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RESUME. — On étudie le probléme de Cauchy pour un champ de
Yang Mills et un champ scalaire classiques couplés de fagon minimale,
dans ’espace temps de dimension n + 1, en jauge de Lorentz. On démontre
I’existence et I'unicité de solutions dans des intervalles de temps petits
pour n quelconque, aussi bien dans des espaces locaux que globaux. En
dimension deux d’espace temps, les solutions précédentes peuvent étre
étendues a des temps quelconques par la méthode des estimations a priori.
En dimension trois d’espace temps, nos estimations ne donnent que des
résultats partiels sur le probléme d’existence globale.

ABSTRACT. — We study the Cauchy problem for minimally coupled
classical Yang-Mills and scalar fields in n + 1 dimensional space-time
in the Lorentz gauge. We prove the existence and uniqueness of solutions
for small time intervals and for any n, both in local and global spaces.
In space time dimension two, the previous solutions can be extended to
all times by the method of a priori estimates. In space time dimension
three, our estimates yield only partial results on the global existence
problem.

(*) Laboratoire associé au Centre National de la Recherche Scientifique.
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60 J. GINIBRE AND G. VELO

1. INTRODUCTION

The initial value problem for classical coupled Yang-Mills and scalar
fields has been considered recently by several authors [2]-[8], [/0]. In parti-
cular in a previous paper [6], to the introduction of which we refer for
more details, we have studied this problem in the so-called temporal
gauge. The main results of [6] include the existence and uniqueness of
solutions in small time intervals for arbitrary space-time dimension and
the existence and uniqueness of global solutions in space-time dimension
1 + 1 and 2 + 1. All these results hold both in global and local spaces.
In the latter case the initial data and the solutions are required to satisfy
only local regularity conditions in space, but no restriction on their
behaviour at infinity. Remarkably enough all these results can be proved
without using the elliptic constraint that generalizes Gauss’s law.

In this paper we take up the same problem in the Lorentz gauge J,A*=0.
In addition to its intrinsic interest, this gauge condition is imposed as a
consequence of the Lagrange equations if the Yang-Mills field is massive.
In this gauge the situation seems to be less favourable than in the temporal
gauge: we are still able to prove existence and uniqueness of solutions of
the Cauchy problem in small time intervals for arbitrary space-time dimen-
sion; however we are able to prove existence and uniqueness of global
solutions only for space-time dimensions 1 + 1. Furthermore, even in
that case, the proof makes explicit use of the elliptic constraint mentioned
above. The additional problems posed by the Lorentz gauge as compared
with the temporal gauge can best be seen by considering pure Lorentz
gauges. If the gauge group is SU(2), the Lorentz condition becomes the
equation of motion for the O(4) non linear g-model. More generally, one
can study the Cauchy problem for the O(N) non linear g-model as well as
for the so-called CP(N) and GC(N, p) models. This will be done in a sub-
sequent paper. In all these models, in the same way as for the Yang-Mills
field in the Lorentz gauge, our proof of global existence works in dimen-
sion 1 + 1 and breaks down in higher dimensions.

In the same way as in the case of the temporal gauge treated in [6],
the finite propagation speed and the presence of an elliptic constraint,
which produces long range effects in the massless case, lead naturally to
study the problem in local spaces, where only local regularity conditions
are imposed on the initial data and the solutions.

The methods used here are similar to the ones used in [6]. The local
problem in global spaces is treated by the method of [9]. The local theory
in local spaces relies on Section 3 of [6]. The global existence problem
both in global and local spaces is treated by the standard method of a priori
estimates. The need to use the elliptic constraint complicates the proof:
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THE CAUCHY PROBLEM FOR COUPLED YANG-MILLS AND SCALAR FIELDS 61

it requires a local version of these estimates and an iterative restriction
and extension procedure to construct the global solution.

The results of this paper have been announced in [5]. For technical
reasons they will be derived here in a slightly different formalism (see
Remark 2.1).

The paper is organized as follows. In Section 2 we introduce the notation,
choose the dynamical variables, write the equations in suitable form, and
treat the local problem in global spaces for arbitrary space-time dimension.
In Section 3 we extend the previous treatment to the theory in local spaces.
In Section 4 we study the problem of global existence, both in global and
local spaces.

2. THE CAUCHY PROBLEM IN GLOBAL SPACES
FOR SMALL TIME INTERVALS

In this section we begin our study of the initial value problem for the
classical Yang-Mills field minimally coupled to a scalar field, in the Lorentz
gauge 0,A"* = 0. We first introduce some notation. The Yang-Mills potential
A (t, x)is a function from n + 1 dimensional space-time to the Lie algebra ¢
of a compact Lie group G. The corresponding field is

F,=0dA, —0A,+e[A,A],

where [, ] denotes the commutator in 4. We assume the existence
of a non degenerate positive definite bilinear form in ¢ denoted by ( -, - ),
invariant under the adjoint representation of the group. The scalar field
¢(t, x) belongs to a unitary representation of G in a finite dimensional
vector space #. We also denote by (-, -> the invariant scalar product
in # and we use the same notation for an element of ¢ and for its represen-
tative in &. We shall write ( B, B> = | B |*>. We use the same notation D,
for the covariant derivative in 4 where D, = d, + e[A,,. ] and in % where
D, =0, + eA, We use the metric g,, with goo =1, gy = — 1, g,, =0
for u # v.

