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Journal de Théorie des Nombres
de Bordeaux 21 (2009), 175-201

Kloosterman sums for prime powers in P-adic
fields

par STANLEY J. GURAK

RESUME. Soit K un corps de degré n sur Q,, le corps des nombres
p-adiques, de degré résiduel f, indice de ramification e et valuation
de la différente d. Soient O ’anneau des entiers de K et P son
unique idéal premier. Les applications trace et norme de K/Q,
sont notées Tr et N, respectivement. Fixons ¢ = p”, une puissance
du nombre premier p, et 77 un caractere défini modulo ¢ et d’ordre
o(n). Ce caractére n s’étend naturellement & l’anneau des entiers
p-adiques Z,, ; précisément n(u) = n(a), ou @ désigne la classe
résiduelle de u modulo g, et de méme pour la racine de l'unité ¢ =
exp(2mitu/q). Fixons un entier positif v > re—d pour lequel N (1+
P7) C 1+ qZ,, de sorte que les sommes (todues) de Kloosterman

R(n,z)= > nNa)(]" /N (3¢ Z/qZ")
ae(O/PY)*

sont bien définies.

Salie a déterminé explicitement R(7,z) dans le cas classique
n =1 (donc K = Q,) pour ¢ = p” avec r > 1 et o(n) =1 ou 2.
Ici, je généralise le résultat de Salie dans le cas général n > 1 pour
des caractéres n avec o(n)|p — 1 (et aussi o(n) = 2 quand p = 2),
et pour tout v > re —d > 1 sauf un petit nombre de valeurs
exceptionnelles de . Mon évaluation repose sur la détermination
récente et explicite par 'auteur des sommes de Gauss pour les
puissances de nombres premiers dans les corps p-adiques, et des
sommes d’exponentielles de la forme Y x(z)**¢b".

ABSTRACT. Let K be a field of degree n over Q,, the field of
rational p-adic numbers, say with residue degree f, ramification
index e and differential exponent d. Let O be the ring of integers
of K and P its unique prime ideal. The trace and norm maps for
K/Q, are denoted T and N, respectively. Fix ¢ = p”, a power
of a prime p, and let 7 be a numerical character defined modulo
g and of order o(n). The character n extends to the ring of p-
adic integers Z, in the natural way; namely n(u) = n(@), where
4 denotes the residue class of v modulo ¢, and similarly for the
root of unity (' = exp(2mii/q). Fix a positive integer v > re —d
for which N(1+4 P7) C 1+ ¢Z, so that the (twisted) Kloosterman
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sums

R(np,z)= Y nNa)[met=/No (2 € Z/qZ")
a€e(O/PY)*

are well-defined.

Salié explicitly determined R(n,z) in the classical case n = 1
(so K = Qp) for ¢ = p” with r > 1 and o(n) = 1 or 2. Here I
generalize Salie’s result for the general case n > 1 for characters
n with o(n)|p — 1 (also o(n) = 2 when p = 2), and for all v >
re—d > 1 but for a few small exceptional values r. My evaluation
relies on the author’s recent explicit determination of Gauss sums
for prime powers in p-adic fields and exponential sums of the form

22X (@) ¢,

1. Introduction

Let K be a finite extension of the p-adic rational field Q, of degree n
with residue degree f and ramification index e. Let T" denote the maximal
unramified subfield of K. The trace and norm maps for K/Q, will be
denoted Tr = T'rg g, and N = Nk q,, respectively. The rings of integers of
K, T and Q, are denoted by O, Or and Z, respectively. Fix a uniformizant
IT to generate the prime ideal P of O. It is known that II satisfies an
Eisenstein polynomial of degree e over T' with II® = pu for some unit «
of K (when K/Q, is tamely ramified II may be chosen so u € Or). The
differential exponent d of K/Q, is the largest non-negative integer r such
that TrP~" is contained in Z,. The ideal P? is known as the different of
K/Qp. It is known that d > e — 1 with d = e — 1 if and only if K/Q, is
tamely ramified; otherwise K/Q, is wildly ramified and p|e. Furthermore,
for any integer r,

Tr P"=p" 7,

where ' = [(r 4+ d)/e]. (Here [z] denotes the largest integer less than or
equal to x.)

Now fix ¢ = p", a power of a prime, writing r = 2s or 2s + 1 with s’ = s
or s + 1 according as r is even or odd. Consider a numerical character 7
defined modulo g and of conductor f(n) and order o(n). Any such character
n modulo ¢ extends to Z,, in the natural way; namely, n(u) = n() where @
denotes the residue class of v modulo ¢, and similarly for the root of unity
¢4 = exp(2mit/q). Fix a positive integer vy satisfying

(1.1) v>re—d and

(1.2) N1+ PY) C1+qZ,



P-adic Kloosterman sums 177

Then for any z € Z/qZ* one may form the (twisted) Kloosterman sum
(1.3) R(n,z)= Y n(Na)gmet=/ve,
ae(0O/P)*

Conditions (1.1) and (1.2) ensure that R(n, z) is well-defined.
The twisted Kloosterman sums (1.3) lie in Q({y(,—1)) and are easily seen
to satisfy for (v,q(p—1)) =1

(1.4) ou(R(n,2)) = 1" (v)R(n", zv”“)
where oy, is the automorphism induced by sending (1) to (7| ap—1)" Indeed,
ou(R(n,2) = Y n'(Na)ggImers/Ne)
ag(0/PY)*
= Y M (Nayg e e
ace(0/PY)*

=" (V) R(n", 20" ).

Replacing n by n” in (1.4) above where v is the multiplicative inverse of v
modulo ¢(p — 1), one finds

(1.5) R(n, 20" ™) = " (v)ou(R(1", 2"))
for any 2’ € Z/qZ*.

