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WEIGHT REDUCTION FOR COHOMOLOGICAL MOD p
MODULAR FORMS OVER IMAGINARY QUADRATIC FIELDS

by

Adam Mohamed

Abstract. — Let F be an imaginary quadratic field and O its ring of integers. Let n C O be
a non-zero ideal and let p > 5 be a rational inert prime in F' and coprime with n. Let V be
an irreducible finite dimensional representation of F,[GL2(F,2)]. We establish that a system
of Hecke eigenvalues appearing in the cohomology with coefficients in V already lives in the
cohomology with coefficients in I, ® det® for some e > 0; except possibly in some few cases.

Résumé. — Soient F' un corps quadratique imaginaire et O son anneau d’entiers. Soient
n C O un idéal non nul et p > 5 un nombre premier inerte dans F' copremier avec n. Soit
V une représentation irréductible de dimension finie de F,[GL2(F,2)]. Nous établissons qu'un
systeme de valeurs propres de Hecke appartenant au groupe de cohomologie coefficients dans V
appartient aussi au groupe de cohomologie coefficients dans F,, ® det® pour e > 0 A I’exception,
éventuellement, de quelques cas.

1. Introduction

Let F be an imaginary quadratic field with O as its ring of integers. The class number of
F is denoted as h. Let T' be a congruence subgroup of GLy(O). Let o be the non-trivial
element of Gal(F/Q). We consider the representations of GLy(O) defined as V,ffgb(O) =
Sym”(0?) ® det® @ (Sym®(0?))? @ (det®)? where a,b,r, s are positive integers. For an O-
algebra A, we define V,ffgb(A) = r‘fgb((’)) ®o A. A cohomological modular form of level I'
and weight V,"*(A) over F is a class in HY(T, V;%"(A)). As in the classical setting, the space
HY(T, V,‘fgb(A)) can be endowed with a structure of Hecke module. The Hecke algebra acting
on HY(T, Vﬁgb(A)) is commutative and has its elements indexed over the integral ideals of
F. So, one can consider eigenclasses or eigenforms which are eigenvectors for all the Hecke
operators Ty. Hence to such an eigenform corresponds a system of Hecke eigenvalues.

Integral systems of eigenvalues when reduced modulo a prime p are believed to be related
to mod p representations of Galois groups as conjectured by Ash et al. in [4]. One instance

2010 Mathematics Subject Classification. — 11F75, 11F67, 11F25, 11F41.
Key words and phrases. — Modular forms modulo p, imaginary quadratic fields, Hecke operators, Serre
weight.



46 Weight reduction for cohomological mod p modular forms over imaginary quadratic fields

of this correspondence being the theorem of Deligne constructing l-adic representations of
the absolute Galois group of Q, Gg := Gal(Q/Q), via systems of Hecke eigenvalues arising
from modular forms over Q. Let N be a positive integer and I'g(N) a congruence subgroup
of SLy(Z). Take V to be the SLy(Z)-module given as V := Sym*=%(Z?) = Z[X,Y]_2, the
space of homogeneous polynomials of degree k — 2 over Z in two variables and with &k even.
The converse of Deligne’s theorem, Serre’s modularity conjecture, which is now a theorem of
Khare and Wintenberger, has been formulated in the language of group cohomology in [5]
and the standard conjecture in there relates mod p Galois representations of Gg to systems
of Hecke eigenvalues on HY(To(N),V @z F,).
Next let N and n be positive integers. In [2], it was shown that a system of Hecke eigenvalues
occurring in the cohomology of I'y (N) with coefficients in some GL,,(F,)-module also occurs
in the cohomology with coefficients in some irreducible GL,,(F,)-module. This fact has some
interesting features. In fact it allows one to obtain a cohomological avatar of the so-called
Hasse invariant, see [9]. That is, one can produce congruences between weight two and higher
weight modular forms using cohomological methods.
As for the case of an imaginary quadratic field F' of class number one, then when p splits in F'
and is coprime with n, in [12], it is established that a Hecke system of eigenvalues occurring
in the first cohomology with non-trivial coefficients can be realized in the first cohomology
with trivial coefficients. This should also hold when the class number of F' is greater than one.
Let p be a rational prime coprime to n and inert in F. Let FE be a finite dimensional
representation of GLa(F,2) over Fj,. Let T’ be a congruence subgroup of GL(O). Then a
cohomological mod p modular form of level I' and weight E is defined to be a class in HY(T, E).
As in the classical setting there is a Hecke algebra action on the space H!(T', E) and one
can consider systems of Hecke eigenvalues for the space H!(I',E). Our aim will be to say
something more precise about systems of Hecke eigenvalues in this setting. We will prove
that a system of Hecke eigenvalues living in @?lel(Fl,[bi} (n), M) where M is an irreducible
Fp[GLa(F,2)]-module also occurs in EB?:IHI(FL[[H] (pn), F, ® det®) for some e > 0 depending on
M except possibly for some cases. See Theorem 4.11 for the precise statement. Here I'y p,)(n)
are some congruence subgroups defined in Section 3. The strategy for proving Theorem 4.11
was initiated by Ash and Stevens in [2], and it was also adapted in [12] where a reduction to
weight 2 statement is proved.
There is an application of Theorem 4.11 related to Serre type questions about mod p Galois
representations of the absolute Galois group of F. When we are dealing with cohomological
modular forms mod p with trivial coefficients F,, we shall say that we are in weight two. Let
Gr = Gal(F/F) and let be given

p: GF — GLQ(]FP)
an irreducible mod p Galois representation of conductor n. Let T'r denotes the trace of a

matrix. Then the following questions arise:

(a) Does there exist a cohomological Hecke eigenform of some weight V' and level n with
eigenvalues (7)) such that Tr(p(Froby)) = ¥(Ty) for all unramified prime ideals A { pn?

(b) Does there exist a cohomological Hecke eigenform of weight 2 (V = F, ® det® for some
e > 0) and level pn with Tr(p(Froby)) = (7)) for all unramified prime ideals A { pn?
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A. Mohamed 47

As a consequence of Theorem 4.11, we shall see that the two questions above are equivalent.
See Proposition 4.12 for the precise statement. Proposition 4.12 proves that when investigating
Serre type questions as above, it is enough to work in weight two. For example, in [11], some
computational investigations of Serre’s conjecture over imaginary quadratic fields were carried
out and the principle illustrated by Proposition 4.12 was assumed to hold.

Here is our outline. We shall first recall Hecke theory in our context. This is the content
of Section 2. In Section 3, we shall compare some modules. The main result is proved in
Section 4.

Acknowledgement. — The present article is extracted from the author dissertation which was
supervised by Gabor Wiese. The author thanks him for his time and teaching. This work
started as one of the FP6 European Research Training Networks “Galois Theory and Explicit
Methods” project (GTEM; MRTN-CT-2006-035495), I acknowledge their financial support.

2. Hecke operators

We set some of the necessary notation and recall briefly how Hecke operators are defined in
our setting. As in the classical setting, we define Hecke operators via Hecke correspondences
on hyperbolic 3-manifolds. This section is mainly notational as what we shall recall is very
well explained in for example the works of Hida or Shimura.

So, some of the notation are as follows. Let F' be an imaginary quadratic field of class number
h > 1. Denote by O its ring of integer and let n be an ideal of O. The class group of F' is
denoted by C! and we fix a rational prime p inert in F' and p = pO. We also assume that p
is coprime with n. Let O be the profinite completion of O : 0= Hq 0 Oq. We will denote
the adeles of F' by A, and Ay, A, stand for the finite part and the 1nﬁn1te part of A. We
write G := GLg, so that, G(A), G(F),G(Ay) are the usual linear algebraic groups of 2 x 2
matrices with entries in A, F, Ay, respectively. Let Hj := G(C)/C*Uy = C x Rxq, the three
dimensional equivalent of the classical Poincaré upper half plane Hy = G(R)/R*O2. Here Uy
is the unitary subgroup of G(C). Let K be an open compact subgroup of G (@) such that the
determinant homomorphism

det : K — O*
is surjective. We define the following homogeneous space
Y = G(F)\(Hs x G(Ay)/K)

= GIF\(G(C)/CUz2 x G(Af)/K)
G(F)\G(A)/K.Us.C*.
By the determinant map we have
Yi — F*\A*/O*C* = F*\A}/O* = Cl.

