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Hecke operators in half-integral weight

par SoMA PURKAIT

RESUME. Dans [6], Shimura a introduit la notion de formes mo-
dulaires de poids demi-entier et leurs algebres de Hecke; il a aussi
établi leur lien avec les formes modulaires de poids entier via la
correspondance de Shimura. Pour les formes modulaires de poids
entier, les bornes de Sturm permettent de déterminer des généra-
teurs de 'algebre de Hecke comme module. L’on dispose également
de formules de récurrence bien connues pour les opérateurs T,. en
les p premiers. Le but de cet article est d’établir des résultats ana-
logues dans le cas de poids demi-entier. Nous donnons également
une formule explicite sur la commutativité des opérateurs T,c avec
la correspondance de Shimura.

ABSTRACT. In [6], Shimura introduced modular forms of half-
integral weight, their Hecke algebras and their relation to integral
weight modular forms via the Shimura correspondence. For mod-
ular forms of integral weight, Sturm’s bounds give generators of
the Hecke algebra as a module. We also have well-known recursion
formulae for the operators T,c with p prime. It is the purpose of
this paper to prove analogous results in the half-integral weight
setting. We also give an explicit formula for how operators T}
commute with the Shimura correspondence.

1. Introduction

In [6], Shimura introduced modular forms of half-integral weight, their
Hecke algebras and their relation to integral weight modular forms via the
Shimura correspondence. For modular forms of integral weight, Sturm’s
bounds give generators of the Hecke algebra as a module. We also have
well-known recursion formulae for the operators T)x with p prime. It is the
purpose of this paper to prove analogous results in the half-integral weight
setting. We also give an explicit formula for how operators T\, commute
with the Shimura correspondence.

Let k, N be positive integers with k& odd and 4 | N. Let x be a Dirichlet
character modulo N. We shall denote by Mj,/5(N, x) the space of modular
forms of weight k/2, level N and character x, and by Sy /o(N, x) the sub-
space of cusp forms. We shall write Ty, for the Hecke algebra acting on
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234 Soma PURKAIT

these spaces. For definitions we refer to Shimura’s paper [6]. It is well-known
[6, page 450] that T,, = 0 for n not square.

Theorem 1.1. Let p be a prime and { > 2 be a positive integer. If p | N
then as Hecke operators in Ty s,

Lo = (sz)e.
If pt N then
T ooevo =TT 20 — X(p2)pk_2T 20—2
p p*p p
as Hecke operators in Ty, /o.

Let N’ = N/2. Let t be a square-free positive integer. For k > 3,
Shimura [6] proved the so-called ‘Shimura correspondence’

Sh; : Sk/Q(N, X) — Mk—l(N,7X2)7

where Mj,_1(N’,x?) denotes the usual space of modular forms of integral
weight k& — 1, level N’ and character x2. Note that in Shimura’s proof, N’
was taken to be N and he conjectured that N’ = N/2, which was later
proven by Niwa [4].

It is well-known [2] and [5, page 53] that for p{ ¢,

Shy(Ty2 f) = T,(Shi(f))

where T}, is the usual integral weight Hecke operator. Our next theorem
shows that the same identity holds even when p | tN, and also gives the
precise relationship of how T commutes with Sh; for all primes p, and
for ¢ > 2.

Theorem 1.2. Let p be a prime and let f € Sy, /5(N,x). Let t be a square-
free positive integer. Then

She(Tp2 f) = Tp(She(f)).
Let £ > 2. Then
(a) If p| N then

Sh(Tee f) = T,e (She(f))-
(b) If pt N then

Shy(Tyae f) = (Tpe — x(p*)P* " Tpe—2) (Sh(f)).

We would like to point out that in the case p | N, it is easy to see that
T = (T, pz)ﬁ when viewed as the U-operator. This is well-known but is
included in the Theorem 1.1 and Lemma 4.1 for completeness.

It is well-known [6, page 478] that the space S3/5(IV, x) contains single-
variable theta-series and we denote by Sy(V, x) the subspace generated by

these single-variable theta-series. The interesting part of the space Ss/5(IV, X)
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is the orthogonal complement of Sy(N, x) with respect to the Petersson in-
ner product. We will use the following notation:

SO(]V’X)L k=3
S o(N,x) :=
k/Q( X) {Sk/Q(N,X) for k > 5.

