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A characterization of Eisenstein polynomials
generating extensions of degree p? and cyclic of
degree p3 over an unramified p-adic field

par MAauRrIizio MONGE

RESUME. Soit p # 2 un nombre premier. Nous obtenons une
technique basée sur la théorie du corps de classes local et sur les
développements de certains résultants qui permet de retrouver tres
facilement la caractérisation de Lbekkouri des polynémes d’Eisen-
stein qui générent une extension cyclique totalement ramifiée de
degré p? sur Qp, et de I'étendre au cas de corps de base K qui est
une extension non ramifiée de Q,.

Quand un polyndéme satisfait un sous-ensemble de ces condi-
tions, la premiere condition insatisfaite caractérise le groupe de
Galois de la cloture normale. Nous obtenons une classification
complete des polynoémes d’Eisenstein de degré p? dont le corps
de décomposition est une p-extension, fournissant une description
complete du groupe de Galois et de ses sous-groupes de ramifica-
tion.

Les mémes méthodes sont utilisées pour donner une caractéri-
sation des polynomes d’Eisenstein de degré p® qui générent une
extension cyclique.

Dans la derniére section, on en déduit une interprétation combi-
natoire des fonctions symétriques monomiales évaluées aux racines
de I'unité, qui apparaissent dans certains développements.

ABSTRACT. Let p # 2 be a prime. We derive a technique based
on local class field theory and on the expansions of certain resul-
tants allowing to recover very easily Lbekkouri’s characterization
of Eisenstein polynomials generating cyclic wild extensions of de-
gree p? over Q,, and extend it to when the base fields K is an
unramified extension of Q,.

When a polynomial satisfies a subset of such conditions the
first unsatisfied condition characterizes the Galois group of the
normal closure. We derive a complete classification of Eisenstein
polynomials of degree p? whose splitting field is a p-extension,
providing a full description of the Galois group and its higher
ramification subgroups.

Manuscrit regu le 15 octobre 2012, révisé le 6 juillet 2013, accepté le 3 septembre 2013.
Classification math. 11505, 11S15.
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The same methods are used to give a characterization of Eisen-
stein polynomials of degree p? generating a cyclic extension.

In the last section, we deduce a combinatorial interpretation of
monomial symmetric functions evaluated in the roots of the unity,
which appear in certain expansions.

1. Introduction

In this paper we introduce a technique which can be used to deduce
necessary and sufficient conditions on the coefficients of an Eisenstein poly-
nomial over a p-adic field for the Galois group of the splitting field to be
a prescribed group, when the field is an unramified extension of Q, and
the polynomial has degree p? or p3. Even when not explicitly stated, the
residual characteristic p will always be assumed # 2.

In [Lbe09], Lbekkouri gave a list of congruence conditions for the coeffi-
cients of Eisenstein polynomials of degree p? with coefficients in the rational
p-adic field @), and these conditions are satisfied if and only if the gener-
ated extension is Galois. Since the multiplicative group Uy g, of 1-units of
Q, has rank 1 as Z,-module, and in particular U1,0,(Q;)?/(Q})r = Z/pz, we
have by local class field theory that every Galois totally ramified exten-
sion of degree p? over Qy is cyclic. Consequently when the base field is @,
the problem is reduced to finding conditions for Eisenstein polynomials of
degree p? to generate a cyclic extension.

If the base field K is a proper extension of Q, a Galois extension of
degree p? may not be cyclic, so the restriction of considering polynomials
that generate cyclic extensions has to be added explicitly. If K is ramified
over Q, the bare characterization of the possibilities for upper ramification
breaks is a non-trivial problem (see [Mau71, Mik81]) and the problem seems
to be very difficult for a number of other reasons, so we will only consider
fields K that are finite unramified extensions over Q,,, with residual degree
[ = f(K/Qp) = [K : @,]. In this setting the problem is still tractable
without being a trivial generalization of the case over Q,, and we will show
a technique allowing to handle very easily the case of degree p?.

When studying the norm map of a wildly ramified extension L/K gen-
erated by an Eisenstein polynomial, the Artin-Hasse exponential function
comes into play, and we use it to clarify the connection between the image of
the norm map and the coefficients of the generating Eisenstein polynomial.

While some of the conditions we deduce are necessary for the splitting
field to be a p-extension, the remaining conditions can be tested in their
order on a candidate polynomial, and the first one that fails gives informa-
tion on the Galois group of the splitting field. Taking into account another
family of polynomials that can never provide a cyclic extension of degree
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p?, we give a full classification of the polynomials of degree p? whose nor-
mal closure is a p-extension, providing a complete description of the Galois
group of the normal closure with its ramification filtration. See [Cap07] for
an abstract classification of all such extensions when the base field is Q.

The same methods apply to characterize Eisenstein polynomials of de-
gree p> generating a cyclic extension. In this case the characterization is
substantially more complicated, but the strategy used in degree p? can still
be applied in a relatively straightforward way. It should be quite easy to ap-
ply the same methods to other abelian groups, and should even be possible
to obtain a characterization for some non-abelian group.

In the last section we give a combinatorial interpretation of certain sums
of roots of the unity appearing during the proof, it is actually more general
than what is needed in the present paper, but it has some interest on its
own.

Overview on the general strategy. We give here an overview of our
strategy for deducing conditions on coefficients of generating Eisenstein
polynomials. Let K be a p-adic field that is unramified over Q,, p # 2, so
that p is a uniformizing element of K. Let f(T") be an Eisenstein polynomial
of degree n say, and 7 be a root in a fixed algebraic closure. Let L = K ()
be the extension generated by 7 over K.

Let G be an abelian group of order n equal to the degree [L : K]. By local
class field theory the totally ramified extension L/K is Galois with group
isomorphic to G if and only if Ny /x(Ur) has index n in Uy, and quotient
Uk /Np/k(UL) isomorphic to G. When n is a power of p the groups Uk
and Uy, can be replaced with the 1-units Uy x and Uy 1, so we only need to
check whether U1,K/NL/K(U1,L) is isomorphic to G.

When G is a cyclic group of order p*, it turns out that N = N /k(U1L)
should have a special form. In particular, U; /N is cyclic of order pk if
and only if there exists a subgroup V' C O, that is the preimage of a IF)-
subspace V of codimension 1 in kg (with respect to the canonical projection
Or — ki), and

(1) (NNU; k) C1+4p'V, forall 1 <i<k,
(2) N 2 Upg1,k-

Note also that if (Ux : N) < n, then the last condition is automatically
satisfied. A similar characterization is possible for general abelian p-groups,
but here we will restrict to the case of cyclic group.

If the first condition is verified for ¢ = 1, then N mod p%( is already
sufficient to determine uniquely V. So if N has the requested form for
a suitable V, to test whether Ux /N is cyclic of order p* we can verify
whether NNU; k C 1 +p'V for 2 < i < k. We will test this condition on
N = Ny /k(Uy,L), for an extension L/K.
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By the structure of the norm map over local fields (see [FV02, Chap. 3,
§3, Prop. 3.1]), we have that if j = ¢ /x(k), then Ny x(Ujy1,0) C U1, k-
Since the above conditions are all stated modulo Uy x, we can just con-
sider the subgroup of Uy k/Uky1,x generated by elements Ny, /g (o), for
a set ay, of generators of Uy /U1, If each combination that belongs to
U; ik turns out to be also in 1 + p'V, then the extension is verified to be
Galois with group G.

A suitable set of generator is formed by the elements of the form 14 67"
with (m,p) =1 and 6 € Uk. Consider the group generated by their norms
in U,k /Ug+1,i- Each norm N ()i (14607") can be expressed as function
of the coefficients of the minimal polynomial of f(7'), and in principle the
constraints on the structure of N/Uj 1 g can be translated into conditions
on the coefficients of f(T).

Unluckily the norms Ng(r)/x(1+67™) have a quite complicated expres-
sion in terms of the coefficients. Let E(x) be the Artin-Hasse exponential
function, then the elements of the form E(67™) give an alternative set of
generators of Uy r/Uji1,r, and it turns out that their norms can be ex-
pressed rather easily in terms of the coefficients of f(T').

This method can be extended to classify completely the polynomials of
degree p? whose splitting field is p-extension. In degree p?, a subset of the
condition on the coeflicients for the extension to be cyclic will be shown to
be equivalent to be satisfied if and only if L/ K is decomposable in a double
cyclic extension; that is, there exists an intermediate extension F' such that
L/F and F/K are cyclic of degree p.

This condition is verified if an only if the Galois closure is a p-extension,
and the group of the normal closure L satisfies the exact sequence

1 — Gal(L/F) — Gal(L/K) — Gal(F/K) — 1.

Gal(L/F) is a cyclic and indecomposable Gal(F/K)-module of length <
p, and the isomorphism class of the group Gal(L/F) is identified by the
length of Gal(L/F) as Gal(F/K)-module, and by its exponent (see [MS05,
Wat94]).