2.1. Hecke correspondences and Hecke operators. — Let o be the generator of
Gal(F/Q). Let

Vo = V% (0) = Sym™(0?) ® det® ® (Sym*(0?))7 @ (det®)”
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48 Weight reduction for cohomological mod p modular forms over imaginary quadratic fields

be an O[G(O)]-module endowed with the discrete topology. We define W?;b(?p) = Vo ®0 Fp.
This space is also endowed with the discrete topology.
Let X = G(A)/UsC* = H3z x G(Ay). Under the assumption that K acts freely on X x %‘fgb(?p),
one has a topological cover
m : GP\(X x V(Fy)) /K — G(F)\X/K = Y.

We consider the locally constant sheaf VF,, on Yk given by the sections of m; : for an open
subset U of Y, we have

Ve (U) = {s:U = GIF)\(X x V;I2(F,))/K; mos = id}.

We take g € M atg(@)7,g0 (by which we mean the 2 x 2 matrices with entries in @ and non-zero
determinant) be such that all its local factors gq at almost all the finite places q including those

dividing pn are (§9) and otherwise gq are of the form (7 ?) or (7812 (1)) with 74 a uniformizer
of 0.

~

Remark 2.1. — Often one takes g € Maty(O) with the component at only one finite place
q away from pn gq being of the form ( ﬂoq (1)) and all the remaining components are the identity
matrices.

We introduce K;_l =Kng 'Kgand K; = gKg~' N K. The group isomorphism
R gAg™?

induces the isomorphism g¢g* : Yy L= YKé;y — gy, that allows us to form the Hecke
.

correspondence diagram

g*
Y — Yk
I

where s, and 5, are the natural projections.
The Hecke operator Ty acting on the IF)-vector spaces HY (Y, VFP) is defined by the following
diagram:

. - conjy . o
HZ(YK;_I,SQ 1Vﬁp) —g> HZ(YKE/],SQ 1VFP)
Tres lcor
HY (Y, Vr,) HY (Y, Vg,)-

So we have T; = cor o conjg o res. Here conjy is the isomorphism induced by the conjugation
map, cor, res are the corestriction and the restriction maps. It is also known that T} is
independent of the choice of the uniformizers 7 but in fact depends only on the double coset
KgK.

2.2. Explicit formulas for the Hecke action. — Let n be a non-zero ideal of O. For our

purposes, we choose the following representatives of the class group C1 of F. By the Chebotarev
density theorem, we can choose representatives of the class group [b1] = [O], [b2], -, [ba],

Publications mathématiques de Besangon - 2014/1



A. Mohamed 49

where for ¢ > 1, the b; are prime ideals coprime with pn. Thus we denote the class
group as Cl = {[b1],---,[bs]}. Let mp, be a uniformizer of the local ring Op,. We define
tp:=(1,---,1,1,1,---,1,---),and for ¢ > 1, t; :== (1,--- ,1,mp,,1,---,1,---) € A%, ie, ¢
is the idele having 1 at all places expect at the place b; where we have mp,. Via the group
homomorphism

Ay — Cl
(oxqer) [H qUa(@a)],
q7oo

where vg is the normalized valuation of Oy, we see that ¢; corresponds to b;. We define
gi = (tol (1)) ,ie, (gi)q = ((ta)“ ?) . Similarly g; corresponds to the class [b;] via the determinant
map.
From the strong approximation theorem, the topological space Yx decomposes into the disjoint
union of its connected components as:

Vic = I T, \Hs,

where 'y} := G(F) N giKg; . This is an arithmetic subgroup of G(F). We next recall the
definition of neatness for subgroups of G(Ay).

Let us take K to be neat so that the groups I'fp,] are torsion free. To achieve this, if K’ = K} (n),
the open compact subgroup of level n defined below, where the positive generator of n N Z is
greater than 3, then I'fy,) are torsion free. This is Lemma 2.3.1 from [15].

From a general comparison theorem it is known that an isomorphism H"(I'jp,\Hs, Vg ) =

H" (T, V,ffgb(Fp)) holds, see [7] for details. Hence we can write
H' (Yi, Vg,) = @ H (Tp, \Hs, Vr,) = B H (T o1, Vi (Fp)).

Let us further specialize the open compact subgroup K. We define the open compact subgroup

of level n
Kim)={(24) e [[G(Og) : c,d =1 €nO}.
qfoo

This is an open compact subgroup which surjects on O~ by the determinant map. The
corresponding congruence subgroups G(F) N g;K1(n)g; * are denoted as [y p,)(n). As already
alluded to, the Hecke operators T, do not act componentwise on the IF,-vector space
@?leT(FLM,W};b(Fp)). By this we mean that in general 7, permutes the components
when acting on an element from @?:1H’”(F17[bi], V,ffgb(Fp)) as we will soon see.

2.2.1. Prelude to the formulas. — Let q be an integral ideal away from pn. We consider the

A~

following subset of Maty(O). Define
Af(n) ={(28) € Mata(O) : (ad — be)O =qO, (24) = (§%) (mod n)}.

The open compact subgroup Kj(n) acts on Al(n) via multiplication: for g € Kj(n) and
§ € Al(n) we have g6 € Al(n). We have that Al(n)Ki(n) = Ki(n)AJ(n) = Al(n). For
§ € Al(n) we define the subgroup

K{ 5(n) = 6K1(n)0~" N Ki(n)
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50 Weight reduction for cohomological mod p modular forms over imaginary quadratic fields

of K1(n). The subsets Af(n) act on any left F,[GLy(F,2)]-module via reduction modulo p.
There is the following fact that is worth mentioning.

Lemma 2.2. — Let § € Al(n). Then there is a bijection between the coset space
Ki(n)/ K] 5(n) and the orbit space K1(n)dKi(n)/K:1(n) given as

Ki(m)/K}5(n) — Ki(n)dKi(n)/Ki(n)
MK s(n) = AOKi(n).

Proof. — There is a surjective map Ki(n) — Ki(n)dK1(n)/K1(n) which sends AK] 5(n) to
AOK1(n). Two distinct elements A and X map to the same orbit if and only of they lie in the
same class modulo K7 s(n). O

For § € Af(n), there are finitely many ~; € AJ(n) such that the double coset Ki(n)dKi(n)
decomposes as
K1 (n)&Kl(n) = Hj')/jKl (I‘l)

Let g € Mat2(O) be such that its components at a finite number of finite places q away from
mq 0
01

otherwise. When we denote ¢ = (det(g)) the ideal corresponding to g, then g € A{(n).

pn are of the form ( ) or (”('5 ?) where 7y is a uniformizer of Oy and are the identity

Lemma 2.3. — Let g € A{(n) as above. Let g; corresponding to [b;] and K1(n) as above.
Then, for each i there exist a unique index j;, 1 < j; < h, matrices k; = (%Z ?) € g; I (n)g;l
and B; = g;,99; 'ki = (% 9) € G(F) such that Ki(n)gKi(n) = Kl(n)gj_ilﬁigiKl(n).

Proof. — For each i let j; be the unique index such that the ideal (det(g;,99; 1)) is principal.
Set then «; := gjiggi_1 = (dEt(()ai) (1)) The ideal (det(c;)) being principal means that
det(a;) = z;y; with y; € F* and z; € O*. Set u; = xi_l and define k; = (%’ (1]) € Kq(n). Then
ki € ;K4 (n)g[1 and B; := a;k; = (%1 (1)) € G(F). Hence for each i there exists a matrix
Bi € g, A1) K1(n)g; ' N G(F) = g;; A5 (n)g; ' N G(F)

such that K;(n)gKi(n) = Kl(n)gj_ilﬂigiKl (n). Indeed, gj_ilﬁigi = gj_ilaikigi = gg; *kigi, and
we observe that we have g, Ykigi € Ky (n). O
For 1 <i < h, let j; and B; as given in the above lemma. Let §; := (det(8;)) = bj,b; '¢c. Define
Aff’[bi} (n) := g;,A§(n)g; * N G(F). Explicitly this is the set

{(¢Y) €eG(F):aeb;b;',bebj,ceb;,d—1€n0;(ad—bc)O = f;}.

We set j := j;. Let a € Aff [b:] (n) (we have in mind ;). We consider the following double coset
I’y jp;)(n)al’y [p,(n). This double coset defines a Hecke operator T, mapping

H (D1 o) (n), V2 (Fp)) to HY (T o1 (n), V% ()

»rr,s »'r,Ss

as follows. Firstly one needs to introduce the following subgroups

1. Fll,iéb:] (1‘1) = Fl,[bi} (n) N a_lflv[hj](n)a

2. F'l':[oéj}(n) = aF’L[bi](n)a*1 =aly p(m)a™tn Ty e, ().
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The operator T, is defined as the composition of the following maps:

H (TG (0), VA (Fy)) <22 1 (DY (), Vit ()

TT@S J/COT‘
H (T g, (n), Vi (F) H (T o) (), Vi’ ().
Here res is the restriction map, conj, is the isomorphism induced by the compatible maps:
", ra~l
I () = T, (1)
w i a lwa
and
VI (F,) — VA (F,)
V= Q.

