
ANNALES DE L’I. H. P., SECTION A

VITTORIO BERZI

VITTORIO GORINI
On space-time, reference frames and the
structure of relativity groups
Annales de l’I. H. P., section A, tome 16, no 1 (1972), p. 1-22
<http://www.numdam.org/item?id=AIHPA_1972__16_1_1_0>

© Gauthier-Villars, 1972, tous droits réservés.

L’accès aux archives de la revue « Annales de l’I. H. P., section A » implique
l’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AIHPA_1972__16_1_1_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


1

On space-time, reference frames and the structure
of relativity groups

Vittorio BERZI

Vittorio GORINI (*)

Istituto di Scienze Fisiche dell’ Universita, Milano, Italy,
Istituto Nazionale di Fisica Nucleare, Sezione di Milano, Italy

Institut fur Theoretische Physik (I) der Universitat Marburg, Germany

Ann. Inst. Henri Poincaré,
Vol. XVI, no 1, 1972,

Section A :

Physique théorique.

ABSTRACT. - A general formulation of the notions of space-time,
reference frame and relativistic invariance is given in essentially topo-
logical terms. Reference frames are axiomatized as C° mutually equi-
valent real four-dimensional C°-atlases of the set M denoting space-
time, and M is given the C°-manifold structure which is defined by
these atlases. We attempt ti give an axiomatic characterization of
the concept of equivalent frames by introducing the new structure of
equiframe. In this way we can give a precise definition of space-time
invariance group 2 of a physical theory formulated in terms of experi-
ments of the yes-no type. It is shown that, under an obvious structural

requirement and provided a suitable assumption is made on the space-
time domains of experiments, the group ~ can be realized isomorphi-
cally in a unique way onto a group ’* of homeomorphisms of the topological
space M. We call ~ the relativity group of the theory. A physically
acceptable topology on ~ is discussed. Lastly, the general formalism
is applied to introduce in an axiomatic way the notion of inertial frame.
It is shown that in a theory for which the equivalent frames are the
inertial frames, the space-time invariance group is isomorphic either
to the Poincaré group or to the inhomogeneous Galilei group.

(*) On leave of absence from Istituto di Fisica dell’ Universita, Milano, Italy, A. v.
Humboldt Fellow. Present address : Center for Particle Theory, the University of
Texas at Austin, Austin, Texas 78712.
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1. INTRODUCTION

In this paper we give a mathematical formulation of the concept
of space-time in terms of the notion of reference frame and we study
in a general context the significance of the concept of equivalent reference
frames for a given class of physical phenomena. As an application,
the geometrical theory of special relativity is constructed, starting
from a minimal set of assumptions.
The concept of reference frame is formalized in a natural way by

postulating an injection of the set ~. of reference frames into the set
of C° mutually equivalent four-dimensional real atlases of M of class

C°. In this way, space-time acquires naturally a structure of real

four-dimensional manifold of class C° (the space-time manifold M) and
a reference frame corresponds to an atlas of the manifold M. Since
there is a one to one correspondence between n-dimensional C°-mani-
folds and locally euclidean spaces of the same dimension, the preceding
characterization is actually equivalent to the costumarily accepted
topological definition of space-time as a four-dimensional locally euclidean
space (with a choice of a class of C°-atlases). The usual Hausdorff

separation axiom is also assumed for the topology of M. In the preceding
points lies the essence of the content of section 2.

In its substance, the notion of equivalent reference frames is for-

mulated in a classical way : two reference frames are equivalent in regard
to the description of a certain class ~ of physical phenomena, if the

laws which govern the phenomena of F are the same in the two frames.
From a technical point of view we adopt a scheme in which physical
laws are expressed in terms of experiments of the yes-no type and of
states, along the lines of the modern formulations of quantum theory [1].
Thus, to every reference frame R is associated a set QR whose elements
represent the yes-no experiments which can be carried out in R, and a
set IIR whose elements represent, vaguely speaking, the possible states
of physical systems as seen in R. Mathematically, an element of IIR
is a function defined on QR and taking its values in [0,1], whose value at
a given experiment a is the probability for the positive outcome of a
when a is carried out on the state which the function represents. We
further assume that the experiments are localized, so that to every
element of QR is associated an open relatively compact region of M.
This framework is briefly discussed in section 3.
With the above formalism we can give the notion of equivalent refe-

rence frames in the following terms. Given two reference frames R
and R’ we say that they are equivalent if the following conditions are
realized. First, QR = QR’ = Q and IIR = TIR, = II. Second, there
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is a permutation, 03B3RR’ of Q such that, if T E II and if we define a mapping
03C0RR’ of Q into [0,1] as nRR’(a) == r a E Q, then 
This is interpreted as follows. yRR, (a) (respectively nRR’) represents
an experiment (respectively a state) which in the language of R’ is the
same as a (respectively 7:) is in the language of R, so that the above
written equation expresses exactly the identity of physical laws in the
two reference frames. These concepts are mathematically formulated
in section 4, which is centered on the definition of the structure of equi-
frame. Substantially, this structure is employed to select a class 6

of equivalent reference frames in such a way that to this class is associated
a group ~3 of permutations of the experiments, which forms the space-
time invariance group of the set of natural laws for which ~ is the class
of equivalent frames.