If K is unramified over @Qp, it turns out that the ramification breaks
coincide with those of a cyclic extension of degree p? only when Gal(L/K)
has exponent p?, so under suitable ramification hypotheses the exponent is
easily determined. Furthermore, after requesting N N Uy g € 1+ pV, the
other conditions that characterize the polynomials with group isomorphic
to Z/p*Z allow more in general to recover the biggest i (if any) such that
the condition Ny k(Ui ) NUzkx C 1 + p?V fails. This 4 can be related to

the length of Gal(f/ /F), applying the functorial properties of the reciprocity
map.
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When L has a suitable intermediate extension, but the ramification
breaks do not coincide with those of a cyclic extension, then the prob-
lem turns out to be slightly easier, because Gal(L/K) is always a semidirect
product, and the ramification data give almost complete information about
the group. In this way we obtain a characterization of all polynomials of
degree p? whose Galois group is a p-group.

2. Preliminaries

Let K be a p-adic field, p # 2. As usual we will denote with [K*]x the
group of p-th power classes K*/(k*)r. For integers a, b, we will denote by
[a,b] the set of integers a < i < b such that (i,p) = 1.

We start computing modulo which power of p an Eisenstein polynomial
identifies uniquely the extension it generates (this computation is very well
known, see [Kra62] for example): let f(X) = Y7, fnoiX® and g(X) =
S o gn—iX" be Eisenstein polynomials of degree n say, p a root of g, m =
71,2, ... theroots of f, with 7 the nearest one to p, and put L = K (). Let
v be the biggest lower ramification break and Z; = f'(w) be the different,
if

’(fn—i_gn—i)ﬂ'i < 7TU+1@f‘
for each 0 < i < n, then being
n
flp) = f(p anz Gn—i) P’

1=0
we obtain | f(p)| < [T Z¢|. We have

[Tt~ m)| <]

i=1

n

(p—m) - TI(x—m)

1=2

<

because |m — m;| < |p — m;| for i > 2, being 7 the root of f that is nearest
to p. Consequently |p — 7| < |[7¥*1|, which is equal to the minimum of the
|7 — m;|, and hence K(7) C K(p) by Krasner’s lemma, and K(p) = K()
having the same degree.

Ramification breaks. Let now K be unramified over @, then Uﬁ ZK =
Ui+1,K, and consequently by local class field theory the upper ramification
breaks of a cyclic p-extension are 1,2,3,..., and the lower ramification
breaks are 1,p+ 1,p> +p+1,....

For an extension of degree p* having exactly k lower ramification breaks
to < t1 < -+ < tp_1 we can compute vy (Zr/k) as Zi-“:l(pi — p Vs,
which for a cyclic L/ K of degree p? or p? is 3p> —p—2 (resp. 4p> —p*> —p—2),
while vp (7" 2y /i) is respectively 3p? = vp(p®) and 4p* = v (p*). Hence
we obtain the condition on the precision of the coefficients, which we state
in a proposition for convenience:



206 Maurizio MONGE

Proposition 2.1. Let L/K be a totally ramified cyclic extension of degree
n = p? (resp. n = p3) determined by the Eisenstein polynomial f(X) =

o fn—iX"™. Then the lower ramification breaks are 1,p + 1 (resp. 1,
p+1,p?+p+1), v(Z1)K) s equal to 3p2 —p—2 (resp. is 4p> —p*> —p—2),
and the extension is uniquely determined by the classes of f, (mod p*)
and f; (mod p?) for 0 <i <n (resp. by the classes of f, (mod p°) and f;
(mod p*) for 0 <i < n, forn =p3).

2.1. Additive polynomials. We will need a few facts about additive
polynomials, and in particular formulee to express in terms of the coef-
ficients that an additive polynomial has range contained in the range of
another additive polynomial. We resume what we need in the following

Proposition 2.2. Let A(Y) = a,Y? + a1Y be an additive polynomial in
ki|Y] such that A'(0) # 0 and all the roots of A(Y) are in kg, and let
B(Y) =b,YP + Y, C(Y) = cpY? +¢,YP + 1Y and D(Y) = dsY? +
dszp2 + d,Y? + diY be any three other additive polynomials in ki[Y].
Then

e B(kk) C A(kk) if and only if b, = ap(b1/a1)P, and in this case B(Y) is
equal to A(b1/a;Y),

e C(kK) C A(kg) if and only if ¢y = ap(c1/ar)P +a1(¢,2/ay)'/?, and in this
case C(Y) can be written as A(BYP + ¢1/a,Y) with B = (¢2/ap)"? or
equivalently = cvfa; — apfay(¢1/ar)P.

e D(ki) C A(kk) if and only if al/ap(dp3/ap)1/p + (dr/ar)P = dp2/a, +
(ap/ar )P (d1/an)P".

Note that being kg finite and hence perfect the map x — zP is an
automorphism, and we just denote by z — 2"/? the inverse automorphism.

Proof. Since A’(0) # 0 and all the roots of A(Y) are in kg we have from
the theory of additive polynomials (see [FV02, Chap. 5, §2, Corollary 2.4])
that if B(kx) C A(kg) then B(Y) = A(G(Y)) where G(Y) is an additive
polynomial, which will be linear considering the degrees, G(Y) = aY say.
Consequently it has to be B(Y) = a,o0?Y? 4 a1aY, and comparing the
coefficients we obtain that o = (b1/a;)P and should also be equal to b»/a,.
Similarly if C'(kx) C A(kk) it can be written as

C(Y) = A(BY? +aY) = a,8°Y"" + (apo? + a1 8)Y” + aya,

and we deduce o = ¢1/ay, BP = ¢,2/a,; and we obtain the condition substi-
tuting «, 5 in ¢, = apa? + a1 6. If D(kk) C A(kk) then D(Y') has to be of
the form A(YY?* + BYP? + oY) and hence

ap'prp3 + (apfs® + al’y)Yp2 + (apa® + a1 8)YP 4+ a10Y,
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o =difay, v = (4,3/a,)"/?, and BP can be written in two different ways as

dy2/a, — al/“p(dp3/“p)l/p = (4r/ar — /a1 (d1/ar)P).

The condition is clearly also sufficient. O

The following proposition will also be useful. It gives a criterion to verify
if the splitting field of an additive polynomial of degree p? is a p-extension
(that is, either trivial, or cyclic of degree p), which is slightly easier to test
than the condition itself.

Proposition 2.3. Let A(Y) = Y?* + aYP +bY be an additive polynomial
in kg[Y], than the splitting field is a p-extension over Ky precisely when
A(Y) has a root in k¥, and b € (k)P L.

Proof. 1f the Galois group is a p-group then any non-trivial orbit has car-
dinality divisible by p, and the action on the roots of A(Y) should have
a fixed point other than 0, n € Ky say. If § = nP~1 then the roots of
YP — BY are a subset of the roots of A(Y'). Consequently by [FV02, Chap.
5, §2, Prop. 2.5] A(Y) can be expressed as B(Y? — Y for some additive
polynomial B(Y’), which has to be monic too, B(Y) = Y? — aY say. The
roots of B(Y') have to be in kg or it, and hence A(Y'), would generate an
extension of order prime with p, and consequently « has to be in (le()qu
and b= aff € (kx)P~1 as well.

In the other hand if a root 7 is in kKx we can write A(Y) = B(Y? — YY)
for 3 = nP~1, and replacing Y by nZ we can consider B(nP(ZP — Z)), and
the generated extension is an Artin-Schreier extension over the extension
determined by B(Y'). Consequently we only need the extension determined
by B(Y) to be trivial, and this condition is verified precisely when b €
(k)" O

2.2. Sum of roots of the unity. Let {; be a primitive ¢-th root of the
unity for some ¢ > 1 (in any suitable field of characteristic 0), we define for
each tuple A = (A1, \a,..., \,) of r integers the sum

a0 = Z §21A1+L2>\2+"'+L’">"”,

where the sum ranges over all the r-tuples ¢ = (¢1,...,¢,) such that 0 <
t; < —1 for each i, and the ¢; are all different.

We deduce some property of the sums Xy (¢) to help expanding the ex-
pressions that will appear. For each A = (A1, Ag,...) and integer k put kA
for the tuple (kA1, kg, ... ). For integers ¢, k, m let’s define the functions

5[,”]{5 if £>mand ¢k,

Lk 0 in any other case,

and put 0y = (Sﬂ for short. Then we have
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Proposition 2.4. Assume (¢,p) = 1, £ > 1. For each tuple A we have

Ypa(l) = X\(€). For k > 1 we have ¥;)(£) = 0k, and X 1)(f) = 55}]€+17

and if (k,p) = 1 we also have ¥ ) (f) = 55,]€+p and X p2)(0) = 52

£,k+p?”
Furthermore we have (1 11)(£) = 52]3, Yp11)l) = 55]]#2 and X p1)(0) =
S50l

£2p+1°
The proof can be obtained via an easy computation, but we omit it being
also an immediate consequence of the more general Lemma 6.1 proved in
the last section.

3. Polynomials of degree p? generating a cyclic extension

3.1. Conditions on the valuations of coefficients. We deduce now the
necessary conditions on the valuations of coefficients for the Galois group
to be cyclic of order p?. Let as above f be an Eisenstein polynomial of
order p? with coefficients in K unramified over Qp, p # 2, ™ a root in the
algebraic closure and L = K (7).