Here cor is the corestriction homomorphism. We explicitly describe T, in degree zero and
one. In degree zero T, is given as

-1 ab = v @ ab =
HO(T} ) (0), Vi (Fp)) %% (Y 1 (n), Vits' ()

TU’—}’U vy, hv
HO(I'y o, (n), Vit (F,)) HO(I'y o, (n), Vi (Fp)).

where the sum is over a set of cosets representatives of I'y p,)(n)/ Fl o, ]( n). Hence one obtains
that:

» TS

v Z (Aa).v.

Aerl,[b 51 (“)/Flll’[g.] (n)

To : HO(Ty o (0), VA (Fp) = HO(Ty po)(n), Vi (Fp))

It is worthwhile observing that the decomposition I' 5 )(n n) =11\ Ff[b }( n) is equivalent to
the decomposition of the double cosets I'y 5 j(n)al'y [, (n) = L Aval'y 5,1 (n).

2.2.2. Formula on degree one. — We now give the formula of T;, on degree one cohomology. To
this end, we need to recall the formulas describing the isomorphism conj, and the corestriction
in terms of non-homogeneous cocycles. The conjugation isomorphism is described by the
formula

conja : HH(I"T,

oy (0, VENE,) = HATYS (), VEH(E,))

> Vs 1,[[; ] > Vs
c = (w—aclalwa)).
(0%

For the corestriction homomorphism, let I'y [, 1(n) = anynflll’[b _}(n). For w € I'y p;)(n), let s,
I’ 3 J k)

be the unique index such that ~,, 'wys, € Fla[bj](n). Then the corestriction homomorphism is
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52 Weight reduction for cohomological mod p modular forms over imaginary quadratic fields

given as

cor - HU(IY (), VEL(E,) = H (T (), V()

¢ (W Y Tne(r wys,)).
n

The formula of T, on degree one cohomology is thus
To : HY Ty o (0), VE(Fp) = HY(Typo(n), Vi (Fp))

»rr,s ’»'Tr,s

c = (wHZ'Vna'C((Vna)_lw'Vsna))'

Indeed with the given formulas we have

(cor(conja(c)))(w) = > - (conga(e) (v wys,,)

= fyna'c(ailfyglwfysna)'

’Ynerl,[bj] (n)/Fg,[bj] ()

[0}

Let A; be another set of representatives of I'y [,)(n)/ F'l"ﬁ]_}(n), and o; € F'll’[b_} such that
! s [Yg EiegV)
Ai = ;04 With this we have

(cor(c))(w) = fyz-a.c(ai_lfyi_lwfyjiai).
/o

o 1,[b] i )
deduce that the corestriction map does not depend on the choice of representatives of

L'y o, (0)/ F’ll[og ] (n). This means that T}, does not depend on the choice of set of representatives
) ALY

Because taking conjugation by an element from I’ (n) gives cohomologous cocycle, we

and so only depends on the double coset I'y |5 jaI'y [p,] since we know that
i fe,1(0) = Wyl g <= Ty (0)aly o1 (0) = ymal'y o) ().

2.2.8. Action of T, on @f‘:lHT(FL[bi] (n), Vﬁgb(Fp)). — Now that we have recalled the formulas
of the Hecke operators on group cohomology, let us say how Hecke operators act on the
F,-vector spaces @?ZIH’”(FL[,%.](n),V}f,lgb(Fp)). Let g be as in Lemma 2.3 and consider f;
and j; provided by the lemma loc. cit. Let T, the Hecke operator corresponding to the
double coset I'y p, | (n)Bil'1jp,)(n). Then T, sends an element from H"(I'y [p,) (n),VT”lgb(?p))
to HT’(I‘L[b]._](n),W?;b(Fp)). It was proved by Shimura, see [14], that for (c1,---,cp) €
@ H" (D [p,) (), W‘fs’b(Fp)), the Hecke action of Ty is

Ty.(c1,--- ,cn) = (di, -+ .dp),
where d;, = Tj,.c;.

Remark 2.4. — In the idyllic situation where the ideal (det(g)) is principal, then, the
Hecke operator T, does not permute the summands in EB?:IHT(Fl,[bl}(n), Vﬁgb(ﬁp)). Indeed
(det(gj,99; 1)) = (det(g)), so ji = i in Lemma 2.3. Therefore Ty.(c1,--- ,cp) = (di, -+, dp)
where d; = Tpg,.c;.
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Remark 2.5. — Let g be as in Lemma 2.3. Let us denote the ideal (det(g)) as ¢. Then T,

maps the Fp-vector spaces @j_;H"(I'y p,)(n), VTs (Fp)) to &_H"(I'y c-15,(n), V,flsb( F,)). To
see this, one needs to just recall that T, maps

Biy H (T o) (0), Vi () to @iy H (T gy, 1 (n), V2 (Fp))

where j; is such that (det(g;,gg; *)) is principal. In terms of ideals this means that [¢~'b;] =
[bji}‘

Remark 2.6. — (Diamond action) There is an action of Diamond operators inducing an
action of the group (O/n)* on &l HY Iy ,(n), V2 (F »)). Let x : (O/n)* — ﬁ; be a
character. As a representation of the abelian group (O/n)*, then when p { #(O/n)*, the
space EB?:lHl(FL[bi](n), Vr?gb(Fp) decomposes as a direct sum of y-eigenspaces. So by denoting
the spaces ®_ H'(T'y ] (n), V2 (F,) as Mva O(F )( ) and a x-eigenspace as MVTaéb(E)(n, X)s
then we have

Mvﬁéb(Fp) (n) = EBXMVthéb(Fp) <n7 X)
Let us turn next to the definition of the Hecke algebra.

2.2.4. Hecke algebra. — We start by defining first what we call mod p cohomological modular
forms over F. Recall that we have denoted pO as p and we are assuming that p is inert in F.
The residue field is then F,2. The congruence subgroups I'y [, (1) act on V;%% *(F F,) via reduction
modulo p.

Definition 2.7. — A cohomological mod p modular form of weight V,ffgb(ﬁp) and level n over
F is a class in
i H (T o) (), Vi (Fp).

’» ' r,Ss

We have denoted this Fp-vector spaces as M VoL )( n).
p

We next define the Hecke algebra of interest for our purposes.
Definition 2.8 (Hecke algebra). — 1. The abstract Hecke algebra H is the polynomial
algebra Z[Ty, Sq| q 1 pn mazimal ideal C O].
2. The Hecke algebra H(Mva,b(F )(n)) acting on Mva,b(F )(n) is the homomorphic image
p T8 p
of: H — Endg (M Vep(E, )( )i Ty, Sq — Ty, Sq-

As we said an eigenform for all the Hecke operator Ty for q away from pn gives rise to a system

of Hecke eigenvalues. Here is a formal definition of a system of Hecke eigenvalues with values

in [Fp.

Definition 2.9. — A system of Hecke eigenvalues with values in E, 18 a ring homomorphism

Y H — F,. We say that it occurs in Mvab( )( n) if there is a non-zero f € Myas g )(11)
8 P

such that Tf = (T)f for all T € H.

I'11e,1(0)

ISTRICLY (F ) to some irreducible

In the next section we shall relate the induced modules Ind

FF,[GLa(O)]-modules of the form V;s’(F,).
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54 Weight reduction for cohomological mod p modular forms over imaginary quadratic fields

3. The relevant induced modules

We recall that by assumption we have fixed a rational inert prime p and p = pO does not

divide an integral ideal n which was also fixed. Here we will be concerned with the induced
I'11e,1(0)

Ty ](Pn)(

G == GLQ( pz) and S SLQ( p2).

Define the following congruence subgroups of GLa(F) :
] () = giK1(n)g; ' NSLy(F).

. - ib .
Because (tol (1)) (‘Cl g) <ti01 (1)) = (tfalc td ) , one obtains that

i

modules Ind p). We shall derive a more explicit decomposition of the latter. Let

Ty () = {(24) €SLa(F) :a—1,d—1€nbebj,ceb; 'n}.
In particular with our assumptions one has that
1[b1]( n):={(2%) €SL(0):a—1,d—1,¢=0 (modn)}.
Furthermore, let
I(n)={(2%) €SLy(0):a—1,d—1,b,¢c=0 (modn)}.
Lemma 3.1. — Let S = SLa(FF,2). Then, we have an exact sequence
1=Tp)NTin) =»Tin) =-S5 =1
where the third arrow is reduction modulo p.