In section 5 it is shown that under an assumption which is wholly natural
in the context which we adopted, the group E9 can be isomorphically
realized onto a group ~ of homeomorphisms of M, in such a way that
every g E ~ transforms the domain of an experiment a into the domain
of the transformed of a by the element of ~ to which g corresponds.
Further, this realization is unique. The group ~ is called the relativity
group for the class of equivalent frames.

In section 6 we define a topology compatible with the group
structure, by means of which it is possible to endow the set 8 of equi-
valent reference frames with a topology which translates in a physically
acceptable way the notion of closeness for a pair of reference frames.

In section 7 the concepts of the preceding sections are applied in
the context of the theory of special relativity. The class of equivalent
reference frames is characterized by means of a certain number of axioms,
in such a way that it can be assumed as the class of inertial reference
frames. These axioms express in essence the property of translational
homegeneity of space-time and of isotropy of space which are costumarily
assumed in the theory of special relativity and they allow to establish
the result that the relativity group can be indentified in this case with
the Poincaré group or, as a limiting case, to the Galilei group.

2. THE SPACE-TIME MANIFOLD

We accept uncritically the picture of space-time as a real four-dimen-
sional continuum. In this section we attempt to introduce a mathe-
matical structure which should represent as better as possible the physical
concepts connected with this picture and which should provide a minimal
framework for the subsequent development. We refer to [2] for the
mathematical terminology.
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We shall assume as primitive the notion of event. Space-time is the
set M of all events. In the sequel we shall normally refer to events
simply as points. If p E M, a local coordinate system on M at p is a real
four-dimensional chart (U, q) of M whose domain contains p, namely
p E U c M, o a bijection of U onto an open subset of R’. A local coordinate
system will be termed global if its domain is M.
Next we need the notion of a reference frame to which events can be

referred. Specifically, by a reference frame R we mean a collection of
physical objects in terms of which, V p E M, a local coordinate system
can be defined on M at p. Hence, physically, a local coordinate system
(for a frame R) is an operationally well defined rule which associates to
each event of a certain regions of space-time a system of four real

numbers uniquely determining the event in that region (i). The

continuum picture can be formulated by assuming that if R is a reference
frame, any two local coordinate systems for R are C0-compatible.
For a given reference frame R we shall denote by ~Lp the set of local

coordinate systems (charts) for R. The above requirements imply
that is a C°-atlas of M. Thus the basic objects of our theory are
the space-time set M, the set ch. of reference frames on M and a map

: R - tlR of R into the set of C°-atlases of M.
The first axiom expresses the indistuinguishability of frames pro-

ducing the same local coordinate systems.

AXIOM 2.1. - The R -~ injective.
The second axiom gives a restriction on the allowed atlases.

AXIOM 2. 2. - V R, the atlases tlR and are C0-equivalent.
Let @ be the set of C"-atlases of M which are C0-equivalent to some

atlas Then, M endowed with @ is a pure four-dimensional real
manifold of class Co which we call the space-time manifold. We call
the topological space M the set M endowed with the (locally euclidean)
topology generated by the domains of the charts of the atlases of 0152.
We assume

AXIOM 2.3. - The topological space M is Hausdorff and connected.

From this it follows that M is locally compact and hence uniformi-
zable [4].
We conclude this section with the following remarks. Axiom 2.2

allows us to give 31 a natural, frame independent manifold structure,
which in turn leads to a natural frame independent topological structure

(1) For a physical discussion concerning this point (see f. i. [3]).
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on M (note that it is in general possible to endow a set X with distinct
and even non isomorphic C0-manifold structures).
At this point the objection can be raised that for a concrete constructive

theory of the space-time continuum the very general scheme given by
the axioms above is insufficient and it is of course true that in the theory
of relativity a richer structure has to be assumed, notably a suitable
Cr-differentiability order and a pseudo-riemannian metric [5]. Never-

theless, we mantain that this is not necessary here, in view of the purpose
of this paper which lies mainly in the formulation of the notions of equi-
valent frames and of space-time invariance of a physical theory (compare
the following sections).