The twisted Kloosterman sums can be elegantly expressed in terms of
Gauss sums. For any numerical character x defined modulo g one forms the
Gauss sum
(1.6) Gp()= Y x(Na) e,

ace(0O/PY)*

which is well-defined in view of (1.1) and (1.2). A routine exercise (see
[Lemma 3.1, 6] or [14, p. 47] for instance) yields the relation

(1.7) R(n,z) = Z X(2)G(X)G P (xn),

where G4(X) = Yaez/qz- X(a:)Cq is the ordinary Gauss sum over Z/qZ*.
The sum here is over all the numerical characters y defined modulo q.
Now set o = max(;%7,7e — d). Recently, I evaluated the Gauss sum

(1.6) for s’ > § and ~ 2 70, where § = 1+ ¢ if K/Q), is tamely ramified but
otherwise

2d ifp>3
(1.8) b=q2+1 ifp=3

mam(2d 1+34) ifp=2,
in terms of explicit values of Gp~(¢) for characters ¢ normalized in the
sense of Mauclaire (chiefly (2.1) and (3.1) in sections 2 and 3). Specifically,
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G p~ (1) is found to be (chiefly Theorem 1 and 2 in [13] and their corollaries)

of the form
(1.9) G () = p/ O FIG,
where k is explicitly determined (mod 8) depending on the parity of re —d.
Salie [18] explicitly determined R(n,z) in the classical case n = 1 (so
K = Q) for ¢ = p" with » > 1 and o(n) = 1 or 2. Recently R. Evans
[6] determined R(n, z) when K is totally and tamely ramified over Q,. My
aim here is to generalize these results for the general case n > 1 using the
relation (1.7) and relying on the author’s recent explicit evaluation of the
Gauss sums Gp~(x) [13] and exponential sums of the form Ex(w)‘”(fl’x
[10]. To best describe this analog, I write n + 1 = pPy for b > 0 and p { v,
and set | = ged(n+1,p—1) if pis odd or | = ged(n+1,2) if p = 2. For odd
primes p, let H denote the group of l-roots of unity modulo p"* (or just
modulo p when r < b ). I show in section 2 that for r > b+ 1 with s’ > ¢,

v >0 and o(n)|p — 1 that R(n, z) vanishes if i Z 1(mod p®*1), else up
to a 4l-root of unity is a conjugate of

_re—dy, b €z € re—d) = T
(1.10) pfO—"59+3 Z(;)H +( d)n(w) b
zeH

Under the same hypotheses, I also determine R(7,z) for smaller powers
r < b+ 1. However, the important case when ¢ = p, an odd prime, and
K/Q, is tamely ramified remains unresolved.

In section 3 I treat the case p = 2. I show that for » > b+ 4 with n odd,
s' > 6,y > 9 and o(n)|l, that R(7, z) vanishes if z #Z 1(mod 2°2), else up
to sign is a conjugate of

_re—dy,b 27
(1.11) 2f="75)+3 .9 cos(5, ).
I separately determine R(7, z) for smaller powers r < b+ 4 under the same
hypotheses.

I wish to mention some consequences and related results regarding the
explicit values for R(n, z) found here. Expressions (1.10) and (1,11) lead to

a bound

Ry, 2)| < ip! =543
forr >b+1(r >b+4if p = 2), that is a modest improvement of

the customary Deligne [5] bound |R(n,z)| < (n + 1)pf(7*%_d) when b >
0. Moreover, from such expressions (1.10) and (1.11), the non-vanishing
sums R(n, z) are seen to be integer multiples of ordinary Gauss periods for
p" % or a twist of such by the character n . Thus additional improvement
in the upper bound |R(n, z)| may be obtained using recent estimates for

Gauss periods obtained by Bourgain and Chang (chiefly, Theorem 4.7 in
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[4]; see also [3]). When [ > 1 one may essentially replace [ by Ip™ in the
bound above, where w > 0 depends on [ and p"~?. These details and the
extent to which w can be effectively determined are beyond the scope of
the presentation here, but will be discussed elsewhere.

The author has recently studied Gauss periods and quadratic twists of
such for prime powers [9] to obtain formulas for the beginning coefficients
of their minimal polynomials and associated power sums of zeros. When
|H| = 2 in (1.10) and o(n) = 1 or 2, a closed form expression for the
minimal polynomial and the associated power sums is actually obtained
[7]. Those results can be applied with these here to describe the polynomial
satisfied by the Kloosterman sums R(n, z) for z € Z/qZ* when o(n) =1
or 2. This determination, which generalizes the author’s previous results
[8,11] for Kloosterman polynomials and hyper-Kloosterman polynomials,
will appear elsewhere.

2. Kloosterman sums for odd prime powers p", r > 1

Here I evaluate the twisted Kloosterman sums (1.3) for odd prime powers
when o(n)|p — 1. As in the introduction I write n + 1 = pPy, for b > 0 and
p1y, and set | = ged(n + 1,p — 1). I consider ¢ = p", r > 1, with r = 2s
or 25 + 1 where s’ = s + € with € = 0 or 1 according as r is even or odd.
For any w # 0(mod p), let w denote the multiplicative inverse of w mod
p". Let H denote the group of l-roots of unity modulo p"~?, or just modulo
p when r < b. Choose a numerical character 1) modulo ¢ which generates
the numerical characters modulo ¢ and is normalized so that

(2.1) Y(1+p°) = C;sl for o = 2s > 2 even, or

p+1
2

Note that x = " is primitive whenever p { v. Now n = ¢" for some integer
w, 1 <w < ¢(q), and it follows from (1.7) that

W) =L, fora=2s+1>3 odd.

Y1 +p° + (—— )

o(q)
1
(2.2) R(n,z = 5@ Z Go(¥7)Gpr (07 )
j=1,pt
for any z € Z/qZ* since G4(x) = 0 if x is imprimitive. The Gauss sums
Gp+(x) have been determined in [13].

Proposition 2.1. For any v € Z/qZ*, g = p" odd with s > 6 and v > ~,
pf(v—L;d)wnv(U) o

TT,K/THe—d—lul—é)

V(! (Nrrap : ) (V)¢

where V = (—1)f_1C§1_p)fpf(7_L;d), according as re — d is even or odd.

Gpy(P*) = {
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Proof. For any v € Z/qZ* write v = tl(mod q(p—1)) witht = 1+(v—1)g =
I(mod ¢) and | = v — (v —1)¢? = 1(mod p — 1). Then x = 7’ is normalized
modulo ¢, 50 G p+(1?) = Gp~(x!) is easily seen to equal X" (1)o;(Gp~ (X)),
where o0 is the automorphism given by o;((gp—1)) = Cé(p_l). Thus from
Theorem 1 and Corollary 1 in [13]

—d

Y (!0 g

N (TT‘ He—d—lul—e) on n
V(L) (Mree Ty yrn ()t

Gp (P°) = {

according as re — d is even or odd. Since ¢t = 1(mod ¢), the result as stated
in the proposition follows. O

When K = Q, with v = r > 1, Proposition 2.1 reduces to Mauclaire’s
evaluation of the ordinary Gauss sums G,(x) for primitive characters x
modulo g. (See also Evans [6]).

Corollary 2.1. For anyv € Z/qZ*, q = p" odd with r > 1,
p’”/Zw”(v)C}; if v even
()¢ PPy (v)¢Y i roodd.

