate to o, 7, u contained in max-

imal subgroups of SLa(Z/pZ).

In Section 5, we calculate the number of elements conjugate to o, 7, u con-
tained in SLo(Z/p"Z), and study the fiber of the mod p™ map SLa(Z/p"Z)N
Conj(a) — SL2(Z/p™Z) N Conj(cr), where 1 < m < n and a = o, 7,u.
For integers 1 < m < n, let fnm @ SLo(Z/p"Z) — SLa(Z/p™Z) be the
mod p™ map. If m < n < 2m and a = o,7,u, we see that o' (f, } () N
Conj(a)) is a subgroup of (1 + p™Ma(Z/p"Z))4et=1 = My(Z/p"~™7) =0
and is isomorphic to (Z/p" ™Z)2.

In Section 6, we control the number of elements conjugate to o, 7, u
contained in H, by combining the result of Section 5 with the property
H ;é (1 +pn(p)M2(Z/pn(p)—l-lz))det:l.

In Section 7, we prove g(Xp) > 2 by using the results of Section 4, 5, 6.
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In order to keep the paper reasonably short, many computations have
been omitted. The interested reader will be able to find the details at
http://arxiv.org/abs/math/0703686.

2. Deduction of Theorem 1.2

In order to deduce Theorem 1.2 from Theorem 1.3, we need some facts
in group theory.

Lemma 2.1. Let p be a prime and let H be a closed subgroup of GLa(Zy).
Then H contains SLa(Zy) if and only if H mod p* contains SLa(Z/p*Z).
In particular, if a subgroup H' C SLo(Z/p"Z) for n > 3 maps surjectively
mod p? onto SLo(Z/p*7Z), then H' = SLy(Z/p"7Z).

Assume p > 5. Then H contains SLy(Z,) if and only if H mod p contains
SLo(Z/pZ). In particular, if a subgroup H' C SLa(Z/p™7Z) for n > 2 maps
surjectively mod p onto SLo(Z/pZ), then H' = SLo(Z/p™Z).

Proof. See [18, IV-23|. O

Lemma 2.2. Let n > 1 be an integer and let p be a prime. If p = 2,
assume n > 2. Let H be a closed subgroup of GLa(Zy). Then H contains 1+
P"Ma(Zy) (resp. (14 p"Ma(Zy,))4=1) if and only if H mod p"*! contains
L+ p"Ma(Z/p" ' Z) (resp. (1+ p"Ma(Z/p" ' Z))1=").

Proof. Tt follows from the same argument as in the previous lemma ([18,
IV-23)). O

Lemma 2.3. Let n > 1 be an integer. Let H be a subgroup of GLa(Zy)
containing 1+p"Ma(Zy) (resp. (1+p"Ma(Zy))4=1), and let H' be a closed
subgroup of GLa(Zy) which is a subgroup of H of index 2. If p > 3, then
H' D1+ p"M2(Z,) (resp. H' 2 (14 p"Ma(Z,))4*=1); if p=2 and n > 2,
then H' D14 2"1My(Zs) (resp. H' D (1 + 271 My (Zy))%et=1).
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Lemma 2.4. Let n > 1 be an integer and assume p > 3. Let H be a
subgroup of GLa(Z/p"17Z). If det(H) = (Z/p"T1Z)*, then

det ‘Hm(1+pnM2(Z/pn+1Z)) cHN (1 +pnM2(Z/pn+1Z)) — 1+ an/pn+1Z
18 surjective.

Lemma 2.5. Take two integers n >1r > 1. If p =2, assume r > 2. Let H
be a subgroup of GLa(Z/p" T Z). If det(H) contains 1+ p"Z/p" ' Z and if
H contains (14 p"~"Mo(Z/p"T1Z))4*=1 | then

det | gn(4prMa(z/prtizy) + H N (1 + p"Mo(Z/p" ' Z)) — 1+ p"Z/p" T L
is surjective. In particular, H contains 1+ p"May(Z/p"1Z).

Corollary 2.6. Let H C GLy(Z,) be a closed subgroup and let n > 0,
r >0 be integers. Assume r > 2 if p=2. If H O (1 + p"Ma(Z,))4*=! and
if det(H) D 1+ p'Zy, then H D 1+ p"*"Ma(Z,).

As a consequence of Theorem 1.3, we get the following.

Theorem 2.7. Let K be a number field and let p be a prime. Let n(p),
Y be as in Theorem 1.3. Suppose that the image of the p-adic cyclotomic
character xp : Gk — Z,; contains 1 +p"Zy with r > 0 an integer. Assume
r>2i4fp=2. Put

n=r+n(p).
Then for any elliptic curve E over K, the condition j(E) ¢ ¥ implies
pEp(GK) 2 14+ p"Ma(Zy).

