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A Generalization of Dixon’s Description
of Extended Bodies (*)

by

Ruprecht SCHATTNER (') and Gisbert LAWITZKY (3

ABSTRACT. — Dixon’s work on the description of extended bodies in
General Relativity is extended to include non-metric theories of gravity
and a special class of distributional energy momentum tensors. Several
splitting theorems are proven and are used to define momentum, angular
momentum and the « skeleton », as well as to investigate their properties.
We then define reduced moments and prove a reconstruction theorem :
A momentum, an angular momentum and a « skeleton » obeying Dixon’s
laws of motion determine an (admissible) mass tensor.

RESUME. — Les résultats de Dixon sur la description des corps étendus
en relativité générale sont généralisés pour qu’ils s’appliquent aux théories
non métriques de gravitation et a une classe spéciale de tenseurs impulsion-
énergie distributionnels. On démontre plusieurs théorémes de décompo-
sition et on s’en sert pour définir et étudier 'impulsion, le moment cinétique
et le « squelette ». On définit ensuite des moments réduits et on démontre
le théoréme : Une impulsion, un moment cinétique et un « squelette »
qui satisfont les lois de mouvement de Dixon déterminent un tenseur de
masse admissible.

1. INTRODUCTION

Since the comparison of general relativity theory with astrophysical
observation is based mainly on measurements performed on practically
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(*) This work extends the subject of the thesis of the first author carried out at the
Max-Planck-Institut fiir Physik und Astrophysik, Karl-Schwarzschild-Str. 1, D-8046
Garching bei Miinchen. It was done while the second author was supported by this
institute.
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292 R. SCHATTNER AND G. LAWITZKY

isolated systems consisting of a finite number of discrete bodies, the study
of such systems merits considerable attention.

At present we are still far from exact quantitative statements about the
motion of the constituents of such systems. So far the research on this
subjects has proceeded along three major lines:

The first on deals with various plausible, but not rigorously justified
approximation schemes. For slow motion, weak-field situations one
recovers Newton’s equations as a first approximation:

The CM-motion of a single body appears to be largely independent
of its detailed internal structure and can be calculated to high accuracy
from a knowledge of a few parameters; furthermore, the motion is inde-
pendent of the « self-field » of the body and completely determined by
the field produced by the other bodies in the system (see Dixon’s Varenna
Lectures [8] for a detailed exposition). One expects, that a similar behaviour
should also persist in some higher orders of the approximation scheme.
Unfortunately, at present all existing approximation methods are plagued
by mathematical or conceptual difficulties.

The other two lines treat certain aspects of the problem in an exact,
covariant manner: The (expected) asymptotic structure of spacetime far
away from material sources, and the local structure and motion of the
bodies relative to an unspecified gravitational field (i. e. not the full field
equations, but only their consequence V-T =0 are used). The local
theory has been developed by W. G. Dixon ([3]-[8]) and continued by
J. Ehlers and E. Rudolph ([9]), and R. Schattner ([15]). Their work shows
that—even in the general relativistic context—one can introduce concepts
such as CM-line, (reduced) moments, force, and torque, and a mass-constant,
having certain desirable properties.

Each of these three different approaches has its merits and drawback ;
there remains the challenging problem of combining them in a satisfactory
manner. One wishes to connect the local quantities (mass, momentum,
angular momentum, ...) with the corresponding asymptotic quantities
(some attempts in this direction have been made by R. Schattner
and M. Streubel [I18] [21]) and to link Dixon’s theory to (controlled)
approximation methods incorporating some nice features of the Newto-
nian description (e. g. separation of a « self-field », motion dominated
by a few parameters).