The Hecke algebra Ty, /o preserves S /2(N ,X)- We denote

/ . .
kj2 = {T!s;/Q(N,X) T e Tk/Z} ;
this is the restriction of the Hecke algebra to S,’g/Q(N, X)-

Theorem 1.3. Let k, N be positive integers with k > 3 odd, and 4 | N.
Let x be a Dirichlet character modulo N. Let N' = N/2. Write

DN D 12 N’

Then Ty for i < R generate ']I';c/2 as a Z[Cy(n)]-module. In particular the
set of operators T, for primes p < R forms a generating set as an algebra.
Moreover, if x is a quadratic character, then the same result holds as above
with

1 (k—1)m m-—1
=N’ 1+ - R= - .
eV I now

2. Hecke operators

2.1. Integral weight Hecke operators. Let k, N be positive integers
and x be a Dirichlet character modulo N. Let My (N, x) be the space of
modular forms of weight k, level N and character y and Si(V, x) be the
subspace of cusp forms. Recall that given a positive integer n one can
define Hecke operators T, and T{,, ,,) (when (n, N) = 1) acting on the space
M (N, x) that also preserve Sk (N, x).

The following proposition lists the important properties of these Hecke
operators.

Proposition 2.1. (a) If (m,n) =1, then Ty = T T,
(b) If p is a prime dividing N, then Tpe = Ty for any positive integer
e.
(¢) If p is a prime such that (p, N) = 1, then for any positive integer
e, Tperr = TpTpe — pLippyTpe—1 where for f € Mp(N,x) the action
of Tippy can be explicitly expressed as T, ) (f) = " 2x(p)f.

Proof. See [3, Lemma 4.5.7] and [3, Pages 142-143]. O
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Note that when p | N then the operator T}, can be viewed as the U(p)-
operator.

The Hecke algebra on My (N, x), which we denote by T} is an algebra
over Z generated by T), T,y and T, where p, r varies over primes with
p1 N and r | N. We can write the action of Hecke operators in terms of
g-expansions.

Proposition 2.2. Let f be a modular form in My(N, x) with q-expansion
f(2) =0 0ang™. Then T,(f)(2) = > onrgbug™ where,

by, = apn + x(p)pk_lan/p.
Here we take a,, =0 if pfn.
Proof. See [3, Lemma 4.5.14]. O

2.2. Half-integral weight forms and Hecke operators. Let G be the
group consisting of all ordered pairs (o, ¢(z)), where o = [2 5] € GL3 (Q)
and ¢(z) is a holomorphic function on H satisfying

o ,cztd
9(2) _t\/deta

for some t € {£1}, with the group law defined by

(@, 0(2)) - (B,9(2)) = (aB, §(82)¢(2))-

Let P : G — GLJ (Q) be the homomorphism given by the projection map
onto the first coordinate. Let k be positive odd integer. The group G acts on
the space of complex-valued functions on H by f|[¢]x/2(2) := f(az)¢(z)7F,
where £ = (o, ¢(2)) € G and f: H — C.

Let N be a positive integer with 4 | N. Then for v = [¢5%] € T'o(N)

define

iz = (§) e VerTd, BoV) = (7= (30 2 € To(N)),
where €5 = 1 or y/—1 according as d = 1 or 3 (mod 4).

Note that Ag(N) is a subgroup of G. The map L : T'y(4) — G given by
7y + 7 defines an isomorphism onto Ag(4). Thus Playw) : Ao(4) — To(4)
and L : T'g(4) — Ag(4) are inverse of each other. Denote by Aj(N) and
A(N) respectively the images of I'1 (V) and T'(NV).

Let x be a Dirichlet character modulo N and Mj,/5(N, x) and Sy, /2(NV, x)
be the spaces of modular forms and cusp forms of weight k/2, level N and
character x. The space My /5(N,x) is {0} unless x is even, so henceforth
we will be assuming y to be even. As in the integral weight case one can
define the Hecke operators on the spaces My o(N, x) and S /2(N, x)-
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Let & be an element of G such that A;(N) and ¢7*A;(N)¢ are commen-
surable. Define an operator |[A1(N)EA1(N)]i/2 on My /o(T'1(N)) by

FIALN)EAL(N)]1ja = det ()13 Fll€ ]k 2

where A1<N)§A1(N) = Uu AI(N)&,

Now suppose m is a positive integer and o = [} 0], € = (o, m'/*). Then
the Hecke operator T, is defined as the restriction of |[[A1(N)§A1(N)]x/2
to My, /o(N, x). It is to be noted that by [6, Proposition 1.0], if m is not a
square and (m,N) = 1 then [[A;(N)EA1(N)]/2 is the zero operator. So
we assume that m = n? for a positive integer n. Shimura writes the Hecke
operator 7,2 as

T (f) = 13723 x(aw) f11]k 2

where &, are the right coset representatives of Ag(N) in Ag(N)EAG(N)
such that P(&,) = [% %]. We have the following theorem.