3. EXPERIMENTS AND STATES

In the preceding section space-time M was considered from the point
of view of its pure mathematical structure and no reference was made
to its being the theatre of physical happenings. Accordingly, a reference
frame was considered as a collection of physical objects which were
apt to merely electing the manifold structure of M. In this section we
shall go much further, by supposing that to every reference frame is
associated a collection of laboratories equipped with measuring devices,
by means of which physical phenomena can be observed and studied.

In this context, our aim is to formulate the notions of a class of equi-
valent reference frames and of a relativity group for this class. We
shall define these concepts in an axiomatic way, but what we have in
mind here is the classical idea that there are reference frames which
are equivalent in that the laws of nature appear to be the same in all
of them.

But what is a law of nature ? It lies beyond the scope of this paper
to discuss thoroughly this concept. For our purposes the following
few remarks will suffice. Generally speaking, laws of nature are

regularities observed in a given field of phenomena. These regularities
can be theoretically described in many different ways, but in physics,
and especially in quantum physics, the following scheme seems to be
the most convenient one. A physical law tells us that, once a physical
system has been prepared with a definite laboratory procedure, we can
predict the probabilities for the outcomes of all conceivable experiments
which we can make on the system. It is precisely the very possibility
of giving these probabilities which expresses the existence of regularities
in the field of those phenomena which are interpreted as the mani-
festations of the physical system in the realm of our perceptions.
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We shall now formalize these considerations. It is conceivable that,
at least in principle, all physically meanigful information about a physical
system S can be obtained by performing laboratory experiments of the
yes-no type. By a yes-no experiment we mean an experiment which
ascertains whether or not the system has a given property P (2). It
has to be remarked here that, in general, there is a whole class of equi-
valent yes-no experiments which are capable of ascertaining whether
the system has the property P. In other words one must allow for
several experiments devised to answer one and the same experimental
question, but possibly performed in different ways. In this way we
obtain an equivalence relation T on the set x (S) of all possible yes-no
experiments which can be performed on the system S in some reference
frame. Thus, given a reference frame R, we are led to introduce first

a subset QR (S) of X (S)/T which is defined in the following way :
a 6 QR (S) iff there exists some yes-no experiment of the equivalence
class a which can be performed in R. In the sequel, the elements of
QR (S) will be referred simply as the experiments (on S) in R.

Next we introduce a set IIR (S) of maps of QR (S) into [0,1]. We

call the elements of IIR (S) the (mathematical) states of the system.
These objects are supposed to be in correspondence with all possible
laboratory procedures of preparing the system in such a way that, for
a E QR (S), ~ E IIR (S), T (a) gives the probability for the positive outcome
of the experiment a on the system prepared with the procedure to
which r corresponds. Thus the functions 7r express in mathematical form
correlations between the manifestations of S in the world of phenomena
and hence constitute the formulation of the (possibility statistical)
laws of nature concerning the behaviour of S. Our success in formulating
a satisfactory physical theory depends on how correctly we have esta-
blished the correspondence between mathematical states and laboratory
procedures of preparing physical systems, and this can only be judged
on an empirical basis.

In its general lines, the preceding discussion follows some expositions
of the quantum theoretical formalism which have recently been given
by several authors [1]. However, we have made no reference to the
points concerning the structure properties (of partially ordered set, of

lattice, etc.) of the set QR (S) and the conditions on the states related
to these properties. For our purposes it is in fact not necessary to touch

these important problems here. En revanche, it will be essential in the

sequel an assumption concerning the local character of experi-
ments ([1 (f)], [7]). Since actual laboratories and measuring apparatuses

e) For a thorough analysis of this type of experiments (filters) (see f. i. [6]).
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have a finite extension in space and actual measuring processes have
a finite duration, we assume that the actual space-time region of inter-
action of the measuring instruments with a physical system in the course
of a yes-no experiment has a limited extension (this term will presently
be given an exact topological meaning). It is further conceivable
that the space-time interaction regions associated with two yes-no experi-
ments which belong to the same equivalence class are the same, even
if the measuring apparatuses extend in general to different regions.
This can be translated into mathematical language by introducing
a map

of QR (S) into the set of open relatively compact subsets of M. (a)
represents the actual space-time interaction region for the experiment a
performed on the system S in the reference frame R and will be called
the domain of a. The choice of the domains of experiments to be open
sets lies in the fact that the inclusion of boundary points seems to imply
the presence therein of measuring components which are localized with
an infinite precision, and we regard this as an necessary idealization.
On the other hand, the condition of relative compactness is intended
to give a precise form to the assumption that actual experiments involve
space-time regions of finite extension. We can justify this as follows.
Let A be the domain of an experiment. By our assumptions there
exists a compact set C which contains A. Let p be a point of C and
let (Up, cpp) be a chart for a reference frame R such that p E Up.
Let Vp be open neighbourhood of p contaned in Up and such

that ’fp (Vp) is a bounded subset of R’. We can find a finite family
~ _ ~ Vpi, Vps, ..., y which is a covering of C hence of 3. The

