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Let us consider the Schrodinger
manifold M of dimension d

USSR

equation on a compact locally euclidean

Here A is the Laplace operator on M and the potential u(x) is a real smooth
function.
Let Z(r) be the partition function (sometimes it is called theta function
of the operator L):

The well known

problem

of the asymptotic behaviour of the spectrum
stage is reduced to finding the asymptotic

at n - oo at the first
behaviour of Z(r) at T - 0

{~}

Note that if the

potential u(x) equals

zero, then

Analogously, if the manifold M is noneuclidean, then the function Z(i)
has an expansion of the type (3) and the explicit form of several coefficients
is known (see refs ~.~]-[3]). However, general rules of constructing these
coefficients are still unclear.
In this note, recurrence formulae are obtained for the coefficients aK in
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the euclidean case, from which in the one-dimensional case follows the
expression of aK via the well known invariants of the Kortewegde Vries (KdV) equation, studied in detail in refs [4]-[9]. Note that although
for the one-dimensional case the connection of the Schrodinger and
Korteweg-de Vries equations was often used, the case of the purely discrete
spectrum of interest has not been considered in those papers.
Let us now turn to obtain the recurrence relations. Note first that

conduction »

equation

Let us turn to the new function F(x, y ; T)
Green function of eq. (4) with a potential equal

For the function F at ! - 0 we obtain
correct up to terms of order exp ( -

=

Go ~G

where

Go

is the

zero

the following
c &#x3E; 0

equation,

which is

cz -1 ),

Here VxF is the gradient of the function F. For the function F at T - 0
the asymptotic expansion F - (1 + Fir +
+ ...) is valid. From
relation
follows
the
recurrence
eq. (5)

From this it follows in particular that the
nomials in u and derivatives of u :

quantities Fn(x, x)

where the rest of the terms contain the derivatives of

and hence we may neglect in
x) terms which
Therefore
to
contribute
and thus do not
aK.

u.

are a

are

poly-

Note that

total

divergence
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where PK
is
the recurrence relations
=

...
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some

polynomial which can be determined using
us give the expressions for the first four

(6).

Let

polynomials

These polynomials are the
de Vries (one-dimensional)

generalization
equation.

of invariants of the

Korteweg-

This interesting and important equation has been studied in a number
of papers. Of them let us mention the papers [4]-[9].
For us the following properties are important.
Let { u(x, f)} be the one-parametric family of potentials satisfying
the KdV equation. Then the Schrodinger equation spectrum { ~." ~ is t independent. Hence the coefficients aK are invariants of the KdV equation.
It is also known that the KdV equation on the circle as well as the KdV
equation on the straight line for rapidly decreasing initial conditions
admits an infinite set of conserved integrals of the type

where Pn(u, ux, ... ) is a polynomial in u and space derivatives of u containing the term un. The explicit expression for the first eleven Pn is given in
refs [4] [5]. The papers [5] and [7] give the algorithm for their determination.
In paper [8] a simple recurrence relation for the densities Pn is found.
Now in view of the uniqueness of the polynomial invariants for the
KdV equation (see refs [4]-[7]) is follows that we may consider ?~
Pn.
Therefore, for the case when the manifold M is a circle, we prove
THEOREM. - The coefficient aK in (3) is given by
=

Remark. The quantities FK(.x, x) locally depend on the potential u(.x).
Hence these relations are valid also for the Schrodinger equation on a
noncompact locally euclidean manifold.
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