Theorem 2.1. (Shimura) Let f(2) = Y52 ganq" € Myo(N,x). Then
T2 (f)(2) = 3nlobng"™ where,

A
— n _ _
by = a2, + x(p) (p) (p) P g + X (07)P 2 ay, e,

> = 0 whenever p* { n.

and A = (k —1)/2 and a,,,
Proof. See [6, Theorem 1.7]. O

3. Shimura Correspondence

For this section fix positive integers k, N with k > 3 odd and 4 | N. Let
X be an even Dirichlet character of modulus N. Let N’ = N/2. We recall
Shimura’s Theorem.

Theorem 3.1. (Shimura) Let A = (k — 1)/2. Let f(z) = Y02 anq™ €
Sk/Q(N,X). Let t be a square-free integer and let v be the Dirichlet char-
acter modulo tN defined by

I\t
wntm) =xtm) (25) ().
Let A¢(n) be the complex numbers defined by
B St = (L) (z J) .
n=1 i=1 j=1

Let She(f)(2) = >oney Ae(n)q™. Then

(i) She(f) € My_1(N', x?).
(ii) If k > 5 then She(f) is a cusp form.
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(iii) If k=3 and f € S§/2(N,X) then Shy(f) is a cusp form.

Proof. For (i) and (ii) see [6, Section 3, Main Theorem|, for the rest see [5,
Theorem 3.14]. In particular, the fact that N’ = N/2 was proved by Niwa
[4, Section 3]. O

The form Shy(f) is called the Shimura lift of f corresponding to t. The
following is clear from Equation(3.1).

Lemma 3.1. The Shimura lift Shy is linear.
Lemma 3.2. If Sh;(f) = 0 for all positive square-free integerst then f = 0.

Proof. By Equation (3.1) we know that a;j> = 0 for all positive square-free
integers t and all positive integers j. Then a,, = 0 for all n. 0

In Ono’s book [5, Chapter 3, Corollary 3.16] and several other places [2]
we find the following result stated without proof.

Proposition 3.1. Suppose f € Sy/2(N,x). Let t be a square-free positive
integer. If p4 tN is a prime then
Shy(Ty2 f) = T Shy(f).
Here T2 is the Hecke operator in Ty and T}, is the Hecke operator in

Ty_1. For what follows we shall need the following strengthening of this
result.

Proposition 3.2. Suppose f € Sk/Q(N, X) and t a square-free positive
integer. If p is a prime then
Shy(Ty2 f) = T, Shy(f).

We do not know why the above references impose the condition p { tN.
We shall give a careful proof that does not use this assumption.

Proof of Proposition 3.2. The proof uses the explicit formulae for Hecke
operators in terms of g-expansions. As in Shimura’s Theorem above, write
f(z) = 202 ang™. Fix t to be a positive square-free integer. To simplify
notation, we shall write A4,, for A;(n). Thus we have the relation

o o o0
> ApnTt = (Z Wi)z‘“S) > agei |
n=1 i=1 j=1

We may rewrite this as

(3.2) An =" ()i aye.
ij=n

Let -
Te(f)(z) = 3 bug™
n=1
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Then using Theorem 2.1 we get,
n _ —
(33) bn, = Ap2p + 7/}1(1?) <p) p)\ 1an + X2(p)pk 2a’n/pQ'

The reader will recall that if n/p? is not an integer then we take a,, /2 = 0.

Let g = She(f)(2) = > oneq Ang™. Write

[e.e]
= Z B.q".
n=1

n/p

Let
Sht Z qu

To prove the proposition, it is enough to ShOW that B, = C), for all n. We
shall do this by direct calculation, expressing both B, and C,, in terms of
the Q.