Proof. 1t follows from Theorem 1.3 and Corollary 2.6. O

We show that there exists a lower bound of the images of pg , if we take
E’s having only finitely many j-invariants.

Lemma 2.8. Let K be a number field. Fiz an element j € K. Assume that
an elliptic curve B over K with j-invariant j has no complex multiplication.
Take a prime p. Then there exists a positive integer n depending on p and
j such that for any elliptic curve E over K with j-invariant j, we have
pEp(Gr) 2 14 p"Ma(Zy).

Proof. Take an E/K with j-invariant j. By Theorem 1.1, we have pg ,(Gk)
D 1+ p"Mjs(Z,) for some ng. Let E'/K have j-invariant j. Since E has no
complex multiplication, we have j # 0,1728. Hence there exists a quadratic
extension L of K satisfying F @ L = E' @k L (see [23, p.308]). Therefore
pEp(Gr) is conjugate to pgr ,(Gr). Since [pg,(Gk) : pEp(Gr)] is 1 or 2,
applying Lemma 2.3, we get the result. O

Theorem 1.3 and Lemma 2.8 imply Theorem 1.2.
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3. Modular curves

We regard an elliptic curve with a specific Galois image as a rational point
on a certain modular curve, and reduce Theorem 1.3 to a genus estimate.
Now we give a brief review of modular curves. For more details, see [1,5].
Let N be a positive integer and let k be a field of characteristic 0. For
an elliptic curve E over k and an integer N > 1, let E[N] = Ker ([N] :
E — E) be the kernel of multiplication by N on E, and let pg n : Gy —

Aut(E[N](k)) = GL2(Z/NZ) be the mod N representation determined by

the action of Gy on E[N](k). A level N-structure on F is an isomorphism
v:(Z/NZ)?> — E[N].

Let Y(N) — Spec(Q(¢n)) be the moduli of elliptic curves with level N-
structure. We have a right action of G = SLa(Z/NZ) on Y (N) over Q((n) :

[E7] = [E,voh]

where E is an elliptic curve over k, v a level N-structure on F and h € G.
For a subgroup H C G, put Y to be the quotient Y (INV)/H. The quotient
Y — Spec(Q(¢n)) is an affine smooth curve. Let E be an elliptic curve

over k. Choose a basis (1, e2) of E[N](k). Then the pair (E, (1, €2)) defines

an element P of Y(N)(k). Let Q € Ygu(k) be the image of P via the

map Y (N)(k) — Yg(k) induced by the natural map Y (N) — Yy. If
pe,n(Gr) € H with respect to (e1, €2), then @ lies in Yp (k).

Lemma 3.1. Let k be a field of characteristic 0. If Yy (k) is finite, then
there exists a finite subset ¥ C k satisfying the following condition:

For any elliptic curve E over k, if a conjugate of pp n(Gy) is contained
in H, then j(E) € X.

Let Xp be the smooth compactification of Y. The following is the
famous theorem known as Mordell’s conjecture proved by Faltings. It shows
that a curve X over a number field has only finitely many rational points
if its genus g(X) is greater than or equal to 2.

Theorem 3.2. (/3, Theorem 7]) Let K be a number field and let X be a
proper smooth curve over K. If g(X) > 2, then X(K) is finite.

Now we compute the genus of Xy explicitly. As in Section 1, put

o= (01 (1)>, T = (11 é) ;U= ((1) }) € SLy(Z).
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For o € SLa(Z), we also use the same letter to denote the reduction of «.
Put

gH =

1 #H N Conj(o) tH N Conj(T) ﬁ<u>\G/H>
—|G:H|(1-3 -4 -6
@Al < FConj (o) FConj(7) G H]
Proposition 3.3. ([22, Proposition 1.40]) Let H be a subgroup of G =
SLo(Z/NZ). Assume that H contains —1. Then the genus g(Xpu) of the
modular curve Xpg is given by

9(Xu) = gn-
Let p be a prime and consider subgroups of GLy(Z/pZ). A Borel subgroup
is a subgroup which is conjugate to { (; I) }; the normalizer of a split Car-

tan subgroup is conjugate to { (3 2) , <S 3) } When p > 3, the normal-

: . . . Ty x Y
izer of a non-split Cartan subgroup is conjugate to { ()\y x) , (—)\y —:c) |(z,y) € F, x F,

where A € F)f \(Iﬁ‘;)2 is a fixed element. Assume p > 5. The quotient group
PGL2(Z/pZ) of GL2(Z/pZ) has a subgroup which is isomorphic to Sy; it
has a subgroup which is isomorphic to As if and only if p = 0,+1 mod 5
([19, p.281]). Take a subgroup H (of GL2(Z/pZ)) whose order is prime
to p. We call H an exceptional subgroup if it is the inverse image of a

subgroup which is isomorphic to Ay, S4 or As by the natural surjection
GL2(Z/pZ) — PGLo(Z/pZ).

