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N i k o l a i K o s m a t o v 

In th i s article, ail rings are assumed to have ident i ty e lements preserved 
by r ing homomorphisms , and ail modules are left modules . For a r ing À, 
let lgld A and w d A dénoté t he left global dimension of A and t h e weak 
dimension of A, respectively. For a A-module X , we dénoté t he injective, 
project ive and flat dimensions of X by idA X , p d A X and fdA X , respectively. 
T h e left finitistic injective, pro jec t ive and flat dimensions of A are denoted 
and deflned as follows: 

1FID A = sup{id A M | M is a A-module wi th idA M < oo}, 
1FPD A = sup{pd A M | M is a A-module wi th p d A M < oo}, 
1FFD A = sup{fd A M | M is a A-module wi th fd A M < oo}. 

Consider a commuta t i ve square of rings and r ing homomorph i sms 

R —ii-»- Rx 

h ii (1) 

R 2 R ' , 

where R is t he pul lback (also called fibre p roduc t ) of R i and R 2 over R' , t h a t 
is, given r } G R i and r 2 G R 2 w i th j i ( r i ) = j 2 ( r 2 ) , there is a unique element 
r G R such t h a t i \ ( r ) = r x and i 2 ( r ) = r 2 . We assume t h a t is a sur ject ion. 

In t h e present pape r we continue our s t udy of homological dimensions of 
pul lbacks s t a r t e d in [1]. Our pu rpose is t o give uppe r bounds for t h e finitistic 
dimensions of R (Theorems 1, 2 and 3). We also provide two simple examples 
of pul lbacks where we use these resul ts t o calculate homological dimensions, 
and show t h a t our condit ions are essential. In t he first example , a pullback 
of two hered i ta ry rings has finite finitistic dimensions t h o u g h i ts global and 
weak dimensions are infinité. Therefore , it is impossible to e s t ima te t he 
global and weak dimensions of a pul lback if only t h a t of t h e component rings 
are given. T h e second example demons t r a t e s t h a t our es t imâtes would not 
be t r u e if we d ropped t h e a s sumpt ion t h a t i\ is sur ject ive. 
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T h e o r e m 1. Let n be a non-negative integer. Suppose tha t f o r every R.-
module M of f in i te injective dimension we have that 

i d / ^ E x t l
R(Rk, M ) ) ^ n - l f o r l = 0, 1, . . . , n a n d k = 1 , 2 . 

Then 1FID R ^ n . 

P r o o f . Let M be an i2-module of finite inject ive dimension. 
From [1, Propos i t ion 5] it follows t h a t i d R M ^ n . Therefore 
1FID R = sup{ id f l M \ id H M < oo} ^ n . 

Similarly, [1, Proposi t ions 6 and 7] allow us t o prove analogous bounds 
for finitistic projec t ive and fiât dimensions. 

T h e o r e m 2 . Let n be a non-negative integer. Suppose tha t f o r every R -
module M of f in i te projective dimension we have that 

pd H f c (Tor f (R k , M ) ) ^ n - l f o r 1 = 0, 1, . . . , n a n d k = 1 , 2 . 

Then 1FPD R ^ n . 

T h e o r e m 3 . Let n be a non-negative integer. Suppose that f o r every R -
module M of f in i te f l a t d imension we have that 

f d ^ ( T o r f (R k , M ) ) ^ n - l f o r l = 0, 1, . . . , n a n d k = l , 2 . 

Then 1FFD R < n . 

E x a m p l e 1. Let s ^ 2, R ' = Z / s Z , R i = R 2 = Z, R = { ( m i , m 2 ) e R i x 
R 2 \ m i = m 2 (mod s) }. T h e n in t h e commuta t ive square (1) wi th canonical 
sur jec t ions i k a n d j k t he r ing R is t he pullback of R \ a n d R 2 over R ' . The re 
exist t he periodic free resolutions of t he f?-modules R k 

. . . H R m R H R - ^ R x - ï 0, (2) 

(a,0) n (0,3) 0 fs,o; R ^ R ^ R R 2 0, (3) 

where t h e syzygies are t he submodules s Z x 0 ~ R i a n d 0 x s Z ~ R 2 . I t is 
easily seen t h a t t h e shor t exact sequences 

0 — • 0 x s Z <-> R R i — • 0, 
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do not split . Hence t h e Zï-modules R k a re not project ive. By [2, Theo rem 
3.2.7], t hey are not fiât ei ther. It follows t h a t p d R R k = f d # R k = oo and 
lg ld i? = w d i ? = oo. At t h e same t ime, l g l d R k = wd R k — 1. We see t h a t it 
is impossible to e s t ima te lgld R and wd R wi th only lgld R k a n d wd R k given. 

