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A variational approach to regularity theory in
optimal transportation

M. Goldman*

Abstract

This paper describes recent results obtained in collaboration with M. Huesmann and
F. Otto on the regularity of optimal transport maps. The main result is a quantitative
version of the well-known fact that the linearization of the Monge-Ampeére equation
around the identity is the Poisson equation. We present two applications of this
result. The first one is a variational proof of the partial regularity theorem of Figalli
and Kim and the second is the rigorous validation of some predictions made by
Carraciolo and al. on the structure of the optimal transport maps in matching
problems.

1 Introduction

Following Caffarelli’s groundbreaking papers [9, 8|, the classical approach to regularity
theory for solutions of the optimal transport problem goes through maximum principle
arguments and the construction of barriers (see the review paper [13]). The aim of this
note is to describe a recent alternative approach, more variational in nature and based
on the fact that the linearization of the Monge-Ampere equation around the identity is
the Poisson equation (see [27]). Our main achievement in this direction is an harmonic
approximation result which says that if at a given scale the transport plan is close to the
identity and if at the same scale both the starting and target measures are close (in the
Wasserstein metric) to be constant, then on a slightly smaller scale, the transport plan is
actually extremely close to an harmonic gradient field. As in De Giorgi’s approach to the
regularity theory for minimal surfaces (see [24]) this allows to transfer the good regularity
properties of harmonic functions to the transport plan and obtain an “excess improvement
by tilting” estimate. This may be used to propagate information from the macroscopic
scale down to the microscopic scale through a Campanato iteration.

We give two applications of this result. The first one is a new proof of the partial
regularity result of Figalli and Kim [15] (see also [14]). The second one is a validation up
to the microscopic scale of the prediction by Caracciolo and al. [11] that for the optimal
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MICHAEL GOLDMAN

matching problem between a Poisson point process and the Lebesgue measure, the optimal
transport plan is well approximated by the gradient of the solution to the corresponding
Poisson equation with very high probability.

The plan of this note is the following. In Section 2 we recall some standard results
on optimal transportation. The harmonic approximation theorem is stated together with
a sketch of proof in Section 3. We then describe the application to the partial regularity
result in Section 4 and to the optimal matching problem in Section 5.

2 The optimal transport problem

Optimal transportation is nowadays a very broad and active field. We give here only a very
basic and short introduction to the topic and refer the reader to the monographs [25, 27]
for much more details. For g and A two positive measures on R? with p(R?) = \(R?) the
optimal transport problem (in its Lagrangian formulation) is

W?2(u,\) = inf / |z — y|*dr, (2.1)
R xR

T1=[,T2=X

where for a coupling 7 on R? x R?, 7; (respectively m3) denotes the first (respectively the
second) marginal of 7. Under very mild assumptions on g and A (for instance compact
supports), an optimal transference plan 7 exists (see [27]). The optimality conditions are
as follows:

Theorem 2.1. Let m be a coupling between p and \.

(1) (Knott-Smith) It is optimal if and only if there exists a convex and lower-semicontinu-
ous function ¢ (also called the Kantorovich potential) such that spt m C Graph(0v).

(i1) (Brenier) Moreover, if pu does not give mass to Lebesgue negligible sets, then there
exists a unique Vv, gradient of a convex function, with VY#u = X and m =
(id x V)#p. In this case we let T = V1) be the optimal transport map.

Let us point out that assuming that 1 is regular and that both p and A are smooth
densities, the condition T#p = A is nothing else than the Monge-Ampere equation

m
Ao Vi)

det V1) =

In particular, if both p and A are close to (the same) constant density, then the Monge-
Ampere equation linearizes to the Poisson equation (see [27, Ex.4.1])

A =pu— A\ (2.2)

We will also use the Eulerian formulation of the optimal transport problem.
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Theorem 2.2 (Benamou-Brenier). There holds

(p,7)

. Ry .
W3 (u, A) = inf {/Rd/o ;\j|2 2Op+V-3=0, po=p, ,01—)\}. (2.3)

Moreover, if w is an optimal transport plan for (2.1), then the density-flux pair (py, ji)
defined for t € [0,1] by its action on test functions (¢,€) € CO(R?) x (C°(R%))? as

Cdpy = / C((1—tetty)dr  and [ €-djy= / E(1—t)a+ty)- (y—a)dn,
Rd R x R4 R4 R

dyRd
(2.4)
is a minimizer of (2.3).