Proof. — Tt is clear that I'(p) NT'1(n) is the kernel of the reduction modulo p of T'y (n). So, we
are left to see the surjectivity of the third arrow. To this end let a,b,c,d € O with ad —bc = 1
(mod p). We need to find o, 8,7,d € O such that ad — Sy = 1 with the congruences:

a = a (mod p)
a = 1 (modn)
g = b (mod p)
v = ¢ (modp)
v = 0 (modn)
0 = d (mod p)
0 = 1 (modn)

It is readily seen that if 0 # ¢ € n and is coprime with p then the Chinese Remainder Theorem
permits to conclude. Indeed, set v = ¢, there exist «,d € O with a« = a (mod p), « = 1
(mod 7), § = d (mod p), 6 = 1 (mod «). This gives ad = 1 (mod 7), and so there exists
B € O such that d — fy =1 and 8 = b (mod p). So we need to see that we can always
reduce to this case. To this end as n is coprime with p, we can find n € n, k € p, and r,s € O
such that nr — ks = 1. The image of the matrix (7 0) belongs to S and can be lifted by the

nn

previous arguments. Then (7 9) (24) = (n(j;ia) n(gﬁb)) is a matrix in S whose bottom line

has entries in n. Then if n(c+ a) # 0 we are done, otherwise we just have to multiply from
the right by (! ¢) for the condition to hold. O
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Corollary 3.2. — Fori > 1, the congruence subgroup I‘% [bi](n) surjects onto S via reduction
modulo p.

Proof. — From Lemma 3.1, we have that T';(n) surjects onto S. So let M = (ab) e S and
(: ’?) € I'1(n) be a lift of M. For each i > 1 take \; € b; such that A\; =1 (mod p) (this is

possible since b; is coprime with p). Then the matrix ( >\i_al’7 Agﬁ) belongs to Fi[bi} (n) and its
reduction is M.

From the fact that I'} [04] (n) C 'y p,)(n), we deduce that the reduction modulo p of T'y p,;(n)
contains S. Now suppose we are given two subgroups Hi, Hs of G = GLs (Fp2) containing S
and such that their images by the determinant map are the same: det(H) = det(Hz) <.

The fact det(Hy N Hy) = det(H;) N det(Hsy) implies the following commutative diagram with
exact rows:

1 S HinHy —% det(Hy) —— 1
1 S y o H s det(Hy) —— 1.

Therefore one has H; = Ho, and we have established that any subgroup H of G containing S
is uniquely determined by the image of the determinant map H det, IF;‘)Q. From this fact we
derive that I'; p,)(n) reduces to

Ti(n) = {g € G : det(g) € Im(O* reduction, ]F;;Q)}.

We also derive that T'y f,)(pn) reduces to
Ti(pn) == {(8 b) € G:ae Im(OF reduction, F*2)} :

p

In summary, reduction mod p gives the following bijection:
Iy o (PN 1o, () = Ta(pn)\Ta(n).
Define U = {(8 ’1)) eG } . Next we have the following bijection
Ti(pn)\Ti(n) +— U\G
Ti(pn)g — Ug.

Indeed the map is surjective and two elements from 77 (n) are sent to the same class modulo U
if and only they belong to the same class modulo 7;(pn) because we have U N 71 (n) = T (pn).
Composing these two bijections, we obtain the bijection

INES (pn)\rl,[hi](n) — U\é-

3.1. Induced modules. — Let H be a group and J < H a subgroup of finite index. For a
left J-module M the induced module, and a twisted induced module are defined as follows.

Definition 3.3. — 1. nd(M)={f:H - M : f(gh) =gf(h)Vge J hec H}.
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2. Given a character x : J — F;, we define a twisted induced module as
Indff (Fy) = {f : H = Fy, : f(gh) = x(9)f(h) ¥ g € J.h € H}.
Recall how a left action of H on Ind% (M) can be defined: for g € H and f € Ind] (M) we
have (g.f)(h) = f(hg).
Let B = {(8 2) eG } be the Borel subgroup of G and define the character x of B by
x:B — IE‘;;2
(52) = e
For an integer d, we also set x%(.) = (x(.))%. The homomorphism y induces a group isomorphism
U\B = F%,.
From this isomorphism we obtain the following isomorphism of B-modules
Ind2 ( p) = Ind 7\ ().
The isomorphism is defined as follows:

® : Ind,?

{1}(1@) — IndZ(F,)

fo= ()= fle).

The representation Ind (1} ( ) is the regular representation of ]FZQ. This is a (p?

—1)-dimensional
representation of an abelian group of order prime to p and hence it admits a decomposition
into a direct sum of one-dimensional representations of IFZQ. By a slight abuse of notation,

—d —
the summands are the Fzg—modules }F;f , where for x € F;)Q,y € Fp, we have z.y := x%y with
0<d<p®—2.

Proposition 3.4. — For all i, there is the following isomorphism of left T'y ,(n)-modules
and left I‘i [0:] (n)-modules respectively:

Py = 2 90 G =x?
1. Indrly[bi](pn)(F ) @5 o md%(F, );
Mo ™ == 5
2. Indrly[bi](pn)(Fp): ondS L(FY).

Proof. — Because of the bijection I'y [, (pn)\I'y [, (n) — U\G given by reducing modulo p,
the transitivity of Ind, and the observation above, we have the following identifications of left
'y jp,](n)-modules:

Fip() =\ ~ G
'y, [v;1 (1) GF ) = Indff (Fp)
>~ Ind%(Ind2(F,))

> Indg (o, _Q(IFX )

1

22
o, Indg(lﬁ‘;‘ ).
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For the second item, one uses the bijection I'} [bi](pn)\F% [0:] (n) «— (UNSN\S. O]

= A d
We shall need a more explicit version of Ind% (IF;,( ). For 0 < d < p? — 2, we define the following
G-module which we denote by Ug(TF,) :

Ug(Fp) = {f : F2o = Fp : f(za,xb) = 27 f(a,b) Vo € Fp}.
Next we define the following homomorphism
o UyF,) — Wdl(E)
F o= ((22) = Flee).
We shall show that it is an isomorphism of G-modules. It is well defined since
P(F)((52) (ah)) = F(zc, ze) = 2'F(c,e) = x (5 4)e(F)((41))-
It is also easy to see that ¢ is an G-homomorphism. In order to conclude that ¢ is an

isomorphism, one can define the inverse ¢ of ¢ as follows. We first note that for ¢, e € Fp2 not
both zero we can find a,b € 2 such that ae — bc # 0. Hence an element (c, e) # (0,0) gives

rise to a matrix (2 %) in G. Another choice of @, b’ with a’e — b'c # 0 amounts to multiply

—d
(2?) from the left by a matrix of the form (%) which acts trivially on IF‘;< . This implies that
the map
= . d —
¢:Id%(Fy ) — Uq(F,)
fo= ((ee)m f((22),
is well defined, that is, to mean that any choice of a,b € F,. with ae — bc # 0 will do.
Furthermore it is easy to verify that it is an G-homomorphism and it is the inverse of ®.
~ = _~d
In the next remark, there is another proof of the isomorphism of G-modules : Indg (F;f ) =
Uq(Fp).
Remark 3.5. — We start with the identification of F,-vector spaces
F[X, Y]/(XP" = X, Y7 — V)2 {f:F% - F,}
where P(X,Y’) maps to the functlon (a,b) — P(a,b). To see this we observe that the spaces on
both sides have dimensions p* as F -vector spaces. So, we just have to prove injectivity. To this
end for any z € F2 if the polynomlal f+(Y) = P(2,Y) € Fp[Y] vanishes for all y € Fz2, then
this means that Y and Y?*~1—1 divide f,(Y) for all z € [F,2. Because x is arbitrarily chosen we
deduce that Y?* —Y divides P(X,Y). As the role of X and Y are symmetric, one obtains that
P(X,Y) lies in the ideal (X?* — X, Y?* —Y). In fact this is an isomorphism of F,[G]-modules.
Let W(p,F,) = {f € ﬁ o[ X, Y]/(XP* — X,Y?* —Y) : f((0,0)) = 0}. This module can be

identified with Ind (pn) (Fp) as Ty p,)(n)-module, see [16] for details. Then Ug(F,) is the
subspace of homogeneous polynomial classes of degree d in F,[X,Y]/(X P — X, VP’ —Y) with

f((0,0)) = 0. And as a graded I'y ,)(n)-module W(p,F,) decomposes as follows:
W(p,Fp) = @5:6 Ua(Fyp).
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The isomorphism in Proposition 3.4 will permit us to obtain a better understanding of the
non-semisimple G-module Ugy(IF,). We shall turn to this among other things.