By Prop. 2.1 the different f’(7) has L-valuation equal to 3p? — p — 2, so
in the expression of f’(m) the valuation comes from a term fp+1X7’2*p*1
with vp(fp+1) = 2, we must have vy, (f;) > 2 for all (¢,p) = 1, and v,(f;) > 3
if furthermore ¢ > p + 1.

Since the first ramification break is at 1, coefficient of X? in the ramifi-
cation polynomial f(X +m) needs to have L-valuation equal to (p*>—p)-2 =
2p? —2p (because p? —p roots of f(X +7) have L-valuation 2). A monomial
fp2—i(X + )" contributes at most one term (;) fp2_im™ PXP in XP; the val-
uations of these terms have different remainders modulo the degree p?, and
consequently the smallest valuation of the (;) fpz_iw"*p has to be 2p% — 2p.
The minimum is achieved for i = p?> —p and we must have vp(fp) = 1, while
vp(fpr) >2forall2 <k <p-1.

We have deduced the following

Condition 3.1. We must have
o u,(fp) =1, and vy(fpi) > 2 fori e [2,p—1],
o u,(fi) > 2 fori e [L,p—1], v(fpr1) = 2 and vy(f;) > 3 fori €
[[p + 27p2 - 1]]
Turning to 0 all the f; divisible by p3 for i # p?, a change that preserves

the generated extension by Prop. 2.1, f(X) can be written as
(3.1)

OO =X X070 frae 30 fy XU 3T X

N—— jeﬂ2ap_1]] kE[[l,p+1]]
m m
POIX] p*O[X]
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3.2. Conditions on the norms of units. Let L be the extension gen-
erated by a root 7 of the polynomial f(X), by local class field theory it
is a totally ramified abelian extension precisely when Ny, /i (L*) N Uy x =
Npk(Ur,r) has index p? in Uy i and the corresponding quotient is cyclic.

Because Uj11,x = UffK for each ¢ > 1, to have a cyclic extension
Np/i(Ur,L)Uz ¢ must have index p in Uy i, and N x(Uyr) N Us i in-
dex p in Us k.

For each i > 0 we have a natural map (xp) : Pi/pid? — p%'/pit? induced
by multiplication by p, and for i > 1 being (14 6p")? = 1 +0p+1 + O(pi*2)
we have a natural map (1 p) : Uix/U; 1 x — Uit1.5/U; 15 i induced by taking
p-th powers. The diagram

; ) Xp i )
4 1 i+1 2
Vicfiid W i

(3.2) mt Mi+1l )

Tp
U@K/UiH,K — Ui+1’K/Ui+2,K

where p; is induced by = — 1 + z, is commutative.

So if the quotient is cyclic of order p? then NL/K(ULL) N Uy g will cer-
tainly contain Ny, x(U1,1)PUs i, which has index p in Uz k, and conse-
quently has to be equal to it. For L/K to be Galois cyclic we need

(3.3) Npg(UiL) C1+pV, Npx(U) NUs g €14 p°V

for some V' C Ok that is preimage of an [F,-subspace of Ox/px of codi-
mension 1. Note that V' is uniquely determined by Ny k(U1 1)Uz as a
subgroup of Uy k.

If i > 1 then Ny i (Uit1,) C U¢L/K(i)+luK (see [FV02, Chap. 3, §3.3 and
§3.4], like in [FV02] we put Uy, = Uf,,x when z is not an integer), in our
case this amounts to Ny x(Uz,1) € Uz x and Ny /x(Upra,r) C Us k.

Consequently, when the correct ramification hypotheses are verified, the
extension L/K of degree p? will be cyclic if and only if

(1) given a set of elements whose images generate U1,./U, 1, their norms
are contained in 1+ pV for V C Ok as above, and

(2) given a set of elements whose reduction modulo Up4s 1, generates
Ui,L/Upy2,1, €ach x obtained as combination of said elements and
such that Ny i (v) € Uz k satisfies Ny /g (v) € 1 +p?V.

3.3. Expression of norms of units. We will take as (redundant) gen-
erators of U.r/U,,, ;, the elements of the form (1 — x*) for £ € [1,p + 1],
plus those of the forms (1 — 67)P, for € O that are multiplicative repre-
sentatives. The generators of the form (1 — é7)P can be discarded from the
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check, considering that we are already requesting Ny /i (1 — 07) € 1 + pV,
so their norm is certainly in 1+ p?V.
The norm of an element of the form 1 — #x¢ can be expressed as

Npx(l—0r")= [ (1—06n))=Resx(1-0X" f(X)),
il f (m:)=0

where ; are the roots of f(X) and we denote by Resx the resultant in X.
For a polynomial a(X) of degree d let’s denote by a(X) the conjugate
polynomial X%a(X~1). Then for each pair of polynomials a(X),b(X) we

have Resx (a(X),b(X)) = Resx (b(X),a(X)).
Consequently Ny /(1 — 97’) can also we written as

/—1
Resx (f(X), X! —0) = H F(cio
i=0

for some primitive /-th root of the unity. Expanding of the right hand side,
only integral powers of 8 will appear, being invariant under the substitution
0" — (,0"¢. In the same way while the terms in the expression belong
to K({y), the result is always in K, and the above expansion should be
regarded as a combinatorial trick.

Let’s put T = 6"¢ and consider it as an indeterminate. From the expres-
sion of f(X) in the (3.1), Ny k(1 — 67") can be expanded as

/-1

! in2 2 . 3 .
(1507 + 3o+ S e ¥ pitt).
= jel2p-1l ke[1,p+1]

Mm
PK m

P

For each tuple A = (A, A2, ..., \,) of 7 integers put fAT!M for the term

1 fAZ.TAi, that can appear in the expansion of the above product. For
each k > 0 let my(\) denote the number of parts \; equal to k.

In the term f, T, the coefficient f;, appears at the my(A)-th power. Such
my () coefficients come from my(\) factors of product, and in the i-th factor
f1.T* has a coefficient Czk, if present. Consequently the coefficient of fyT1*!
in the expansion can be computed over all the ways we can partition the
1,¢r, 2, ... in sets Iy of cardinality mg()), for k& > 0, and computing the
sum of [[>0 zer, x¥, over all possible choices. Note that while computing

2/\(€> = Z Cé1A1+L2)\2+...+LT>\T’
1=(t1,0eusr)

the my(\) parts of A equal to k correspond to factors of the form [oer, z",
and we have one such factor for each ordered choice of my(\) elements
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of 1,@,([2, .... Consequently the coefficient of fAT in the expansion is
1
exaCtly m . 2)\(6)
In particular, discarding the terms with valuation > 3 and subtracting
1, the above product can be expanded modulo p? as

Pr 2 [ Z(p) (f) . prp + E(pz)(f) . prTp2
1 2y, 1 2
+5 8000 ST + B2y (O)  fpfp T 7 + S D2y (0) - [2 T

Pic 3 + ) (Z(pj)(e) : fpijj) + > (E(k)(@ ' fka) ,

J€[2,p—-1] ke[[1,p+1]

which applying Prop. 2.4 can be rewritten as

P3| 501 fyTP + 601 f,2 TP
1 2 2 2 1 2
Gy [T = A o T = SO T
> .
P + > buih T+ Y b T
J€[2,p—-1] ke[l,p+1]

Recall that dy7 = 0, unless £ = 1. For £ = 1, the expansion reduced
modulo p? tells us that the norms in Ui,k are of the form 1+ f,7% +
fpsz2 + O(p?) for some T. Consequently put Fj, = fr/p, Fp = fy2/p and
consider the additive polynomial

(3.5) AY)=FpY?P + FY

over the residue field. It defines a linear function, if V' is the range A(kx)
then NL/K(Ul,L)UZK is contained in 1 + pV, and V has codimension 1
precisely when the map defined by A has a kernel of dimension 1, that is
when —F»/F, is a (p — 1)-th power (if K = Q, we must have V' = 0 and
the condition is F2 = —F),).