Proposition 3.4. ([19, p.284]) Let p > 3 be a prime and let H be a
subgroup of GLo(Z/pZ). If p divides the order of H, then H contains
SLo(Z/pZ) or H is contained in a Borel subgroup. If p does not divide the
order of H, then H is contained in the normalizer of a (split or non-split)
Cartan subgroup or an exceptional subgroup.

Put
= {(3 )} N SLa(Z/pZ),
{5 9)-€ s
{3, (3, s
E := (an exceptional subgroup)ﬁSLg(Z/pZ).
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From now on, we use the letter F to denote this subgroup, not meaning an
elliptic curve. The genera of the modular curves corresponding to B, C, D
are known as follows.

Proposition 3.5. ([22, Proposition 1.40, 1.43; 9, p.117]) Let N =p > 5
be a prime. We have

w5 (2) (2

1 -3
gc = —(p* —8p+11—4(p>);

24
1 1 -3
gp = 24(p 10p+23+6<p>+4<p>).

We have gg > 2 if and only if p > 23; go > 2 if and only if p > 11; gp > 2
if and only if p > 13.

Remark 3.6. We can also calculate these genera by using Lemma 4.1.

Put
#H N Conj(o) $H N Conj(T) 6ﬁ<u)\G/H

o i=1-3 #Conj(o) tConj(r)  [G:H] '

so that

As gp is an integer, we have gy > 2 if and only if g > 0. We have the
following:

Hu)\G/H \G/H "21 p—14H N Conj(uw”’) = 1

(G H] pstt gConj(wr”)  p"

Z — 14H N Conj(u?") 1
~ = ptt tConj(ur) pt

where 1 <t <n.

Definition 3.7. Let n > 1 be an integer and let H C SLy(Z/p"Z) be a
subgroup. We call H a slim subgroup if

H 3 (L4 p" My (Z/p2) =,

In this definition, notice that if n = 1, then a slim subgroup is just a
proper subgroup.

In order to prove Theorem 1.3, it suffices to estimate dz for any slim
subgroup H.
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Proposition 3.8. If 6y > 0 for any slim subgroup H C SLo(Z/p™ ()

then Theorem 1.8 holds. Here we put n'(p) := 0 if p > 23, n/(1 9) :
n'(17) := n'(13) := n/(11) := 1, n/(7) := 2, n/(5) := 3, n (3) 5 a
n/(2) := 10.

Proof. Put

- 0 ifp>3,
Tl ifp=2.

Let E be an elliptic curve over K satisfying

PE,p(GK) 2 (1 —|—pn/(p)+€M2(ZP))d6t:1.
We show that j(E) € K takes only finitely many values. Replacing K
by K (Cpiin)s We may assume 7y, i (Gr) © SLa(Z/p” P1Z). We
may also assume that pp )1 (Gk) is contained in a slim subgroup H C

SLQ(Z/p"'(p)“Z) satisfying H > —1. To see this, we consider two cases
(n’(p) = 0 or n/(p) > 1). When n/(p) = 0 (equivalently p > 23), we have
PEp(Gr) G SL2(Z/pZ) by Lemma 2.1, thus pg (Gkx) € B,C,D,E by
Proposition 3.4. But B,C, D, E contains —1. When n’(p) > 1, Lemma 2.3
shows (g p(Gr), —1) 2 (14+p™ PIMy(Z,))=1. Thus H = (pp,(Gx), —1)
mod p” P+ is a slim subgroup by Lemma 2.2. By the hypothesis and
Proposition 3.3, we have g(Xg) = gy > 2. By Theorem 3.2, we see that
Xp(K) is finite, hence Yy (K) is also finite. Since there are only finitely
many subgroups H as above, the existence of n follows from Lemma 3.1. As
9(X0(19)) = 1, the integer n(19) cannot be 0. We also have g(Xy(17)) =1
g(X0(13)) = 0, g(Xo(11)) = 1 and g(X¢(7%)) = 1. Thus we get n(19) =
n(17) = n(13) = n(11) = 1 and n(7) = 2. O

We prove df > 0 for any subgroup H as in Proposition 3.8. More explic-
itly, we prove the following theorem in Section 7.