In this paper the main subject of research is the relation between the
« skeleton », a mathematical object representing the structure of the body,
and the'energy-momentum tensor. Dixon has proven that in a metric theory
of gravity the following holds: Suppose one has a smooth symmetric (3)
tensor field T whose support is contained in a spatially bounded, timelike
world tube, and which satisfies the local law of motion V:T=0; a timelike

Annales de I Institut Henri Poincaré - Physique théorique



DIXON’S DESCRIPTION OF EXTENDED BODIES 293

worldline /; and a timelike unit vector field u along I. Then there exist
a momentum P, an angular momentum S and a skeleton T satisfying
Dixon’s integral laws of motion (and some further conditions in order
to ensure the uniqueness of T). P, S and T together (satisfying Dixon’s
integral laws of motion) contain the same information as the energy-
momentum tensor T (satisfying the local law of motion). The representation
of a body by (P, S, T) provides the decisive advantage that the complicated
system of partial differential equations V-T = 0 has been replaced by
finitely many ordinary differential equations for globally defined quantities
which closely resemble the corresponding Newtonian and special-rela-
tivistic equations.

The momentum P is a vector field along [, the angular momentum S
is a bivector field along I, and the skeleton T is a one-parameter family
of distributions on the tangent spaces along I acting on symmetric (3)-
tensor fields over the natural projection.

Dixon’s proof is constructive, and Dixon gives a formula that indicates
how to reconstruct T from (P, S, T). But inserting an « arbitrary » triple
(P, S, T)in the reconstruction formula, one obtains in general, not a smooth
tensor field T, but only a linear functional. So the question arises of what
spaces of T’s and T’s one has to choose in order to make the relation
between T and (P, S, T) symmetric. We will give an—at least partial —
answer to this question: We will give definitions of suitable spaces which
allow one to establish symmetry between the two descriptions of the body.
Our T’s will in general be not smooth functions, but rather special distri-
butions. (Hence, admittedly our result is not completely satisfactory).
Thus we will have to pay due attention to the functional analysis of such
objects. Furthermore, in view of the aforementioned interesting questions
concerning the relation between the Newtonian and the relativistic descrip-
tion of bodies, we will formulate our theory without using any metric
structure on spacetime. In fact, all of our constructions will depend only
on a few assumptions which hold true for a wide class of theories of gra-
vity: That spacetime be a 4-manifold endowed with a symmetric linear
connexion V and that matter be described by a symmetric (3) tensor field
whose covariant divergence vanishes.

We have tried to keep paper self-contained even though many ideas
and proofs have been adapted from Dixon’s work.

After the introduction of our notation ana convections, in section 3
we motivate and formulate our basic assumptions. We define function
and distribution spaces which are well suited for our purposes (in appendix 1
we summarize some statements on test field spaces and distributions,
while in appendix 2 we briefly discuss some special bitensor fields,
cf. [16] [17] for details).
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294 R. SCHATTNER AND G. LAWITZKY

Section 4 is devoted to decomposition theorems for test field spaces.
These splitting theorems are in their original form (without consideration
of topological and support properties) due to Dixon and play the key
role in the construction of the skeleton. In the fifth section we define
momentum P, angular momentum S and a « skeleton » T for our mass
tensor distribution T. We investigate their properties and show that the
set (P, S, T) completely determines the action of T on the test field space,
and furthermore, that Dixon’s integral laws of motion are satisfied. In
section 6, we ask a converse question: How to construct a mass tensor T
from a given triple (P, S, T) which has the appropriate properties ? Reduced
moments are defined and are used to establish statements about the struc-
ture of T. These allow one to prove a reconstruction theorem which symme-
trizes completely the relation between T and (P, S, T): a set (P, S, T)
satisfying Dixon’s laws of motions determines an admissible tensor T
obeying V-T = 0.

2. NOTATION AND CONVENTIONS

For a manifold M, M denotes the tangent space ze M, TM 5 M the
tangent bundle, T{M 5 M the tensor bundle of type (r, s). The subspaces
of T;M satisfying certain symmetry conditions are denoted by an indication
of the symmetry class in brackets, e. g. T M is the space of twice covariant
symmetric tensor fields (irreducible symmetry [2]).