Condition 3.2. We must have —Iv/F, € [

Now for ¢ > 2 the first part of the expansion (3.4) is 0, and we must
check if the remaining part is in p?V, for each ¢ and each value of T* = 6.
Note that we only consider the £ prime with p, we are allowed to do so

because all the 5%] appearing satisfy (i,p) = 1. Consequently for ¢ > 2
the expansion can be written as a polynomial Cy(T") = ¢ > (kep)=1 cre(TH),
where for each ¢ prime with p we denote by Cg(Tg) the polynomial of T*
obtained evaluating equation (3.4), but changing the definition of 63’7)] to
be 1 if a =b, and 0 if a # b (so in particular ¢, =0if £ > p+1).
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Fix £ > 2, then ¢;(T*) can be obtained via Mobius inversion

ke
Z 'u(k)cwli?): Z (,U(k‘) Z Cjkg(TjM))
(k,p)=1 (k.p)=1 G.p)=1
= > (Cz‘e(T“)-Zu(k))
(4,p)=1 ki

by change of variable i = jk, obtaining c,(T*) by the properties of the
Moébius function p. In view of the isomorphism Pi/p3, — U2.k/Us x induced
by =+ 1+ z and specializing the argument T*¢ of Ce(T*) to 8 we have
that

1 1k
1+ %Ckg(ﬁk) =Nk (1 - Gkﬂkf) (mod p?),

for each ¢,k prime with p and each § = T*. Consequently 1 + £ - co(6) is
congruent modulo p? to the norm of

(k)
1 (1-6)""" = Br") (mod ).
(k,p)=1
where F(z) is the Artin-Hasse exponential function (in its original form,
according to [FV02, Chap. 3, §9.1]). We can equivalently require all
Ny i (E(07")) to be in 14 p?V, for £ € [2,p+ 1] and § € Uk.
Put Ay(Y) = e(Y)/p2, depending on ¢ we obtain
—FpFeYP + GpY {=p+1,
GoeY? + GeY teBp—11,
—3FLYP 4 (Gop = SF2)YP + GoY (=2,

where for convenience we have put G; = fi/p? for each i # p,p?. They are
all additive polynomials.
Hence we have obtained the

Condition 3.3. For each ¢ € [2,p + 1], it is necessary that Ay(kr) C
A(kK)-

We are now left to consider the norms of elements of the form 1 + 67
but such that Ny g (14 67) € Us k. This is the case if and only if 6 is such
that gP"—P = —Jfo/f> (mod p). Consider again the (3.4) for £ = 1, in this

case D p)=1 cx(T*) differs from Cy(T) = Np/k(1—Tn) — 1 by the extra
term

1 2 1 2 1 2\ 2
—G o T = fpfy TV = ST = o (o1 + £,217°)
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which is however even contained in p* for 7' = 6. Since we already required
all polynomials cx(Y*) to take values in p?V when k > 2, our requirement
becomes that

c1(0) = f,207 + f,07 + f10
should be contained in p?V too, for each # as above. Hence we have the

Condition 3.4. Let 6 be such that 67" ~P = —Ir/f,2 (mod p), it is necessary
that c1(0)/p2 € V.

Collecting all the above conditions, and applying Prop. 2.2 to obtain
conditions on the coefficients, we obtain the following theorem.

Theorem 3.1. Let K be an unramified extension of Qp, p # 2. The Eisen-
stein polynomial f(X) = XP 4 X7 fp2—1 X + fp2 determines a
cyclic extension of degree p* over K if and only if

(1) vp(fp) =1, and vp(fpi) = 2 fori € [2,p—1],

(2) vp(fi) =2 2 for i € [L,p—1], v(fp+1) = 2 and vp(f;) = 3 for i €

[[p + 27]92 - 1]];

putting F, = To/p, Fp = f2/p, and G; = fi/p* for all i # p, p? we have

(3) —Fo/F,5 € Ko ",

(4) GZ—H = —Fé’“}

(5) G = Fy2 (Ge/R,)?, for all £ € [3,p — 1],

(6) Gop = Fpe (G2/F, )P + %Fp (Fp - F;ép)a

for each 0 such that 67P~1) = —Fv/F 5, we have that

(7) FpXP + Fp X — }% (fp29p2 + fp(9P> — G10 has a root in kx.

4. Polynomials of degree p? whose Galois group is a p-group

In this section we consider different families of polynomials that generate
extensions of degree p? whose Galois closure is a p-group, and we will begin
considering polynomials that satisfy a subset of the conditions stated in
Theorem 3.1. We prove a preliminary proposition, first.

4.1. Galois actions in tower of degree p2. Let K be unramified over
Qp, p # 2, F/K and L/F totally ramified extensions of degree p such that
L/F has ramification break > 1, and F'/K has ramification break 1 and is
cyclic, with group generated by o say. In the notation of Theorem 3.1, if
L/K is generated by an Eisenstein polynomial having a root m, then the
only f; with v,(f;) =1 are f, and f..
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Let mp be a uniformizing element of F. For some 6 € K we can write
ng_l) =1—-0Prp+...

by [FV02, Chap. 3, §1, Prop. 1.5], because L/F has ramification break > 1.
Assume 7p = Np,/p(7), since 71';—?_1) is killed by Np/x and N/ (U r) C
U, we have Ny (1 — 0m) € Uz i, the first part of the expression (3.4)
should vanish, for ¢ = 1 and T = 0. Consequently we have PP~ —
—Fp/F 5. Its easy to verify that the same holds for any other uniformizer
np of F, writing it as power series in 75 (and indeed #»/F, is an invariant
of the extension F'/K not depending on the choice of the uniformizer 7p,
as can be proved using the theory of residual polynomials [Ore28], see also
[MP99, GP12]).
We obtain inductively the following proposition.

Proposition 4.1. For each 1 < { < p we have

_1\¢
WE;T 2 =1— kPl 4 ...,
for some integer k prime with p, where gr(r—1) — —Fp/sz.

4.2. Lower ramification breaks 1,p + 1. We return to the study of
the extensions of degree p? whose Galois closure is a p-group, considering
the first case. Let’s keep the hypotheses on the ramification breaks of The-
orem 3.1 (and consequently conditions 1 and 2 of the theorem), we will
describe the Galois group of the normal closure when not all the remaining
conditions are satisfied.

We will also assume condition 3, it is satisfied if and only if L contains
a Galois extension of degree p of K, a necessary condition for the normal
closure of L/K to be a p-group. Note that this hypothesis is always satisfied
for f(X) if K is replaced by a suitable unramified extension.

In view of the proof of Theorem 3.1, the first failing condition among the
4,5 (for £ as big as possible), 6 and 7 in Theorem 3.1 allows to determine
the biggest possible ¢ such that Ny x(Usr) N Us k is not contained in
1 + p?V, with V defined as in the proof. We expect this observation to
provide information about the Galois group of the normal closure.

Let L/K be totally ramified, and generated by an Eisenstein polynomial
of degree p? satisfying conditions 1,2 and 3 of Theorem 3.1. Let F be the
Galois extension of degree p of K contained in L corresponding to the
ramification break 1, then L/F has ramification break p + 1.

We need L/F to be Galois: by local class field theory this is the case
precisely when the map Up+1.0/U, 5 1 — Up+1.7/Up15 p induced by N p is
not surjective. Since the map Up+1.7/U, 15 r — U2.5/Us i induced by Np/f is
an isomorphism by [FV02, Chap. 3, §1, Prop. 1.5], we are reduced to study
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the image of Up+1.0/U,. 5 in U2.x/Us . Considering elements of the form
E(0nPT1) for § € OF, by the proof of Theorem 3.1 this map is described
by the additive polynomial A,1(Y’), and is non-surjective precisely when
Gp+1/FpF, is in /ﬁ’;{_l. Consequently we will always assume the

Condition 4.1. We require Gp+1/F,F,, € kb1

This condition is necessary and sufficient for the Galois closure of L/K
to be a p-group, and again is always satisfied if we replace K by a suitable
unramified extension.

For an F,[G]-module M we respectively denote by soc’(M) and rad’(M)
the i-th socle and radical of M. If o is a generator of G, the radical of I, [G]
is generated by o — 1, and we have

rad’(M) = ]\4("*1)17 soc! (M) = {a: i 0} .

Let G = Gal(F/K) and L be the Galois closure of L over K, we want to
compute the length of Gal(L/F) as a F,[G]-module using the first un-
satisfied condition when applying Theorem 3.1, and we will show that
such length determines completely Gal(L/K) in the present case. If F(®) is
the maximal abelian elementary p-extension of F, considering Gal(F®) / F)
as an IF,[G]-module this amounts to computing the smallest m such that
rad™(Gal(F®) /F)) is contained in Gal(F®) /L).

For 0 < i < p let’s consider the submodules S; = soc?~*(Pr) of Pp =
[FX]p (Pp = Gal(F®) /F) canonically, via local class field theory), and let
K; be the class field corresponding to S; over F. For 0 < i < p we have
[Uit1,r) C S; and thus the highest upper ramification break of Gal(K;/F)
is < p, and in particular being p + 1 the unique ramification break of L/F
we have that K; 2 L for i < p. Note also that K is the maximal elementary
abelian p-extension of K.

Let K’ be the field corresponding to rad!(Pr), it is the maximal p-
elementary abelian extension of F' that is abelian over K, and as such
it corresponds to Np/i(F*)P via the class field theory of K (because F
corresponds to N/ (F*)). Considering the structure of Pp =T, [G]®/ &F,
as a Galois module we have that

radi(PF) = soc? " (Pp) Nrad'(Pp) = S; N rad’(Pr),

for each i, and rad'(Pr) corresponds to K'K; via class field theory of F,
so we are looking for the smallest m such that L ¢ K'K,,. Since L and
K’ are never contained in K; for ¢ < p and K’ has degree p over Ky, this
inclusion holds if and only if L and K’ generate the same extension over
K, (and L will too, being K'K,, Galois over K). This is the case if and
only if K/ ¢ LK,,, and this condition is consequently equivalent to the
F,[G]-module Gal(L/F) having length < m.
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Proposition 4.2. For each 1 < m < p, Gal(L/F) has length < m if an
only if K' C LK,,.