Since g(2) = Y. Ang™ € My_1(N',x?) and T,(g)(2) = 3. Bng™ we know
by Proposition 2.2 that

Bn = Apn + XZ(p)pk72An/p'
Substituting from (3.2) we have
(3.4) B, = Z Wy (i)ir atjz + Z 2 ( ph2iM 1atj2;
ij=pn ij=n/p

here the second sum is understood to vanish if p { n.

Recall T2 f(2) = >~ bnq™ and Shy(T,2 f)(2) = 3 Cpq™. Hence by (3.2) we

have
Cr= > (i)i* bye.

j=n

Using (3.3) we obtain

N 2\ - _
Cp=> ty(i)i*? (apztjz +11(p) (;) P lage + X (p)p" 2%2/;;2) :

ij=n

Note that 1 (p) ( ) P(p) ( ) So we can rewrite C), as
(3.5)
2
Co=> Wy (i)t (ap2tj2 + 4 (p) <;> P/\_latﬂ + XQ(p)pk_Qath/p2> .
ij=n

Note that the Legendre symbol here is 1 unless of course p | j in which case
it is 0. Moreover ayjz2 /2 = 0 whenever p 1 j; this is because t is square-free.
We consider the following two cases.
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Case p 1t n. In this case the formulae for B, and C,, simplify as follows.
Bn= Y t(i)i*!
ij=pn
= Z ?ﬁt(pi)(Pi)A_latj? + wt(i)ik_lathjQ
1J=n

= Z wt(i)i)\il(at]ﬂ]? + wt(p)p)‘flatﬁ)

ij=n

= C,.

Case p | n. Write n = p"m where » > 1 and p { m. We rewrite (3.4) as
follows.

Bo= Y ™ m/i)  m/i)  aye

jlprttm
+ > @m0 m ) e,
jlpr=tm
This may be re-expressed as B,, = 7(L ) 7(12) where
r41
B =375 g (0 m k) (0" T T m k)  agppe
u=0 k|lm

and
r—1
B =35 )" T m k) 2 (0" m k)N g
u=0k|m

Moreover, we can rewrite (3.5) as follows.

Cn= > thu(p'm/j)(p"m/j)*

jlp™m
7*\ a1 203, k-2
(ap2tj2 +e(p) (p) P g + X (p)p" atj?/p?) :

Thus we can write C,, = C'(l) + CT(L ) C'(g) where
cW) = Z S (" m k) (T m k) gz,
u=0k|m

and

= " m k) (0 m k) age,

k|m
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and

O =373 )™ “m/ k) (" m/ k) Py
u=1k|lm
It is clear that Bg) = T(LS), and also that B,(@U = CT(LU + C’v(f); here C7(L2)
corresponds to the u = 0 terms in Bq(ll). Thus B,, = C, completing the
proof. O

4. Recursion Formula for the Hecke Operators T2

We keep the notation as in the previous section. Let ¢ be a positive
integer and p be a prime. In this section we are interested in the action of
the Hecke operator T)2c on the space My /Q(N ,X)- In the case p | N we have
the following easy lemma.

Lemma 4.1. Let £ be a positive integer and p be a prime dividing N. Let
t be a square-free positive integer. Then

(i) Tpae = (Tp2)".

(ii) Shy(T,ee f) = Te(Shy(f)) for f € Sga(N, x)-
In the above statements Toe € Ty /o and Tpp € Ty—1.
Proof. Let f = 3307 gang" € Mj5(N, ). It follows using [6, Proposition
L.5] that T2 (f) = 22021 app2eq". Now part (i) follows using Theorem 2.1.

Part (i7) follows by using Proposition 3.2 and part (b) of Proposition 2.1
since p | N'. O

We will assume that p{ N for the rest of this section. The main aim of
this section is to prove the following result.

Theorem 4.1. Let pt N be a prime and £ > 2 be a positive integer. Then

Tp2£+2 = Tp2Tp2e - X(pQ)pk72Tp2e—2

as Hecke operators in Ty /o.