(i = 1, 2, ..., n) are bounded subsets of RB Hence A
can be partitioned in a finite number of parts, each of which can be
described by a set of coordinates whose values are bounded. Loosely
speaking, the condition of relative compactness does not allow for experi-
ments the domains of which reach the boundary (if there is any) of
the universe.

The preceding discussion concerning the local character of experiments
might provide a justification for the assumption in section 2, axiom 2.2.,
that the space-time topology is frame independent. Indeed, if it were
not so, an open relatively compact subset in one frame might not appear
as such in another, and this would give the locality assumption an ambi-
guous character.

In general, a given class ~ of physical phenomena will involve several
physical systems forming a set ~. The systems of ~ shall be considered
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together to form a supersystem for which the set QR of experiments
contains the set U QR (S). Thus, in order to formulate the physical

laws governing the phenomena of the class 5, we can avoid any reference
to a particular physical system and consider only the following objects :

(a) the set QR of experiments in the reference frame R;

(b) a set IIR of maps of QR into [0,1], i. e. the set of states of the super-
system in R;

(c) a map Ap : a - Ap (a) of QR into the set of open relatively compact
subsets of the space-time manifold M. We remark that, by our previous
assumptions, if a E QR n Qp, then 1n (a) = 1R1 (a).

4. EQUIFRAMES (3)

In this section we give a formal figure to the notion of equivalent
frames for a given field of phenomena 5. We accomplish this by
giving a suitable structure to the set 8 of reference frames of M according
to the following definition.

DEFINITION 4.1. - An equi frame is a triplet 0152 === (~, ; , w) where,

(4. i) 5 is a subset of LR. such that

(hence, by the remark which concludes the preceding section,

(3) In the sequel, if X is a set, we shall denote by P (X) the group of permutations
of X and by 1 x the corresponding neutral element. Further, we shall indicate by
c’ the group of homeomorphisms of the topological space W.
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is again an element of II, and

further, whenever CIR n is non void, ’V R" E &#x26;, 3 R"’ E S such
that, if c E n 

Then

The elements of &#x26; are, in common language, reference frames which
are equivalent in regard to the formulation of the laws of nature gover-
ning the field of phenomena 5. Indeed, the entities y and ~ and the
" axioms " (4 . i)-(4. v) are simply intended to give a mathematical form
to the whole body of ideas which are usuelly implicitly attached at the
concept of equivalent frames. (4 . i .1) expresses the assumption that,
given two equivalent frames Rand R’, every yes-no experiment which
can be performed in R can, at least in principle, be performed in R’
as well, if not in the same, at least in an equivalent way [1 (e)]. The

motivation for this assumption lies in that, given two reference frames,
it is a natural requirement that it should be possible in principle to carry
out, in each of them separately, a fairly complete experimental study
of an objective class of phenomena, if it has to be concluded with a suffi-
cient degree of certainty that they are equivalent in regard to the formu-
lation of the laws which govern the phenomena under consideration. As
to (4 . i . 2), it states that in equivalent frames one can prepare the same
set of states. Physically, since the preparation of a state corresponds
to performing certain experiments, this is already implicit in (4 . i .1).
(4.i.3) and (4 . iv) tell us essentially that we can use the same language



10 V. BERZI AND V. GORINI

to describe the way by which coordinates are introduced in equivalent
frames. Given a chart (U, o) for a reference frame R, the chart 
is interpreted as the one which in the language of the reference frame
R’ plays the same role as (U, cp) in the language of R. Similarly, as
regards (4 . ii), the experiments a and ypR (a) are regarded as experiments
which, in the respective languages of R and R’, are described in the
same way (in other words, subjectively identical experiments). In

particular (4 . ii . 2) states that given any three frames R, R’, R" there
a fourth frame R"’ bearing the same relation to R’ as R" to R. Note
that (4.ii. 3) implies that if subjectively identical experiments in two
reference frames are objectively identical, the two frames actually
identify. This is of course an obvious assumption, provided the class
of phenomena under consideration is sufficiently vast.