Theorem 3.9. 1. For a subgroup H C SLy(Z/pZ), we have ég > 0 if one
of the following conditions is satisfied.
HCBandp>23
HCCandp>11
HCDandp>13
e HC Eandp > 17
2. For a slim subgroup H C SLy(Z/p?*Z), we have g > 0 if one of the
following conditions is satisfied.
e HmodpC B andp > 11
e HmodpC D andp > 11
e Hmodp C FE andp > 11

3. For a slim subgroup H C SLo(Z/p*Z), we have 6 > 0 if one of the
following conditions is satisfied.
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HmodpC Bandp>7
HmodpCC andp>5
HmodpCDandp>7
e HmodpC E andp>7
4. For a slim subgroup H C SLy(Z/5*Z), we have 6 > 0 if one of the
following conditions is satisfied.
e Hmod5CB
e Hmod5CD
e Hmod5CFE
5. For a slim subgroup H C SLo(Z/3%Z), we have 6 > 0 if one of the
following conditions is satisfied.
H mod3C B
H mod3C D
Hmod3CFE
H mod 3 = SL9(Z/37)
6. For a slim subgroup H C SLy(Z/2'°Z), we have 65 > 0 if one of the
following conditions is satisfied.
e H mod 2 C (subgroup of order 3)
e H mod 2 = SLy(Z/27)
7. For a slim subgroup H C SLo(Z/2'17Z), we have 6y > 0 if the following
condition is satisfied.

e Hmod2CB

4. Calculation of conjugate elements in SL2(Z/pZ)

Now we calculate the number of elements conjugate to o,7,u in the
maximal subgroups B, C, D, E introduced in Section 3.

Lemma 4.1. In SLy(Z/pZ), the number of elements conjugate to o, T, u
i B, C, D, E are as follows.
1.
0 ifp=-1 mod4,
BN Conj(c) =4¢2p ifp=1 mod 4,
1 ifp=2.
0 ifp=-1 mod 3,
fBNConj(t) =<¢2p ifp=1 mod 3,
1 ifp=3.

¢B N Conj(u) = {%(p_ Y Zji i 3
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2.
p—1 ifp=—-1 mod 4,
tCNConj(c)=<p+1 ifp=1 mod 4,
1 ifp=2.
0 i 1 ds3
5N Conj(r) = 0 p#FL mods,
2 ifp=1 mod 3.
) >
#C N Conj(u) = 0 z‘fp_3,
1 ifp=2.
3.
4D 1 Conj(o) = p+3 ifp=-—1 mod 4,
p+1 ifp=1 mod 4,
2D () Conj(r) = 2 ifp>5andp=—1 mod 3,
0 ifp=3orp=1 mod 3.
gD N Conj(u) =0 ifp > 3.
4.

4E 1 Conj(o) < 30 ifp=4+1 mod 5,
|18 ifp>5andp#+1l mod 5.

20 ifp=41 mod 5,
8 ifp>5andp#+l mod 5.

fE N Conj(u) =0 ifp>5.

#E N Conj(7) < {

5. Calculation of conjugate elements in SLy(Z/p"Z)

We calculate the number of elements conjugate to o, 7, u in SLa(Z/p"Z).

Lemma 5.1. Let n > 1 be an integer. In SLa(Z/p"7Z) we have

Dp?" ! ifp=—1 mod 4,
(p+1Dp?>™ !t ifp=1 mod 4,

ifp=2andn=1,

. 92n=3 ifp=2andn > 2,

#Conj(o) =

(p—1Dp? ' ifp=-1 mod 3,
#Conj(t) =< (p+1)p**~ ' ifp=1 mod 3,
4.3Mm—2 if p=3,
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(P> = )p* % ifp>3,
ifp=2andn=1,
ifp=2andn =2,

. 92n—4 ifp=2andn > 3.

#Conj(u) =

W & W =

Next we calculate the number of elements conjugate to u? in

SLy(Z/p™"Z).

Lemma 5.2. Assumer >0 and n > 1. In SLo(Z/p""Z), we have

s —Dp* 2 ifp>3,
- 3 fp=2andn=1
fConj(uf ) = z.fp_ an n_ ’
6 ifp=2andn =2,
3.922n4 ifp=2andn > 3.

We study the fiber of the mod p™ map
SL2(Z/p"Z) N Conj(a) — SLa(Z/p™Z) N Conj(a),

where o = o, 7, uP".
Take two integers m,n with 1 < m < n. As in Section 1, let

frm : SLo(Z/p"Z) — SLa(Z/p™Z)
be the mod p™ map. For a = o, 7,uP" (r > 0), put
yrEnem _ o (gL (@) N Conj(a)) C SLa(Z/pE).

When a = o, 7, we always take r = 0. We sometimes omit the superscripts
r,n, m and simply write V.