It is to be noted that for / = 1 the above relation does not hold. One
can check directly that in Ty o,
Tp4 = (Tp2)2 - X(p2)<pk73 +pk72)‘

We need the following lemma on Gauss sums which can be easily deduced
from [3, Lemma 3.1.3]:

Lemma 4.2. Let p be an odd prime and n, «a be a given positive integer.
Then

o Timn 0 ) o1
(1) fnz_Ol (%) 62 e = a—1 (n' pr J(oa,’fl /
P (;) €p/P if n=p* T nl.
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a_l 27r'Lmn . {0 pafi"n

ii) P “ye »”

Proof of Theorem 4.1. Let f € My 5(N,x). Let a = [épgz], ¢ = (a, p'?).
Using [3, Lemma 4.5.6] we know that

20—v
m
FO( aFO U 1_‘0 au,ma Qym = |:p 0 pV:|

where 0 < v < 20,0 < m < p” and ged(m,p”,p** ™) = 1. Let G be the
group defined as above. Let §,,, € G be given by

6. = {(ow,vm P#gl (%)) if v is odd

—204+2v . .
(wm, p~ 2 ) if v is even.

One can verify that &, with v and m varying as above form a set of right
coset representatives of Ag(N) in Ag(N)EA(N) (see [6, Proposition 1.1]).
Then we know by definition of T2 (see Subsection 2.2) that

20—1
(41) szlf = (p2€)§_1 <A0 + AQ@ + Z Al,) ,
v=1
where
p’—1
Z X(pﬂill)ﬂ[éu,m]k/%
m=0
(m,p)=1
p2271

Agr = fll&aemliy2s
m=0
Ao = x(0*) f1[€0,0lk/2-

Applying T, to Equation (4.1) we obtain

Ma-

20—1
szszgf = ( (Z TQA —I—TQA% +T2AQ>

(4.2) =l

201
= (p*+2)i- (Z By + By + Bo)

v=1
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where for v with 0 < v < 2¢ — 2 we have

26 2 p2t—r+2 =2042v-2
By, =x o Z AN m] P Tum)lke
m=0
(m 7p):1
-1
22 1 p2l—vtl p2e—v —20420
- Z Z Sl p“+1+mp]’ P Sumam! k2
m/=1 m=0
(m,p):l
p2tv ~ 'S p*=Y p?' =V m/+mp? —2042v42
Z Z f’ prt2 ],p 4 T.va)]k/27
m/'=0 m=0
(m7p):1
where
—1(zm -2 ( mm/’
_l% (T) v odd et (M ) v odd
Ty,m— s Sl/,m,m’ = Ll
1 v even € Tm) v even,

and Byy has the same expression as above with v = 2¢ but without any
coprimality condition on m, that is, we do not have (m, p) = 1 in the above
terms while writing the expression for Byy.

We express T2z f as in Equation (4.1) and compare it with Equa-
tion (4.2). Ruling out some of the terms using Euclidean algorithm and
rewriting the action of matrices (we will give an example of the calculation
later) we obtain

20—1
(4.3) (Tp2£+2 - Tp2Tp2£)(f) = —(p2£+2)§71 (So + Sop + Z (Dl, + E,,))

v=1
where
Pl o0 p2t p2lm! —+1
So= > x5 ] p2 leye
m/'=0
p*-1 ) o -
So= 3 XA ) 0T s
m=0
(m,p)#1
2f l/ - py_l 2( v 22 V! +mp —20+42v+2
D, Z Z FII P2 , p7a 741/,m)]l<:/2
m/=0 m=0
( p)=1
2@ v+1 _ Pl P2V p2—vin! L —2e+2v
E, =x Z Z f| prtl ]7p 4 Su,m,m’)]k/2-
m

(m,p) 1
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Further

20—3
(44) X T f = PP (P (Z Cy + Cops + Co) :

v=1

where for v with 0 < v < 2¢ — 3 we have

p¥—1
—v 20—v—2 m —2042v+2
Com X I T s
(m,p_)=1

and Cy,_o has the same expression as above with v = 2¢ — 2 but without
the condition (m,p) = 1 in the above sum. We first claim that the following
relations hold:

(i) D, =p*C, for 1 <v <2/ -3, and Sy=p*Coh.