For a set L = M, (T, T)L is the space of C*-maps ¥ : n~ (L) - T'M
such that 7oy = 7 (« tensor fields of type (r, s) on =~ (L) over = » [6]).
(.), means partial differentiation. Covariant differentiation is denoted
by V Val .ax = Va1 R Vaka ($A)ab = V(a}'b)’ Vbc‘Aa - Vcha = RdabcAd'

Absolute differentiation along a curve x(u) is denoted by D, or —
T(abc} = Tabc - Tbca + Tcab . du

The space of two-point-tensor fields (bitensor fields) on M is denoted
by T,5(M). If the arguments z, x are restricted to subsets Z < M, X = M,
we wrlte T(Z x X) We use i, k, I, ... for indices at z, a, b, ¢, ... for
indices at x. (o ) is the coincidence hmit of the bitensor field o.

With the aid of the relative position X*:= — g%z, x) (see Appendix 2)
we can treat a two-point tensor field #(z, x) with scalar character at x as
function of z and X rather than of z and x.

Let A, B be vector fields on TM over =, y € (T;, T)M. We have a covariant
directional derivative V4 5y :=A*V, ¢ +B*V .y with V,,, V, asin [6] [8].

Vit = HOVY).

0
(In natural coordinates on T,M V,, is just X ;
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3. BASIC ASSUMPTIONS.
RESTRICTABLE DISTRIBUTIONS

It is well known (see e. g. [11] [22] [13] [7] [10]) that—when formulated
properly in the language of differential geometry—the Newtonian theory
of gravity has several structures in common with Einstein’s theory (which
has been expressed in that language from the beginning). In fact, both
theories can be described as special cases within a whole family of theories
of spacetime and gravity for which there exists a common framework
(see e. g. [10)).

In the subsequent sections we will actually use only some rudimentary
aspects of these theories: The basic objects in our presentation are

i) a 4-dimensional C*-manifold M,

i) a symmetric linear connexion V on M (describing « inertia » and
« gravity »), and

iii) a twice contravariant, symmetric tensor field T, the covariant
divergence of which vanishes:

VT =0. 3.1)

T“ represents the distribution of mass, momentum and stress of the matter,
and will be frequently referred to as the « mass tensor ».

Note that we use neither any metric structure on M nor field equations
nor the notion of timelike/spacelike vectors nor any energy condition, etc.

We want to describe the behaviour of an isolated single body with respect
to a suitable observer. Hence we require the following:

There exists a closed set W such that supp(T*) = W, (3.2

a worldline | = z(s) contained in W (representing the observer) and a
covector field u(s) along I (determining the local rest space of the observer),
w(s)2%(s) # 0 for all s.

We choose a parametrization such that  w,(s)z%(s) = 1 foralls. (3.3)

3.1.REMARKS. — Using more structure on M and much stronger condi-
tions than above, one can single out a unique pair (1, u,) ; I is then considered
to be the centre-of-mass worldline and u, the surface element determining
the local rest space of the system (cf. [8] [/5]). This choice is appealing
but not necessary for our treatment. It is, however, a « natural » prescription
in order to obtain well-defined, uniquely determined laws of motion.

For technical reasons, we impose further conditions on W, I, u,:

There exists an open submanifold N =€ M with the following properties:

i) WS N;

Vol. 40, n® 3-1984.



296 R. SCHATTNER AND G. LAWITZKY

ii) For any x e N there exists a uniquely determined point z(s)e [ and
a unique vector &* at z(s) with ¥u,(s) = 0 such that the geodesic x(u) with
x¥0)=¢&* is completely contained in N, connects x and z(s), and x(1)=x.
Then a (Fermi-) coordinate system which covers N can be constructed
as follows:. Let €¥s), =1, 2, 3, be three linearly independent smooth
vector fields along [, ue* = 0. Let x*(0) = {*e(s). Then x has coordinates (s, &%).
Let Z(s;) = N denote the hypersurface s = sy X(s,) is star-shaped with
respect to z(sg). We have a smooth « time function » t on N:

Hx) =s <« xeX(s).