Lemma 5.3. Letr >0, 1 < m < n be integers. Assumen < 2m. Ifp > 3,
then each VITr+m (o =g, 7, uP" ) is a subgroup of

(1 + pr+mM2 (Z/pr+nZ))det:1 o~ MQ(Z/pn_mZ)TrZO

and is isomorphic to (Z/p" ™Z)?. If p = 2, then V™ for m > 2
(resp. V™ for any m, resp. VJPJ?"’TJFm for m > 3) is a subgroup of
(1 +pr+mM2 (Z/pr+nZ))det:1 o~ MQ(Z/pn—mZ)Tr =0

and is isomorphic to (Z/p"~™Z)?. Explicitly:
Ifp>3 or (p=2and m>2), we have

yrm = {1 +p" (Z _ba) e SL2(Z/p”Z)}

={(; °)em@mrral;
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For any p and m, we have

yman _ {1 4 <b o0 ) € SLQ(Z/p”Z)}

a

{(b L —ba> < M2(Z/p”m2)} :

Ifp>3or (p=2 and m > 3), we have

1

yrtmrtm {1 +ptm (8 _ba> € GLQ(Z/p”"Z)}

=~ {(g _ba) € Mg(Z/p"_mZ)} :

In particular, the inverse image of one element by the following maps
consists of p? elements:

e mod p™ : SLo(Z/p™ 1 7Z) N Conj(o) — SLa(Z/p™Z) N Conj(o) if
p>3or(p=2andm>2),

e mod p™ : SLo(Z/p™ 1 Z)NConj(1) — SLo(Z/p™Z)NConj(T) for
any p and any m > 1,

e mod p't™ : SLo(Z/p"™*1Z) N Conj(u?") — SLo(Z/p"t™Z) N
Conj(u”") ifp>3 or (p=2 andm >3).

Remark 5.4. If p = 2, the inverse image of one element by the following
maps consists of 2 elements:
e mod 2 : SLy(Z/22Z) N Conj(c) — SLa(Z/2Z) N Conj(o),
e mod 22 : SLy(Z/2"3Z)NConj(u?") — SLa(Z/2"+2Z)NConj(u?"),
e mod 2" : SLy(Z/2"T2Z)NConj(u?") — SLa(Z/2" 1 Z)NConj(u?").

From now on, we always assume the hypothesis in Lemma 5.3 when
we write V/ "™ (for o = o, 7,uP" and their conjugates: defined below),
so that VItnrtm s a free Z/p" ™Z-submodule of rank 2 of
(1 + pr-‘rmMz(Z/pr-i-nz))det:l >~ M, (Z/pn—mz)T‘r:O‘

Lemma 5.5. Let r > 0, 1 < m < n be integers. Assume n < 2m. For
a=o, 1, uP", we have

yrinrtm — 1 4 p™(Xa — a7 X)X € Mo(Z/p" 7))

Lemma 5.6. Let 7 > 0, 1 < m < n be integers. For a = o,7,u"", take
an element o/ € Conj(a) C SLo(Z/p"™Z). Suppose two elements oy, as €
Conj(a) C SLo(Z/p"™"Z) satisfy oy = as = o' mod p"™. If n < 2m,
then we have

al_l(f;—&-ln,r—l—m(a/) N COHj(OL)) = a2_1(f;+1n,r+m(a/) N CODj(O&))-
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In the above lemma, we define

VIR = oy T (fh pam (@) N Conj(a)).

Note that we have V7™ = {1 4 p™(Xa/~" — /' X)}. For an element
g € SLy(Z/p"t"Z), we have V;jﬁy’f;m = g (VI g, We see that
V;,+"’T+m depends only on o mod p" ™, Thus we can define V;,Tn’ﬂrm
for o € Conj(a) C SLy(Z/p"tT""™Z).

For a = o, 7,uP" and their conjugates, we identify V/+""*™ ywith a free
submodule of rank 2 of My(Z/p"~"Z) using the isomorphisms in Lemma
5.3.

Lemma 5.7. Let 1 < m < n be integers. Take an element o € SLo(Z/p™Z)
which is conjugate to o or . Assume n < 2m. Then V'™ is the orthogonal
complement of Z/p"~"Z]a] in Mo(Z/p"~™Z) with respect to the pairing

Ma(Z/p""™Z) x Ma(Z/p" ™) — Z/p" ™7 : (A, B) v Tr (AB).

Lemma 5.8. Let r > 0, 1 < m < n be integers. Take an element v =
1+ p'e € Conj(uP") C SLo(Z/p"t™Z). Assume n < 2m. Then VI +mr+m s
the orthogonal complement of Z/p" " Ze| in My(Z/p"~"™7Z) with respect to
the pairing

My(Z/p" " Z) x Mo(Z/p"™Z) — Z/p" "Z : (A, B) — Tr (AB).