We can now show that if K’ ¢ LK,, for some m < p, then Gal(L/K)
cannot be the split extension of Gal(F/K) by Gal(L/F). This is essentially
a consequence of Gal(K,,/K) being the quotient of Gal(K,,4+1/K) by its
socle. Indeed, Gal(K,,+1/K) lives in the exact sequence

1 = Pr/Simy1 — Gal(Kpq1/K) = G — 1,

and all p-th powers in Gal(K,,+1/K) are clearly G-invariant elements of
Pr/S,.+1, and hence contained in Sm/S,,.;. It follows that the quotient
Gal(K,,/K) has exponent p since we quotiented out all p-th powers. On
the other hand Gal(K’/K) has exponent p? so if K’ C LK,, then also
Gal(LK,,/K) does, having Gal(K,,/K) exponent p we would have a con-
tradiction if Gal(L/K) had exponent p too. If Gal(L/F) has greatest pos-
sible length m = p, then there is only one possibility for the isomorphism
class, which is the wreath product of two cyclic groups of order p, see
[MSO05, Wat94].

The above observation can be viewed as the fact that, for m < p, K,
is the compositum of all extensions of degree p whose normal closure has
group over F of length < m as [F,,|G]-module, and whose group over K is the
semidirect product extension (and hence has exponent p). The extensions of
F whose group of the normal closure over K is not the semidirect product
and the length is m are obtained taking a subextension of K,,K’ that is
not contained in K,,, nor in K,,_1K’.

Now K’ is not contained in LK, precisely when there exist an element in
Gal(K?*8/K) fixing LK,, but not K’; any such element is in Gal(K?®8/L)
and we can consider its projection to Gal(L*’/L). Since the image of the
Artin map ¥y : LX — Gal(L*/L) is dense in Gal(L*/L), we can take
such element of the form Uy («) for some o € L*. Having to fix K; we will
have Np i (a) € (K*)P by the functoriality property of the reciprocity map
(see [FV02, Chap. 4, Theorem 4.2]), [Ny, /p()]F € Sy, because Ky, is fixed,
and N g(a) ¢ Np/x(F)P because the action is non-trivial on K’. On
the other hand the existence of such an element ensures that K’ ¢ LK,,.

If L and K are as above, we have proved the following proposition.

Proposition 4.3. Let 1 < m < p be the smallest possible integer such that
for all a € L* satisfying N, () € (K*)? and [Ny p(a)]F € Sy we have
Npjk(a) € Np/g(F*)P. Then Gal(L/K) is the unique p-group that has
exponent p* and is an extension of G = Gal(F/K) by an indecomposable
F,[G]-module of length m.
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We now determine the (p — m)-th socle S, of Pr for each 0 < m < p,
and deduce the ramification breaks of the normal closure.

Consider the images V; = [U; p|p of the U; p in Pp for i > 1, and put
Vo = Pr for convenience. If G is generated by o say, the radical of [F,[G]
is generated by (0 — 1) and we have Vi"_1 C Viq1. Since V,, = V41 and
Vpt2 = 1 we have that Vj, is killed by o — 1, V,_1 by (¢ — 1)? and so
on, so that Vi1 C socP™* Pp = S for 0 < k < p, while clearly Sp = 0.

_1\k
Furthermore if 75 is a uniformizing element of F' we have ﬂg D" ¢ Vie\Vies1
_1\k
and wg D" ¢ Sy, for 0 < k < p, so comparing the dimensions we have that

o—1)k
Sk = <7T§; 2 > + Vk+1.

If m is like in the proposition and > 2, let & € L* be an element
that provides a counterexample to the proposition for m — 1, and such
that ¢ = vp(1 — Np p(a)) is as big as possible. Then ¢p ., /p(t) is the
ramification break of K'LK,,_1/LK;,—1, which is also equal to that of
LK'K;,—1/K'K,,—1 considering that K'K,, 1/K,;,—1 and LK;,_1/K;—1
have the same ramification break equal to ¥, /p(p + 1), and the total
set of breaks of K'LK,,_1/K,,—1 has to be preserved. By the definition of
Sm—1 and S;, we have that ¢ can be either m — 1 or m, unless m = p where
t is either p — 1 or p + 1.

By local class field theory K'K,,_1/F corresponds to the subgroup A =
rad™ ! (Pr) of Pp, and LK'K,, 1/F to another subgroup B with index p
in A, and ¢ is the biggest ¢ such that some z € V; N A has non-trivial image
in A/B. Passing to the groups A" and B’ of the elements sent by o — 1 into
A and B respectively, A’ = soc?~™*2(Pr) corresponds to K, 2, and B’ to
L'K,,_» where L' is the subfield of L corresponding to soc!(Gal(L/F)) as
F,[G]-module. The upper ramification break of the new relative extension
is Yk, ,/r(s) where s is the biggest integer such that some y € Vo N A" is
nontrivial in A’/B’. Being A = rad™ !(Pr) each z € A\ B is of the form
x =y’ ! for somey € A’\ B, s0 s =t—1 unless t = p+1 where it becomes
s=p—1.

Because Gal(L'/F) has length m — 1 and the field L” fixed by
soct(Gal(L'/L)) is contained in K, o, and V,, o D A’ D V,,_1, we have
that s is also the ramification break of L'/L” with respect to F, that is
the break is ¥ v /p(s). Repeating this observation for m — 1 steps we have
that the upper ramification breaks over F are either 1,2,....m —1,p+ 1,
either 0,1,...,m — 2,p + 1 depending on whether an element o € S;,,_1
contradicting the proposition for m—1 can be found in V,,, or not, where for
convenience a “ramification break” of 0 indicates an unramified extension.

We proved the
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Proposition 4.4. Let 1 < m < p be like in the Prop. 4.3, if we can find an
a such that Ny i (a) € (K*)P\ Np/g (F*)P such that [Ny, /p(a)]r € Vin C
Sm, then the normal closure E/F 1s totally ramified with breaks 1,2, ..., m—
1,p+1. If not, then f//F has inertia degree p and upper ramification breaks
L,2,....m—2,p+1.

For an extension determined by an Eisenstein polynomial f(7'), we will
determined the biggest 1 < ¢ < p—1 such that the requirements of Prop. 4.3
fail for = m—1. Forall { = p—1,...,2,1 in descending order, if we cannot
find a suitable o with [Ny p(a)]r € Vii1, we inductively test S¢ O Viyq
(deducing that Gal(L/F) has length £+ 1 and there is an unramified part),
and whether V; D S, (in this case Gal(L/F) has length £ and the extension
is totally ramified).

Testing the existence of an « such that [Ny, p(a)]r € Viq1 is easy, and
is the condition of the theorem connected to A,.1(Y) for £ = p —1, or to
Ay if £ < p— 1. At the subsequent step we allow [Ny p(a)]F to be in

Sy = <7T1(g_1)£> + Vip1: by Prop. 4.1 for 6r—1) = —Fp/F 5 and for some k
prime with p we have
RRCa e gy v A
= NL/F(l — kezﬂj) =+ O(TF%—FI),

in view of [FV02, Chap. 3, §1, Prop. 1.5] and being ¢ smaller than the
ramification break p+1. In particular the image of Ny, /p(1 —0'n*) generates
S¢/Viy1, and testing the condition for Sy is equivalent to verifying whether
Ag(ég) evV.

Note that A2(9_2) has the simplified form G2p§2p + G962, and testing if
FpeX? + F,X = Ay(A°) has solution in kg is equivalent to checking, after
replacing X by #‘X and dividing by ¢, if there are solutions to

Ep(—Fp[F )P XP + F, X — Gpy(—Fo/F )77 — Gy = 0.

Note that for £ = 1 we just test if c1(6)/p? is in V, like in the last condition
of Theorem 3.1.
We have the

Theorem 4.1. Let K be an unramified extension of Q,, p # 2. Assume that
f(X) satisfies conditions 1, 2, 8 of Theorem 3.1, and keeping the notation

assume additionally that

(1) Goir/FyFz € 1B

Let L be the extension determined by f(X), L the normal closure over K,
and F the unique subextension of degree p contained in L. Then Gal(L/K)
is an extension of G = Gal(F/K) by the indecomposable F,|G]-module
M = Gal(L/F), Gal(L/K) has exponent p*> and is a non-split extension
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unless M has length p. Considering the first of the following conditions that
fails for a given polynomial, we obtain depending on the case:

(1) if GgH + —Fg’“, then M has length p and L/F is totally ramified
with upper ramification breaks 1,2,...,p—1,p+1;
assuming equality in the previous condition,
(IT) if G # Fp2 (G¢/F,)" for some £ € [3,p — 1] (that we select as big
as possible), or if said equality always holds but Gap # F2 (G2/F,)" +
3F, (Fp - F;ép> (and in this case we put £ = 2), then let

U(X) = Fp2(_Fp/Fp2)Z/po + X - Gp£<—Fp/Fp2)Z/p — Gy;

we have that
e if U(X) has no root in ki, then M has length £+ 1 and L/F has
inertia degree p, and upper ramification breaks 1,2,... 0—1,p+1,
o if U(X) has some root in kg, then M has length ¢ and L/F is a
totally ramified with upper ramification breaks 1,2,...,0—1,p+1;

assuming equality in all previous conditions, and putting PP~ = —Fp/F 5,

(111) if Fp XP + Fp, X — z% (fp29P2 + fp9p) — G160 has no root in ki, then

M has length 2 and E/F has inertia degree p, and upper ramification
break p + 1.