The field equations are the variational equations associated with the
Lagrangian density

1 1
L= (F, F) E;<2<A,,, A">+{D,p, D*¢>-V(|¢ ), (2.1)

where V is a real ¢* function defined in R* with V(0) = 0. The equations
are
Kt =D,;F* 4+ k?A* + J# =0, (2.2)

M =D,D + ¢V'(|¢ |5 =0, (2.3
where J* € ¥ is defined by (J* C) = 2¢ Re { D*$, C¢ > for all Ce ¥
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62 J. GINIBRE AND G. VELO

and V'’ is the derivative of V. We shall work in the first order formalism
and choose as dynamical variables the quantities A, A={ A, I<j<n},
Fo={Fo;, 1<j<n}, F={Fy, 1<j<k<n}, ¢, Yo and y={y;, 1<j<n}
(¥, has to be thought of as D,¢). The variational equations and the Lorentz
condition can be rewritten as the following system of equations of motion

Ao 0 R 0 0\ /A,
AR 0 1 o)A
'F,] | 0 0o o R,|F
F 0 0 -Rt 0/ \F
0
+ —¢[Ao, Al 2.4)

—e[A4 F,]—-T—x2A
—e[Ay Fl+e[A, Fol+e[F,, Al
o\ [0 1 0\ [¢ Ay
dolvol=10 0 R|[v] - eA*y, + PV’ @.5)
W 0 —R* 0/ \y Aol — eAyo — eFo

supplemented by the constraints

ij=aJAk—akAj+€[AJ, Ak]’ (2.6)
Ko=0, 2.7
Here J, and J = {J;, 1 <j < n} are supposed to be expressed in terms
of ¢, Yo and y;; R is the 1 x n matrix operator with entries R) = — &’

and R, is the n x n(n — 1)/2 matrix operator with entries
RYY = — 8Lk + sko'.

The system of equations (2.4) and (2.5) can be written more compactly as

dou(t) = Tu(t) + f(u(t)) (2.9)
where
N o
"u= (“A), ", = =l (2.10)
Uy F, y
F

(A 0 _ Ja
T‘(O T¢>’ / (fd,)
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THE CAUCHY PROBLEM FOR COUPLED YANG-MILLS AND SCALAR FIELDS 63

and Ty, Ty, f, and f, can be read directly from (2.4) and (2.5). The fields u,
and u, take values in the finite dimensional vector spaces

,VA — g ® R2n+1+n(n— 1)/2 and ’VV¢ — eg: ® C2+n

respectively, so that u takes values in 7" = ¥7, @ ¥'. The Cauchy problem
for the equation (2.9) can be transformed into the integral equation

u(t) = U(thuy + rd‘cU(t — 1) f(ur), (2.11)
0

where u, is the initial condition,

v = (" )

0 Uy
UA(?)
cos wt (sinwt)w 'R (1—cos wt)w 'R 0
—R*w 'sinwt cos (R*R)'?¢ ™! sin wt (1—cos w, H)w*Ry
- 0 0 cos w, t (sin w, )i 'R,
0 0 —Riw 'sinw,;t  cos(RER,)*t
(2.12)

with o = (RR¥)'? = (= A)'2, w, = (R,R%)"/%, and Uy(r) is given by a
similar formula (see (2.13) of [6]).

REMARK 2.1. — In the Lorentz gauge there is a large flexibility in the
choice of the dynamical variables. For instance one could take the quan-
tities Ag, A={A,1<j<n}, B={B;,1<;j<n} (to be thought
of as B; = DyA)), ¢ and ¥, (to be thought of as y, = Dy¢), thereby
obtaining the equations

A, 0 R 0\ (A,
do| Al=1{0 0 1 A
B 0 A O B
0
— e[Ao, A] (2.13)
ed;[A), Al + e[AY, F, 1 + k*A + ]

¢\ _(0 1\ (o) eAyeh
60 <ll/0>—<A O) (l//()) (eAﬂ!//” + eaj(Aj¢) + ¢V,> (214)

supplemented by the constraint (2.7). In (2.13), (2.14) and (2.7), F,,, J,
and ; = D;¢ are supposed to be expressed in terms of the dynamical
variables. In the choice leading to (2.13), (2.14), as well as in the previous
choice leading to (2.4), (2.5), the Lorentz condition has been used as the
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64 J. GINIBRE AND G. VELO

equation of motion for A,. Another, more standard choice, consists in
substituting the Lorentz condition also into the variational equation
K, = 0, thereby converting it into an evolution equation for A,. One
can then choose as dynamical variables A, (0 < u<n), B, (0 <pu<n)

(to be thought of as B, = DyA,), ¢ and . The equations of motion for A,
and B, become

)= (0 o) () o b F o, en) @19
°\B, A 0/ \B, ed;[A), A )+ e[ALF, 1+ KA, +T,)

while the equations for ¢ and 1, are still given by (2. 14). These equations
must be supplemented by the constraints 0,A* = 0 and K, = 0 (at t = 0).
Up to a minor difference in the definition of B,, this last formalism is the
one used in [5]. It has the well-known drawback that the energy is bounded
from below only if the constraints are satisfied.