Next we study the condition for the equality V,, = V., where o/ €
Conj(a).
Corollary 5.9. Let 1 < m < n be integers. Take two elements o', 0" €
Conj(o) C SLao(Z/p™Z). Assume p > 3 and n < 2m. Then V)" = V)"
holds if and only if o = o+ mod p"—.
Corollary 5.10. Let 2 < m < n be integers. Fiz an element o’ € Conj(o)

-
SLo(Z/2™7). Assumen < 2m. Then the number of elements " € Conj(o) C
SLo(Z/2""™Z) satisfying V" = V7™ is

1 ifn—m=1,
2 ifn—m=2,
4 ifn—m > 3.
Corollary 5.11. Let 1 < m < n be integers. Take two elements 7/, 7" €

Conj(1) C SLo(Z/p™Z). Assume p # 3 and n < 2m. Suppose m > 2 if
p=2. Then V7" = V" holds if and only if 7/ = 7% mod pnm.

Corollary 5.12. Let 1 < m < n be integers. Fix an element 7' € Conj(1) C
SLy(Z/3™7Z). Assumen < 2m. Then the number of elements 7" € Conj(1) C
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SLo(Z/3"~™Z) satisfying V., = V"™ is

{1 ifn—m=1,

3 ifn—m>2.

Corollary 5.13. Let r > 0, 1 < m < n be integers. Take two elements
v,v" € Conj(uP") C SLo(Z/p"T™Z). Assume p > 3 and n < 2m. Then
yrinrtm — I/;)r,+n’r+m holds if and only if v = »"** mod p" ™ where
(p,s) = 1.

Corollary 5.14. Let r > 0, 3 < m < n be integers. Fiz an element v €
Conj(u?") C SLy(Z/27T™Z). Assumen < 2m. Then the number of elements
v' € Conj(u?") C SLy(Z/27T""™Z) satisfying Vva”ﬂ”er = pr4nrdm g

1 ifn—m=1,
2 ifn—m=2,
2n=m=2  jfn —m > 3.

6. Control of inverse images

We control the number of elements conjugate to o, 7,u?" contained in a
slim subgroup H.

Let n > 1 be an integer and let H be a subgroup of SLy(Z/p"Z). For an
integer 1 < s < n, put

H, = H N (1+p"Ma(Z/p"Z)) = Ker (modp® : H — SLy(Z/p°Z)).

We identify H/Hs with H mod p®. For two integers s,t with 1 < s <t <n
and for a = o, 7, uP", let

fhe . (H/Hy) N Conj(er) — (H/Hy) N Conj(a)

be the mod p® map. Here we assume s > r when o = u?".

Recall that a subgroup H C SLy(Z/p"7Z) is called a slim subgroup if
H 2 (1 +p" ™Ma(Z/p"7Z))4*=1, equivalently §H,_ < p?. We prepare for
controlling §H N Conj(«) for a slim subgroup H.

Lemma 6.1. Let n > 2 be an integer and let H C SLo(Z/p"7Z) be a slim
subgroup. Take two integers s,t with 1 <t < s <n. Assumet > 2 if p= 2.
Then we have $H;/H, < p*—1).
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Proof. Put G = SLo(Z/p"Z). Take an integer ¢ with 2 < i <n—1. Assume
i > 3 if p = 2. Then the p-th power map n : Gi—1/G; — G;/Git+1 is
surjective (where G; := GN(1+p'Ma(Z/p"7Z))). As 1Gi_1/G; = 1Gi/Giy1 =
p3, we see that 1 is an isomorphism. Let o' : H;_1/H; — H;/H; 1 be the
p-th power map. The commutative diagram

H;_1/H; —=, Gi-1/Gi

| |

H;/Hi4 —=, Gi/Git1

shows that 7' is injective. By the hypothesis H 2 (1+p" 1 My(Z/p"Z))dt=1
we have H, 1/H, C Gpn_1/G,. Hence tH, 1/H, < p> Therefore
tHy/Hy < $Hy/Hs < --- < $H,_1/H, < p* if p > 3, while §Hy/Hs <
tH3/Hy < --- < tH,_1/H, < p? if p = 2. Consequently, we get {1H;/H, =
[lioi 1 8Hi 1 /H; < pAe=h.

O

From now to the end of this section, we use the letter a to denote any
of o, 7,uP", where r > 0 be an integer. As usual, assume r =0 if & = o, 7.