(ii) B, =0for 1 <v <2(—2.
We will only show the computation for part (iz) for case v odd. The rest of
the claim follows by similar method. Fix an odd v with 1 <v < 2¢—3. Fix
1 <m’ < p-—1. Then for each m with 0 < m < p” — 1 there exist unique
a and b with 0 < b < p” — 1 such that m + p*~*~lm’ = ap” + b. Moreover
m =b (mod p). Hence

et o (3)-(3)

p p
We can rewrite E, as

p
E, = x(p*"t) Yoo f e

m/'=1 m=0
/ —k
20420 _o (MMM
P g |
p

(m,p)=1
1 ,

_ X(p%”’ﬂ)e]; pz: <—m )

-1 p’—1 <p2€—u+lz+p2€—uml+mp>

m/=1 p
puil 20 20 1 —2042 —m
= o[ ()]
m=0 p k/2
(m,p)=1
p—1 /
_ 20—v+1\ k —m
=x(@*" e Z( >
NP
p¥—1
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The second last equality follows since as elements of G we have

[p2271/ p22—u71m1+m] 72Z4+2V 6_1 —m
0 pY » P P

p
20—v b —2042v -1 _b
=0 (1757 1 p7F6 (),
By working out similarly as above one can further see that
2 1p2£ 2 -1
=1
p*Cop—g — Dog_y = Z > fId Cpim +mp I 72 )]ks2 = Far—a.
m/=0 m=0
(m,p)#1

Thus to prove the theorem we are left to show that
Fo—9 — Sop — Egp—1 — Doy—1 = 0.

We claim that Doy_1 = 0 and Fbyy_o — Sop — Eop_1 = 0 which proves the
theorem.

We first show that Dyy—1 = 0. Let f(z) = >.,2ane(nz) where e(nz) =
e2mnz  Rewriting Dog_; in terms of coefficients a, we obtain

Doy
271 2@—171
_ -1 P p [ee} / 2
:x(p)pTeelﬁ () Yoo D ane anJrnpﬁfnmp (m)
p m’:O(sz n=0 p p
m7p:
S ol nm’ Pl nm m
=¥ () e (52) Lo () X< (35) (5)
m’=0 p m=0 p p
00 20—2
—tkiae-s g (=1 nz\ (n/p
g (D) e (22 (22
NS nZ::O "\ p? P
p2£72‘n
P’ ’ 7 20—2
nm' /p
Z 6( /2 )‘ ’
m/=0 p

where last two equalities follows using Lemma 4.2 on Gauss sums. In order
to prove the final claim we again use the coefficients method as above to
obtain

Ctrkrar=z X nz
Fop_a — Sar = x(p*)p 2 > ane (p2132> ’

n=0
P> 2|n

oo
(—e41)kt+de—2 nz
9y, (CLEDIHAE=2 op 4o
Ey—1 = x(p°)p 2 €p > ane <p2£_2> :

n=0
p*2|n
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Now ezk“ = 1 since 2k +2 =0 (mod 4). Hence we are done. O
Corollary 4.1. Let p{ N be a prime and £ > 2. Let f € Sy /5(N,x). Then
Shy(Te f) = (Tpe — x(P*)p" *Tye-2)(Shy f),

where as before Tpe € Ty o and Tpye, Ty € Tgq.

Proof. We use induction on ¢. Recall from part (¢) of Proposition 2.1 that
for prime p t N, we have

(4.5) Tperr (Shy f) = (TyTpe — x(9°)p" " Tpe1)(Shy f).
As we remarked earlier, for [ = 2 we have the following relation in Ty, :
Ty = (Tp2)* = x(P*) (P +p*72).
Hence we get
She(Tps f) = She((T,2)2f) — x(0*) ("% + p*72)(Shy f)
= ((Tp)* = x(*)P* ) (Shy f) — x(p*)p"*(Shy f)
= (Tp2 — x(p")p"*)(Sh f).
Assume the statement holds for all ¢ < e. Then
She(Tyees2 f) = Shy(TpeTee f) = x(p*)p" 2 Shy(Tpe> f)
= T(Shu(Tpe f)) = x(P*)p" 2 Shy(Tpee 2 f)
= (LT = x0*) (0" Ty T2 + o) + x(p)p™ *Tpes) (She f)
= (Tperr = X" )" (Tt + X" Tes) + x (" )P T3 ) (She f)
= (Tyerr = x(P*)P* > Tpe1)(Shy f).

The first equality uses Theorem 4.1, third equality follows by using in-
ductive hypothesis for ¢ = e and ¢ = e — 1, the others follow by using
Equation (4.5). O

We also prove the following proposition, independently of the proof of
Theorem 4.1.