Let us introduce some further notation. If (p,j) is a minimizer of (2.3), we define
(p,7) the density-flux pair obtained by integrating in time (for instance p = fol pt). For
R > 0 and p a positive measure on R, we denote by Wz, (1, k) = W(ul Bg, kxBydx),
the Wasserstein distance between the restriction of x4 to the ball B and the corresponding
constant density k = u(Bgr)/|Br|.

In order to obtain a local version of the equivalence between (2.1) and (2.3), we will
need an L> bound on the displacement (see [20, 19]).

Lemma 2.3. Let m be a coupling between two measures p and . Assume that sptm is
monotone and that for some®™ R >0, E+ D < 1 where

1 / 9
= — |z — y|*dm (2.5)
RM2 B xR)U(Rix Bor)
and
D= 1 2 1 2 1 2 1 2
- Rd+2 WBGR</’I’7 K;,Ul) + K/_H<H,U« - 1) + Rd+2 WB(;R()\? Kj)\) + KJ_)\</€)\ - 1) . (26)

Then, for every (x,y) € sptmN ((Bsr X RY) U (R? x Bsp))

lz —y| < R(E+ D) (2.7)

3 The harmonic approximation theorem

We now state the harmonic approximation theorem. By scaling invariance, it is enough to
state it at the unit scale R = 1. For p, A two positive measures and 7 an optimal coupling
between them, we define the “excess” energy E as in (2.5) and the distance to the data D
as in (2.6).

()Meaning that for every (z1,%1) and (z2,y2) in spt, (z1 — 22) - (y1 — y2) > 0.

()We use the short-hand notation A < 1 to indicate that there exists ¢ > 0 depending only on the
dimension such that A < e. Similarly, A < B means that there exists a constant C' > 0 depending on the
dimension such that A < CB.
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Theorem 3.1 ([19, Th.1.4]). For every 0 < 7 < 1, there ezist (1) > 0 and C(1) > 0
such that provided E + D < ¢, there ezists a radius R € (3,4) such that if ® is a solution
of (v denotes here the external normal to OBg)

AP =c in Bg and v-V®=v-j on0Bpg, (3.1)

where ¢ 1s the generic constant for which this equation is solvable, then

/ |z —y + V& (x)|*dr < 7E+CD. (3.2)
(Bl XRd)U(RdXBl)

The proof of Theorem 3.1 is actually performed at the Eulerian level. Thanks to Lemma
2.3, it is indeed enough to prove:

Theorem 3.2. For every 0 < 7 < 1, there exist (1) > 0 and C(7) > 0 such that provided
E + D < ¢, there exists a radius R € (3,4) such that if ® solves (3.1), then

1
1
/B/O;|j—pv(1>|2§TE—I—C’D. (3.3)

To simplify a bit the discussion, we will assume from now on that A = x, = 1, so that
D = W3 (1, 1).

The proof of Theorem 3.2 is based on three ingredients. The first of them is the choice
of a ‘good’ radius R. Indeed, as will become apparent in the discussion below, we need
a control on various quantities and this seems to be possible only for generic radii. The
second ingredient is an almost orthogonality property. The last one is the construction of
a competitor for (2.3).

We define the measure f = v - j on 0By x (0,1) and then let f = fol f=v-j. Before
discussing the almost orthogonality property and the construction, let us point out that
for our estimates we would need to control the Dirichlet energy |’ Br |IV®|* by E+ D. Since
by elliptic regularity,

/ Vo< [ T (3.4)
Br OBRr

this is only possible if f is controlled in L? (or at least in H~/2). In order to solve this
issue, (3.3) is first proven with ¢ instead of ® where ¢ solves

A¢ = c in Bp and v-V¢ =79 on 0Bpg,

where § is a regularized version of f in the sense that()

/ FPSE+D  and  WA(fL,gy) S (E+ D) (3.5)
OBRr

(i) For a measure i, we note p- its positive/negative part.