All conditions are satisfied precisely when all requirements of Theorem 3.1
are satisfied, and in this case L/ F is Galois cyclic of degree p?.

4.3. Lower ramification breaks 1,¢, 1 < £ < p — 1. It turns out that
we just worked out the hard case of the classification of all polynomials of
degree p? whose Galois group is a p-group.

We keep the notation of the previous part of this section. We have clas-
sified in Theorem 4.1 all polynomials such that L/F' has ramification break
at p+1 and the normal closure is a p-group, and it turned out that the con-
dition on the ramification break is sufficient to guarantee that the Galois
group of the normal closure has exponent p?. Conversely if the ramification
break is < p — 1 then either L C K, for some m < p, Gal(L/F) has length
< m, and Gal(L/K) is the splitting extension of G; either Gal(L/F) has
length p. In the latter case there is only one possible isomorphism class
for Gal(L/K), which is both a split extension and has exponent p?, and is
isomorphic to the wreath product of two cyclic groups of order p.

As above, let £ be the smallest integer such that [Ny /p(L*)]F con-
tains Vp41. The ramification break of L/F is equal to ¢, and the length of
Gal(L/K) as G-module can be £ when the norms also contain Sy, or £ + 1

if this is not the case. Since Sy = (771(571)2) + V41 to resolve this ambiguity
we should test whether [Wg_l)é]p € [Nr/r(L*)]F. Since 771(;7_1)2 € U, r and
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we assumed Ny p(L*) D Upy1 p, we can just test whether

Npp(1+0rt) = 277D L ottt

for some unit 6 € Uk.

Let’s focus in the extension generated by f(T'); we start deducing the
condition for L/F to be Galois, and will subsequently determine the above
length. Factoring (in L) the ramification polynomial f(X + 7) over the
Newton polygon we have that f(X + 7) = Xg(X)h(X), where g(X) has
degree p — 1 with roots of valuation ¢4 1 and h(X) degree p? — p and roots
with valuation 2. We can take g(X) to be monic and with roots 7¢(7) — 7,
where 7 is an automorphism of order p of the normal closure of L over F' and
1 < < p, note that L/F is Galois if and only if g(X) = XP~ 14 491 X +go
splits into linear factors in L.

If we can write 7(7) — 7 = nrT! + ... with n € Uk, then F(r) = L con-
tains an element that approximates 7(m) better than any other conjugate
of 7(m), and consequently F(7(m)) C L by Krasner lemma, and it follows
that L/F is Galois being L = F(m). On the other hand if L/K is Galois
we certainly have such an expression for some 7. Since

p—1
(4.1) go = H (t'm —m)
=1
p—1
(42) = H Z.777TZ+1 = _np—lw(p—l)(m_l)
=1

we have that L/F is Galois if and only if —gg is a (p — 1)-th power.
The term in X? of f(X + m) is (up to higher order)

2 _
(p p) Fpr? I XP = o XP
p

where hg is the constant term of h(X), while the term in X is
Xf/(x) = (0° =) frm? 771X = goho X
where r should be p? — (p — 1) + p and v,(f,) = 2, considering that f’(r)
is the different and has valuation (p?> —p) -2+ (p—1)- (£ + 1).
Since (p2p_p) = —1 (mod p), by the definition of r we have taking the
ratio of the coefficients of the monomials above that

1) l—p—
g _ orfmTT ey

a-DE+1) — fpmP° =2

:rfr/fp'ﬂ-_p2 + = —’ffr/fprQ + ...

beingﬂ'p2:—f0—|-....
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Since 7 = ¢ (mod p) we obtained that 77! is equal to ¢fr/f,f,», and it
is contained in 2! if and only if g is a (p — 1)-th power in L. Put again
Fy = Iv/p, Fj2 = F2/p and G; = fi/p? for i # P, P

Condition 4.2. L/F is Galois if and only if {Gr/F,F, is in /#;(_1, where r
is equal to p*> — (p — 1)0 + p.

We will now determine the exact length of the Galois module. Let’s recall
from [FV02, Chap. 3, §1, Prop. 1.5] that

Npp(1+ Ot =14 (0P — P 10)ne + ...,

while ,
W&f_l) =1—kp'nh+...

for pp~1 = —Fv/F, and some integer k prime with p, by Prop. 4.1. For a
suitable o we can assume k = —1, then we must test the existence of a 6
making the above expressions equal modulo p‘*1. It follows that the length
of Gal(L/K) is precisely £ when X? — /R F X = p' has solution in s,
and £ + 1 if this is not the case. Replacing X by p‘X and dividing by p¢
this is equivalent to testing whether

(—F/F2) XP — (Gr/rp, X —1=0
has solution in k.

Consequently we obtain

Theorem 4.2. Let K be an unramified extension of Qp, p # 2. Let 2 <
¢ <p—1anletr=p?>—(p—1)l+p, and assume that f(X) is an Eisenstein
polynomzial such that

(1) vp(fp) =1, and vp(fpi) = 2 fori € [2,p—1],

(2) vp(fi) > 2 for i € [L,r — 1], v(fy) = 2 and vy(f;) > 3 for i €

[[T + 17]92 - 1]];

and putting F, = Fo/p, Fpe = I2/p, Gi = Ji/p? for all i # p, p? we have

(8) —Fo/F,, = pP~1 for some p € kg,

(4) (Gr/FF 5 = P~L for some i) € K.

Let L be the extension determined by f(X), L the normal closure over K,
and F the unique subextension of degree p contained in L. Then Gal(L/K)
is a split extension of G = Gal(F/K) by the indecomposable F,|G]-module
M = Gal(L/F). Furthermore for

U(X) = (—F/Fp) XP —(Gr/FF X — 1

we have that

e ifU(X) has no root in rx, then M has length {41, and L/F has inertia
degree p and upper ramification breaks 1,2,...,¥,
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o if U(X) has some root in K, then M has length £, and L/F is totally
ramified with upper ramification breaks 1,2,...,¢.

4.4. Lower ramification break 1 (with multiplicity 2). What is
left is the easy case for £ = 1, which is studied separately. In this case
L/K has 1 as unique ramification break, v,(f;) = 1 while v,(f;) > 2 for
i € [2,p? — 1], and consequently put F; = fi/p for i = 1,p,p?. The map
Ui,L/Us, — Unk/Us  induced by Np /i is described by the additive poly-
nomial A(Y) = szYp2 + F,YP + 1Y, and L/K is Galois precisely when
Np/k(Ur,L) = 1+ pW for a subspace W of codimension 2 in kg, that is
when A(Y) splits completely in k. On the other hand the normal closure
L /K is a p-extension if and only if L becomes abelian elementary over the
unique unramified extension of degree p of K, or equivalently if A(Y) splits
completely over the unique extension of degree p of k. Applying Prop. 2.3
to the polynomial A(Y') we obtain the following theorem.

Theorem 4.3. Let K be an unramified extension of Qp, p # 2. Assume
that f(X) is an Eisenstein polynomial such that

(1) vp(fp) <1, and vp(fpi

)>2 forie[2,p—1],
(2) v,(f1) =1, and v(f;) > 2

forie[2,p* —1],
and putting Fy = fifp for i = 1,p, p?

(8) the polynomial szYp2 + F,YP 4+ F1Y has a root in Ky, and Fi/F, €

(k)P

Let L be the extension determined by f(X), and L be the normal closure
over K. Then

o if szYp2 +E,YP+F1Y does not split completely in ki, then L/ K has a
unique subextension F, Gal(L/F) has length 2, L/F has inertia degree
p and upper ramification break 1, and Gal(L/K) is a split extension of
Gal(F/K) by Gal(L/F),

o if szYp2 + F,YP + F1Y has all roots in kk then L/K is a totally
ramified abelian elementary p-extension.

Theorems 4.1, 4.2 and 4.3 cover all possible ramification breaks of the ex-
tension L/F, so they completely describe the Galois groups of polynomials
of degree p? whose splitting field is a p-extension.
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5. Polynomials of degree p generating a cyclic extension

We proceed with the same strategy used for the polynomials of degree
p?, starting from the conditions on the valuations of the coefficients.

Let f(X) = XP 44 Jp3—1X + fp3, since the different has now valua-
tion 4p3 — p?> — p — 2 it will come from the monomial Jp2apr1 X p3_p2_p_1,
Vp(fp2api1) = 3, vp(fi) > 3 if (4,p) = 1 and wvy(f;) > 4 if furthermore
i > p?+p+1. Let 7 be a root, the coefficient of the term of degree p of the
ramification polynomial f(X + m) will have valuation (p3 — p?) - 2 + (p* —
p)-(p+1) = 3p>— p* —2p and has to come from a monomial fys_;(X + )"
contributing the term (;)fps,iXpﬂi_p. We deduce that i = p> — p? — p,
Vp(fp2ip) = 2, vp(fpi) > 2 for (i,p) = 1 and v,(fp;) > 3 if furthermore
i > p+ 2. Similarly, considering the coefficient of the term of degree p? of
the ramification polygon, which must have valuation 2p® — 2p?, we obtain
that v,(f,2) = 1 and wvy(f,2;) > 2 for all indices such that (i,p) = 1.