Proposition 4.1. Let p t N be a prime and { be a positive integer. For

positive integers r such that 1 < r < ng we give the following recursive

construction of sequences A, ,(m) and B, ¢(m):

Agm) =1, Ayg(m) = Ay g(m) — (i s 3>AT_1,e<r - 1)
By (m) = (i) — 1, Bry(m) = By—1,4(m) — (fn__QE: ~ 3) By _10(r —1).
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Let o g = Ay g(r) and By = By y(r). Then

Tpﬂ = (Tp2 )E - Z X(p%)(ar,fpr(kiz)il + 5r,€pT(k72))(Tp2)zi2r

as Hecke operators in Ty /o.

Proof. Let f = 3202 ga(n)q™ € My/2(N, x). Our strategy will be to compare
the n-th coefficient of action of the above operators on f on both sides.
Substituting the g-expansion of f in Equation (4.1) and using Lemma 4.2
on Gauss sums we obtain

20—1 20—1
széf =1Ip+ Iy + Z Il(,)dd + Z Iﬁven
v=1 v=1
vodd veven
where
oo 0
Iy = 253" a(n/p™) Ie =Y a(np®)q",
n=0 n=0
Il?dd _ X(p% . V)p(gfl)(ﬂfu)f%el;rl (—1>
b
oo 20—v—1
_9 n/p
> aln/pt) </ ) &,
n=0 p
p2(8—u—1|n
Jeven — X(pZZ _ l/)p(g—l)(%—u)—l
0 00
(Y am/p* ™)== > am/p)").
p27;7:9|n p2ZZLz/:pl||n

Let n be a positive integer with p2-1) | n. We can write the n-th coefficient
of Tzf2f as

_|_ Z < ) (k 2)m ( p2£—4m)

y -1 = n/p%_2 k—3 y y
+x(p* 1)<p> (p >p2+(“)( “Da(n/p*?)

+ x(p*)p* =D a(n/p*).
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Thus the n-th coefficient of T of = Thpeef is

/—1 /
Z <<m> _ 1) X(pZm)p(k—Q)ma(np2f—4m)

m=1
-1
+ ZX k 2)m—1 ( p2f—4m)'
m=1

We want to subtract a suitable multiple of T]f; 2f from the above so as

to remove the terms involving a(np?~*) and a(np*~2), thereby reducing

the number of terms in the above sum. Indeed we obtain that the n-th

coefficient of
(T2 = Tpoe = x(P*) (P2 + (0= 1)p* )T 5% f s

= (-2
Z <1 — (m B 1)) X(pZm)p(ka)mfla(np%%m)+

m=2
-2
Z (('fl) -1- (E — 1) (i:i)) X(me)p(ka)ma(np%f%n)'
m=2

We iterate this process of subtracting suitable multiples of Tzf; 2r f which
leads us to the recursive formulae for o, and f, ,. O

We obtain the following combinatorial result as a corollary of Theo-
rem 4.1 and Proposition 4.1

Corollary 4.2. Keeping the notation as in the previous proposition we get
the following combinatorial identities for 2 <r < [£] —1:

Op_10-2+ 0y — g1 =0, Br—14—2+ Bre— Bro—1 = 0.

Proof. Let pt N be any prime. We substitute the formula for T'2e given by
Proposition 4.1 in the identity of Theorem 4.1,

Tp24+2—T2T22+X( ) k= 2T2£ 2 =0

to obtain

L5
3 X0 (e pF AT 4 B " D) (T0)
r=2
+ Z X(PQT)(OZT,Z—lpT(k_Q)_I+ﬁr,£—1pr(k_2))(Tp2)z_2r

- X ) (- 1,0-2p" P74 By op™ BT (T2) 2 = 0,
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It is clear, with fixed ¢ and varying r, that the operators (sz)Z_QT are
linearly independent elements of Ty, and hence

—Qipy + Qprpg—1 — Qpr_1/0-2 + (Br,é + /Br,ffl - 57"71,#2)1? =0.

Since this holds for any prime p with pt N the above corollary follows.
O

5. Generators for the Hecke Action

Theorem 5.1. Let k, N be positive integers with k > 3 odd, and 4 | N. Let
X be a Dirichlet character modulo N. Let N' = N/2. Let T be the restriction
of Hecke algebra Ty_1 to Sp_1(N',x?) and suppose T is generated as a Z-
module by the Hecke operators T; for i < r. Then the Hecke operators Ty
fori < r generate Tiﬁﬂ as a Z[Cy(n)l-module. In particular, f € S,’ﬁ/Q(N, X)
s an eigenform for all Hecke operators if and only if it is an eigenform for
T2 fori <.