(4.iii) plays fundamental role. It asserts that, given two reference
frames R, and a state 7r, there is a state n’ such that
n’ (YRR (a)) = 7T (a), for every a e Q. Then, if we interpret 1:’ as the
state which, in the language of R’, is described in the same way as the
state 7: is described in the language of R, (4. iii .1) expresses just the
identity of the physical laws in equivalent frames. In the same way
as for the set of experiments, (4 . iii . 2) expresses the identity of two
reference frames in which subjectively identical states are objectively
identical. As to (4 . v), it expresses the natural requirement that the
domains of corresponding experiments should be described by the same
set of coordinates in corresponding charts.

We observe that from (4 . ii) it follows that ~ = y (6 x ~) is a subgroup
of the group P (Q) of permutations of experiments. The group ’3 is

determined by the invariance of the theory with respect to all frames
of S and will be called the invariance group of the equiframe 0152.

We conclude this section by giving two propositions which are related
to the above defined structure and which open the way to the main
theorem to be proved in the next section.

PROPOSITION 4.1. (6, i~, CD) be an equiframe and let a, b E Q
such that 3 (a) = 3 (b). Then, V A (cr (a)) = A (a (b)).

such that
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and since 9’ is an injection, .1 (0" (a)) n U’ = 3 (0" (b)) n U’. Then the
assertion follows since the domains of the charts for a given frame cover
M .

By virtue of this proposition, V 7 3 a unique map de; of the set
C0 = f A (a) a e Q ; into itself such that

Further, it is easy to see that dcr is a permutation of 1S whence we can
define a map d of ~ into P (UJ) as

PROPOSITION 4.2. - d is a group homomorphism.
The proof is straightforward.

5. THE RELATIVITY GROUP OF AN EQUIFRAME

In this section we show that, provided we make a suitable assumption
on the domains of experiments, the invariance group ~ of a given equi-
frame can be realized isomorphically in a unique way onto a group ~
of homeomorphisms of M in such a manner that every g E  transforms
the domain of an experiment a into the domain of the transformed of a
by the element of 2 to which g corresponds. The assumption we make
is expressed by the following

This assumption is almost implicit in the axioms which define the
structure of space-time in terms of reference frames, as have been intro-
duced in section 2 : if p and q are two different space-time points, just
to acknowledge that they are different we must admit that, at least in
principle, we should have the possibility of distinguishing them be means
of suitable (possibly idealized) physical operations, some of which exten-
ding over space-time regions containing one point and excluding the
other.

We shall use the following equivalent statement of the axiom : V p E M
denote by (]Jp the set { A A E ~, p ~ A }; then

Before we establish the desired result we prove two lemmas.
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LEMMA 5 .1. Let c3 be a family o f subsets o f a given set X such

that, ’V p E X,

where J3p = B Let K be a subgroup o f P (V3) such

that, V p~X and V /’~=K, f(Bp) = Bq for some Then (a)
V f = K, 3 a unique map /" o f X tnio itsel f such that f(A) = f (A),
V Ae ~B, and f is a permutation o f X ; (b) the map f ~- f is an isomorphism
o f K in to P (X).

Proof. 2014 (a) By (5 . 2), if f (~3~) = ~9 for some q, q is unique. Hence,
to every f E K we can associate a map

of X into itself. Let A and rEA. Then A whence f (r) E f (A)
and f (A) c f (A). Let s E f (A) and consider t = f 1 (s) E f 1 ( f (A)) = A.
We have

Therefore similarly, and f (A)":;) f (A),
so that f satisfies the required property

and is a permutation of X. New suppose h : X - X such that h (A) = f (A)
V A E 63. Then

which proves the uniqueness.

Further, if f = lx (5 . 4) gives f (A) = A, V A~B namely f = 1 .



13ON SPACE-TIME, REFERENCE FRAMES AND THE STRUCTURE

LEMMA 5 . 2. be the invariance group of an equi frame and let
d be the homomorphism into P (u~) defined by (4 . 2). Then, b~ Q" e x9
and Vp~=M, d~ = ~q for some q E M.

Proof. - Let peM v for some R, R’ e 6. Fix

(U, such that p e U and let 0394~Dp (0394 = d (a) for some aeQ).
By (4 . v .1 ) and (4 .1 ) we have o (3 n U) = c~w~, Cd6 (~) n U~,). It
follows that 

If we have

We are now in a position to establish the main

THEOREM 5.1. - Let f2 be the invariance group o f an eqllijrame
@ == (6, y,M). Then 3 a unique homomorphism p : u -» po- o f ~? into
(9 (M) such that

Further,

where pO" denotes the restriction of o~ to U, and

(b) o is injective.