Condition 5.1. We must have

(1) vp(fp2) = 1 and vp(fp2;) > 2 fori € [2,p—1],

(2) vp(fpi) = 2 for alli € [1,p — 1], vp(fp24p) = 2, and vp(fpi) > 3 for
alli € [p+1,p* —1],

(3) vp(fi) = 3 for alli € [1,p* +p—1], vp(f21ps1) = 3 and vp(f;) > 4
for alli € [p* +p+2,p3 —1].

Working like in degree p?, we require NL/K(ULL)]”%1 NUit1,1 to be con-
tained in 1+ p*V for 1 < i < 3 and some [F)-vector space V, and after
determining V' we will have to verify the condition on the combinations of
the norms of elements of the form 1+ 67 for a unit #, and 1 < ¢ < p*>+p+1
and (¢,p) = 1.

Let’s expand again Hf:o f (Q?'T) modulo p*. Taking into account the val-
uations of the f; and evaluating directly the ¥y (¢) via Prop. 2.4, it can be
written (ordering terms by increasing valuation) as

(5.1) p3| 001 [T + S fyp TV
1 12 2 2 s4p2  Lop2 ’
+§5£7%fp22T2p +6£4]J+1fp2fp3 v +§5£7%f53T2p

D DAY A S AT
je[2,p—1] ke[1,p+1]
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(5.3)
1 0[3] 23 m3p2 | <[3] 2 rpB+2p? 2 2p3+p?
+*5 f2T +6&p+2fpf T +5£2p+1f fPT
2
_5_35[@3% po + Z 5KJ+1fp fp2 TP+ +5£21fp fp pZTp
jel2.p—2]
2] 2]
I D DL T T kb D DI S T
ke[1,p+1] jel2,p—1]
+ Z 5£2k+p2fp for " Ry Z O, fpi T
ke1,p+1] j€lp+2,p%-1]
+ Y SnfeT"
L ke[1,p2+p+1]

While this expansion looks scary we can start noticing that because the p-
th power map induces an automorphism of multiplicative representatives,
considering the expansion modulo p? all conditions stated in Theorem 3.1
must be satisfied with fp; in place of f;. Consequently put F; = fi/p for
i = p?,p3, Gy = gifp? for i € p[l,p+ 1] or i € p?[2,p — 1], let A(Y) =
FYP+FY and put V = A(kf). Such conditions are satisfied if and only
if V' has codimension 1 in kg and the norms contained in Uy g or Us i are
respectively in 1 + pV and 1 + p?V, so we will only have to consider the
norms in Uz k.

Like in degree p?, for £ > 2 the above expression can be written as
D(0) = £- 3y di; (6%) where the dy(T*) are the polynomial obtained inter-

preting 5%} as a Kronecker’s delta, and 1+£-dy(f) = N(E(67%)) (mod p*).

For ¢ = 1 there are exceptions because (52?] =0 for £ < m.

The norms contained in U3 i are required to be in 1 + p3V, and let’s
concentrate first on the case of £ € [p + 2,p% + p + 1] so that the norms
Npk(1 +0r') already live in Us, i, and the first few terms of the expansion
disappear. For such indices £, dy(f) must be in p?V for each representative
6, and dividing by p? we can consider the additive polynomials A,(Y) =
d¢(Y)/p3, which, depending on ¢, are

—Gp—p2)FpY? + H)Y e p?+1,p% +p+1],
HpyYP + H)Y 0e[2p+2,p*—1],
F4FRY? + (Hy — FipGppyn)YP + HY  £=2p+1,
~FFp Y + (Hp — FppGp—p))YP + HiY €€ [p+3,2p—1],
(FpF% — Fj Fpy2) Y7 4 (Hyy — FjpGop)YP + HyY £ = p+2,

where we have put Hy = fx/p? for k € [1,p? +p+1] and k € p[p+2,p* —1].
Condition 5.2. For each ¢ € [p+2,p*+p+1] we require A¢(ri) C A(kk).
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For ¢ < p+ 1 the problem is a bit more complicated because in general
the norms of 1—#x! will not be contained in Us, i, but a proper combination
of norms of elements of this form may be, and we should require it to be in
1+ p3V. However the elements of the form N k(1 —nm)P for some n € O
have norms covering all possible classes in Us i /Us i, and consequently
each Ny /g (1— 9r*) can be reduced into Us x multiplying it by an suitable
Np k(1 —nm)P for a certain n; we must test whether all such ratios are
actually in 1 + p?V, more complicated combinations will be automatically
ensured to be in 1 + p?V.

Since the map Pi/p‘;( — U2.k/U, ;¢ induced by x +— 1+ x is still an iso-
morphism we have that a suitable combination of the of 1 4 67¢ (e.g. via
the Artin-Hasse exponential) has norm of the form 1 4 dy(#). Depending
on 2 < ¢ < p+ 1, the remaining term, which we call g¢(Y), is

{— fos [P + fp2+pr} — [ fYPF foY L=p 1,
{F2Y” + [P} = fafoe)Y? + Y Cefp—1),
{Fop2 V7" + Fo Y7} + 5 3Y7 4+ 2 v7
Sy fap Y+ [3Y (=3,
_1r2vyp? _ 1y2 p? p _
{372Y7 + (for — 312) Y7 + foV P} + oY £=2,

where under braces are the terms that are not identically in p3.. On the
other hand

N(l+nm)=1+ fpgnp3 + fpznp2 + fonP mod p*V

and consequently
N +nm)P =1+ {pfpsnp3 +pfp2np2} +pfpr” mod p°V,

where the terms under braces are again those not identically in p3.. Con-
sequently let’s consider the polynomial

WZ) = (pfp 2" +pfpZP} +pfpZ,

for fixed Y we will look for Z = ¢,(Y) such that g,(Y) — h(¢¢(Y)) € p3,
in order to require it to be in p?V as well. Since we obtain an additive
polynomial when g, and h are divided by p? and reduced to kg, for each
{ we can take a ¢, that is the preimage of a suitable additive polynomial
with coefficients in kg

The additive polynomials 9¢(Y)/p?, which we denote by B,(YP) replacing
YP by Y, are forced to have image contained V', that is the image of 2(Y)/p? =
A(YP), and the condition is that By(Y) = A(Dy(Y")) for some other additive
polynomial D,(Y") whose coefficients can be deduced easily.
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In particular, being A(Y') = F3YP + F»Y and By(Y') the polynomials

—FPQFp3Yp + Gp2+pY l=p+1,
(5.4) GogY? + GpY tels, p-1,
2
—LFAYP 4 (Gop — SFR) VP +GopY (=2,

in view of Prop. 2.2 we can take as D;(Y) the polynomials

Gpe/F Y te[3, p+1],
(5:5) _1pteyet Gop/F Y £ =2

27" p3 p? :

Now, By(Y?) = A((D,”(Y))?) where D,”(Y) is Dy(Y) with the map
x — 27 applied to the coefficients. Given the definitions of A(Y) and
By(Y) in terms of the h(Y) and g¢(Y'), we can take as ¢,(Y) any lifting of
D/"(Y) to O[Y].

For 3 < ¢ <p+1let’s take a p € Ok such that pP = Gpe/Fpg = fpe/prQ,
then Dy(Y) = pPY and we can take ¢4(Y) = pY, and the condition is that
all polynomials I%(gg(Y) — h(¢¢(Y))) must take values in V. Considering
that

Woe(Y)) = {pfsp” Y + pfap’Y?} + pfopY,

depending on ¢ they are

(—fpafp2/p3 - 101,312172/192)1/7)2

+ (G = T2 Jp2) = FjaGyp| YP + (Hpi1 — Gpp)Y

for{ =p+1,

2

[(—fng/p3 — fp3pp2/p2> — FpQGpQ(Z—l)} Y?

—|—(fp£/p3 — fp2pp/p2)Yp + (Hf - Gpﬁ))/,

fora </=p-—1, and

1

1
Y + [(fgpz/ps — I f?) + S Fh — By Gng} y¥

+(fap/p? — 120" /p?)YP + (H3 — Gpp)Y

for £ = 3.
For ¢ = 2 let’s take p,7 € Of such that pP = Gr2/F, = fo2/pf,, and

7P = —3F;s = —3f3/p°. Then Dy(Y) = 7PYP + pPY so that we can take
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d2(Y) =7YP 4 pY, and we have

W(62(Y)) = {pfp (TYP + pYP* 4 pfia(rY? 4+ pY )P |+ pfp(rYP + pY)

p—1 / 92
= Pt Y 4 pfap” VY 4 pf Y (ﬁ;) 7=y W=D O (pt)
i=1

p—1
(]

i=1
+pfptY? + pfppY.
Considering that %(7;) = %(f;) (mod p) and the terms in the sums can be
paired in elements that are p s (I’Z.’;)Zp +pfp2 (f)Z for 7 = Tip(p_i)Yip+(p_1)

and hence in p?V for each Z, it follows that up to some element in p3V we
can write h(¢pz(Y)) as

3 3 2 2 2
P! YV + (pfsp? + 0L )YP + (pfpep? + 0 fom)Y? + pfppY.