4. Irreducible G-modules

We keep the same notation as in the previous sections. We will prove here the main results.
For an irreducible FP[G]—module W, this is done by embedding a cohomology group with
coefficients in W into another cohomology group with trivial coefficients roughly speaking.

First of all, we shall see how the irreducible F, [G]-modules can be embedded in a twist of

Uqg(Fp). Let 7 be the non-trivial automorphism of F2. For 0 <r7,s <p—1,0<1,t,<p—1,
recall that when [ and t are not both equal to p — 1, the representations

= =2 =2
Vii(Fp) := Sym" (F,) ®p , det' @x , Sym®(F,)” @ , (det)",

exhaust all the irreducible F,[G]-modules. Here, we identify Sym” (FZ) with the homogeneous
polynomials in the variables X,Y over F, of degree r which we denote by F,[X,Y],. A
matrix (¢Y) € G acts from the left on VJ;(FP) as follows: on the first factor (24) . X'Y7 :=

aX + bY)i(cX + dY)? followed by multiplication by (ad — be)! and on the second factor
(

we apply first 7 on (‘CL Z) and proceed as for the first factor followed by multiplication by

(ad — be)Pt, e.g,
(¢8). XY@ X"V = (ad — be) P aX + bY ) (cX +dY) @ (aPX +PY)" (PX + dPY).

For e > 0, we write U5(F,) to mean the F,[G]-module Uy(F,) with the natural action of G
followed by multiplication by det®, e.g, U4(F,) = Uq(F,) ®F det®.

Lemma 4.1. — We have the following embedding of left F,[G]-modules

Vi VE(E,) = UL,

fog = ((a,b) = f(a,b)g(a”,b")).

Proof. — In polynomial terms we can write ¥(f(X,Y) ® g(X,Y)) = f(X,Y)g(X?,Y7P).
By definition of ¥ we have W(} f; ® g;) = > U(fi ® ;). Now let M = (2Y) € G, we
need to check that W(M.f ® MT.g) = M.V (f ® g). For f(X,Y) = > L ) GnmX"Y™,
9(X,Y) =3 e e X'YR then M.f = (ad—bc)1Y, 0 anm(aX +0Y)"(cX +dY)™ and
M7.g = (ad — be)?' >, bii(aPX + WPY) (P X + dPY)*. We set a = (ad — be)?™P". Hence
by denoting V(M.(f ® g)) as (x), we have
) = a > D anm(@X +0Y)(cX +dY)"bp(aP XP + PYP) (P XP + dPYP)
n+m=r [+k=s
= o Y > anm(aX +0Y)"(eX +dY) b p(aX + bY)P (X + dY)PF
n+m=r [+k=s
= MVY(f®yg).
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One would then like to have a more concrete description of the cokernel of W. In other words,

one has to compute the Jordan-Holder series of U (IFp).

Remark 4.2. — In the special case s = 0, the semi-simplification of US(k) for k a finite field
can be obtained by immediate generalization of the case k = IF,, which is treated for instance
n [16]. But as it seems that this method does not apply when s > 0, we will naturally follow
the Brauer character theory approach which gives the semisimplification of U4(k) in complete
generality.

For our purpose we shall next see that

= = , = 0,541 = 1,0 =
(Upgps (Fp))** = W?;O(Fp) SV, 1 po1—s(Fp) @ V;—Sl—j_p—Z—s(Fp) @ ‘/;)Tjr—2,s—1(Fp)'

e

From this we deduce the semisimplification of U¢, , (IF,) by twisting.

4.1. The constituents of U, (F,). — Let k be a finite field and & = GLy(k), and B its

Borel subgroup of upper triangular matrices. For a character ¢ of B with values in F,, we
—Ad —pd
consider Ind$, (IF‘JQD5 ) where 0 < d < #k — 2. The semisimplication of Indg(lﬁ‘ﬁ ) is computed

in [8] via Brauer character theory. Given two homomorphisms yi, x2 : £* — @*(or @;), one
obtains a character of B induced by x1, x2 as

(82) = xa(a)xa(e).
Furthermore for V =Q ( or Q,) let I(x1, x2) := Ind§ (VX1X2) where

IndZ(V¥IX2) ={f: & = V: f((§%) 9) = x1(a)xa2(e)f(9) V(§8) € B, g € &}

This is a (¢ + 1)-dimensional representation of G' where ¢ = #k. It is known as a principal
series representation of &. Next let E be the set of embeddings £ — ). Then the complete
list of irreducible F)-representations of & is given by:

Rt 5 = ®7ep(Sym™ (k%)) ® (det™ )™ @ Fp;
for integers 0 < m, <p—1and 1 < n, < p associated with each 7 € FE, and some n, is less

than p — 1. Here one makes the convention Sym~!(k?) = {0}, the null module. Before we go
further, note that in our notation we have

VELF,) = R, (ri1,541)
as irreducible B-modules.
To obtain the semisimplification of an Fp—representation of &, the approach is via Brauer
character theory. One starts with a @p—representation W of &, and reduction modulo the
maximal ideal of Z,, yields an F,-representation of . More precisely for such a W, we know
that there exists a Zp—lattice L inside W invariant under the action of &. Then reduction of L
modulo the maximal ideal of Z,, gives rise to an F,-representation whose Brauer character is the
restriction of the character of W to the p-regular classes of &. In this way the semisimplification
thus obtained is independent of the lattice L.
Any group homomorphism ¢ : k* — @; can be written as ¢ = [[. 7% with 0 <a, <p—1
and 7 the Teichmiiller lift of 7. Then the reduction of ¢ is ¢ = [[, 7%". By a twist it suffices
to consider the irreducible representation of the form I(1, ). Then it was shown in [8] that
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Proposition 4.3 (Diamond). — Let M =1I(1,[[, 7%) with0 < a, <p—1 for each T € E.
Let Frob be the Frobenius in E. Then the semisimplification of the reduction M of M is
M= @jcsMy with My = Rmhﬁﬁ where
0 if TeJ ar+9;(1) if T€J
mjr = . njr = .
ar +9;5(7) otherwise; p—ar —6y(7T) otherwise;

with &5 the characteristic function of J® = {ro Frob:r e J}.

We shall next specialize to our setting. We take & = G and B = B. Let 1) : Fpe — F, be a
fixed injection. We also denote by 1) the character obtained by restriction to IFZQ. Now, let

(U IF;2 — @; be the Teichmiiller lift of ¢). The homomorphism ¢ induces the character of B :

B =@y (5Y) = ().

Via 1, @p is endowed with a structure of B-module which we denote @ZJ : for h € B, T € @p
we have h.x = ¢(h)z. The @p—representation

I(1,9) = md4 (@) = {f: G = Q, : f(hg) = $(h)f(9) Vh € B, g € G}

of G has reduction the F,-representation Ind%(ﬁf) where by abuse of notation 1 is the
character of B induced by 1 : o
B =T, (o) —9(2).
~ —d

For 0 < d < p? — 2, we consider the F,-representations of G : Indg (F;f ). We write d = r + ps
with 0 <r,s <p—1, E = {id, 7} so that Ed = id"7°. From Proposition 4.3, we have

= 0,5+1 1,0 =

(Ur—i-ps(]Fp)) VOO( )®V —r—1,p—1— s( )@V Sl+p 2— s( )@VTJFT 2,5— 1(Fp);

where we have used the identification of Uy(F,) with Indg (F;f ) as F[G]-modules from page 57.

We define the representation quﬁ by the exact sequence

0 — VI(E,) — UZE(F,) — Wht — 0.

Thus the semisimplification of WT,’S is

(Wi =V 1) @ Vit (@) @ Vo 1 ().
4.2. Some invariants. — Let I'; jp,1(n) be the congruence subgroups of G(F') defined in
Section 2. We view F, as a trivial left G-module. We need to remind us once more how Hecke
operators act on the degree zero group cohomology. Let g € Af(n) where A](n) is the subset of
Matg(@);ﬁo defined in Section 2. From Lemma 2.3, we have that for each ¢,1 < ¢ < h, there are
a unique index j; and a matrix §; € Ai[bi](n) such that K1(n)gKi(n) = K1(n)gj,Big; " Ki(n)
with g; the matrices corresponding to the ideal classes as defined in Subsection 2.2.