Corollary 6.2. Let n > 2 be an integer and let H C SLo(Z/p"™"7Z) be a
slim subgroup. Take two integers s, t with 1 <t < s < n. Take an element
o' € Conj(a) C SLo(Z/p"Z). Assume s < 2t. When p = 2, further assume
r+t>2 If H/Hypps D V" then Hyyy/Hypys = V77

Lemma 6.3. Let n > 2 be an integer and let H C SLo(Z/p"t"7Z) be a
slim subgroup. Take three integers s,t,i satisfying 1 < t < s < n and
i > 1. Take an element o € Conj(a) C SLo(Z/p"TZ). Assume s < 2t
and s +1i < n. When p = 2 and o« = 7, further assume s < 2t — 1. If
HyifHyps = V5 then Hyyppi) Heyspi = VI, PIH0H

Lemma 6.4. Let n > 2 be an integer and let H C SLo(Z/p"™"7Z) be a
subgroup. Take two integers t,i with t > 1,4 > 1 and t +1i < n. Take

an element o/ € (H/H,4) N Conj(«). Assume i < t. If Hyyy/Hpyiti #

‘ H Z
V;/HH’TH; then we have ﬁfr+t+z’,r+t+1((fH.’?H,Ht) L") < p.

Proof. We show the lemma only when r = 0. Put

X = fryier((F08) 71 ().
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Suppose (fﬁ’ﬁt)*l(a’) # (). Take an element & € (fﬁft)fl(a’). The natural

surjection mod pf*! : (

tive diagram :

fﬁf‘ ) "1(a/) — X induces the following commuta-

modptt!

VEEt N (H/ Hey) 2P — a7'x

it modp'*! pitLt
Z/pz)®: 2P (z/pz)e

All the horizontal maps in the above diagram are surjective. Since Vcif “n
(H/Hiyi) = V;,H’tﬂ (H:/Hyyi) is a proper subgroup of V;,Jri’t >~ (Z/p'Z7)%2,
we have ttVof,H’tﬂ (H/Hy.;) < p*~1. Since no proper subgroup of (Z/p'Z)®?
maps surjectively modp onto (Z/pZ)¥?, we get a1 X < p. O

Corollary 6.5. Let n > 2 be an integer and let H C SLo(Z/p"™™7Z) be a
slim subgroup. Take two integers i > 1, § > 0 with i +§ < n. Take an
element o/ € (H/H,4it+s) N Conj(a). Assume 2i + 6 < n. When p =2 and
a =T, further assume 6 > 1. If Hyyp_i/Hypyp # Vof,+n’r+n_z, then we have

H, _ o
8(fohmrrins) () <pt 9.

Let n > 2 be an integer and let H C SLo(Z/p"""Z) be a slim subgroup.
Put
- 5 if n is even,
T2 ifnis odd.
Define a decreasing sequence

Y92V 2 DYDY 22

by
Ve H N Conj(x) if i =0,
" o € HN Conj(a)|Hyyni = VL, if 1 < <L
When p > 3, we use Y; for 0 < ¢ < [; when p = 2, we use Y; only for
1=0,1 ifa=cand 3<n <5,
0<i<] if « =0 and n > 6,

i=0,3<i<l ifa=u? andn>6,

so that the hypothesis in Lemma 5.3 is satisfied.
By the study above, we have the following estimate.
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Proposition 6.6. Let n > 2 be an integer and let H C SLo(Z/p"T™7Z) be
a slim subgroup. Take an integer s satisfying 1 < s <1I. Then we have
$H N Conj(a) < (p*" — p"~1)#(¥; mod p*)

-1
+ (p2 . l)pn—l Z ﬁ(Yz mod pr+z>

i=s
+ pn_lﬁ(H/HrJrS) N Conj(a).
We control the number of elements conjugate to ¢ in a slim subgroup
H C SLy(Z/p"Z) when p > 3.
For p > 3, define a sequence {a(o,p), }n>2 as follows:
a(o,p)n = 20" 4 2(1 - 1)(p* — 1)p" 7,
where n = 2[ or 2 + 1.
Corollary 6.7. Let n > 2 be an integer and let H C SLo(Z/p"Z) be a slim
subgroup. Assume p > 3. Then we have
tH N Conj(o) < a(o,p)n +p" ' (4(H/H1) N Conj(o) — 2).
Proof. Apply Corollary 5.9 and Proposition 6.6 (put s = 1). O
We control the number of elements conjugate to 7 in a slim subgroup
H C SLy(Z/p"Z) when p > 3.
For p > 5, define a sequence {a(T,p)n}n>2 by
a(T,p)n := a(o,p)n.
Corollary 6.8. Let n > 2 be an integer and let H C SLo(Z/p"7Z) be a slim
subgroup. Assume p > 5. Then we have
¢H 1 Conj(7) < a(7,p)n + "~ (4(H/H1) N Conj(r) - 2).
Define a sequence {a(7,3),}n>2 as follows:
32 if n=2,
a(1,3)p = (4n—11)-3" if n =2 >4,
(4n—9)-3" ifn=20+1.
Corollary 6.9. Let n > 2 be an integer and let H C SLo(Z/3"Z) be a slim
subgroup. Then we have
$H N Conj(7) < a(t,3), + 3" L(#(H/H,) N Conj(r) — 1).