Let M b e an /^-module of finite project ive dimension wi th a project ive 
resolut ion 

. . . —> 0 — • 0 — » P n — * . . . — • P 0 — • M — » 0. (4) 

Since l g l d R k = 1, we have pd f l f c(Toro (R k , M ) ) < 1. Apply ing [2, Exercise 
2.4.3] t o t h e projec t ive resolut ions (2), (3) and (4), we ob ta in for a sufficiently 
large t 

T o r f ( R k , M ) ~ T o v f + 2 t ( R k , M ) ~ Tor f ( i ? f c , 0 ) = 0. 

Consequently, pd f l f c (Tor f (R k , M ) ) = pdHfc 0 = 0. Theo rem 2 now yields t ha t 
1FPD R ^ 1. In t he same manne r we can use Theorems 1 a n d 3 t o show t h a t 
1FID R ^ l a n d l F F D i ? ^ 1. 

Consider t h e following project ive resolut ion of t he -R-module R / ( s , s ) R : 

0 — • R R - A R / ( s , s ) R — 0 . 

Since this shor t exact sequence does not split , we have p d r ( R / ( s , s ) R ) = 
f d r ( R / ( s , s ) R ) = 1. Th i s clearly forces 1FPD R = 1FFD R = 1. 

T h e subgroup R of t h e free Abel ian group Z x Z is a f ree Abel ian group 
also, therefore, apply ing the func to r Homz (R, — ) to t he shor t exact sequence 
0 —>• Z Q —> Q / Z 0, we ob ta in a shor t exact sequence of i?-modules 

0 — • H o m z ( i ? , Z ) —> Hom z ( J R,Q) —•> H o m z ( i ? , Q / Z ) —> 0. 

Th i s sequence does not split and , by [2, Corol lary 2.3.11], it is an injective 
resolut ion of t he i î -modu le H o m z ( i î , Z). I t follows t h a t id/î(Homz(.R, Z)) = 
1, and hence t h a t 1FID R = 1. 

E x a m p l e 2 . Let F be a field. Define R ' = F ( x , y ) , R i = F(x)[y) , R 2 = 
F(y) [x] i R — R i H R 2 = F [x ,y ] , T h e n the r ing R is t h e pul lback of R i and 
R 2 over R ' in t he commuta t ive square (1) wi th inclusions ik and j k none of 
which is surject ive. We claim t h a t in th is case our resul ts are not t rue . 

By [2, Propos i t ion 4.1.5, Corol lary 4.3.8], we have w d i ? = lgld i î = 2 
and wd R k — lgld R k = 1. Since these dimensions are finite, we have t h a t 
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l F F D i t ! = l F P D i ? = 1 F I D R = 2 a n d 1FFD7?* = lFPDiE* = lF IDi î f c = 1. 
It is easy to check t h a t t he / ï -modules R k are flat. So t h e assumpt ions of 
Theorems 2 a n d 3 hold for n = 1, bu t their conclusions are false. T h e same 
observat ion can be m a d e a b o u t t h e es t imâtes [1, P ropos i t ion 5, 6 and 7, 
Theo rems 9 and 10, Corollaries 12 and 13], which are not t r ue in th is case 
ei ther . 

I t can be explained by t h e fact t h a t t he sur jec t iv i ty condi t ion cannot be 
d ropped in t h e basic resui t [1, Theo rem 1]. Indeed, we see a t once t h a t the 
.R-module M — R / ( x R + yR) is ne i ther project ive nor flat, whilst t h e R k -
modules R k <S>r M = 0 are project ive and flat. From [2, Propos i t ion 3.2.4] 
we conclude t h a t t h e R-modu le X = H o m z ( M , Q / Z ) is no t injective, t hough 
t h e i? f c-modules H o m f i ( / 4 , X ) ~ Homz(i? f e A f , Q / Z ) = 0 are injective. 

A c k n o w l e d g e m e n t . T h e a u t h o r would like to t h a n k Professor 
A. I. Generalov for suggest ing t he problem and guidance. 
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