We now define the spaces in which we shall look for solutions of the
integral equation (2.11). For any integer k, we define the space 4™ of
those u such that, componentwise, F,, and y, belong to the Sobolev space
H*"! = H*"}(R") while A, and ¢ belong to the Sobolev space H* = HR").
More precisely, for any u = { A, F,,, ¢, ¥, } we define the norm [|ul|
in 4% as follows:

||M||2 M1 () + Ni— () + Py (w)? (2.16)
where, for k >
My(u)* = z { zHI@“ lll%+2|||5“\llyl||§} (2.17)
0<|af <k u
N0 = §1{5§NW“HM+W”WM} @.19
0<|al<k

Py(u)? Z Z { Z | 10%0;A, + F,)| I3
=5 +Hw%@—wmw},04%

and for k <

MM@%ZMW—“R%+ZML%WWW 2.2)

Ny(u)? = % z 10 = APF2A L3 + 1 = A2 1|3 (2.21)

R = ) {3, 10 - 810A + 51
0 £ = AF@ — )] ||g}. 2.2
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THE CAUCHY PROBLEM FOR COUPLED YANG-MILLS AND SCALAR FIELDS 65

Here o is a mutiindex of space derivatives and || - ||, denotes the norm
in L7 = LYR"). When equipped with the norm (2.16), #™ is a Hilbert
space which is a direct sum of usual Sobolev spaces. The norm (2.16) is
equivalent to the simpler looking norm

Mo 1@ + Ny }12 (2.23)

However the choice of (2.16) is better adapted to the free evolution U(t)
as will be seen in Lemma 2.1 below. For brevity we have not appended
an index to the norm || u||. Furthermore, from now on we shall omit
the | | when appearing in an L? norm.

In order to prove the existence of solutions of (2.11) we need the follow-
ing properties of U(t).

LemMma 2.1. — For any integer k, U(t) is a (bounded) strongly continuous
one-parameter group in ™ and, for any t € R, for any u e 4%, U(¢) satisfies
the following estimate

HU@ul < p@) [l ull, (2.24)
where

’ 1 1/2
,u(t)={1+§|t|(lt|+(t2+4)1/2)} - (2.25)

Proof. — The proof runs in the same way as that of Lemma 2.1 of [6],
after noticing that, for any k, M (U(¢)u) and P(U(#)u) are constant in time,
while

N(U(t)u) < Ny(w) + | | My(u) . (2.26)
Q.E.D.

We can now prove the existence of local solutions of (2.11). For any
interval I and any Banach space # we denote by ¢(I, %) the space of conti-
nuous functions from I to 4, and, for any positive integer /, we denote
by €'(1, #) the space of I-times continuously differentiable functions
from 1 to #. For compact I, ¥(I, %) is a Banach space when equipped
with the Sup norm.

PROPOSITION 2.1. — Let k = [n/2 + 1] ([A] is the integral part of /).
Ved* (R*) and u,e #™* Then, there exists a T, > 0, depending on
[luo ||, such that (2.11) has a unique solution ue é([— T, To], #™).

Proof. — The proof runs in the same way as that of Proposition 2.1
of [6] after noticing that the multiplication by a function of H* is a bounded
operator both in H* and in H*" 1. Q.E.D.

Under additional regularity assumptions on the potential V and on the
initial data one can prove additional regularity properties of the solutions.

PROPOSITION 2.2. — Let kK’ = k= [n/2 + 1], let Ve%“(R™) and let
uo€ A Let I be an interval of R containing the origin and let u e (I, #¥)
be a solution of (2.11). Then ue (1, #* ') for any I, 0 < I <Kk’
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66 J. GINIBRE AND G. VELO

Proof. — The proof is similar to that of Proposition 2.2 of [6], but
slightly more complicated because of the choice of the spaces. We shall
therefore present the estimates in some detail. First we prove that ue%(1, #*)
by induction. Let therefore ue é(I, #'~') for some I, k <1< k’. We
want to show that u e 4(I, #"'), or equivalently that, for any multiindex o,
with |a| = I — k, v* = 0*u belongs to €(I, #™). Now v* e (I, #*~ ') and v*
satisfies the equation

v(t) = U(t)0*uo + Jl dzu(t — 1) { Z %(u(r))v‘;‘('c) + g“(u(‘c))} (2.27)
0 o

o

where o labels the various components of u, and g* is a polynomial in the
space derivatives of u of order at most I — k — 1 and in the derivatives
of f with respect to u of order at most I — k. We want to show that (2.27)
considered as a linear integral equation for v* has a unique solution both
iné(I, #*)and €(I, #*~!). This will prove that 8*u € (I, #"*) and complete
the induction. For this purpose it will be sufficient to show that

0
h = a—f (u(D)e(r)
ud

belongs to €(I, ™) if v* belongs to €(I, #™) for m = k, k — 1, and that
g%(u(t)) belongs to €(I, #*). We consider the terms in h* and g* containing
only A and F: the terms containing ¢ and ¢, including those coming from
the potential V, can be treated in the same way. Now h* contains terms of
the type Aa% Af* and Fa* where a* and f* are the A and F components
of v*. By the induction assumption we know that componentwise
Ae%(1, H ')and F e 4(I, H'~2). We take a* € (I, H") and f* e (I, H" 1)
with m being either k or k — 1, and we have to show that Aa® belongs
to €(I, H™) and that A f* and Fa* belong to %(I, H"~'). This is a conse-
quence of the Sobolev inequalities, which imply that multiplication by
a function in H* is a bounded operator in H" for — k < r < k and that
the product of two functions in H*~ ! lies in H*~ 2, with continuity. Similarly,
the terms with A and F in g* have the form 0*'Ad**A and 0**'AJ™F with
loj| =1, |ag | + oy | = I — k. We have to show that for Ae%(I, H'™ ")
and F e (I, H'~2), these terms lie in %(I, H*) and %(I, H* ') respectively.
This again follows from the Sobolev inequalities as above.