XI11-4
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The density g is obtained by projection on 0Bpg, using the fact that for ‘good’ radii, thanks
to (2.7), the number of particles crossing 0Bpg is controlled by E + D. We will however

forget here about this difficulty and assume that we may choose g = f (and thus ¢ = ®).
In particular, in view of (3.5), we will assume that we have the bound

/BBR/01f2§E+D. (3.6)

We may now state the almost-orthogonality property:

Lemma 3.3 (Orthogonality). For every 0 < 7 < 1, there ezist (1) > 0 and C(1) > 0
such that if E+ D < ¢,

1 1
//—lj—pV<D|2§(/ /—m?—/ |V<I>|2>+TE+CD. (3.7)
ByJo P BrJo P Br

Sketch of proof. Expanding the squares we have

1 1
//—rj—pvcmzz(/ [ - | rv<1>|2)
BrJo P BrJo P Bgr

+2/BR/Ol(m—j)-vq>+/BR(p—1>yvq>\2.

Let us estimate the two error terms. Using integration by parts we have (assuming without
loss of generality that | 5, 2 =0)

/BR/01(v®_j)'w):_/BR/ol(M)_v'j)q)+/aBR/Ol(?_f)‘I)
[

:/BR‘M(“‘”

Forgetting higher order terms (and assuming that u(Bg)/|Br| = 1), we have (recall that
the Wasserstein distance is homogeneous to the H~! norm)

1/2 (3.4)&(3.6) Young C
/ dd(p — 1)‘ < (/ |vq>|2) Wg,(n,1) < (E+D)V*DY? <" 7E+ =D.
BR BR T
(3.8)
Regarding the second term, in the case when u = yq for some set Bg C {2, we may argue
as in [20, Lem. 3.2] and obtain that by McCann’s displacement convexity, p < 1 and thus
i) B (p— 1)|V®]* < 0. For generic measures p the argument is more subtle and requires a

combination of elliptic estimates for (a regularized version of) ® together with the bound
Wé}g(ﬁ? 1) S E+D7
which holds for ’good’ radii.
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As explained above, the last ingredient is the construction of a competitor:
Lemma 3.4. For every 0 < 7 < 1, there exist €(1) > 0 and C(7) > 0 such that if
E + D < ¢, there exists a density-fluz pair (p,j) such that
Op+V-j7=0 inBgx(0,1)
po=H, pr=1 1n Bg (3.9)
voj=f on 0B x (0,1)

11~
/ /:m?—/ VO < 7B+ CD. (3.10)
BrJo P Br

Sketch of proof. We may assume for simplicity that also 4 = 1 in Bg. Indeed, otherwise
we can connect in the time interval (0, 7), the measure p (in Bg) to the constant density 1
at a cost of order W3 (p,1) = 1D.

Let 0 < r < 1 be a small parameter to be chosen later on. We make the construction
separately in the bulk Bg_, x (0,1) and in the boundary layer Bg\Bg_, X (0,1) and set

~ 1 in BRfr X (0, 1) ~ Vo in BRfr X (0, 1)
PZY1+s i Br\Ba, x (0,1), T\ Ve +q in Bp\Br, x (0,1),

and require that |s| < 1/2, 0;s + V- ¢ = 0in Br\Bgr, x (0,1), sp = s1 = 0 in By and
v-q=f— fondBgx(0,1), so that (3.9) is satisfied. The existence of an admissible pair
(s,q) satisfying the energy bound

/ng\BRT/ |Q|2<T/BBR/ (=17 (3.11)

1/(d+1)
as long as r > ( /. 9Bg fo f—1 ) is obtained arguing by duality, in the same spirit

as [2, Lem. 3.3] (see [20, Lem. 2.4]).
We may now estimate

[ sk wers [ [ we
Br Br Br\Br—r
1
< / Vo + / / P
Br\BRr—r Br\Br—r 40
< / f+r/ /(f—f>25r 7,
OBR dBgr J0 OBRr

where we used that by elliptic regularity, fBR\BR— V|2 <r f@BR ?2. Choosing r to be a