Proof. - By proposition 4.2 ~ is a group of permutations of OJ and,
by lemma 5.2 and the separation axiom the hypotheses of lemma 5.1
are satisfied with X = M, (J3 = (JJ and K = d;2. Then, V (7 3 a

unique map d03C3 : M - M such that

and lL is a permutation of M. Let v = YRR’ for some R, 
and let (U, c?) E Then, by lemmas 5.1 and 5 . 2,
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and therefore dcr Conversely, if we have

p = 9-1 0 (q) E U and obviously da (p) - q so that d6 (U) 2 UWBB’
and we get

Then, since o and are homeomorphisms we conclude from (5.8)
and (5.9) that the restriction of dcr to U is a homeomorphism of U onto

Hence, by (4 . iv) and since = { U I U C M; (U, 
and = U’ ; U’ c M; (U’, e dR, } are open coverings of

M, dcr (1V~.
Set p = 

" 

o d. Then o is a map of f2 into 9 (M) which, by (5.7),
satisfies (5.5) Further, p is a homomorphism of 2 into (9 (M) because d
is a homomorphism of ~ into P (~) (by proposition 4.2) and ~ is an
isomorphism of d~ into (9 (M) (by lemma 5.1 and by the above). The

uniqueness of p is easily proved using (5.1).

The group p~, which provides an isomorphic realization of the inva-
riance group ~ by space-time homeomorphisms will be called the relativity
group of the given equiframe @ and henceforth denoted by ~.

Then, by (4 . ii) and the theorem,

and the map

is a bijection of 5 onto ~, V R E 5.
If dR contains a single chart (denoted (M, (5 . 6) writes [from (4. ii)]

we have = hence also = (M, = (M, ? o 
V R, R’ E 5, whence YJRR’ = 0 so that, in this case,

and also, by virtue of (5.11),
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We conclude this section with two remarks. First we stress that,
as one easily see, the separation axiom is essential for the proof of the
theorem, even in the special case when the atlases of the frames
of 5 contain each a single chart. Second, we note that if we give
up axiom 2.1, p fails to be injective under the natural assumption
êlR = cxR. p MRR, = 1aR. The non unit elements o- of the kernel of p

satisfy A (o- (a)) = A (a), V ae Q, thus appearing clearly as internal

symmetry transformations. This shows axiom 2.1 to be essentially
equivalent, as regards the in variances of a theory, to the statement
that internal symmetry transformations do not allow for a « passive »
interpretation.

6. A TOPOLOGY ON THE RELATIVITY GROUP

In this section we discuss the possibility of endowing the relativity
group ~ of an equiframe @ with a topology ~ satisfying some acceptable
requirements. First we would obviously ask ~ to make ~ into a (Haus-
dorff) topological group operating continuously in M by the map
(g, p) - g p e M. Secondly, we would like ~ to have some
reasonable features from the physical and intuitive point of view. To
discuss this point suppose ~ has already been endowed with a certain
topology ~. It is then natural to think at a notion of closeness among
the frames of 5 by saying that two frames R and R’ are " sufficiently
close to each other " if falls in a " sufficiently small 

" 

neighbourhood
of the identity. This " closeness relation " also reveals clearly a uniform
character over 5. To formalize these statements, let (e) denote the
neighbourhood filter of the identity of ~ and define
W (N) = ( (R, R’) R, R’ e 5, ~RR’~N}. It is then an easy matter

to show that the family ( W (N) is a fundamental system of

surroundings for a uniform structure U on 5 which is the image of the
right uniform structure ~ of ~ under the inverse map ,aR of (5.12) for
any fixed R e 5. In this way ~ receives canonically a uniform structure
U isomorphic to I and a corresponding topology u homeomorphic to L,
which formalizes naturally the above intuitive idea of closeness of
frames.
Now suppose M to be endowed with the finest uniformity ~ which is

compatible with its topology and denote by v the set of surroundings
which define ~. Let R E ~ and consider a varying frame which
we ideally make to approach R (in the topology (~). Let a be an

(4) This and the following statements will presently be correctly formalized. For
the time being, we rely on their intuitive meaning.

ANN. INST. POINCARE, A-XVI-l 2
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experiment which we suppose to be performed in R and consider the
equivalent experiment 03B3RR’ (a) as performed in R’. We expect that
in this idealized situation, as R’ approaches (a) " approaches "
a, in the sense that the physical devices and operations by which (a)
is carried out become less and less different from those which realize a.
In particular, the corresponding space-time domains A (a) and A (YRR’ (a))
will approach one another and overlap in the limit.

Since A (a) is a space-time region of finite extension, we would ask this
process to take place uniformly in A (a), in the sense that V V we can

make (p) close to p of the same order V, V p (a), provided R’ is
taken close enough to R. Conversely, we would ask uniform conver-
gence between domains of corresponding experiments to ensure conver-
gence between frames.