We control the number of elements conjugate to u?" in a slim subgroup
H C SLy(Z/p" 7).

For p > 3, define a sequence {a(u,p),}n>2 as follows:
=12 P —p") =2l

a(u,p)p := {1

5(p— 1)(p3l+1 + ¥ —p") ifn=20+1.
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Corollary 6.10. Let r > 0, n > 2 be integers and let H C SLy(Z/p"t"Z)
be a slim subgroup. Assume p > 3. Then we have

. T n— . s 1
3H 0 Conj(u?") < a(u, p)a + "~ (4(H/Hy-41) 0 Conj(u”") — - (p = 1)).
Define a sequence {a(u,2),}n>¢ as follows:

[23m1 g if n =21,
a(u,2), = 3.930-1 _on+l if p — 97 4+ 1.

Corollary 6.11. Let r > 0, n > 6 be integers and let H C SLy(Z/2"T"Z)
be a slim subgroup. Then we have

$H N Conj(u®") < a(u,2), + 2" (#(H/Hy43) N Conj(u®") — 2).

We control the number of elements conjugate to ¢ in a slim subgroup
H C SLy(Z/)2"7).

Define a sequence {a(o,2),}n>3 as follows:
23 if n =3,
25 if n =4,
3(1—2)-2n if n =20 >6,
(3l —4)-2"1 ifp=20+1>5.

a(o,2), =

Proposition 6.12. Let n > 3 be an integer and let H C SLo(Z/2"Z) be a
slim subgroup. Then we have

#H N Conj(o) < a(0,2), + 2" 2(#(H/H,) N Conj(c) — 2).

We also use a slightly different way to control $H N Conj(7).

We control the number of elements conjugate to 7 in a slim subgroup
H C SLy(Z/)2"7).
Define a sequence {a(7,2),}n>5 as follows:
3 —5)- 2"t if =20
a(Tv 2)n = ( ) 1 1 " ’
Bl —=7)-2mtt ifp =20 —1.

Proposition 6.13. Let n > 5 be an integer and let H C SLo(Z/2"Z) be a
slim subgroup. Then we have

tH N Conj(1) < a(7,2), + 2”_2(j:l(H/H3) N Conj(7) — 8).
7. Proof of the main theorem

Now we prove Theorem 3.9.

Lemma 7.1. Let p > 5 and assume a subgroup H C SLo(Z/pZ) is con-
tained in an exceptional subgroup E. If p > 17, then dg > 0.
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Proof. In SLy(Z/pZ), we have §Conj(c) > (p—1)p and §Conj(7) > (p—1)p
by Lemma 5.1. Lemma 4.1 shows that in SLa(Z/pZ) we have fENConj(o) <
30, fENConj(7) < 20 and §ENConj(u) = 0. Since ﬁEﬂConj(u) = 0, we have

fw\G/H _ 1 _3..30 _g.1 — p’-Tp—164
GH] = p.Therefore og >1-3 sy 4. (p 1) 6-- = -1)p >0

if p>17.

Proposition 7.2. Assume p = 19. For any slim subgroup H C

SLs(Z/19%Z) satisfying H/Hy C B, we have §g > 0.

Proof. In SLo(Z/192Z), we have #Conj(7) = 20 - 19° and #Conj(u) =
3(p? — 1)p? by Lemma 5.1. Lemma 4.1 shows that in SLy(Z/19Z) we have
BN Conj(c) =0, 8BNConj(r) = 2p = 38 and §BNConj(u) = 3(p—1) = 9.
By Corollary 6.8, we have tHNConj(7) < a(r,p)2+p(38—2) = 74-19. Hence

Mjgc?r;r(ljr()ﬂ < 50555 = Toogz- We have $H N Conj(u ) < p*#(H/H;) N Conj(u)

HNConj -5 (p—1 G/H
by Lemma 5.3. Thus ﬁﬁgoé?i()") <? (p22(p 2 ) — p+1 Therefore <1[%\H§ <

17;1 1_|_7 2 — Consequently,5H>1—30 4. ~6-15 =

p+rl — 10 192
w > 0, as requlred. O

In other cases, we can show dz > 0 similarly.
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