1/(d+1)
large multiple of ( faB fo f—f)? ) yields

(d+2)/(d+1) (3.6)
/ / ~|j|2 / |VQ)’2 < (/ / ) < (E—l—D)(dH)/(dH),
BR BR OBR

which concludes the proof of (3.10) since (d+2)/(d+ 1) > 1 and £+ D < 1. O

and
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Proof of Theorem 3.2. By (local) minimality of (p, j), we have [ fol S < [g, fol %|}|2
so that combining (3.7) and (3.10) together gives the desired estimate (3.3). O

4 Application to partial regularity

We now turn to applications of Theorem 3.1 and start with a partial regularity result. Here
we are interested in the behavior at small scales.
Let us first recall the main regularity result for optimal transport maps due to Caffarelli

8, 9.

Theorem 4.1. If i and A have compact supports, are absolutely continuous with respect
to the Lebesque measure with densities bounded from above and below on their support and
if spt X is convex, then the optimal transport map T from p to X is C%2.

The hypothesis that spt A is convex is not merely technical. Indeed, considering for
instance the optimal transport map between one ball and two disjoint balls, it is easy to
construct examples where the optimal transport map is discontinuous. However, building
on the ideas of Caffarelli to prove Theorem 4.1, Figalli and Kim proved in [15] that even
without the convexity assumption on spt A, the singular set of T cannot be too big (see
also [14] for a generalization to arbitrary non-degenerate cost functions).

Theorem 4.2. Let o and A be probability measures with compact supports, both abso-
lutely continuous with respect to the Lebesque measure with densities bounded from above
and below on their support. Then, there exist open sets Q C sptu and ) C spt A\ with
spt 1\ Q| = |spt A\Q'| = 0 and such that the optimal transport map T from u to X is a C**
homeomorphism between 2 and ).

Let us point out that it is actually conjectured that the singular set is much smaller
and has the same structure as the singular set of gradients of convex functions i.e. that it
is n — 1-rectifiable (see [22] for a result in this direction).

A first application of Theorem 3.1 is a new proof of Theorem 4.2 (under the additional
hypothesis that p and A are Holder continuous). For the sake of simplicity, we will assume
from now on that u = xq, and A\ = yq, for some bounded open sets €2; (so that in
particular with the notation of Section 3, D = 0). As in [14], we derive Theorem 4.2
combining Alexandrov’s Theorem (see [27]), which state that 7" is differentiable a.e., with
an e—regularity theorem.

Theorem 4.3 ([20, Th.1.2]). Let T be the optimal transport map from € to Qq. For
every o € (0,1), there exists e(a) such that if R > 0 is such that Bgr C €3 N Qs and

1 / )
T —z|]" <e,
Rd+2 Ber

then T € C*(Bg).

XIII-7
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By scaling invariance, we may assume that R = 1. As already alluded to the proof goes
through a Campanato iteration. Indeed, by Campanato’s characterization of C1® spaces
(see [10]), it is enough to prove that for every 0 < r < 2,

1
min—/ T — (Az+ D)2 <2 [ T — a2
B,

Ab Td+2 B,

Defining
1

E(T, R) = —/ T — 22,
Rd+2 Bor

this is in turn obtained by using iteratively the following proposition.

Proposition 4.4. For every a € (0,1), there exist f(a)) € (0,1) and (o) such that if
Bsr € 0 NQy and E(T, R) < ¢, there exist a symmetric matriz B with det B =1 and a

vector b such that letting f(a:) = B(T(Bz) —b),
E(T,0R) < 6>*E(T, R)
and T is the optimal transport map between (All = B0, and ?22 = B(Q —b).