Let M be a finite dimensional left Fp[(}']—module. We have seen that the Hecke opera-
tor corresponding to the double coset Ki(n)gKi(n) which we have denoted as T, sends
(my,---,mp) € @zh:lHO(FL[bi} (n),M) to (ny,---,np) with n;, = Tg,.m;. Here Tpg, is the
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Hecke operator corresponding to the double coset I'y 5, | (n)BiT'1 [, (n). Explicitly one defines

I‘/ll[%h](n) = 51-1“17[,3”(11)@_1 N Fl,[bji}(n), then we have

Tﬁi :HO(Fl,[bi](n),M) — HO(FI,[bji](n)vM)

NS o1 (/T 1 (0)

This being said here are the I'{ [b,](n) and Ty p,1(n)-invariants for U4(F,), V}lj;(Fp), (Wi;ﬁ)ss
l t k) 7
and Wps.
Lemma 4.4. — Let d and n be integers greater than or equal to zero. Then one has
1. for all n > 0, one has

h 0 1 n /= . @?ZIFP Zfd =0 (mod p2 — 1)
Sl HO(TY (), U(Ey) = { Py V=0 ool

as Fp-vector spaces.
h T : — 2 *\n
b o110 nm o ) B F,  ifd=0 (mod p® — 1) and (O*)" =1
2 ol 10y (0, UE) = { P 1p"~1).
as F,-vector spaces.
3. the Hecke operator Ty acts on (mq,---,mp) € @?:1H0(F1,[bi} (n),Ug(?p)) = @?ZIFP,
where d =0 (mod p* — 1) and (O*)" = 1, by sending m; to n;, with

nj, = [T pp,,1(0) 2 Bil'1 v, m)B ' n 'y 6,1 ()] .

Proof. — As for the first item, because F% (6] (n) reduces modulo p to S and since we can
identify U%(F,) with Ug(F,) as S-module, we see that the invariants do not depend on the
values of n. Having this, it is suitable to view Uy(F,) as the set of F,-valued functions on

F??? and homogeneous of degree d. Observe first that a non-null constant function belongs
— 1 — 1

to (Ud(IF'p))FL[bil(n) if and only if d = 0 (mod p? — 1). Any nonzero f € (Ud(IE‘p))Fl’[bil(n)

is a constant function. Indeed let (0,0) # (a,b),(a/,V) € IFZQ and suppose that f(a,b) =

x # f(d',V') = y. Now since (a,b), (a/,b) # (0,0) there are c,e, ¢/, d € Fj2 such that

(ab), (‘Cl// Z/,) € S. Then (a',¥) = (a,b) ( £, 7}) (ﬁ,’ Z/,) . Therefore Fi[bi](n) acts transitively

on IF‘IQ)Q —{(0,0)}. Indeed from Lemma 3.1, reduction modulo p is a surjective homomorphism

Fi[hi] (n) — S. So we have y = f(d', V)= f((a,b)y) =vf((a,b)) = f(a,b) = z, contradicting

the hypothesis = # y. Hence f € (Ud(ﬁp))ri["i](n) if and only if f is constant.

For the second item one firstly observes that a non-null constant function belongs to
(Un(F,)) vteal ™ if and only if d = 0 (mod p> — 1) and (O*)® = 1. From here the same
proof as the one given for the first item applies.

For the third item, let f, € (U5(F,))" 10" with f(a,b) =« for all (a,b) € F2 —{(0,0)} and
let given Fl’[bji}(n)ﬁil“17[bi} (n) = Hkékf‘l,[bi](n)‘ Then

Tp,-fola,b) =Y 6pBi-fola,b) = 1o, () 2 Bl o (W) B N Ty g, g ()]
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From this what we have claimed follows. O
We also have the following

Lemma 4.5. — Let 0 < r,s < p—1, and let I,t be integers greater than or equal to zero.
Then one has

h T .
h o 0Tl Lty ) @1Fp ifr=s5=0 and for all I,t
1@ H T (), Ves (Fp)) = { 0 otherwise

as Fp-vector spaces.

b HO Ly O Fy ifr=s=0and (OF)FP =1
# OA Ty @) Vi) = { 1 8 otherwise

as IFp-vector spaces.

3. the Hecke operator T, acts on (mq,---,my) from @LlHO(FL[bi](n),Vol:é(?p)) which
is equal to @t F, when (O*)!TP! = 1, by sending m; to n;, with n;, = [T'1[6,1(n) =
Bil'1 o (W3 N L't ;1 (n)]ms.

Proof. — Firstly when r = s = 0, and for all [, £ then Vrl; (F,) =F, as S-module. By definition
5(n)

_r! _ _
we have T, """ = T,. Otherwise use the fact that V(T ») is irreducible as I'} [b:] (n)-module.

The second item is proved similarly. The statement about the Hecke action is verified similarly
as in the proof of Lemma 4.4. O

Lemma 4.6. — Let0<r,s<p-—1l,e:=1+tpe;:==e+p(p—1),ea:=e+p—1>0 and
let f be the order of O*. The following isomorphisms of IF,-vectors spaces hold:
r=s=p-—1 or
oh_F, ifir=1,s=p—2or
r=p—2,s=1
0 otherwise

2. suppose that (r # lors #p—2) and (r #p—2ors # 1); then we have

h T . R
DLHO (0 o (), W) = { Gy Yr=s=p-1

1. @}ILZZHO(F%,[[JZ] (1’1), (Wr,s)ss) =

TS 0 otherwise

B r=s=p—1land f|eor
@?:in ifsr=1,s=p—2andf |eor

3. @h_HO(Ty (p1(n), (Whh)ss) =
1= (1,[bz]()( )) r:p—2,s:1andf|62

0 otherwise.
4. suppose that (r #lors#p—2 or ffei) and (r#p—2ors#1 or ftea); then we
have
e F, ifr=s=p—1and e
Bl HY(Ty o,y (n), Wh) = { 1= 8 / otiZL)erwise /

Lastly, the Hecke action on these spaces is as in the previous lemmas.
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Proof. — We have (W, ,)* =V,

—r—1p—s— 1 (Fp )@VOSH (F, )@VT+T1()23 L(Fp). From the

1,p—s—2

above lemma we know that HO (T} o (), |74 (F,)) is non zero only when r = s = p—1.

—r—1,p—s—1
Indeed V%, . | (Fp) =T, as S-modules if and only if r = p — 1, s = p — 1. In this case we
have (Wm)SS =V, s 1(Fp) = Fp. Therefore we obtain that
HO(IY o, (n), (W, 0)*) = Fp.
From the same lemma V0 51;1 «_o(F,) has non zero invariants only when r =1,s =p —2. In

this case we have
(Wypea)® = Vs 2(Fp) @ Vo ™' (Fp) @ Vi, 5(Fp).
From this one has B
HOTY 1y (1), (W o)) = By

From the same lemma the invariants of Vrtl 02 - 1(F,) are non zero if and only if r = p—2,s =

1. Similarly we obtain that

HO(F%,[bi} (‘(1)7 (Wp—Q,l)SS) = ﬁp‘

As for the second item, when r = s = p — 1, then (W, ;)* = W, .. Otherwise, from the fact
that HO(FhM (n), (W, 5)**) = 0, one deduces that HO(F%’M (n), W, 5).
The remaining items are proved in a similar fashion. O

In the cases (r=1,s=p—2 and f|ej)or (r=p—2,s=1 and f |eg), further analysis is
needed.
We shall next discuss the case 7 = 1,s = p —2 and f | e; in detail as it is symmetric to

the remaining one. We suppose in addition that p > 5. So the representation Vll:;_g(ﬁp) has
dimension 2(p — 1) and we identify it with its image in Ul(;f tI)Q (Fp). Inside U(er 12 (Fp) lies the
submodule M generated by the homogeneous monomials of degree (p — 1)2. The dimension of
M is (p—1)? + 1 and it contains Y/IZ:;_Q(FP) as submodule. By dimensional consideration (

it is here that we need to have p > 5 to avoid discussing many cases), one deduces an exact
sequence of F,[G]-modules

1, = l, =
0= Vi o(Fy) = M = VA (F,) — 0.
Indeed from

ss , 241 l,p—2
(Wl,p 2) Vop HUF Fp) eV, +3; 5(F )@VH P (E,),

we know that the constituents of any submodule of Wl’p 5 are among the representations

V() V2o (F,) and VP2 H(E,). From the equality (p—1)°+1 = (p—2)2+2(p—1),
it follows that . piis
. = _
M/, o(Fp) = V+3p 3(Fp).
Therefore V2+3l ; 5(F,) is a submodule of Ul(+p ' 2/ o(Fp) = (Wl’p 9)%.