The following lemmas will prove crucial in the evaluation of R(n, z) here.

o=

Lemma 2.1. If is normalized modulo p” for r > 2, then ¥ is normalized
modulo p"~t. The sole exception occurs for r = 4 with p = 3 where 13(22) =
Gt not Gt in (2.1).

Proof. First note that for s > 0 that (1 4+ p® + %p%)p = (14 p%)P =
14+p*T(mod p?**1). Thus for odd r = 2s+1 > 3, YP(1+p°) = Y(1+p*H!) =
CPZI from (2.1) so 9P is normalized modulo p"~!. In addition, one readily
sees that (1 + p° + %lp%)p = 1+ p**! (mod p?**2), except for s = 1
with p = 3 where 223 = 37(mod 81). Thus for even r = 2s + 2 > 2,
YP(1+p° + %pzs) = (1 +p*tl) = Cp_s}u from (2.1) so ¢P is normalized
modulo p"~!, though in the exceptional case s = 1 and p = 3, ¥3(22) =
PY(37) = (g * since 37 = 10*(mod 81). The proof of the lemma is now
complete. O

Lemma 2.2. Let x be any numerical character modulo p” for r > 1 and
normalized as in (2.1). Then for any integer w

X(1+wp®) = G

Proof. The proof of Lemma 2.2 follows routinely from the Binomial Theo-
rem and the observation made at the outset of the proof of Lemma 2.1. [

Before proceeding to the statement of the main results here I require a
fact from [10] concerning certain incomplete exponential sums.
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Proposition 2.2. Let x be a normalized generator for the group of numer-
ical characters modulo p*, a > 1, and y # 0(mod p). For any character n
defined modulo q but of order dividing p — 1,

(e _ - a2 z
o)/ (y,p—1) _ {(;fp_ll)p 2 erH/U( )3

yv yv —
UZZLEY(U X(v) n(v) s (y?;:—ll)(%)paTCS \[ZxEH’ ( )(7) g‘fa

according as « is even or odd. (Here H' is the group of (y,p — 1)-roots of
unity modulo p®.)

The above proposition is readily demonstrated by the argument used
in the proof of Theorem 3 and Corollary 10 in [10]. Since that argument
required only minor modification, I shall omit the proof here. Additionally,
since (y,p — 1) and y have the same parity, a re-examination of the proof
there shows that the modified sum fo;;gy’pfl)(%)yx(v)y”n(v) o has the
same value as above.

I am now ready to determine the values R(7, z) for odd prime powers.
The computation of R(n,z) naturally breaks into two cases r > b+ 1 and
1 <r <b+1.1consider the case r > b+ 1 first, with re — d even.

Theorem 2.1. Let ¢ =p" withr > b+ 1, >0, v > v and o(n)|p — 1,
where re — d is even. Then

_ € ¢ —dy, b Lip_ x
R(n, 1) = ¢~ DP9 (E)rrepl 055058 57 (S i,
p zeH p

The sole exception whenp=3 andr =b+3 > 3 is
_re—d b T
R(n,1) = (b+2e)(g)3f(v S9)+8 3 (3) 7(x) i

reH

Furthermore, R(n,z) = 0 if T # 1(mod pP*1) else R(n, z) is deter-
mined from R(n®,1) by (1.5) where z = v (mod q).

Proof. One may write n = 9% with p"~!|w. Then from (1.7) and Proposi-
tion 2.1, one finds for any z € Z/qZ* that

1 %9 .
R(n, 2) W Z 7/1] ¢J GP“/(@WHU)
J=L,plj
B pf( —dyi #(q)

_ (1-p)e INeTd (Nahd () G+ (5 (1) +mw
O j%j(pw(z)u) () (j +w)¢]

when re — d is even. One may write the expression for R(n, z) above as
pf ”;dw 1

(b(q) Z Z wv-ﬁ-hz wv-ﬁ-}n(v + hl)<v+th
v=1,ptv =0
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where L = op(thitwn(y 4 g 4 w)Cg”J“”h”m" and each j is uniquely ex-
pressed j = v+ hi with 1 <v < h=¢(p" /1,0 <i<Ip’and ptv,or
equivalently as

p O+ h

§C(1—p)e Z ( )e&v(z)wv(n—l—l)(U)wwn(v)cg(n—&-l)

v
(23) o@ AP

Ipt—1
3 M () D (L + Bhi)M (v + hi)y (1 + dw) M,
i=0

where M = M7 (v hi+w) ™™ (140 (hi+w)) D™ since (1+0hi) (1+
tw) = 14+0(hi+w) mod q as r > b+1. But *("*+D (14-5hi) = C;(nﬂ)hi and
YU (1+ow) = ¢;™ from (2.1) and the fact Y™™ (v + hi +w)y" (v + hi) =
PP (y 4+ hi) = 1 as ¢(q)|h(n + 1). In addition ¢™* (1 + v(hi + w)) = 1,
so the inner sum reduces to

EE, ph if z € (Z/qZ)"™
> M(z) = .
=0 0 otherwise,

since ¢" has order Ip®. Thus R(n,z) = 0 for » > b+ 1 whenever z ¢
(Z/qZ)*" 1. But z € (Z/qZ)*"*! if and only if ST = 1(mod p®*1) from
Euler’s criterion, so the last statement of the theorem follows. In view of
(1.5) it is enough now to compute R(n,1). From (2.3) one obtains

fo=r gty o
e Y e @ ()G Y

(24)  R(n,1) =
v=1,p|p p

f=r5h)+5 h
P 2 2 1—p)e v b
S CED DR U UL (T
v=1,pfv p
Now wpb generates the group of numerical characters modulo p"~°
r—b (

, and is
normalized modulo p except when p = 3 and r = b+ 3, w3b = xV for
some normalized character x modulo 27 with w = 4(mod 9)), by repeatedly
applying Lemma 2.1. By applying Proposition 2.2 with character choice
n"(v)(3) if Lis even, and in view of the comment that immediately followed

h

> |

v v
S) PP () (0) (I, =
v=1,ptv p

p7b_

p - 1 r—b—2 — b*E 2 y € X n X
(p—1)( ) ( )b+ 2(7)1777 (LE) 11;
p zeH p

l p 2 CS r—b
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since | = (y,p — 1) (but in the exceptional case p = 3 and r = b +
3 direct calculation here finds Zii/llﬂw(%)ngby”(v)n"(v) 5= 2iv3(Y) -
Ywer ()" (x) 52Y"). This together with (2.4) yields the expressions for
R(n, 1) as stated in the theorem. O

I next consider the case re—d is odd. Set 7 = Np/q, (Trg )7 [e—d=1yl-e),

Theorem 2.2. Let ¢ =p" withr > b+ 1, > 6, v > v and o(n)|p — 1,
where re — d is odd. Then

R(n,1) =
- —1)(0242be—f) ;Y \bte, T _re=dy b x _ z
A R C R R D Dl el (Ol
reH

The sole exception whenp=3 andr =b+3 > 3 is

R(n,1) = i DEDSIO0-5 04 37 (0 ()6
zeH

Furthermore, R(n,z) = 0 if P # 1(mod p**1) else R(n, z) is deter-
mined from R(n°,1) by (1.5) where z = v"*!(mod q).