These requirements can be fulfilled if we endow ~ with the topology
of uniform convergence in the domains of experiments, as shown by
the following.

PROPOSITION 6.1. De fine ~ on ~ to be the topology of uniform conver-
gence in the domains of experiments. Then (a) ~ makes ~ into a Hausdorff
topological group operating continuously in M by the map (g, p) - g (p),
g~g, p~M and (b) a filter I» on 6 converges to R ~~ in the topology
= [J-R (t9) on ~ i ff it has the following property (a) : V V E W and V a E Q,

3 F~03A6 such that i f R’eF, then (p, ~RR’ (p))~V, V (a).

Prool. - (a) Since M is Hausdorff and the set cD of domains of experi-
ments covers is Hausdorff [8]. Since every ~ E C~ is contained in
a compact subset of M and every compact subset of M is contained in
a finite union of A’ s, ~ is identical to the topology of compact conver-
gence [9]. Then, since M is locally connected is also identical to
the topology of uniform convergence in M, when M is endowed with
the uniformity 5B’ induced by the unique uniformity of its Alexandroff
compactification [11]. Hence ~ is compatible with the group structure
of ~ [12]. Further, it is the coarsest topology for which the map
(g, p) - g (p) of ~ xM onto M is continuous [13].

(b) and V aEQ define

As V runs over and a over Q, the set ,£ of finite intersections of the
W (a, V)’ s forms a neighbourhood base of the identity of ~ endowed
with ’0 [14]. Endow 6 with the topology fl and let 9tR denote the neigh-
bourhood filter of R E 6. Since u = a base for is (X) 

and if
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Let ~ be a filter on &#x26; converging to R. Then V and V aeQ,
3 such that (W (a, V)), namely ~ has the property (~).
Conversely, suppose ~ has the property (a) and let Then N
contains a set ~R (X) for a suitable sequence pair Vi e ~, a, E Q,
i = 1, 2, ..., n. 3 satisfying (x) with V = Vi, a = ai and

n

by (6.2), F = n Fi c R (X) C N, which proves that 03A6 converges

to R .

We conclude this section with two remarks.

In the definition of ~ the choice of the uniformity on M to be the finest
compatible with the space-time topology is immaterial. Indeed, on

the set of continuous maps of M into itself the topology of compact
convergence depends only on the topology of M [15].

In the particular case of special relativity, in which 6 is taken to be
the set of inertial reference frames and G is the Poincaré group I or,
as a limiting case, the Galilei group Jl1 (see next section) it can be shown
by a slight extension of an argument by Bourbaki [16] that the topology
of compact convergence is identical on q (respectively on to the
usual Lie group topology.

7. SPECIAL RELATIVITY

We devote this section to the construction of the geometrical theory
of special relativity. This can be done by endowing the space-time
manifold with a specific equiframe which we call an inertial equi frame
and denote by ~, and by giving a set of axioms for both space-time
and 3. The justification for the choice of the axioms will be that they
imply that the corresponding relativity group ~ can be identified to
the proper orthochronous Poincaré group (or, as a limiting case, to the
Galilei group).

AXIOM 7.1. - Let Mo denote the space-time manifold of special relativity
subject to the axioms of section 2. We assume that Mo is simply connected
and that there is a map (a, p) --~ a + p o f R4. X M into Mo by which the
additive group R4. operates continuously and transitively in Mo and such
that, V a E R , the map

is an element o f ’J.
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Axiom 7.1 can be regarded as expressing the homogeneity of space-
time in special relativity. It implies :

PROPOSITION 7.1. - Mo is homeomorphic onto R4 (hence it admits of
global charts) and R4 operats freely in Mo (~’).

Proof. - Since R4 operates transitively in Mo, V p~M0 the map

of R~ into Mo is surjective. Denote by Hp the stabilizer of p and endow
the coset space R4/Hp with the usual quotient topology, namely, the
finest topology for which the canonical a - a + Hp is continous.

ap factorizes as a p = 1-p o (3p: Mo, where 1-p : a + a + p
is a continuous bijection of R4/Hp onto Mo. Then, since Mo is locally
compact and R4 is locally compact and has a countable base, 1-p is a

homeomorphism of R4/Hp onto Mo and Hp is closed [17] hence isomorphic
to a direct product of the form Rl Q9 Z~n (0 L 1 + m L 4), where Z
denotes the additive group of the integers [18].

Therefore, R4/Hp is isomorphic to @ Tm, where T = R/Z.
By the simple connectedness of Mo, m = 0 and then, by the topological
invariance of dimension, 1 = 0. Therefore Hp = 0, namely R4 operates
freely in Mo, and YP identifies to YP hence it is a homeomorphism of R4
onto Mo .