Next we can realize the module Vo’p 1+t([ﬁ‘p) as Submodule of (Wll;_z)SS by sending 1 to the
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class XP(P~Dyr(P-1) 4 Vll; 5(Fp). To see this we define
p—1 ! =
Vop +t(Fp) - U +ptl)2( / 1p— 2( »)
1 — XxpPe=Dypr-1) 4 Vl,p—z(Fp)'
Then for g = (2%) € G, we need to check that ¢(1) = g.(1). We have
g.XPP=DyPr=1) = (ge — be) P (P XP + PYP)PH(PXP + PY PP

The latter polynomial is a linear combination of the monomials X 20" =2p—iyi with pli. For all
multiples i of p less or equal to 2p(p — 1) except p(p — 1) the monomials X 2p* —2p—iyi belong

to Vll,’;t;—2(Fp)- Indeed let i = pk, we recall the relations X?° = X,Y?* =Y in Ul(;rftl)Q(Fp ),
then we have
2 9. 2 9. 2 —1)2— l, el
X2 =2p—pkypk — P =2p—pk xpTypk — x(p-1)-pkypk o V1;t) 2(Fp).
Therefore g.p(1) = (1) (mod V}lﬁ( [F,)). This implies that the direct sum Vo’p 1( F,) &

V;,l_+3l ’;_3 (F,) is a submodule of VV1 'p—o- Thus we get an exact sequence

0= Vo " (Fp) @ V25 a(Fp) = (Wi _g) = V5127 (F,) — 0.
Hence for (r =1,s =p—2and [ +pt =p—1 (mod p? — 1)), we obtain that
HO(Ty 5, (n), W) = Fp.
For (r=p—2,s=1)and [ +pt=1—p (mod p? — 1), similar arguments yield
HO(T'; 5, (n), Wijé) =F,.

In summary we have the following

Lemma 4.7. — Letp > 5 and e := 1+ pt. Then we have

r=1,s=p—2 or

1. HO(F%[b]()W s) =Ty Zf{r: —2,5=1

2. HO(T, [b.](ﬂ),Wl’z):ﬁp if r=1,s=p—2and f|plp—1)+e or
o 7 r=p—2,s=1land f|le+p—1.

4.2.1. Some indexes. — Let t be a finite place coprime with pn. The matrix g € Matg(@)

which has at the t-th place the matrix (76‘ (1)) where ¢ is a uniformizer of O¢ and in all the

remaining places has the identity matrix, belongs to A!{(n). We shall fix in this subsection
such a g. Because
—1 T 0 b .
(7o) e (w9 = (o)
we deduce that
Kj () =g "Ki(m)gNKi(n) = {(24) € Ki(n) : m | et} -

Consider also the subgroup
Ki(n) = {a € Ki(n) : det(a) = 1}.
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Similarly as in Lemma 3.1, one can prove that reduction modulo t provides us with a surjective
homomorphism

K{(n) — SLy(O/4).
From this we deduce that we have a surjective map

Ki(n) — PYO/Y)

(2%) — (c:d).
This map is surjective because there is a surjective map SL2(O/t) — P1(O/t); (24) — (c: d)
and also a surjective map Kj(n) D K{(n) —» SL2(O/t). Since the subgroup K1 _1(n) is the
subset of all elements that are mapped to (0 : 1), we deduce that we have a bljectlon

K{ ;1 (n)\K1(n) «— P'(O/1).

Therefore we obtain the index [Kj(n) : K{ _1(n)] = N(t) + 1. Recall the definition

Ffﬁ[h ] (n) =Ty jp,;(n) N /3;1F17[t71b1.} (n)B;. Similarly as Y, (n) decomposes into disjoint union
of its connected component H?:lFL[bi](n)\Hg, YK/ 1 decomposes as follows. We have

YK;@_I( n) = e J‘l’i ] (n)\Hs. Indeed we know that the connected components of YK/ aw
are I'f 1 (n)\H3 where I \(n) = g;K{ 1(n)g; ' NG(F) = gig”'Ki(n)gg; ' N Ty [b]( n).
Recall that Bi = gigg'ki = (1) € G(F) with ks = (§1) € gif(w)g;". For
o €Ty, () = g5, Ki(n)g;,' NG(F) we have
BloBi € B g Ki(n)g; ' BiNG(F)
=k '9i97"g;, 9. K1 (n)g5.9;, 99; ki N G(F)
= gig 'Ki(n)gg; ' N G(F)

where we have used the facts that g;, g, k; commute and k;, k; Ve gK, (n)g; ! This means
that Bl-_lfl,[bj,](n)ﬁi =T7 ;) (n)- Therefore we deduce that

rﬁbm T o (1) N B; 1Ty o, (W) = T ().

So we have the following projection map

o7
Yier e = ol ) (m)\Hy

[
Yy (n) = g T oy () \Hs.
The map s4 is of degree [Kq(n) : K£79,1(n)] = N(t) + 1. The maps induced by s, on the
connected components are also of degree N (t) 4+ 1. The discussion we just made implies that
for f3; corresponding to g, that is to mean Kj(n)gK;i(n) = K3 (n)gj_ilﬁigiKl (n) where j; is the
unique index such that the ideal (det(g;,99, 1)) is principal, the following holds.
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Lemma 4.8. — Keeping the same assumptions as above, then for any ideal n coprime with
t = (det(g)), we have

[Fubjl_](n) : @-PLM (ﬂ)ﬁl_l N Fl,[bji](n)] = N(t) + 1.

Therefore, the Hecke eigenvalue corresponding to the action of Ti on the F,-vector space
HO(Dy [p,1(n), VihL (Fp)) where t is a prime ideal coprime with pn is N(t) + 1. Hence eigenvalue
systems coming from the F,-vector space @?ZlHO(FL[bi] (n), Vrlﬁ (F,)) are Eisenstein because
the semisimplification of the conjecturally attached Galois representations is the direct sum of
the cyclotomic character and the trivial character.

As we shall make use of Shapiro’s isomorphism, we need to verify that it is compatible with
the Hecke action on group cohomology. From the above discussion, we deduce that we can
choose identical coset representatives for the double cosets

Ly =16, (P0) BiT1 [0, (1) /T o, (pn) and for Ty j-14,1(n) BiT'1 6, (n) /Ty 5,1 ().
This will be used for the compatibility of the Hecke action with the Shapiro’s isomorphism.
4.2.2. Compatibility of Shapiro’s lemma with the Hecke action. — Recall that when IV < T°
are congruence subgroups and M is a IV-module then Shapiro’s isomorphism reads as

H*(T, Indk, (M) = H* (I, M).
It is the isomorphism induced by the restriction j : I” < I" and the homomorphism
¢:Indh (M) — M
fo= Q).
Therefore in terms of cocycles we have
Sh:H*(,IndL (M) — H*I',M)
c — ¢ocoj.

From Subsection 2.2.1, we know that for ¢ € Af(pn) with a coprime with pn, any set of orbit rep-
resentatives of the orbit space K (pn)gKi(pn)/K1(pn) belongs to Af(pn) where a = (det(g))O.
In a similar fashion any set of orbit representatives of Kj(n)gKi(n)/K;(n) belongs to Af(n).
We also obtain that any set of representatives of the orbit space Fly[b].i](n) Bil' jp,1(1) /T4 5, (1)
belong to Ai,[bi] (n) when g; is from Ai[bi](n). For the forthcoming statement we need to recall
some important facts. On page 56, we saw that reduction modulo p provides us the following

isomorphism of T'y f,)(n)-modules:

Ty (M) =\ G =N o~ Fl,[a_lbi](n) =
Indf‘l,[h.](pn) (]Fp) = IndU(]Fp) = IndFL[a—lbi](P“) (Fp)

k3

where U = {(2?) € G} C B with B the Borel subgroup of G’ and F,, is endowed with the

structure of a trivial left I'y [, (n)-module. The left action of the latter on Indll:ii’iggi) (F,) is
T (o] (1) o

as follows: for v € I'y p,)(n) and f € Indp. o (o) (F,) we have (7.f)(h) := f(hy). By definition

d$ () := {f : G = Fy: f(uh) = uf(h) = f(h), VueU,he G},
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that is the collection of all the U-left invariant maps from G to Fp. Because foreach¢ =1,--- | h,

any element A € Aj [bi](pn) has its reduction belonging to U, we derive that any f € Imdg~ (Fp)
satisfies

fF) = fQ).

Proposition 4.9. — Let a be a prime ideal coprime with pn. Let T, = T, be the Hecke
operator associated with g € Af(n) where a = det(g)O the ideal corresponding to g. Ezplicitly
g is the matriz with the identity matriz in all finite places expect at the a-place where there is
the matrix (’8‘ (1)) . Here 7y is a uniformizer of O4. Then the following diagram

Ly, = Sh =
(T o) () Indpy 00 (Fp)) ——— H Ty (o), Fy)

n |

Sh =
— Hl(Fl,[a*Ibi](Pn)an)

is well defined and is commutative.
Proof. — For the proof of this proposition, we refer to [1, p. 42]. ]

One other important fact that tells us that we only have to look at Serre weights, that is
to mean irreducible F,[G]-modules for the analysis of Hecke eigenclasses is the following
proposition.