Proof. The argument is similar to the case re — d is even. Writing n = "
with p"~!|w, one again finds from (1.7) and Proposition 2.1 that for any
2 € Z/qZ",

(DI g T
¢lg) p
ola) .

S (B e (I + )G

J=1,pfj

=254 +5

R(777 Z) = )p

when re — d is odd. One may rewrite the expression for R(7, z) above as

(—1)f*1 (1-p)(f+€) T\ f(y—re=d)_r h
— G (=)p! 2 2 Z
#(q) p T

Ipb—1
v " ] ] . v+hi+w)n . n v+hi)+nw
3 <Z;>f+€w“+h’<z>w”+h’(v+hz)zb( TR (4 hi 4 w)¢{rED R

i
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where each j = v+ hi with 1 < v < h, 0 <4 < Ip? and p { v, or equivalently
as

(=1 P+ (T fo= 22545,

#q) p
h
Z (%)erequ(Z)d)v(nJrl) (v)¢wn (U)Cg(n+1)w’
v=1,ptv

where W is the inner sum in (2.3). Arguing as before one finds that R(n, z) =
0 for r > b+ 1 whenever z ¢ (Z/qZ)* " and otherwise that R(n, 2) is de-
termined from R(n”, 1) by (1.5) where z = v"!(mod ¢). This time

GO ampreo, Ty sty
2 2

h
Z f+ewv(n+1)( ) n(v)gé)(nJrl)
v= lpffu

R(n,1) =

Applying Proposition 2.2 with character choice n" (v)(%)f ¢ in place of
n"™(v) if [ is even yields the expression for R(n, 1) as stated. Direct computa-
tion yields the result in the exceptional case when p = 3 with r = b+3 > 3.
The proof of the theorem is now complete. O

Next I consider the case 1 < r < b+ 1, where H is just the group of
l-roots of unity modulo p and h = (p — 1)/1.

Theorem 2.3. Let g =p" with1 <r <b+1,5 >0,y > ando(n)|p—1.
Then for z = 1(mod p"~1),

Célfp)epf(

R(n,z) = (_l)f—1C81 P (f+€)(5

n+2)z/p"t ¢ €=
e G () ()

according as re — d is even or odd.
Furthermore, R(n, z) = 0 if 2?~D/L £ 1(mod p™ 1) else R(n,z) is deter-
mined from some R(n°,2") above with 2’ = 1(mod p"~1) by (1.5).

red

n+2)x/p" " pne—
LS G (2)eq ()
)p f(v—’“"‘{d)Jr%—l

Proof. First note that ™! has order dividing p — 1, and write n = ¥
with p"~!|w as before. For the case re — d even, one has from (1.7) and
Proposition 2.1 again

—d)yr #(q)

R(n.2) = P 2 (S () () () ) e,
#(q) i P
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which equals

pf 0= 5)+5 p!

(2.5) ¢(q> Cél—P)e Z(%)E&x(Z)wI(n—’—l)—Hﬂn($)§;(n+1)
=1
o’ H-1
S QP ) @+ pt)y® (L + apt)p T (L + 2w + pt))V,
t=0

where V' = P (x + pt + w)CénH)p Hwn, and each j is uniquely expressed
j=x+ptwithl <z <pand0<t<p(p 1. Since "' and ¥* both
can be defined modulo p, the inner sum above is easily seen to become

o(p" 1)1
Yo PP (@) (L4 Zpt)™ (1 + 2w + pt)) ("

=0
But ¢ (1 — zw) = (/™ from (2.1) and
PP (1 +zpt) ™ (1 + Z(w + pt)) ™" (1 — zw) = (1 + Zpt)p™" (1 + zpt) = 1,

so the inner sum in turn reduces to

¢(p" -1 P(p~ -1
(2.6) o PP @) = 3T ()
t=0 t=0
_ -1
0
n+1 =

according as x z(mod p"~!) or not. The last equality above holds
since ¥? has conductor p"~! and generates the numerical characters modulo
p"~1. Thus R(n,z) = 0 unless z € (Z/p"~'Z)**! in this case. But when
z = v""(mod p"~!) then R(n,z) is determined from some R(n,2’) for
2 = 20"t = 1(mod p"~1) using (1.5). Thus, it suffices to consider z =

I(mod p"~1), say z = 1 + \p"~! for some integer \. Then from (2.5) and
Lemma 2.2

R(n,2) =

,—IZ ¢m 1+>\pr l)wx (n+1) +um( ) g(n—l—l)
CEEH

77"6 d T T4 (n z/pr—1 a € n
— /v )+5— 15(1 —p)e Z Azt (nt e /p"=t (Zyepn ()
rzeH p
_re—d r_ —n)e n+z)x/p" T € —
= p O TR (e ()G (a)
zeH p

since 1 (z"™!) = 1 for € H here as Ip"~!|(n + 1).
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Arguing similarly when 1 < r < b+ 1 when re — d is odd, one obtains
the expression
f( 're;d)+% p—1 T 3

1 f*lc(lfp)(erf) T\P i f+e¢x 5 wz(nJrl) x C:c(nJrl) v

(=177 ¢ (p) 5@ ;(p) (2) (#)¢q
for R(n,z), where V is the same inner sum in (2.5). Again R(n,z) = 0
unless z € (Z/p"~1Z)* !, limiting consideration to z = 1+ \p"~! for some
integer A as before. This time for such z,

— - €),T _re—dy,r_
R(n,2) = (- Cpl 0

p
. Z(E)f+677/_)x(1 + )\pr—l)wr(n+1)+wn(x)cq(n+1)x
zeH p
= (=1)/— —P)(f+e) (T fly -5 d )+5—1 f+e n+z)$/ﬁr_1
= ()Tl S
p zeH p
as before. The proof is now complete. O

The following corollary is the special case K = Q, in Theorems 2.1 and
2.2. It includes the results of Salie [18] when o(n) =1 or 2.