The end of the proof is the same as that of Proposition 2.2 of [6] with
appropriate changes. Q.E. D.

So far we have considered the system (2.4) and (2.5) without taking
into account the constraints (2.6), (2.7) and (2.8). We now show that the
constraints are preserved in time.

PROPOSITION 2.3. — Let k = [n/2 + 1], let Ve €%R™*) and let uo e A~
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THE CAUCHY PROBLEM FOR COUPLED YANG-MILLS AND SCALAR FIELDS 67

Let I be an interval of R containing the origin and let ue é(I, £™) be a
solution of (2.11). Let Q be an open subset of R”, possibly R" itself. Let u,
satisfy (2.6) (resp. (2.8)) in Q at t = 0. Then u(?) satisfies (2.6) (resp. (2.9))
in Q for all tel If in addition u, satisfies (2.7) in Q at ¢t = 0, then u(?)
satisfies (2.7)in Q for all te L.

Proof. — From Proposition 2.2 it follows that the quantities
/ljk = ij - aJAk + akA) - e[Aj, Ak]

and p; = y; — D;¢ belong to (I, H*~?) componentwise. Furthermore,
by (2.4) and (2.5), they satisfy

DO'{’jk = 50}% + e[Ao, )‘]k] = 0 (2.28)
Dopj = Oopj + e[Ao, p;] =0 (2.29)

with initial conditions A(0) = 0 and p;(0) = 0 in Q. From the fact that
Ao € %(I, H*) and that multiplication by a function in H* is a bounded
operator in H*=%(Q) it follows that /; =0 and y; =0 in Q for all times.
Similarly, from Proposition 2.2 it follows that

Koe%(, H* ?) n ¢(1, H*3)

componentwise. From (2.4), (2.5) and the previous constraints it follows

that
DoK® = 0,K° + e[Ay, K°] =0 (2.30)

in H*~3(Q). Using again the fact that multiplication by A, € H* is a bounded
operator in H*~2(Q), we see that K° satisfies (2.30) in H*~%(Q). Together
with the initial condition K® =0 in Q at ¢t = 0, (2.30) implies that K°
vanishes in Q for all times. Q.E. D.

3. THE CAUCHY PROBLEM IN LOCAL SPACES
FOR SMALL TIME INTERVALS

In this section we extend the theory developed in Section 2 to a theory
in local spaces. The general framework is described in Section 3 of [6] to
which we refer for details. For the convenience of the reader we recall a
few definitions. We call dependence domain any open subset Q of R* x R”
such that, for any (¢, x) € Q, Q contains the set

{W,x):¢>0and |[x—x'|<t—1t}.
The sections of Q at fixed time t are denoted by
Q) ={x:xeR" and (t, x)eQ} 3.1
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68 J. GINIBRE AND G. VELO

and are open. For any open ball Q = B(x, R) with center x and radius R
and for any t e R, we define

Q.(1) =Blx, R +|1]), (3.2)
with the convention that B(x, R) is empty if R < 0. We also define
QR ={(t,x):0< || <|t|,t' >0 and X €Q_()} (3.3)

which is a dependence domain for t > 0.

We next define the local spaces. Let k be an integer, k > 1. In Section 2
we have defined #™* as a direct sum of usual Sobolev spaces H™ with
m = korm = k — 1. For any open (respectively bounded open) set Q@ = R”,
we define A (Q) (respectively #%Q)) as the corresponding direct sum
of the Sobolev spaces HJ,(Q) (respectively H™(Q)). The space #XQ) is a
Hilbert space with norm

H u ”szl = M, _; o(u)* + Ni—1,0)* + P ou)?, (3.4)

where M, o, N, o and P, g are defined by formulas similar to (2.17), (2.18),
(2.19) where however the L2-norms are now taken in L%*Q). For Q = R",
we shall denote A} (R") by #¥.. For suitable dependence domains Q,
we shall be interested in /7 -valued solutions of equation (2.11) in Q in
the sense of Section 3 of [6] (see especially (3.17) of [6]).

The crucial property of the free evolution is the following local version
of Lemma 2.1.

Lemma 3.1. — For any integer k, k > 1, U(t) is a strongly continuous
one-parameter group in 7 and, for any ¢ € R for any open ball Q = R”,
for any ue A, the following estimate holds

NU@ulla_q < we)llullg, (3.5
where u(t) is defined by (2.25).
Proof. — The proof runs in the same way as that of Lemma 4.1 of [6].