Proposition 4.10. — Let n be an integral ideal such that the positive generator of n N Z
is greater than 3. Consider the open compact subgroup Ki(n) of level n. Let M be a finite
dimensional F,|G]-module. Let W be an eigenvalue system occurring in EB?:lHl(FL[bZ.](n), M)
and taking values in Fp. Then, there exists W, an irreducible subquotient of M such that ¥
also occurs in ®F_ H! (L' o, (), W).

Proof. — Let W be an irreducible submodule M. Denote the quotient M/W as N. Set
K = Kj(n). This is an open compact subgroup of G(O) which is neat and surjects onto O*
via the determinant. Write the following exact sequence of locally constant sheaves on Yy
associated with W, M, N respectively:
0—-W —=M-—N —0.
From this one obtains the exact sequence in cohomology:
o= HY(Yg, W) — HY (Yi, M) — HY (Y, N) — - --

Let s be a system of Hecke eigenvalues from H! (Y, M ). If the image of s is zero, then s occurs
in H'(Yx, W), and we are done. Otherwise it is arisen from H!(Yj, N). We then replace M
by N and repeat the argument. O

4.2.8. Statements and proofs of the main results. — The statement about the reduction to
weight two is as follows.

Theorem 4.11. — Let I be an imaginary quadratic field of class number h. Let n be an
integral ideal in F' and let p > 5 be a rational prime which is inert in F' and coprime with
n. Suppose that the positive generator of n N7Z is greater than 3. Let 0 < r,s < p—1 and
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0<lt<p—1, withl,t not both equal to p— 1. Let ¢ be a system of Hecke eigenvalues in
EB?:lﬂl(Fl’[bi]( ) Vrs( ). Then 1 occurs in & HY(T';, 6, (pn), Fp ® det!Pt) except possibly
when (r=1,s =p—2) or (r =p—2,s =1). In these potential exceptions, the obstruction is
coming from Hecke eigenvalue systems which are Eisenstein.

Proof. — The proof is divided in two parts. Firstly, we show that
@?:1H1(Fi,[bi} (n), V. 5(Fp)) = @ H' ('} o (1), Fp)

as ﬁp—vector spaces except in the exceptional cases named in the statement. Secondly from
this, we use an inflation restriction exact sequence and obtain an embedding of Hecke modules
S H (I ) (0), Vis (Fp)) = &l HY(Ty gy, (pn), Fy © det!+71).
First part:
The exact sequence

0=V, (Fp) = U, (Fp) = W, =0

gives rise to the long exact sequence in cohomology
0 — EB?:lHO(Pi[bi] (n), V. (Fp)) = @] HO(T'} 160 (0), Uppps (Fp)) —
- @?:1HO(F},[M (n), W, ;) = & H (T} (M) Vi s(Fp)) —
- EB?:IHI(F%,[M (1), Uy s (Fp)) — @i:IHl(Fi[bi](n)a W) =

This is an exact sequence of Fy-vector spaces. If r = s = p — 1, from Lemmas 4.4, 4.5 and 4.6,
we get the exact sequence of Fp-vector spaces for each i =1,--- ,h:

0=F, = Fp— Hl(r%,[bi] (1), V, 5(Fp)) — Hl(r%,[bi} (1), Uy (Fp)) = -+

» Vs
This means that the third arrow is the null map and hence we have an injection
@?zlﬂl(ri[bi} (n), V. (Fp)) — @l H'(T} 160 ()s Up s (Fp)).
From Lemmas 4.4, 4.5 and 4.6, we see that when (r #1 or s #p—2) and (r #p—2or s # 1),

we have an exact sequence of F-vector spaces

0= H'(TL (), Vi o)) = ATy (0), Uy (F)) -+

) s
Therefore in all cases this is an exact sequence of Fp—vector spaces. From Proposition 3.4, we

(] )

_ r
know that the representation U, ,s(Fp) is a direct summand of Indri:[b.](pn) (Fp). So, one has
an embedding of F,-vector spaces

= T 1,1 (0)
@?ZIHI(F%,[bi}(n)vVr,s(Fp)) — @z lH ( l[b]( ) In d o

o @)
By Shapiro’s lemma, one concludes that we have an injection of IE‘ -vector spaces
a: @ HN (T (), V,,(Fp)) = & H (T o, (b)), Fp).

Lastly when (r =1,s =p —2) or (r =p — 2,5 = 1), then from Lemmas 4.4, 4.5, 4.6
and 4.7, we have the exact sequence of IF,,-vector spaces

0—Fp— Hl(ri,[bi} (n), V. (Fp)) = H' (T} o ()5 Uy (Fp)) —

’»IT,S
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Second part:
Consider the inflation-restriction exact sequence

_ 1
0 — HY(Iy o,y (n)/T (0, (VL (E,) 1 ™)
T HYT g (), VAL E) 0 0™ (T gy (n) /T g (0), VELE,) 10 ™),

5 HUT o (), V() 7

» TS

» Vs

Because of the assumption concerning p we have that

— — 1'\1
H (T o, (10)/T g (), (VEER)) 00 = BT g (n) /T g (), VEL(E) 100 ™) = 0,
Then we get the isomorphism of F,-vector spaces induced by the restriction map:

Hl(rl,[h]( ) Vlt( )) (Hl(Fl [b]( ) VOO( )) ®]F de tl—i—pt)rl b]( )/Fl 651 ()

yrr.s rrr,s

where we have used the isomorphism
HY (T} (0), VEL(E,)) = HY(TL , (n), VOO (F,) @5, det .
Next notice that for all 1 < i < h, we have isomorphisms of abelian groups
Ty, (0)/T1 fp,(0) = OF 2Ty g, (pn) /T o (p0).

From the first part, when we are in the situation (r # 1 or s #p—2) and (r #p—2 or s # 1),
then there is an embedding of F,-vector spaces:

HY(Tg ) (), Vs (Fp)) = HY(Dg g (bm), Fy).
When tensoring with det'*?*, we obtain the embedding
H'(T] 1,1 (n), ViE(Fy)) = HY (T 1 (), Fp @ det™ "),

r'r,s

We next take O*-invariants and we get
(ALY oy (1), VL) = (HU(TL , (pm), Fy @ det'+7))0"

» TS

This and the isomorphism induced by the inflation restriction exact sequence implies that
HY (T o) (0), V() = (HY(T o, (), By © det™")) <

? 8

Using once more the inflation restriction exact sequence for the right hand of this embedding,
we derive that B

H' (T o) (0), VIS (Fp)) <= H' Ty o, (p0), B @ det™*7").
This natural map is compatible with the Hecke action, and so this is an injection of Hecke
modules.
Now when the cases (r =1,s =p—2) or (r = p — 2,s = 1) hold, then the first part provides
us with an exact sequence

0= F, — H'(T} y, (0), Vio(F,)) = HY(TL, (pn), F).
This implies that the following sequences are exact:

0 — Fp @ det™™" — H'(T] 1 (n), Vi (Fp)) = H'Y(T'] 1y1(pn), Fp @ det*7"),

r'r,s

thus
0 — (Fp ® det' )" — HY(T'y o,y (n), VoL (Fp)) = HY (T 5, (pn), Fp @ det' 7).

’» TS
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Then, when (F, ® det't?)®" = 0, the embedding
HY(Ty o, (n), Vi (Fp)) = HN (T o, (p0), Fp @ det' ")

holds. Otherwise, we know that the obstruction is coming from (F, ® det'*?*)©" and is hence
FEisenstein as shown by Lemma 4.8. O

Systems of Hecke eigenvalues arising from F, ® det® are Eisenstein and hence conjecturally
correspond to reducible Galois representations. Because of this, the statement about Serre’s
conjecture is not affected since it only concerns irreducible mod p Galois representations. Now
the statement related to Serre type questions is as follows.

Proposition 4.12. — We keep the same conditions as in Theorem 4.11. A positive answer
to Question (a) on page 46 answers positively Question (b) and the reciprocal also holds.

Proof. — The part (b) = (a) is obtained as follows. By Shapiro’s lemma the system is realized
in

Pujog(® o
@?lel(Fl,[bi] (u)’ Indl"iij(pn) (]Fp))

By Proposition 4.10, this system of Hecke eigenvalues already appears in
o H' (T'y o, (), M)

1,[6;] (n)

1[0, (1) (Fp). This module

where M is a simple module from the Jordan-Holder series of Indll:

M is a Serre weight.
The part (a) = (b) follows from Theorem 4.11. O
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