Furthermore we assume:

iii) For any s, < s,: < U 2(s)> N W is compact.

iv) There exists an open subset V = 7~ '(I) with the following properties:
eXp, is well defined on Vi:=V n M, U;:=exp,,(V,) is a normal
neighbourhood of z(s), star-shaped w. r. t. z(s), £(s) = U; = N. For x e U;
¥(z(s), x) is well-defined.

We have a diffeomorphism from V into an open subset U of | x M,
defined (in natural coordinates) by (s, X) > (s, €xp, X).

We assume the existence of a continuous linear map E: (V) — &z~ (1))
and of an open neighbourhood V, €V of Uexpz_(sl) (Z(s) n W) such

seR
that for all ® E[®]|V, = @ | V,. (Obviously this assumption is implied
by some additional geometrical restrictions).

Without restriction of generality we shall assume M N, since all
relevant constructions depend on quantities defined on N.

Even if T* was introduced as a differentiable tensor field it will prove
to be useful for the following to work with a more general class of mass
tensors, with tensor distributions (cf. Appendix 1):

Suppose we have a 4-form # on M which vanishes nowhere. It is well

known that then the map T* <<Pab — J T"”(x)qo,,,,(x)n(x)) provides an

inclusion of the space of locally integrable ((2,)-tensor fields into the space
(27,) of tensor distributions. The matter tensor will from now on be
considered as a tensor distribution in (2p)". As the support is contained
in the closed set W, we may extend the range of definition of T* to the
larger test field space #32; (cf. (A1.9)). The law of motion (3.1) is now
understood to hold in the sense of distributions, i. e.

(T V> =0  forall J,eP(resp. A, FY). (3.4

Finally we impose a further restriction on the mass distribution:
We want that it makes sense to speak about a mass distribution at a given
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time. Clearly, for a general distribution in (51"[02])' there is no well behaved
« restriction to a hypersurface X(s) » ; hence momentum, angular momen-
tum, etc., defined along the lines of Dixon’s approach, would become
tensor distributions along I. In order to avoid this unattractive possibility
(and a lot of other complications) we will focus our attention to distri-
butions in (#3;) which can be restricted w. r. t. (£(s)),g in the sense of [/]:

3.2. DEFINITION. — L e(#3)) is restrictable (with respect to (2(s))se)

iff forany @ € 37[%] there exists a smooth functionl —» R, s — L%,

such that the following conditions are satisfied: *®

(R1) For any f € &(R),
CL?, g (fot)) = Jde 6)| L% 3.5

Z(s)
(Note that the 1. h. s. is well defined!).

(R2) If ¢, 5 0 then J Lo, 5 0
Z(s)

. dy" )
<1. e.foranyme N, <<d_> J L(p,,> goes to zero, uniformly on any compact
S/ Js(s)

subset of real line).

3.3. REMARK. — Clearly, for Le(#3), o e F3; J Te (if it exists)
is uniquely determined by (R1). 26)

3.4. ExampLES. — i) The « monopole » distribution

¢ - M J 2(5)2"(S)p a2(s))dx

is restrictable.
ii) If L is defined by the smooth tensor field T (see above), then L is
restrictable.

We quote a few results on restrictable distributions (the easy proofs
can be found in [I6]):

3.5. PROPOSITION. — Let Le(#)) be restrictable.

ds
compact support contained in X(s) N supp (L) (Hence it can be extended
to a distribution on &3)).

ii) (L%, @ > = dSJ‘ L*@, forall ¢,eFD,;. (3.6)
Z(s)

d m
i) For any me N, seR, ¢ — <—> J L*¢,, is a distribution with
2(s)

Vol. 40, n° 3-1984.