One first proves that, for any smooth u, for any non negative integer k
and any open ball Q, ‘

M a_o(U(Ou) < My o(u) , (3.6)
Nia_o(U@Ou) < Ny ou) + [t My ou) , (3.7)
Pk,n_(:)(U(t)”) < B o). (3.8)

From there on the proof proceeds as that of Lemma 2.1 of [6]. Q.E.D.
We can now state the local existence result that follows from the general
theory presented in Section 3 of [6].

PrROPOSITION 3.1. — Let k = [n/2 + 1], Ve %**'(R*) and uye AF .
Then there exists a dependence domain Q with Q(0) = R" and a (unique)
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THE CAUCHY PROBLEM FOR COUPLED YANG-MILLS AND SCALAR FIELDS 69

A’k ~valued solution of the equation (2.11) in Q (in the sense of Section 3
of [6)).

The regularity result of Section 2 can also be extended to the theory

in local spaces. We denote by rq the operator in %, of restriction to €,

namely the operator of multiplication by the characteristic function of Q.

PROPOSITION 3.2. — Let k' > k = [n/2 + 1], let Ve @*(R"), let Q be
a dependence domain, let u, € #7(Q(0)) and let u be a A7, -valued solution
of (2.11) in Q. Then, for any ¢ > 0 and any open ball Q in R" with closure
contained in Q(t), rque %[0, t], #* ~{Q)) for any [, 0 < I < k’. In parti-
cular uis a 47 -valued solution of (2.11) in Q.

REMARK 3.1. — For [ = k', the statement of Proposition 3.2 involves
the space .#%Q), yet undefined. The fact that rque *(I, #°(Q)) means
that each component of roA and rq¢ belongs to %*(I, L%Q)) and that
each component of roF and roy belongs to ¥ (I, H™'(Q)), where H™'(Q)
is defined as in [/7] (p. 213).

The proof of Proposition 3.2 is essentially the same as that of Propo-
sition 4.2 of [6] and will be omitted. _

Finally the constraints are locally preserved in time also in the local
theory.

PROPOSITION 3.3. — Let k = [1/2 + 1], let Ve @*(R™), let Q be depen-
dence domain, let u,e #% (Q(0)) and let u be a A} -valued solution
of (2.11) in Q. Let T > 0 and let Q be an open ball in R"” with closure
contained in Q(T). Let u,, satisfy (2. 6) (resp. (2. 8)) in Q. Then u(t) satisfies (2.6)
(resp. (2.8)) in Q for all t € [0, T]. If in addition u, satisfies (2.7) in €, then
u(t) satisfies (2.7) in Q for all te [0, T].

Proof. — Identical with that of Proposition 2.3. Q. E. D.

4. EXISTENCE OF GLOBAL SOLUTIONS

In this section we prove the existence of global solutions of (2.11) for
n = 1 and make some comments on the case n = 2. The proof relies on
a priori estimates of the solutions in 2#*. As mentioned in the introduction,
the derivation of some of these estimates requires the use of the elliptic
constraint K° = 0 (see (2.2)). As a consequence the method of proof of
global existence in local spaces used in Proposition 5.3 of [6] no longer
works since it is based on a cut off procedure which is not compatible
with the constraint. We shall therefore use a different method which
requires in particular a local version of the basic estimates. These local
estimates will be derived in Propositions 4.1 and 4.2 below. Their deriva-
tion requires integration by part in truncated cones of the type (3.3).
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70 J. GINIBRE AND G. VELO

For this purpose we need smooth approximations of the solutions of (2. 11).
We therefore begin by introducing a regularization procedure.

Let h be a real positive even function in 4°(R") with || 4|, = 1 and
let A™(x) = m"h(xm). Together with the original problem associated
with the Lagrangian density (2.1), we also consider the similar problem
obtained by formally replacing V(| ¢ |?) in (2.1) by V(| h™ * ¢ |*) where *
denotes convolution in R". The corresponding variational equations
are (2.2) and

M®™ = D, D#¢ + h™ % g™(¢) 4.1

g"(¢) = (™ = V' (| K™ % $ 7). (4.2)

They are not compatible in general since the current is no longer conserved.
However, if one drops the equation K° = 0 and chooses the dynamical
variables and the gauge condition as in Section 2, the remaining system
can be written as

where

dou(t) = Tu(t) + f(u(?)) 4.3)

supplemented by the constraints (2.6) and (2.8), where [ is obtained
from f by replacing ¢V'(| ¢ |?) by h™ x g™ ($). We shall approximate
solutions of (2.11) with u, € * for suitable k by solutions of the equation

u(t) = U)h™ * ug) + JthU(t — 1) f™(u(7)) . 4.4
0

LEMMA 4.1. — Let k= [n/2 + 1], Ve¥**!(R*) and u,e #*. Then:

(1) There exists a T, > 0, depending on || u, || but independent of m,
such that (2.11) has a unique solution ue 4([— To, To], #*) and (4.4)
has a unique solution u™ e €([— T,, T, #™).

(2) LetI be a closed interval of R containing the origin and let ue (I, ™)
be a solution of (2.11). Then, for m sufficiently large (possibly depending
on I and u,), there exists a unique solution 4™ of (4.4) in ¢(I, #™*) and u®™
tends to u in (I, #*) as m tends to infinity.

(3) Let I be an interval of R containing the origin and let ue €(I, o~ %)
be a solution of (4.4). Then, for any | > 1, ue €**'(I, £7).