We call the elements of R4 space-time translations and R4, which we
identify to t (R4) by proposition 7.1, the group o f space-time translations.
We call a global chart (Mo, q) affine if there is a map 1~ : R4 -+ R4

such that

PROPOSITION 7.2. - = { (Mo, qx) the set of affine charts
of Mo. Then,

(a) ~ 03BB~ the map l03C603BB is an automorphism o/ the vector space R4,
which we call the automorphism of the chart (Mo, CPÀ);

(b) V p ~ Mo and V automorphism / of the vector space R4 3 one and
only one such that (Mo, has automorphism I and center p (6) ;

(5) Given a group G operating in a set X we say that G operates freely in X if the
stabilizer of every point of X is reduced to the neutral element of G.

(6) Given a chart (U, ) if p ~U and 9 (p) = 0 we call p the center of the chart.
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(c) V fixed the set o o f homeomorphisms o f R~
is the affine group AF~ (R) o f R, namely the group o f all trans f ormations
o f R4 o f the type a - m (a) + b, m an automorphism o f the vector
space RB

The proof is straightforward but tedious and will be omitted.
We call an atlas of Mo affine if it contains only one chart and this is

affine.

AXIOM 7.2. - Mo is endowed with an eqviframe L = (J, 03B3, ú) suc
that L’ts is an affine atlas, V S e :J.
We call ~ an inertial equijrame and if S we call it an inertial

reference f rame. If Se5’, we denote by the (unique) chart
of Let peMo, Then the coordinates (p) ~ }tL==1,2,S,4 of the
vector 9s (p) are the space-time coordinates of the event p relative to the
inertial frame S. (The triplet (p) ~ z -1, ~, is the set of space coordinates
and 03C64S (p) is the time coordinate.) The center of (Mo, cps) is the space-
time origin of the frame S. We denote by ~s the equivalence class of S
with respect to the relation " S and S’ have the same space-time origin ".
Now consider ~, the relativity group of 3. If S is an arbitrary fixed

element of :J we have, by (5.14),

By proposition 7.2 and by axiom 7.2 the map

is an isomorphism of ~ onto a subgroup ~ of AF. (R) which can easily
be seen to be independent of S. An element of ~ is of the form qJs’ o 

with S, S’ E:1, and it represents the affine transformation expressing
the space-time coordinates of an event p, as measured in S’, as functions
of the coordinates of the same event p, as measured in S. We
call o CPs 1 the transformation connecting S to S’ and write

where x  == 03C6 S (p), x] = 03C6 S, (p), p G Mo. We identify to S and deter-
mine the structure of ~.

PROPOSITION 7.3. 2014 ~ contains as a subgroup the group of translations
o f R% which is identical to 1is (t (R~)), S E ~.

Proff. 2014 Let b~R4, S~J, and let Is denote the automorphism of the
affine chart (Mo, By axiom 7.1 i (b)) is an element of ~ so



20 V. BERZI AND V. GORINI

~s I (b))) E ~ and we have

By virtue of the above proposition we can make the identification

where ~ is the group of automorphisms of R~ of the form

where S can be fixed arbitrarily and We identify cononically
the group of automorphisms of R~ to the group GL (4, R) of 4x4 non
singular matrices. With this identification, £ is the set of matrices

j = s, E .:1s’ with S an arbitrary fixed element of 3.

Define the following subgroup of GL (4, R) :

~ (À) is the proper orthochronous Lorentz group corresponding to an
1

invariant velocity equal to ~ ~ while .J11 is the proper orthochronous

(homogeneous) Galilei group.
The subgroup = of f’ is physically interpreted to be the

group of transformations connecting frames of Js which are at rest
relative to each other.

AxioM 7.3. - (x) fR is a proper subgroup of .~ and (fi) eR = ~.
Physically, this axiom states : (a) that relative motion between frames of J

(7) The symbol ~ denotes semidirect product.
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is allowed, (b) that in each frame clocks have been syncronized in a
standard way, (c) that time has a unidirectional flow and (d) that with
respect to each frame of J space is euclidean and isotropic. It is further

implicit that the standards of length and time are the same for all frames.

The structure of £ is determined throught axiom 7.3 by the following
theorem, whose proof can be found in [19] (compare also [20] for a simpler
proof under an additional continuity assumption) :

THEOREM 7.1. denote the family o f subgroups oj GL (4, R)
defined by .e iff L n æ = C and C is a proper subgroup Then
03A6 = {G03BB} 03BB~(0,+~) where (a) if 0  a  + ~, G03BB - L (03BB) and (b)
~o = JIl.
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