298 R. SCHATTNER AND G. LAWITZKY

iif) For any o € #3}, s L*¢,, has compact support, hence
Z(s)
d d J L* 0 3.7
S — = . .
dS o) Pap ( )
i) If o =y-(hot) (hedR),yeFy) = Lo =h(s)| Ly. (3.8)
(s) 2(s)
v) If ye #7, V,L® = 0, then
d ab ab
s L%Vt = | L%V (3.9
S Ju(s) Z(s)

Let us summarize our requirements on the mass tensor T%:

(M1) T (DY), supp TS W (= T®e(FY))
(M2) Vi€ FO: (T Viiy> =0
(M3) T“ is restrictable w. r. t. (2(5))seg -

A tensor distribution which obeys (M 1), (M2), (M3) is called « admissible ».

3.6. REMARK. — Admissible mass tensors will be well suited for all
questions arising from the law of motion (3.1), especially for the problem
of finding reduced moments in the sense of Dixon and of establishing
equivalence between various descriptions of the body. On the other hand,
in general, tensors of this type will not be useful as sources in field equations
for the gravitational field.

4. THE SPLITTING OF THE TEST FIELD SPACE

In this section we show that for each symmetric ¢,, there exists—in a
neighbourhood of a point z-—a unique symmetric f,, such that

Ba(x)a’(z, x) =0 and ¢, = Boy + Vuhy  for some 1-form 4,.

Furthermore we give conditions that make A, unique and find explicit
expressions for f,, and 4, in terms of ¢,,.

Finally we introduce a related splitting which does not refer to a point
ze M but refers to the pair (I, u,) defined in the previous section. (These
splittings have been introduced by Dixon [6],[8]).

4.1. PROPOSITION. — Let zeM, B,,€8p,. In a normal neignbourhood
of z the following two statements are equivalent:

i) o*(z, X)Bap(x) = 0 4.1

ii) *(z, x)0(2, X)VipBag(x) = 0 4.2)

Annales de I’ Institut Henri Poincaré - Physique théorique
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.and Balz) =0. 4.3)
Proof. — i) = ii): Differentiation of (4.1) yields
Gacﬂab + UaVcﬂab =0. (44)

Transvection with ¢ and ¢° respectively yields—using ¢°¢”. = ¢° (4.2).
Passing to the coincidence limit in (4.4) we obtain (4.3).

i) = i): Suppose (4.2) and (4.3) hold. Let x(u) be an affinely parame-
trized geodesic with x(0) = z. We multiply (4.2) with ¢°. This gives

0°6°0VpPay = 0. 4.5

Using o%(z, x(u)) = ux*(u) 4.6)

we get D, (x(u)x"(u)Bap(x(w) = 0. 4.7
This may be integrated inferring the initial condition from (4.3):

X(u)X"(u)Bap(x(u) = 0 (4.8)

or °c"By =0 4.9)

(4.9) implies 20°,0°By. + 6"V, B, = 0. 4.10)

We insert (4.10) into (4.2) and get

O-baoxﬁbc = - Ubacvbﬁac 5 (4 11)
hence along x(u)):

1
D, Ao () + 3o K, o) =0 .12

or
uD,(Ba(x()a®(z, x(w))) + (0°dz, x()) — 6°0) Bepx()a’(z, x(u)) = 0. (4.13)

Using (4. 3) we see that the singular initial value problem (4.13), (4. 3) admits
the unique regular solution
Bao” =0. 4.14)

4.2. LeMMA. — Let €69 and ¢,,€6%,. Then in a normal neighbourhood
of z
(@ar — Viehp)o” = 0 (4.15)

is equivalent with the inhomogeneous adjoint Jacobi equation [I7]
D32, (x(u) + R () Afx(u) = X)X (u)VipPaf(x(w)  (4.16)

along all geodesics x(u) emanating from z = x(0) together with the initial

condition
Vitn(2) — ¢pz) = 0. 4.17)
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300 R. SCHATTNER AND G. LAWITZKY

Proof. — This is an easy consequence of prop. 4.1 and of the symmetries
of the Riemann tensor.
Trivially the following statement holds:

4.3. LeMMA. — Let A,€67 and ¢ 4660, be such that Vo 1y (2) = oy (z)  (4.18)

Then Jdz) = 0, Vidy(z) = 0 4.19)
is equivalent with { z) =0 } (4.20)
Vid(z) = @i2) (4.21)

Now we are ready to prove existence and uniqueness for our splitting
problem:

4.4. PrROPOSITION. — Given ¢ € &%, and z e M there is (locally) a unique
choice of 1, & such that (4.15) and (4.19) hold: We have the splitting

q)ab = V(a’lb) + ﬁab
with 0By =0, A(z) =0, Vydylz) =0. (4.22)
Proof. — In view of Lemma (4.2), (4.3), (4.15) and (4.19) are equivalent

with (4.16), (4.20), (4.21). But (4.16) can be integrated along all geodesics
through z using the initial conditions (4.20), (4.21), i. e.

Ax(0) =0, D, A(x(0)) = x'(0)¢(x(0)). (4.23)

The (unique) 1-form A, obtained in such a way satisfies (4.15) and (4. 19).
Using Appendix 2 we can give an explicit representation of 4,:

4.5. PROPOSITION. — 4, as defined in Prop. 4.4 is given (locally) by
Adx) = — h(z, x)a'(z, X)prl2)

1 1 —
+J ( 7 Y ha(yxu), X)a%(z, yw)o"(z, yu))Vip@an(ytdu, (4.24)
o .

where y.(u) is defined by
Yx(u) = exp, (—ua(z, x)). (4.25)
In flat space we can sharpen our results
4.6. ProPOSITION. — Let (X¥) be standard coordinates on R*. Let v,

be a symmetric C2-tensor field on R*. Then the following three statements
are equivalent:

i) Xy (X) = 0 for all X (4.26)
ii) There exists a tensor field Hy,,, with symmetry [2, 2] such that
V(X)) = X"X"Hyun(X) for all X. 4.27)

i) X"X"0m(X) =0 forallX and Y (0)=0. (4.28)

Annales de I’Institut Henri Poincaré - Physique théorique
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Proof. — i) < iii): Prop. 4.1.
ii) = i): Obvious from the symmetry properties of H.
i) = ii): We differentiate (4.26). This yields

l//km + Xnamlpkn =0. (429)

Antisymmetrization gives

X"Om¥ign = 0. (4.30)
Differentiating again and multiplying with X™ gives
X" 0y = X" X" 0 min - 4.31)
Now, let us put
Jaw) = up(uX) . (4.32)
Then Ju0) =0, Ju) = ¥u(X), 4.33)
Jalw) = YiguX) + uX"(0Yu)uX) . - (4.34)
Substitution of X by uX in (4.29) gives, when inserted in (4.34)
Sauw) = 2uX"0p Wiy (uX) , 4.35)
whence Ju©0)=0. (4.36)
Differentiating (4.35) we find
S (W) = 2X" 0, g i(uX) + 2uX"X"0 il i(uX) . 4.37)
Finally we substitute X — uXin (4.31), insert the result in (4.37) and find:
Sd @) = 4uX"X" 0 (X)) . (4.38)

(Antisymmetrization is taken over (k, m), (I, n) separately). Now we put
(4.33), (4.36), (4.38) into Taylor’s formula

1
Jul1) = ful0) + £i0) + J (1 — w) fii (w)du (4.39)
0
and find Y(X) = fi(l) = X"X"H,,,,(X) with
1
HymnX) = 4J u(l — WOy ym(uX)du . (4.40)
0
4.7. PROPOSITION. — Let Y be a symmetric C2-tensor field on R?, let
Y = By + duAy (4.41)
be the uniquely determinated splitting such that
XB(X) =0 forall X, (4.42)
A0) =0, A0 =0. (4.43)

Vol. 40, n° 3-1984.