Proof. — (1) The proof is the same as that of Proposition 2. 1. The unifor-
mity in m follows from the fact that the basic estimates can be taken uniform
in h™,

(2) The proof is similar to that of the continuity of the solution of (2.11)
with respect to the initial data [9], with the additional complication that
the equation itself depends on m. One first proves the statement for small
time intervals, as considered in part (1), and then extends it to the whole
of I by splitting I into a finite union of such intervals. That the second step
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is at all possible follows from the existence of the solution u. We omit
the details.

(3) The statement follows by differentiating (4.4) once in %", which
yields (4.3), and then by successive differentiation of (4.3). The limitation

to ¢**! follows from the assumption on V. Q. E. D.
In all this section we shall assume that the potential satisfies the condition
Vip) = — a’p 4.5)

for some a > 0. The first estimate we shall use is the local version of the

energy conservation. For any open ball Q in R”, for any
u=(AF, ¢ y)e A}

loc ?

we define the local energy

1
Ba=y ) IEulBa+ ) [ulia
A<p [z

1
- Z [ Al2a + dew 161 (4.6

n
where || - ||, o denotes the norm in LYQ), 1 < g < oo. We also define

If u depends on ¢, we denote by Eq(t) and Eqft) the corresponding quantities
associated with u(t).

ProOPOSITION 4.1. — Let k = [n/2 + 1], let Ve4**{(R") satisfy the
condition (4.5), let uo € o, let I be an interval of R containing the origin
and let u e %(I, #™) be a solution of (2.11). Then, for any open ball Q in R"
and any ¢ € I, u satisfies the estimates

— d 2
o< (442
16(0)l2.0_0 < 1| §O) 2,0 + va(t), (4.9)
1 1/2 1 1/2
{5 2 I 40 [3.0-0 } < {5 Z | A0 30 } +volt), (4.10)

where .
vo(t) = || $(0) ||,.q (cosh at — 1) + Eq(0)2a™ ! sinh at . 4.11)

Proof. — By Lemma 4.1, for sufficiently large m, (4.4) has a unique
solution u™ e €***([0, t], #™) for any I > 1. In particular

u™ = ( A(m)’ F(m)’ ¢(M)’ l/l(m))
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is ¢**! of space-time componentwise. We now define

_ 1
=3 ) IFRE ) e 3e ) [A
m

A<p 3
+VOH % 6™ P) + a? [ §7 (@412
and

B'g.m) = <F(m)01’ Fl(Jm)> + K2 4 AS"), Ag'm)> + 2 Re( l//(om)’ l//5m)> 4.13
Using the field equations we obtain

5;@5:") = 2a® Re { ¢ Y + &m (4.14)
where
5("1) = —2Re( lM)m), hm 4 g('”)(¢(m))>

+ 2 Re { DE(H™ % ™), g™(p™) ) (4.15)

D™ =3 4+ eA™ 4.16)
u u n

We next integrate (4.14) in the truncated cone Q(, ¢) (see (3.3)) and

apply Gauss’s theorem. Since 5}[’" is outgoing on the side surface of Q(Q, ¢),
we obtain

and

J dx08(t, x) < deég"ﬂ(o, X)
Q- o
t

+ J‘drj dx {2a® Re { o™, Y > (¢, x) + E™(z, x)} . (4.17)
Q_(7)

0o

Now it follows from Lemma 4.1 that, when m tends to infinity, all terms

in (4.17) have well-defined limits (in particular J‘dxé("‘)(‘c, x) tends to zero).
so that (4.17) becomes

Eq_) < Eg(0) + 2a2fd-cf dxRe {p, Yo > (1, x). (4.18)
0 Q_ (1)

Similarly, for any z € [0, t], we have

| ¢(7) ”2,9‘(1:) < || ¢(0) “2,97(7:) + LdT/ | ¥o(t') HZ,Q-(r) . 4.19)

Let _
W) =Eq o0, 2O =119®)Il20 - (4.20)

Applying Schwarz’s inequality to the last term on the RHS of (4. 18) and
increasing the integration domain in the RHS of (4.19) we obtain

(1) < W0) + 24> J td'cy(r)l/zz(r) 4.21)

and ’
2(t) < z(0) + jdry('c)”2 . 4.22)

0
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Substituting (4.22) into (4.21) we obtain
t 2
y(t) < Eg0) + a? { Jd‘cy(‘c)”2 + z(0) } , (4.23)
o

from which (4.8) and (4.11) follow by an elementary computation. The
estimate (4.9) then follows from (4.22). In order to prove (4.10) we first
notice that from the field equations it follows that A™ satisfies the relation

1 . .
o { 5 Z | A |2} + A, Ay = — (A FMOY  (4.24)
u

Integrating (4.24) over Q(Q, t), applying Gauss’s theorem, letting m tend
to infinity and using (4.8), we finally obtain (4.10). Q. E. D.

The previous proposition holds for any space-time dimension. We
now concentrate on the case n = 1 and estimate the components of A
in Hi,..