Sketch of proof. By scaling we may assume that R = 1. Let 7 < 6%*/092 be fixed.
Applying Theorem 3.1, we find the existence of a function ® which is harmonic in B,
(under our assumptions ¢ = 0 in (3.1)) and such that (since D = 0)

T — (z + V®)]* < T7E(T,1) (4.1)

By

and (recall (3.4) and (3.6))
V®|? < BE(T,1). (4.2)

Bs
We then define b = V®(0) and B = exp(—A/2) where A = V2®(0). Since ® is harmonic
TrA = 0 and thus det B = 1. Notice that if 7' = V1 for some convex function ¢ (by The-
orem 2.1), then 7" = V¢ with ¢ (z) = ¢(Bz) — b - x, which is also a convex function.
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Therefore T is the optimal transport map between ﬁl and ﬁz. We may now estimate

N 1 N
E(T,H):W/B 7 — af?
60

1 / —1 2
- \B(T —b) — B4
092 JB-1(B4y)

),
S — T —b— B 2x|?
g2 J

1
~9d+2/ 1T — x+V<I>)|2+0d+2 VO — (Az + b)|?
Brg

1 ) 9
+ W/Bw |(exp A —id — A)z|

(4.1) 42

< WE(T 1) + 67 s;gwi”@ﬁ +1A1* < WE(T 1)+ 60*E(T,1) + E(T, 1)
This concludes the proof since we chose 7 < 62%/6%+2 and since F(T,1) < 1. O

5 Application to the optimal matching problem

We now present an application to the optimal matching problem. As opposed to the
previous section, we are interested here at large scales.

Over the last thirty years, optimal matching problems have been the subject of intensive
work. We refer for instance to the monograph [26]. One of the simplest example is the
problem of matching the empirical measure of a Poisson point process to the corresponding

Lebesgue measure. More specifically, we consider for L > 1 a Poisson point process y on
the the torus Qp = [-L/2,L/2)? ~ (R/LZ)?

M= Z Ox,
=1

with X; iid random variables uniformly distributed in ) and n a random variable with
Poisson distribution with parameter L?. The problem is to estimate the random variable

_W2 ( )7

per

where Wy, indicates the Wasserstein distance on the torus )r, and to understand the
structure of the corresponding optimal transport plans. It is well-known since [1] that()

logL ifd=2
E | —W?2 ~ 5.1
{Ld per 1 )} {1 ford >3 (5:1)

(¥)We use the notation log for the natural logarithm.
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and thus d = 2 is a critical dimension. Recently, Caracciolo and al. used the ansatz
that the optimal displacement should be well approximated by V¢, where ¢, solves the
Poisson equation (recall (2.2))

App=p—r InQ (5:2)

to make numerous predictions about the optimal prefactor in (5.1) as well as the corre-
lations (see [11, 12]). At the macroscopic scale, this ansatz has been partially rigorously
justified by Ambrosio and al. (see [4, 3] and also [23] for a result about the fluctuations)
in dimension 2. To state their result™, let us introduce some notation. For ¢ > 0, denote
the heat kernel on ()1, by P, and let ¢, = P, * @1, so that ¢, solves

Appy=P*p—rk  inQp.

Theorem 5.1. Let d = 2, then

L11—I>I<>lo log LE {ﬁwp”('u’ K)] T oon (5:3)

Moreover, if w, is the optimal transport plan between p and k, then setting t; = log* L,
for L > 1 there holds

1 1 loglog L 1/2
E|— —x—V 2d e : 5.4
oI | 7 [ w=e=Veu m| < (PECEE) (5.9

Since by (5.3), the displacement y — x is on average of the order of log'/? L, (5.4) shows
that Ver;, indeed coincides with the displacement to leading order. This leaves open
the description of the optimal transport plan 7, at the microscopic scale. To state our
main result, fix a smooth cut-off function (which plays a similar role as the heat kernel in
Theorem 5.1)

1 :
n € CX(By) with /1&2 n=1, and set MR = T3 (E) .

In [17], we prove the following result (see also [19, Th.1.2] and [18, Th.1.1]):

Theorem 5.2. There exists a stationary random variable r, > 1 on Q with exponential
moments such that if T € Q is such that r.(T) < L, then

fQLXQL UR(x - E)(y - [L’)dﬂ'
fQLXQL nr(z —T)dr

< log R
~ R

—nr * Vor(T) VL 2 R 2 r.(T). (5.5)

(MThe results of [4, 3] are stated on the unit cube with a (deterministic) number of points n — oco.
However, their results may be easily transposed into our setting by scaling.
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Moreover, there exists R = R(T) ~ r.(T) such that defining the shift h by h(Z) =
IB_IR\ faBR(E)(:U —T)v -V, we have