Corollary 2.2. For any v > r > 1 with o(n)|p — 1,

R(n,1) EDINC:

xeH
In particular, R(n,z) = 0 if (%) = —1 else R(n,z) is determined from
R(n°,1) by (1.5) where v? = z(mod q) with (v,p—1) = 1.
Example. To illustrate the results above consider the tamely ramified
extension K = Qs(v/—3,v5) with e = f = 2 and d = 1. One has | =
(n+1,p—1) = 1 here,b = 1and y = 1 with 6 = 14+€eand yg = re—d = 2r—1.
For ¢ = 25, one obtains from Theorem 2.3 for v > v =3

R(U Z) _ _52773Cé4+z)/5
for z = 1(mod 5) and any character n with f(n)|5.
For 7 > 2, one may choose II = /5 as uniformizant to find u = 1 so
7= Nrjq,(Trr/T 1=~ 141=€) = 4 in Theorem 2.2. Then for v > ~,
R(n,1) = 5773

for any character n with f(n)|5. The value R(n, z) for z € (Z/qZ)*"*! are
found from (1.5) to satisfy

v —2r+2 v
R(nvz) = (5)527 2 +2<lIa
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where v satisfies v" 7! = z(mod ¢) since o(n)|4. These are in agreement with
values of R(n, z) computed directly using (1.3) for several small values of r.

I conclude this section with a comment concerning the case r = 1. While
the determination of R(7, z) is largely unresolved when K/Q, is tamely
ramified, one finds when K/Q,, is wildly ramified that R(1, z) is a multiple
of a twisted ordinary Gauss period with % terms. To be more precise,
let 1 be a generator for the group of numerical characters modulo p with
n = ¢* for some integer 0 < w < p — 1. The Gauss sums Gp~(x) in (1.6)
for ¢ = p have been determined for any numerical character x modulo p
(chiefly, Proposition 5 in [13]). When K/Q,, is wildly ramified

() = {pf(”‘l)(pf —1) ifo(x)le

0 otherwise.
Thus one finds from (1.7) with ¢ = (e,p — 1) that

p—1
R(n,2) = —— Y )G G (9 T)
i=1
f(771)pf— 1< w— =1 w (p=1
=p dov (2)Gp(v )
p—1-°:9
f(q,_l)pf -1 t w— ®=1DJ _w+(p 1)j =
=p — > T(2) > 0 ()¢
p 7j=1 =1
fo P Z RS e (e
S b DA COID D €

Hence
el -1
R(n,z) =tp’ 0= 3" f(0)¢7,
P= % vezipzy=

an integer multiple of a Gauss period twisted by the character 7.

3. Kloosterman sums for g = 2"

Here I evaluate the Kloosterman sums (1.3) when p = 2. When r =1
direct computation using (1.3) yields

R 2f(v=1) if K/Qy is wildly ramified
,2) = ] .
2/(=1(2f —1) if K/Qy tamely ramified
for any v > ~9. For r > 1, I consider ¢ = 2", r > 1, with » = 2s or

r = 25 + 1 where s’ = s + ¢ with € = 0 or 1, according as r is even or
odd. For any odd integer w, let w denote the multiplicative inverse of w
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w2

modulo 27, and (2) = (1) s and (=2) = (—1)%(%) be the primitive
quadratic characters modulo 8. As before I write n + 1 = 2%y for b > 0 and
y odd, and set [ = ged(n + 1,2). Choose a numerical character ¢ modulo ¢
which generates the even numerical characters modulo ¢ and is normalized
SO

(3.1) (14 2°) = (' forr =2s > 2 even,

Y1428 +2%7 1) = (4 forr=25+1>3 odd, or
() =-1 forr=3.

z—1

Let £(x) denote the quadratic character modulo ¢ given by &(x) = (—1) 2 .
Any primitive numerical character modulo ¢ has the form x = 9" or £ - ¢
for some odd integer v, 1 < v < 2772, So it follows from (1.7) that

(3.2)

2T72

R(??,Z)=L Y. W (2)G(¥7)G pr (W) +E4 (2)Go (607 )G pr (§97n)

99 j_{Toaa

for any z € Z/qZ* since G4(x) = 0 if x is imprimitive.

The Gauss sums Gp~(x) have been determined in [13]. To state the
result it will be necessary to consider, when e is even, the unique solution
L0, T1, -+, Teyo—1 modulo 207 of the following triangular system of linear
congruences:

(3.3) urxo = 21
Uxo + UIT1 = 22

Ue/oT0 + Uej2—1T1 + -+ + UITe/2—1 = Ze/2

where for 1 <i <e/2,u; = 2Tr g7 II~%~%y¢ and z; uniquely satisfy modulo
207 the congruence

2 _ Trgr [I—w—2iy if r odd
O\ Trigr -w=2i 4 (Trg)r -2 %2 if r even,

with w = max(2[d/2] — e,0). One may also uniquely express
(3.4) w1 =wo+ 2w; modulo 407 with wy € U and wy € U U {0},

where U denotes the group of 2/ — 1 roots of unity lying in 7.
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The Gauss sums Gp~(x) are given by

Proposition 3.1. For any odd integer v, ¢ = 2" # 8 with s’ > ¢ and
Y > 70,

Gpr(y*) =2/ s 2)rire=dyyom )

and

G (€)= 207G 20 Dgn () (o),
where for tamely ramified extensions
- {n—|—(4—|—e22_1)f—4 ifr=2s+1
0 if r = 2s.
Otherwise for wildly ramified extensions if d is even,
B {QTT(HdRQ) if r odd

ATr(I- e+ R2 11~ =R R) ifreven ,

and if d is odd,
5f —4+4+ 2TTT/Q2 (TTK/TH_d_1R2

- —(Trg/r112 = R)? Juy) if r odd
5f 4 + 4T7"(H (e+d+1)R2 e e+d+1 R)
—2Try)qQ,(v/u1 + w1 /wo) if r even.
Here R=x9+ 1114+ --- + xe/g_ll‘[e/Q—l where xg, T1, ... Tej2—1 uniquely

solve (3.3) modulo 207, u; = wo + 2wy (mod 407) as in (3.4) and
v = (Trgpll %)% 4 (2Try ) T4 571 R)?
when d s odd.
For q = 8 with K/Qq tamely ramified and x = &%y (v =20 or 1),
2 2e41Y\ (l—y(—
Gpi(x) = (1) OO for y > 0.

The result follows immediately from Theorem 2 and Corollary 3 in [13]
since Gpv(x") = x""(v)ou(Gpv(x)) for any numerical character x defined
modulo q. When K = Q2 and r > 1, Proposition 3.1 reduces to Mauclaire’s
evaluation of the ordinary Gauss sums G(x) for primitive characters mod-
ulo q.