Proof. Let n be a positive integer such that n = pj*ph? - - - pls, where p; are

distinct primes. Let f € 512/2(N7 X). Let t be a square-free positive integer.
Using Theorem 4.1 or Proposition 4.1, for any prime p and a positive integer
¢ we can express the action of T2 as

¢
(5.1) Tp2e = Z'YjT;% Vi€ Z[C@(N)]'

Note that in the above expression 7, = 1 and hence the Hecke operators
T;Q with 1 < j < £ generates the same Z[C@( N)]—module as does the Hecke
operators Tp2j with 1 < j < /. Thus we have

Sht(TnQ f) — Sht (Tanl Tp2n2 e Tpgns f)

= Shy ((Z '7J1TJ1) (i 'Yjsng) f)
j1=0 Jjs=0

(5.2)
(Z 7J1T]1) ) (Z ’YJSTB) (Sh f)

Jj1=0 Js=0
=Y &Ti(Shy f),
i=1

where the last equality follows since the T;, with 1 < i < r, generate T as
a Z-module, while the second last equality follows by Proposition 3.2.
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Recall from Proposition 2.1, for any prime ¢ and a positive integer ¢, the
action of Hecke operator T, on Sy_1 (N, x2) can be expressed as

L
qu = Z OéjTg, Qi S Z[C(p(N’)] C Z[Ccp(N)]
7=0

Let 1 < ¢ < r has prime factorization i = ¢ ¢35 -

term T;(Sh; f) in Equation (5.2) can be written as
T;(Sh: f) = Ty Tz - - Tymo (Shy f)

(o) - (Et) o

Jj1=0 Jv=0

mi X My i
=Shy [ [ Do T% |- | D, T | f
(5.3) (j10 Ca Jv=0 w
mi My
= Shy (Z ﬁleqzjl) (Z /jjqugjv) f)
j1=0 ! jo=0

= Sh, ZAjszf) ,
j=1

where A; € Z[(,n)]- In the above equalities we repeatedly use Proposi-
tion 3.2 and Equation (5.1). For the second last equality we use the remark
below Equation (5.1). Now using Equations (5.2) and (5.3) we get

--g". Then each

Shy(T,,2f) = Shy (Z BTy f) , B; € Z[Cn)-

i=1
Since this is true for all positive square-free integers ¢, using Lemma 3.2 we
deduce that

T
To2f =) BiTpf.
i=1
Hence T2 with ¢ < r generate ']I';C/2 as a Z[(y(n)]-module. O

We shall need the following theorem which is a consequence of Sturm’s
bound [8].

Theorem 5.2. (Stein [7, Theorem 9.23]) Suppose I' is a congruence sub-
group that contains I'y(N). Let

km  m—1
Then the Hecke algebra

T=2[...,Ty,...] C End(S(T))
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is generated as a Z-module by the Hecke operators T,, for n < r.
From Theorem 5.2 we deduce the following corollary.

Corollary 5.1. Let k, N be positive integers with k > 3 odd, and 4 | N.
Let x be a Dirichlet character modulo N. Let N' = N/2. Write
(k—1)m m-—1

1
= N"? <L—) R=
" Zg, p2) 12 N’

Then Ty for i < R generate ']I';c/2 as a Z[Cy(n)]-module. In particular the
set of operators T, for primes p < R forms a generating set as an algebra.
Moreover, if x is a quadratic character, then the same result holds as above
with ) (k1) .
m=N' @+) R= T m Mo
p1|;V[’ D 12 N’
Proof. Note that Si_1(N’,x?) C Sk_1(T'1(N")). The first part of the corol-
lary follows by applying Theorem 5.1 and Theorem 5.2 to the congruence
subgroup I'1(N’) and using the formula for [SLy(Z) : I'1(N)] that can be
found for example in [1, Page 14].
Now suppose x is a quadratic character. Then Sg_1(N', x?) = Sk_1(N').
So we apply Theorem 5.2 to the group I'o(/N') and we now use the formula
for [SLQ(Z) : Fo(N/)] O
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