302 R. SCHATTNER AND G. LAWITZKY

We have the explicit representations
i 1

AX) = X'Y(0) + XmX" j (1 — Wl g ien(uX)du 4.44)

0

OuAn(X) = ¥(0) + 2L (1 — WX"0,r(uX)du

1
+ X"X" J u(l — WOim¥in — Ox¥mn + Oim¥in)uX)du  (4.45)

° 1

B,(X) = 4X"‘X"J u(l — Wl mm(uX)du . (4.46)

0

Proof. — (4.44), (4.45) follow from (4.24). B, satisfies (4.42), hence it
has the form (4.27). Explicit evaluation of (4.40) gives (4.46).

Clearly Prop. 4.7. provides a splitting of (T3, T)I: We only have to
replace 0 in the formulae above by V,,.

4.8. ProposiTiON. — For any ye(T), T)! there exists a unique Ae(TY, T)!
such that (in a natural coordinate system (x, X) on n~ (/) for all se R:

Ayls, 0) =0 (4.47)
VeuAy(s, 0) =0, (4.48)
and, for all Xe M,,:
XA Wls, X) — ViaApfs, X)) = 0. (4.49)
Prop. 4.8. allows to define two maps from (T, T)! into itself:
PV o Bus=yu — Vi (4.50)
q: ¥~ Yiady. (4.51)

From the explicit expressions in Prop. 4.7. one can easily read off the
following properties of the decomposition op’s p, q:

4.9. PROPOSITION. — p and q are continuous linear maps from (T3, T)!
into itself with the following properties:

p+qg=id 4.52)

pep=p, qeq=gq (4.53)
peq=qep=0 4.54)

plVl=vy < XYus,X) =0  forall s, XeM,, (4.55)
qaVl=v = 3Qk€(TP, T Yy = Viay (4.56)

Let S, = M, be closed and starshaped w. r. t. 0 € M,,. Furthermore,
let Y € (T3, T)! be such that

Supp ('// | Mz(s)) @ Sz(s) = g (4 57)
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Then supp (p [I»l’] | Mz(s)) N Sz(s) = Q (4 58)
Supp (q [l//] | Mz(s)) N Sz(s) = Q . (4 . 59)

In the subsequent sections we want to apply splitting theorems within
our framework for describing bodies. Clearly we search for a characteriza-
tion of the state of the system at any time (together with « evaluation equa-
tions ») rather than an overall description of the system. Technically,
while the latter procedure would involve a global splitting with respect
to a fixed point z (which clearly causes difficulties), the former needs only
local (in time) decompositions with respect to z(s) for all s e R. Therefore
we must consider what happens if we move the reference point z along 1.

4.10. ProposiTioN. — For any ¢, € 83; the decomposition according
to prop. 4.4. defines fields A,€ &Y and f,, € £9;3; in a neighbourhood
of the diagonal set of M x M:

(pab(x) = ,Bab(29 X) + V(a'q'b)(za X) (460)
0%z, X)Bap(z, X) = 0, Az, 2) = 0, Vi dyy(z, 2) = 0. 4.61)

Proof. — In the neighbourhood of any point z € M one gets a decompo-
sition (4.60), (4.61). The differentiability of B, A, with respect to z is a
consequence of the smooth dependence of solutions of ordinary diffe-
rential equations on the data and the coefficients.

4.11. LEMMA. — 0,4,(2(5), x) := Z(s)(VieAa)(2(5), X) 4.62)
obeys the equation

D0 + R%:0) = 2u™26%0" VDB (4.63)

(locally) along any affinely parametrized geodesic x(u) with x(0) = z(s).