Corollary 3.1. For any odd v, where ¢ = 2" withr > 1,7 # 3

Gq(y") = 2”/2( )G Y (v)¢g
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and
Gy(&-v) = 2”2( )G E (W)Y (0) ¢
Forr =3,
Gs(x) = \[Cs )it x(5) = —1.

The next result is the analog of Lemma 2.2 in section 2 and follows
routinely from the Binomial Theorem.

Lemma 3.1. Let x be any numerical character modulo 2" normalized as
in (3.1) with r > 3. Then for any integer w

V(1 +w2”) = G

Before stating the main result of this section I require some facts about
imcomplete exponential sums of the form
2(172

> XM, A=1(mod 4),

v=1, v=1(mod 4)

where x is a primitive character modulo 2¢ (o > 4) normalized as in (3.1).
It is shown in [10] that

2a—2

(3.5) S XN =27 G,

v=1, v=1(mod 4)

where t()) is a certain integer-valued function of A (chiefly from Proposition
5 and Theorem 2 in [10] in view of (27) there.).

For r odd one has (chiefly, Corollaries 3 and 4 in [10])
12078 if A =1(mod 25
(3.6) t) = L (mod227)
1+ 2% ifA=1+42"2 (mod272 ),

independent of the choice of normalized character x modulo 2%. For r even
one has (chiefly, Corollary 3 in [10])

(3.7) t(A) =1 if A = 1(mod 2%/?).

I am now ready to determine the sums R(7, z). The following result treats
the case b = 0 where [ = 1, so n must be trivial.

Proposition 3.2. For n even with r > 3, s’ > 9 and v > Yo,
R(1,1) = (~1) 152
The sole exception occurs for r =5 when f(5e — d) + K is odd, where
R(1,1) = (—-1)l" 12/
In general for any odd z, R(1, z) is determined from R(1,1) by (1.5).

n+1
q -
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Proof. From Proposition 3.1, Corollary 3.1 and (3.2) above,
or—2

9) -1 odd

2r—2

‘ -

R(1,1) =

<

S

_ S GG ()
(@) ;_; ;5 mod a)
or—2

ISR

_re—dy_r 2 re— e ~(e+R)T 1 4(n . i (n
— of (y="F0)—5+2 Z (5)fre=d)+ ng + )JW( H)(J)Cé( +1)

j=1,j=1(mod 4) J
or—2 2
re—d T _ k 1il(n . i(n
— of(v="5 )—5+2C§+H Z (2 (re=d) g +1)(J)C}§( +1)
j=1,j=1(mod 4)
since ({(2) = Gs for any j = 1(mod 4). Since (2)¢7(j) = »/1+27)(j), it
follows from (3.5), (3.6) and (3.7) that the sum
2r—2

2 —d)+ki(n N\ ~i(n =4 11 —e(n
> Gt ()l = 97 gy
j=1,j=1(mod 4) J

for r > 5 and for r = 4 or 5 when f(re — d) + k is even. The exceptional
case occurs for r = 5 when f(re — d) + k is odd. The case r = 4 with
f(re —d)+ k odd cannot occur here since from Proposition 3.1, x is odd if
and only if d is odd. In particular, for r even, f(re —d) + k is odd only if
feven,d>e+1is odd and & is odd, so § > 2 and consequently r > 4. As
(Z/qZ)*™ ! = Z/qZ*, R(1,z) is determined from R(1,1) for any odd z by
(1.5). This completes the proof of the proposition. O

I now assume that b > 0 (so n is odd) throughout the remainder of the
section and r > 3. The computation naturally breaks into the cases r > b+4
and 3 < r < b+ 4.1 consider the case r > b+ 4 first, where character sums
of the form erx(%)ﬁwgbyx(x) 5y naturally arise, where 3 = 0 or 1 and
X =1{1,5,9,...,2"7%=2 — 3}, These exponential sums have been evaluated
in [10] in terms of the normalized characters 1, modulo 2 in Proposition

6 there. Specifically, let {k,} (a > 3) be given modulo 2%~2 by

{—R(l —227Y) ifa >4 even

(3.8) ko = .
—-R ifa>5 odd,

where R is the 2-adic unit R = ilog 5. Then the normalized characters 1,
modulo 2¢ are given by

(3.9) Ya(5) = Ghoa,Ya(~1) =1 (a>3).
and satisfy
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Proposition 3.3. Forr > b+ 4 with b > 0 and normalized characters 1,
as given in (3.9) above, the sum

(3.10) 3 (3)%3%@) v

zeX J

P (B=0 orl),

with the following exceptions. The sum (3.10) equals 27 CQT b(Eifr =
b+5>6 with3=1, orifb=1 and r even with r > 6 orﬂ—O It equals
TLifr=b+6+#8 with =0, orifb=2 and r even with
r>8or(3=1.

Proof. 1 consider the case r is even first. For b odd, one finds from (3.8)
that

ifb>1
1-27% mod2% ifb=1,

2b R % Ky
Y, =, where
krfb

SO

1 mod 22 ifb>1 and r>b+6
L 1+422mod2® ifb>1and r=b+5
k’" +64277 3 =81 97 mod 2% ifb=1 and r > 6
r—b

1+ 22 mod 23 ifb=1,=0 and r=6
1 mod 23 ifb=1,3=0 and r = 6.

For b > 2 even, one similarly has from (3.8) that

ke (14272 mod 273" ifb>2
~ |1 -2 mod 25 if b=2,

SO
1+ 2r=0=2 ifb>2 and r>b+6
1422+ (323 mod 24 ifb>2 and r=5b+6
kb ~ )1 2% mod 25 ifb=2 and r > 8

1 — 224 323 mod 24 if b=2 and r = 8.

The corresponding values of (3.10) with 7 even when b > 0 follows from
(3.6) and (3.7) or Corollaries 4 and 5 in [10] in view of formula (27) there.

It remains to consider the case r is odd. For b > 0 even, wa = Y,_p SO
ifr>b64+5

1 + or— b—3 _
p {1+ﬂ22m0d23 ifr=>b+05.
For b odd, one finds from (3.8) that

ky

b k
Y2 ="' where

r—b—2 r—b+2
2

r—b
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SO

e {1+2”’2 mod 22 ifr>b+6

]fr—b 1 + 22 + 323 mod 2* ifr=>0+6.

The corresponding values of (3.10) with 7 odd when b > 0 now follow as
before. O

I am ready to state the main result when » > b+4 with b > 0 (so | = 2),
and n of order 1 or 2 so of the form 1 = "% with v =0or 1, w =0 or
273, For convenience I set p = f(re —d) + k + w/2" 3.