Consequently up to some element of V the polynomial I% (2(Y) — h(¢2(Y)))
is the

1 : : 1
<_2f§3 p® — prTpd/pz) Ypd + <f2p2/P3 - §f§2 »* — fp3‘0pQ/p2 - fp2Tp2/p2>Yp2

+ ((Bfy” = F,207]) = Gy ) YV + (Ha — Gyp) Y.

which is required to take values in V.

One last effort is required: for £ = 1 in the case that 1 — #7 has norm in
Us i (and hence in 1+ p?V'). That is, when 6 is such that A(67°) = 0, the
norm of (1 — 7)(1 —nm)~P must be € 1+ p3V, for all n making said norm
in U37K.

Let # =T be as required, the terms that disappear because £ = 1 are

1 2 2 2 3+ 2 1 2 2 3 1 2 3 2
ST T fp fp TV 4 T :§(fp2TP + £ )
then
1 2 30,2 3,2 1 3
gfj’QTSP + [ [TV T2 4 [ [ TP+ 3 FET =
1 3
3 (fPQTPQ + fp3Tp3) ’

and the sums can be decomposed as sums of ( fpsz2 + [T pg) fpijPQj

and of ( fpng2 + fpsTpg) forTPF, and in particular all such terms are in p}
considering the hypotheses on T'.
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Consequently such terms can be assumed to be present, and removing
the extra terms we already studied (or considering the norm of F(f7)) the
remaining terms are

w(T) = fp3Tp3 + fpsz2 - fp2fp3_p2Tp2 + TP + fiT.

Assume 1% ( fp30p3 + fp39P2 + fPGP) can be written as Fpso_apz) + Fj2aP for
some @, then taking any lift o of @ we can consider w(6) — h(a), which

comes from a norm of the required type, and should be in p3V.
At last, we can state the

Theorem 5.1. Let K be an unramified extension of Q,, p # 2. The Eisen-
stein polynomial f(X) = XV + X4y fp—1 X + fp3 determines a
cyclic extension of degree p* over K if and only if
(1) vp(fp2) = 1 and vp(fy2;) > 2 forie [2,p—1],
(2) oy (foi) > 2 for all i € [Lp— 11, vp(fyrsp) = 2, and vy(fy) > 3 for
alli € [p+1,p* —1],
(3) vp(fi) >3 foralli e I,p?+p—1], Vp(fp2apt1) = 3 and vy(f;) > 4
for alli € [p? +p+2,p%—1],
putting F2 = f2/p, Fs = f3/p, and Gi = fifp? for all i in p?[2,p — 1] or
in p[1,p + 1] we have
(4) —Fp2/rs € ko !,

_ +1
(5) Gg(erl) - _FI})OQ ’

(6) Gz = Fps (Gep/sz)p fort € [3,p—1],
(1) Gop = Fys (Gon/p2) + §Fp (B = FIT),
if p is such that pPP—1) = —F2/F 5 we have (independently of p)

(8) 1% (fp3pp2 + fp2pP + fpp) = F3aP + Fpa for some a € ki,

putting H; = fi/p? for i in [1,p? + p + 1] or in p[p + 2,p* — 1] we have
(9) _Gp(é—p2)Fp3 = Fps (HZ/FPQ)p for t € [[p2 + 1,p2 +p+ 1]],
(10) Hpp = Fs(HefF2)P for £ € [2p+2,p* — 1],
(11) HP(2P+1) — FpQGp(p—i-l) = Fp3 (H2p+1/Fp2)p + sz (Fp3Fp2)l/p,
(12) Hpe — FpeGhp—p) = Fpa(He/Fp)P — FPQ(FP2(€*p))1/p for £ € [p+3,
2p — 1],
(13) Hp(p+2ﬂ) — Fp2G2p = Fps (Hp+2/Fp2)p + sz (Fgg — szz)l/p,
for each £ € [3,p+ 1], let py be such that p] = Gpe/F . Then
(14) putting Ppy1 = Hpi1 — Gpppt1,

>
Qp+1 = (f112+p/173 - fp2p§+1/172) - FpZGpv Rp+1 = <_fp3fp2/173 - fp3p§+1/1’2)a
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we have Qpi1 = Fps(Fo+1/F )P + sz(Rp+1/Fp3)l/p,
(15) for each 4 < < p—1 putting P, = Hy — Gppq,

2
Qe = (Foefp® — F200)p?) = F2Gp, Ry = (—fp2€/273 — fy3ry /p2> —FpGpre-),

we have Qp = Fs(Pt/F5)P + F2(Re/F, 3)'",
(16) putting Ps = H3 — Gpps,

2 1
Q3 = (f3p/p3 - fpng/p2)7 R3 = (f3P2/p3 - fp3p§ /PQ) + gFﬁz — Fp2G2p2
we have %sz (F;S)I/P + Fy3(@s/F5)P = Rz + Fs(Fs/F0)P (P3/F )P,
let pa, 72 € O such that ph = Gr2/F,, and 7_'52 = —%Fps. Then
(17) putting

Py, = Hy — Gpp, Q2 = (f2p/p? — F2P"[p?) — G, T,
Faya o — =Pl — 507 fy2 — Fa? L2 par
Ry = fop2/p —3 2/p> — TP [p?2 — T2 [p? ), Sp = —5 3/p> — 137" [p

we have Fa(S2/F,3)"? + Fys(Q2/F 2 )P = Ry + Foa (B3 /F o )P (P2fF,0)7,
if p,& are such that ,BPQ(I”_l) = —F2/F 3 and

1 _ o _
— (fp3pp3 + fpzpp2 + fppp) = F&P + Fpé?,

(18) we have that

1
= (F (07 =€)+ L2 (07" = &) + folp? = €) = Frofyop2p? + f1p)
is also of the form FP + Few for some @ € k.

6. Sums of roots of unity

We finally prove the lemma about the ¥, (¢), it is actually much more
than needed but nevertheless is has a nice statement, and could be useful
in similar circumstances:

Lemma 6.1. Let A = (A1, A2, ..., \y) be an r-tuple, then
E)\(f) — Z K#J H #,\(J) 1 #)\(_] _ 1)

,\:quJ,\(J) JjeJ

where the sum is over all partitions A = |_|]€J)\ (as set) such that for

each j € J the sum |)\(j)| of the elements in A\9) is multiple of ¢ and #\9)
is the cardinality of the subset A1),
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Proof. Let Ay the set of all possible indices in the sum (with no constraint)

A0:{0,1,...,5_1}T:{(Ll,...,LT)\Lie{o,1,...,e—1},v@'},

and, for each pair of integers (i,j), let A; ;) be the subset of of indices
(t1,...,¢r) such that ¢; = ;. For each A C A denote by 3(A) the sum
over all the indices in A. By inclusion-exclusion we have that

A0 = Z(Ao) — Z(Ug, ')A(i '))
=) AO Z E Z E(A(Z’]) N A(ild‘l)) — ...
(4,4) (1,j)7é(i'aj')

Now let A be the intersection of all the sets A(
pairs

ike,k) for any collection of

P ={(i1,j1),...,(is,Js) }ses

(indexed by s € S, say). Let’s consider the graph with R = {1,...,r}
as vertices and the (i, ji) as edges; splitting R in connected components
R = Uier R, (indexed by t € T, say) we can see that the allowed indices
t € A are those constant on each Ry; calling ¢; the value taken on R; the
sum X (A) becomes

Ar)

=11 Z Cz Zoren )

teT 1+=0

and this sum is ¢#7 when all the > rer, Ar are multiple of £, and 0 if
not. Note that ¥(A) appears with sign equal to (—1)7* in the inclusion-
exclusion, so for each partition of R in sets R; such that the sum of A, for
r € Ry is multiple of £ we have to consider the all graphs with set of vertices
R and such that each R; is a connected component, and count the number
of graphs with an even number of edges minus those with a odd number of
edges. Now the total difference is the product of the differences over all the
connected components, so we have

SO= > N [Epe

A=l A0)

where for each ¢ we denote by K; the difference of the numbers of connected
graphs on 7 vertices having an even and odd number of edges.

The difference of the number of connected graphs K; on i vertices with
an even or odd number of vertices can be computed fixing an edge, and
considering the graphs obtained adding or removing that edge. Those such
that with or without it are connected come in pairs with an even and
odd number of edges, the other graphs are obtained connecting two other
connected graphs on j and i —j vertices. In particular choosing j—1 vertices
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to make one component with the first vertex of our distinguished edge we
obtain ,
1 .
i
Kt =— Z N Kimj+1 K41
=0 \J
for ¢ > 0, and K; = 1. Calling G(X) the exponential generating function
>oico %Xz we obtain that

d
G(X) = ~G(X)?

with the additional condition that K7 = 1, and this equation is clearly
satisfied by 1/(14x), which can be the only solution. Consequently K, =
(—1)" - 4! and the lemma is proved. O
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