PROPOSITION 4.2. — Let n = 1, let V e ¥*(R™") satisfy the condition (4.5),
let Q = B(x, R) = (x — R, x + R) be an open interval in R with R > 1,
let u, e ! satisfy the constraints (2.7) and (2.8) in Q. Let I be an interval
of R containing the origin and let ue %(I, ') be a solution of (2.11).
Then, for any t€l, |t| < R — 1, A satisfies the estimate

1/2
I 1enoBao | <l @.29
I
for some estimating function f, independent of .
Proof. — Let
1
0o(A) = 10,A; | + E(Iale 1> + 1 00A; IP) (4.26)
and
91(A) = <31A1a 61A0> + <61A1, a0A1 > (4.27)

We shall prove the result by deriving an a priori estimate on the quantity
j dx(0,(A)Xt, x) .
Q_(1)

This will follow from an integral inequality which will be derived by the
use of the cut off procedure of Lemma 4.1. By this lemma, for sufficiently
large m, (4.4) has a unique solution u™ e ([0, t], #") for any I > 1.
In particular, u™ = (A™, F™, ¢™, ™) is ¢* of space-time component-
wise. By a straightforward computation, using the equations of motion,
we obtain

0006(A™) = 0,0,(A™) + n(u™) + { 0,A, K¢ ) (4.28)
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where

nw) = — <A, Ty + K2A ) — COAL, Ty + k%A )
+ 2e{ Fo1, [A1, 01A,]1) + e Foy, [Ag, dA;]D
+ e [AL Aol [Ay, 0,A4]), (4.29)

and K{” is the quantity K, computed for ™. We next integrate (4.28)
on the truncated cone Q(Q, f) (see (3.3)) and apply Gauss’s theorem.
Since 6,(A"™) is outgoing on the side surface of Q(Q, ¢), we obtain

J dx0o(A™), x) < deBO(A(’"))(O, x)
Q- o

+ jdt j dx { n(u'™) + C0,A7, K > 1 (z, x). (4.30)
0 Ja_@

We now let m tend to infinity. From Lemma 4.1 part (2), it follows that
0o(A™) and n(u™) tend to O4(A) and n(u) respectively in ([0, ¢], LY(Q)).
We now show that K" tends to zero in ([0, t], L3(Q)) so that its contri-
bution to the RHS of (4.30) tends to zero. For this purpose we first consider
the constraint (2.8): we note that the quantity D¢ — y{™ satisfies

the equation

DYDY — i) = 0 @.31)
with the initial condition
(D™ —y{)(0) = e [A™ x A;(0), h™ * $(0)]—eh™ x [A,(0), $(0)] (4.32)

in Q. From this and from Lemma 4. 1, part (2), it follows that D{™ ¢ — y/¢m
tends to zero in ([0, t], H(Q2)) when m tends to infinity. We next consider
the quantity D{J™* where J™* is the current J* computed for 4. From
the equations of motion it follows that, for any Ce %,

(C, DIy = — 2e Re ¢ D™ — yim, Cyim
= 2e Re { CH™ « gmM(@™), CH™) — g™(g™), CIH™ x ¢™) >} (4.33)

It follows from the previous argument and from Lemma 4.1, part (2),
that the first term in the RHS of (4.33) tends to zero in ([0, t], L3(Q));
the second term also tends to zero in %([0, t], L*(Q)) by Lemma 4.1,
part (2). We finally turn to K{”. From the equations of motion it follows
that

ng)K%m) = DL'")K("'”‘ = — DLM)J(M)M
and therefore )
K{M(t) = K{M(0) — jdr(Dfl""J‘"'"‘ + A§PKE)(7) (4.34)
with 0
KE(0)= [h™ * A;(0), h™ * F/°(0)] - h™ « [A(0), F/°(0)]

+ J§(0) — h™ % Jo(0) (4.35)
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in Q. In particular K{™(0) tends to zero in L*Q). From this, from (3.34)
and the fact that D{™J™* tends to zero in €( [0, t], L*(Q)), it follows that K§"
also tends to zero in %([0, t], L%()).

Taking the limit m — oo in (4.30), we obtain therefore

J dx0y(A)(t, x) < fder(A)(O’ x) + Jtdrf dxn(u)(t, x) (4.36)
o _() Q 0o Jo-@

The quantity n(u) contains terms of various types and we now estimate
their contributions to the space integral at time t in (4.36). For brevity
we omit the time 7 and the spacetime indices; all space integrals and L?
norms are taken in Q_(z). We obtain

r

dx COA, TS | < ClIOATl: Y12 11 ¢ 11w

"~

dX<5A,A>'<C||3AIlz 1Al

dx ( 0A, [A,F]>‘ < ClloAll; 1Fl2 [1Alle

r

dx  [A, Al [A, 5A]>l < ClloAll; AL TATZ -

J

We estimate the L® norms through the local one dimensional Sobolev
inequality (covariant or non covariant)

lv2 <L '|v|3+2llvll, lIDvll,, (4.37)

where L is the length of the interval under consideration, in the present
case L =2(R — 7) = 2(R — t) > 2. We then estimate the norms ||y |,,
|Fll2, 1@ 1l, and ||A|], by Proposition 4.1 and obtain from (4.36) a
sublinear inequality for the function of ¢ defined by the L. H. S. The result
finally follows by a straightforward application of Gronwall’s inequality.
Q.E. D.
For n = 1, Propositions 4.1 and 4.2 provide an a priori control of F
and ¢ in L? (componentwise) and of A in H'. In order to complete the
a priori control of u in 2", which is the relevant space for n = 1, it suffices
in addition to estimate ¢ in H!. This is done easily by using the equations
of motion and the fact that ¢ e L? and A e H, so that the norms defined
with ordinary and covariant derivatives are equivalent (see Lemma 5.6
of [6]).