Theorem 3.1. Let q = 2" withr > b+4 > 5,8 >0, A\ > \g andn = "YY,
where v =0 or 1 and w = 0 or 2”3 with v normalized as in (3.1). Then

re—d

2
R(n,1) = (?Fb?f(v_ 2

RSV 4 (<)Y,
except when r =b+ 6 with b # 2 or r > 8 even with b =2
2 re—d dy4 b etk—y n v,—€—K —n—
R(n,1) = () "2/ 07 R G (GG

or whenr =b+5>6 orr >06 even withb=1

2 re—dy, b etg n Vp—€—RK—Y —n—
R, 1) = (C)2 07 SED TG 4 ()T,
Furthermore, R(n,z) = 0 if z #Z 1(mod 2°%2) else R(n, z) is determined
from R(n",1) by (1.5) where z = v" ! (mod q).

Proof. From Proposition 3.1, Corollary 3.1 and (3.2) one finds for the choice
of n here that

or—2

Bl e
o2 L T GG ()

=

R(nv Z) =

vanishes for z = 3(mod 4); while for z = 1(mod 4),

(3.11)
2r—2
R(p,z) = 21075597512 " ¢r(j)i(e >( ) (re=drtecltmiyi )y,
7j=1, j odd

where V = ¢nU+w)(j +w)c§(”+1)+m”. Writing j = v+ hi where h = 27072
uniquely with 0 < v < h odd and 0 < i < 2°, one may express the sum
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(3.11) above as

2b—1

_re=dy_r 1/ v+hi 2 re— € (E+K)v
of(v=5%)—5+2 Z Zf ¢+h (v)f( d)+ CEEJF)

v=1,v odd =0

. warhi(U + hi)wn(v+hi+w) (’U + hi+ w)g§v+hi)(n+l)+nw
or equivalently as

9J(

& (v (z) (2)f(re—d)-i-ecée-&-n)vwv(n-i-l) (’U)z/}”w (v)(;’(”ﬂ)

v=1, v odd v

261
Z DM (2)p° (1 + 0hi)™ (v + ki)™ (1 + 5(hi + w))Y,

where Y = " (1 4 o(hi +w))y"" (v + hi + w)CqZ (n )+ Gince (14 vhi)
(1+ow) = 14+0(hi+w) (mod q) as r > b+4, ¢“(1+vhz)w””(1+z7(hi+w)) =
PPN 4 ohi)r (1 + ow) = ¢TI ¢ from Lemma 3.1, Also
PP (v 4+ hi + w)p™ (v 4 hi) = PP (v + hi) = 1 since 27 2|h(n +1). In
addition ™" (1 4 v(hi + w)) = 1, so the inner sum above reduces to

2L {2b it 2 € (Z/qZ) ™+

> (=)
i=0

since ¢" has order 2°. Thus R(n,z) = 0 for 7 > b+ 4 whenever z ¢
(Z/qZ)*™ 1. But if z € (Z/qZ)*" ! then z = 1(mod 2°*2) and setting
B =y (v) Y,

0 otherwise,

(3.12)

h
R(p,2) = 2707075002 S e )

v=1, v odd

)e+f(re—d) CéeJrH)vd)um (’U)B

is determined from R(n?,1) by (1.5) where z = v"! (mod q), so it suffices
to compute R(n,1). Now

w(vfh)(n+1) (U N h)gévfh)(nJrl) _ wv(nJrl) (U)C;)(n+l),(/}v(n+1)(l _ @h)czl_y - B

since v is normalized of order 27~2 and (1 — oh)*™ 1) = ¢¥ from (3.1)

and Lemma 3.1. Consequently, since *"(v) = (2)*/2" " one may write

v
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R(n,1) from (3.12) as

of (7= "5 %)~ 5 +b+2

h
2 € re— — e+K)V S u(n v(n
> Gy () )G
v=1,v=1(mod 4)
+ (_1)z/cg(e+n)vw—v(n+1)(U)C(;v(nJrl))

or equivalently

(3.13) A == E b2 gt 3 (2 )y ()
mGXx
2 b —yz
HA G Y G @)

zeX

where X = {1,5,9,---,2"7%=2 — 3}, It follows now from Proposition 3.3
that if p is even then

2

R(n, 1) _ 2f( re— d)+b (y)r b(C§+I€ nd—H (_1)u<8767n+ygq—n—1)

except when r = b+ 6 with b # 2 or r > 8 even with b =2

TR 4 (1) G T,

or when » > 6 is even with b =1

R(n,1) =

Ry, 1) = 205 C) (GG + ()G TG,

On the other hand, if p is odd then

2

_re—d b r— et+r— n UV —€E—RK —n—
ROp,1) = 20T Oy bt (G,

except when r is even with b = 2

d é €ETR— n VvV -—€E—KR —n—
TR (CETRTYC 4 (—1) G T,

orwhenr=b+5>6o0orr>6iseven withb=1

re—dy b, 2 e+r n Vp—€—K—Y p—n—
R(n,1) = OISR GG+ (G TG,
This completes the proof of the theorem. O

Next consider the case 4 < r < b+ 4 with b > 0. One finds here that
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Theorem 3.2. Let ¢ =2" withr >4, s > 0§, v > and n = Y™, where
v=0or1 andw =0 or 2"~ with 1) normalized as in (3.1). Forr < b+4,
if z =14 p2"~3(mod 2"2) then

re—d

R(n’ Z) _ 2f('y— )+7—2(Ce+fcgn+z ( 1>VC8—e—ncq—n—z)

and otherwise is 0. Forr =b+4, if z =14 (p+ 1)2"3(mod 2"~2) then

re—d

R(n,z) = 27075

T3 (G 4 (— 1))

and otherwise is 0.
The sole exceptions occur for r = 5 where the above formulas hold with
K replaced by k — 2 if z = 5(mod 8) and with € replaced by € — 2n if w = 4.