(@) < log L (5.6)

and

—\\ 1/4
suplly — o = @)+ (a,0) € spn O (B @) x B} S o) (E) L 6
With respect to (5.4), (5.7) proves that (circular) averages of Vi coincide with the
displacement y — = up to an error which is of order one. Moreover, (5.5) shows that after
averaging, the displacement is actually extremely close to averages of Vi, (notice that the
error term log R/ R improves as R increases).
By stationarity, it is enough to prove Theorem 5.2 for T = 0. The proof is based on the
following deterministic result (which is a small post-processing of [19, Th. 1.2]):

Theorem 5.3. Let p be a measure on Qr. If for some L >>r > 1,
1

2 W3, (1, k) S log R for all dyadic L 2 R 2 r, (5.8)
then (
nr(z)(y — x)dm log R
o xq, (@)Y — ) / nrVer| < =2 VL3> R> 7 (5.9)
fQL XQL T]R(I)dﬂ QL R
Moreover, there exists R ~ r such that letting h = ﬁ faBR xv -V, we have
1 2
— ly =z — h|*dr < logr. (5.10)

r? (BrxR2)U(R2 x By (h))

Notice that (5.7) follows from (5.10) and the L* bound (2.7) of Lemma 2.3. In order
to obtain Theorem 5.2, Theorem 5.3 is combined with a stochastic argument based on
(5.3) and a concentration-of-measure argument which ensures that (5.8) is satisfied for the
Poisson point process pu.

The main ingredient for the proof of Theorem 5.3 is a Campanato iteration scheme
similar to the one leading to Theorem 4.3 (and mainly based on Theorem 3.1) which allows
to transfer the information that (5.10) holds at scale L by (5.8) down to the microscopic
scale r. This is inspired by the approach developed by Armstrong and Smart in [6] (and
further refined in [16], see also [5]) for quantitative stochastic homogenization. The main
ideas of [6] take roots themselves in previous works of Avellaneda and Lin (see [7]) on
periodic homogenization. The outcome of the Campanato scheme may be stated as follows
(see [19, Prop.1.9])

XIII-11
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Proposition 5.4. There exists a sequence of approrimately geometric radii Ry i.e. L >
Ry > ---> Rg 2 1 with Rj_1 > 2Ry, 2 Ry_1, Ry ~ L and Rx ~ r such that defining

~J Y

recursively the couplings m, by mo = m and
7 = (id, id — V&, _1(0))#mr_1
where ®;, solves
A®, =c in Bpg, and v-V®,=v-j, ondBpg,
with ji defined as in (2.4) with 7y, playing the role of w, we have for k € [0, K],

1
—5 |z — y|?dmy < log Ry, (5.11)
Rj; J(Bor, xR?)U(R? % Bor,)

and
|V®,(0)]* < log Ry. (5.12)

Let us point out that by invariance of the Lebesgue measure under translations, 7 is
the optimal transport plan between p and the Lebesgue measure for every k (this is the
reason why we make the translation in the target space).

Letting h o= 5;01 V®,(0) and undoing the iterative definition of 7, we see that
(5.11) directly leads to (5.10) with h replaced by h. The proof of (5.10) is concluded by
the estimate (see [19, Prop. 1.10])

~ 1
h—h| < =25
-

This estimate is also crucial for the proof of (5.9). Let us point out that a naive estimate
using (5.12) leads to

h|? < log® L
which is suboptimal. In order to obtain a shift with the optimal estimate (5.6) it is therefore
important to take into account cancellations and replace h by h.

Let us close this note by pointing out that in dimension d > 3, the optimal transport
plans corresponding to a very closely related optimal matching problem, have been used
in [21] to construct in the limit L — oo, a stationary and locally optimal coupling between
the Poisson point process on R? and the Lebesgue measure. For d = 2, such a coupling is
expected not to exist. However, using (5.7) and passing to the limit L — oo, it is possible
to construct (at least in the sense of Young measures) a coupling between the Poisson

point process on R? and the Lebesgue measure, which is locally optimal and has stationary
increments (see [18, Th.1.2]).
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