REMARK 4.1. — In Propositions (4.1) and (4.2) we have given a local
version of the estimates needed to prove the existence of global solutions.
As mentioned at the beginning of this section, this local form of the estimates

Vol. XXXVI, n° 1-1982.



76 J. GINIBRE AND G. VELO

is necessary to establish global existence in local spaces. If one is interested
in solutions in global spaces, one needs these estimates only in global
form, namely with Q replaced by R". In this case the proof simpler (compare
with Lemma 5.1 of [6]).

We are now in a position to prove the global existence result in the
case n = 1. We first state the result in global spaces.

PROPOSITION 4.3. — Let n = 1. let Ve #*(R™) satisfy the condition (4. 5),
let uy € A" satisfy the constraints (2.7) and (2.8). Then the equation (2.11)
has a unique solution u in 4(R, ') and u satisfies the constraints (2.7)
and (2.8) for all times.

Proof. — The result follows by standard arguments from Proposition 2. 1
and from the estimates of Propositions 4.1 and 4.2 in the global form
described in Remark 4.1. Q. E. D.

The global theory in local spaces requires a more careful treatment.
In the proof we shall need the fact that, for any open ball Q = B(x, R),
there exists an extension j, which is a bounded map from #XQ) to A*
such that rojou = u for all ue #™*(Q) and that

| Jarou || < C1(Q) || rqu llq (4.38)

for all ue A Furthermore, one can choose C,(Q) independent of x
and uniformly bounded for R > 1 (see Sect. 3 of [6] and [/]): C4(Q) < C,
for R > 1. In what follows we shall make such a choice. We can now state
the global existence result.

PrROPOSITION 4.4. — Let n = 1, let Ve €*(R ™) satisfy the condition (4.5),
let ug € .4} satisfy the constraints (2.7) and (2.8). Then the equation (2.11)
has a unique solution u in ¢(R, #},,) and u satisfies the constraints (2.7)
and (2.8) for all times.

Proof. — We first prove that for any open interval Q=B(0, R)=(—R, R),
there exists a (unique) #}} -valued solution u® of (2.11) in the truncated
double cone A;(R)=Q(Q, R — 1)uQ(, — R + 1) (see (3.3)), in the
sense that the restriction of u® to Q(Q, R — 1) is a #}}.-valued solution
of (2.11)in Q(Q, R — 1) and that a similar property, defined by an obvious
symmetry, holds in Q(Q, — R + 1). For this purpose, we first note that
if u is a A} -valued solution of (2.11) in A;(R), then by Propositions 4.1
and 4.2, u satisfies an estimate of the type

[l u(®) lla_ @ < 71l uo llo) (4.39)

for some estimating function yg, uniformly in ¢ for 0 < || < R — 1. As
a consequence, for any t with 0 < |[t| <R — 1,

||jQ_(t)rQ_(t)u(t) [l < CiQ_®))r(I] uo [le)
< Coyr(luo lle) (4.40)
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It follows now from Proposition 2.1 and its proof that, for any s,
0 <|s| <R — 1, the equation

u(t) = Ut — 8)ja_ra_Hls) + LdrU(t — 1) f(v(7)) (4.41)

has a unique solution in ¢([s — T,, s + Ty ], #!), where T, can be taken
independent of s because of (4.40). We choose such a T, and construct
now a solution of (2.11) in A,(R). For brevity we consider only the case
of positive time. Let ¢; = jT,, 0 <j < [(R — 1)/T,] and I; = [t} t;,,].
Applying Proposition 2.1, we define v; € 4(I;, #") as the solution of (4.41)
with s = t; and with u(s) replaced by u, for j = 0 and by vj—4(t;) for j > 1.
Clearly, if we define u(t) = v(t) for tel, then the restriction u® of u to
Q(Q, R — 1)is a A, -valued solution of (2.11) in Q(, R — 1). Combining
this construction with the similar one in Q(Q, — R + 1), we obtain the
announced solution u® in A(R).

The end of the proof consists in taking an increasing sequence {R,}
tending to infinity and gluing together the solutions u® in A, (R,,) constructed
as above. The argument is the same as in the proof of Proposition 5.3
of [6] to which we refer for more details. Q. E. D.

We conclude this section with some comments on the case of dimen-
sion n = 2. In this case (as well as for n = 3), the relevant space is 42 so
that one needs to control F and  in H' (componentwise) and A and ¢
in H% In order to estimate F and y in H, it is natural to consider the
quantity E; as in [6] (see (5.2) of [6]). For n = 2 and if the Yang-Mills
field is massless (x = 0), E; which is gauge invariant, can be controlled
exactly in the same way as in the temporal gauge, both globally (see
Lemma 5.2 of [6]) and locally. However, even in the massless case, the
proof of Proposition 4.2 breaks down for n = 2 and we are unable to
control A in H'. If the Yang-Mills field is massive, the difficulty occurs
already at the level of E;, and we are unable to control E, in that case.
In all cases, the last step, namely the control of A in H2, knowing that F,
¥, ¢ and A are in H', can be done easily.
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