Proof. As before one finds R(n,z) = 0 if z = 3(mod 4), so assume z =
1(mod 4). From (3.2) and Proposition 3.1 one again has that

1 9r—2 . | | o
R(n,2) = 5 ST G (2)Ga(7) G () = 2T T 542
j=1, j odd
2r—2

PIRRROIAE )(J)E*f DG ()T (G )G,

j=1, j odd

I consider the case r > 5 or w = 0 first, leaving a discussion of the excep-
tional cases until the end of the proof. In this case the above expression
becomes

27‘72

_re=dy_r - e+ K 2 i(n N\ ~i(n
of (v="55)—5+2 Z (¢J(2)48+ (3)%]]( H)(j)Cﬁ( 4
j=1,j=1(mod 4)
<—1>”w<z><§5‘”< )Py I ()¢ )
upon noting that

(3.14) I (GInUH (G 4 w) e = <§>zr3wf ") (5) for j = 1(mod 4)
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and that
—_or—2 r— 2 n . r— :_ or— 2 n i(n . j(n+1
G (g0 (2D = g () () g
since 97 (1) (1 — 327"’2)@_27'72(”“) =1 by (3.1) and Lemma 3.1. Thus

(3.15)

2r—2

SE-grretn Y Gy () ()Y

j=1,j=1(mod 4) J

R(n, z) = 2/

2T72

e S (et (i (),

j=1,j=1(mod 4) J
In particular, for r < b+ 4,

2T—2 2r-4_1
S PEETIGET = GEGHS ()P )

j=1, j=1(mod 4) J t=0

since z/Jj(”H)(j)Cé(nH) = (! again from (3.1) and Lemma 3.1 for j =
1(mod 4). Now

r—4 _ . r— r—
221(_1)”@41&(@ _ {2’" 4if 2 =1+ p273(mod 272)
0

= otherwise,

since ¥* has order 2"~*. Thus from (3.14) with » < b + 4, one finds for
2z =1+ p2"3(mod 2"~?) that

re—d

(3.16) R(n,z) = 2/0—"3

)+%_2(C§+HQE(Z)C¢?+1 + (_1)VC§3_E_Hw(z)C¢1_n_1)7

and otherwise R(n), z) = 0.

When r = b + 4 one sees that @N(”“)(j)cg(nﬂ) = ¢t or = ac-
cording as j = 1 or 5(mod 8) by (3.1) and Lemma 3.1, in view of the
expansion

—1 9 1 1
)2 4 .7 _|_2'r 1] (mOdQT).

=149 2
+ 4 4

] j(n+1) _ (1 +4.
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Now

27‘72

2 ~ il
> PR EG

j=1,j=1(mod 4)

gr—2 gr—2
=G Y M- Y ()
j=1,j=1(mod 8) j=1,j=5(mod 8)
- 2r4-1 2r -1
= Y M) - (0P Y (=)
t=0,t even t=0,t odd
B 2r—5_1
=G (2)(1 = (-1)79'(2) Z ¥ (2)
But
rt 975 if z = 1(mod 2"3)
8ty _
t:ZO YhE) = {0 otherwise,

as ¥® has order 2"7° and ¥*(z) = 1 for 2 = 1(mod 2"72) or —1 for z =
1+2"73(mod 2"2). Thus one finds for z = 1+ (p+1)2"3(mod 2"~2) when
r = b+ 4 that

(317) R(n,z) = DR+ (—1) G ()¢,
and otherwise R(7,z) = 0. Since ¥(z) = C(}_Z for z = 1(mod 4) here, one
obtains the expressions as stated from (3.16) and (3.17).

It remains to consider the exceptional cases when r = 5. If w = 4 the
right side of the expression in (3.14) is found from direct computation to
equal —(%)¢j("+1)(j) 1, leading to the formulas for R(n, z) in (3.16) and
(3.17), but with e replaced by € — 2n. If z = 5(mod 8) one finds that
P(z) = 4 * instead of ¥(z) = (™% in formulas (3.16) and (3.17). These
changes result in the modifications as stated for the exceptional cases.

This concludes the proof of the theorem. O

For completeness I include the evaluation of R(n, z) for the small values
of r, 1 < r < 4, for which the Gauss sums are given in Proposition 3.1,
but R(n, z) is not considered in Proposition 3.2 and Theorems 3.1 and 3.2.
For these cases K/Qg is tamely ramified with 6 = 1+ €. For r > 2 write
n =YW for w = 0 or 2"73 and v = 0 or 1, where ¢ is an even character
modulo ¢ normalized as in (3.1). The values R(7, z) are readily computed
from Proposition 3.1 using (1.7) (see also [Proposition 3, 13]).
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Proposition 3.4. Let K/Qq be tamely ramified with n as above andy > .

of(v= ntz o ifp=1
For ¢ = 4, R(n,z):{o C ;Z:f

() Q)1 4D

2e+41
e;» )_1

For q=8,R(n,z) = 2f(r= 2 ifw=0
0 ifw=1.
For q =16 with n odd,
of (r=254)
_ w/ 24n —(=1)w/ z—n .
R(n,z) = '(<16 gy (—1)”@16( S ) if 2z =1(mod 4)
0 if z = 3(mod 4).

I note that Proposition 3.2 already includes the case for ¢ = 16 with n
even, so there is no need to repeat it above.

Example. To illustrate Theorems 3.1 and 3.2 and Proposition 3.4 above
consider the field K = Q9(2'/?) where f =1, e = 3 and d = 2. K/Qy is
tamely ramified with x = 0 or —1 according as r > 3 is even or odd from
Proposition 3.1, g = re—d = 3r—2, b = 2 and y = 1. Choosing IT = 2'/3 as
a uniformizant, one also has u = 1. Using (1.3) directly to compute R(7n, 2)
for several small values of r yields:
For ¢ =4,
—2/3+z —
R(n,) = {” =l
0 if n=2¢.
For ¢ = 8§,

274(2)(143T2) ifn=1
R(n,z) = 27 4(2)(i* —i)  ifn=¢
0 otherwise.

For ¢ = 16 with z = 1(mod 4)

27— 5(C2+3 + Cl ) if n= 1

27— 5( z+3 < 3) if :é—
R(n,z) = 27— 5( z+3 16 ) if Z _ (%)

G - ) = (22),

else for z = 3(mod 4), R(n,z) = 0.
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For ¢ = 32,
2775( Z+3—|—C3 3) for z = 1(mod 8) with n =
R i (¢ — Gy ?) for z=1(mod 8) withn=¢
(1:2) = g6 <t n g3 %) for z = 5(mod 8) withy = (2)
2775(¢3 Z+3 %) for z = 5(mod 8) withn = (_72),
else R(n,z) = 0.
For ¢ = 64,
27T+ ¢ %) for 2 =9(mod 16) with n =1
R(n, 2) = 277(¢E Z+3 — (5% for 2 =9(mod 16) with n = ¢
TEZ o (¢ Z+3 + C64 =3 for z = 1(mod 16) with n = (%)
27-7(¢E Z+3 ~3) for z = 1(mod 16) with n = (_?2),
else R(n,z) = 0.

The values above agree with those given from Proposition 3.4 and The-

orem 3.2, where p is seen to satisfy p = 525 (mod 2). For » > 6, R(n, 2) is
determined from Theorem 3.1.
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