Proof. — Differentiation of

Pap(X) = Bap(2(s), x) + Viahey(2(s), x) (4.64)
with respect to s gives
OsPan(2(5), x) + V015 An(z(s), x) = 0. (4.65)

For fixed s, we trivially have
(= 0sBa(=(3), X) — Vo051 As(2(s)s X))a"(2(s), x) = 0, (4.66)
hence Lemma 4.2 implies
D20, + R%;04, = — X*xVy0\5iPaey (4.67)

along all geodesics x(u) emanating from x(0) = z(s).
According to Prop. 4.1. we have

a?(2(s), x)o°(2(s), X)VipBag(z(s), X) = 0. (4.68)
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Differentiating with respect to s we get
0" 0Vip0y5iBacy + 26°0%*VpBoey = 0. (4.69)
Using a%(z(s), X(u)) = ux“(u) and substituting (4.69)into (4.67) we find (4. 63).
4.12. LEMMA. — The initial conditions to determine 0,4, from (4.63) are
Osom(2(5), X(0) = — Z(S)Pm(2(5)) , (4.70)
Vsl 2(5), X(0)) = — 225(5)VimPul 2(5)) » 4.71)

where the limit x — zis taken after the differentiation has been performed,
i. e. V,0,4, is the coincidence limit of z*V,V,4,.

Proof. — We differentiate (4.20). This yields
0 = 0sdn(2(s), 2(5)) = 00 Oha > + On2" ( Vidy > 4.72)

along I Using (4.21) we get (4.70).
Differentiation of (4.21) gives

0208 { V0,0 > + 2°0555 { Vple > = 2"V, 04 . (4.73)
It is a consequence of (4.20) that, at z(s),

ViyAm =0 4.74)
or ' Vibm = Vb - (4.75)

In virtue of this property we get in the limit u — 0 from (4.16):
' Vidm = Viaim - (4.76)

We insert (4.76) into (4.73) and get

Vil + ZViPumy = 2V 4.77

which is (4.71).
4.13. LeMMA. — Let i, be the solution of (4. 63) with zero initial data. Then
1

— u) , -
o ha00 MV 4.78)

Yal2(s), x) = 2 J
0

where the index a refers to the point x, k to z(s), and p, g, r to
yz(s),x(u) = expz(s) (_ uO’k(Z(S), X)) . (4 79)
The solution of (4.63) with initial data (4.70), (4.71) is then

0(2(5), X) = Wal2(s), X) — ki (z(s), x)2(s)pral(5))
= 2h,(z(s), x)a"((s), x)2"(s)Vepmi(2(s))  (4.80)

4.14. REMARK. — The singularity at u = 0 in the integral (4.78) is
only apparent: This may be seen as follows: Let B :=exp¥, B, i. e.

Bkl = HakHblﬁab .
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Then ¢°B,, = 0 implies X*B,, =0 in a starshaped neighbourhood of
0eM,,,. Hence, according to Prop. 4.6, Byy=X"X"Hymi and B, =0%0"Nygp
with h:=exp* ! H. Therefore all terms in 6*V,f,, contain at least two
times 6%(z(s), x(u)) which is proportional to u.

4.15. DEFINITION. — For @, € &3, let B, 4, be defined as in Prop. 4.10.
We define

(a[@Dds, X) = A2(s), X) (4.81)
(6@ Darls, x) = Viahn(2(5), X) (4.82)
([@Dasls, X) = @a(x) — Viahny(2(s), X) = Bap(2(s), X) (4.83)

@@ Duls, X) = (0A)=(s), X) - (4.84)

Clearly a[¢], ..., D[] are defined on the open subset U = | x M, and
are elements of £3:U, s = 1 or [2].
(4.78) defines a bitensor

(e [BDdls, x) = P (z(s), x) (4.89)
for any B, € £5;%(U) with satisfies

o(2(s), X)Buz(s) x) =0  forall  (z(s), x)eU.  (4.86)

4.16. DEFINITION AND LEMMA. — (4.86) defines a closed linear sub-
space # of &£53(U).

4.17. ProposITION. — i) LetTe{a,b, ¢, d}. The map T: £%(M) — 5:2(U),
s =1 or [2], is linear and continuous. Furthermore

clple H 4.87)
blp] = — $.ale] (4.88)
b+c=id (4.89)
d[p] = d.ale] (4.90)
i) n is a continuous linear map # — &g:P(U).
iii) b.[0] = (¢ ° )ulo] — k2P — 210"V - (4.91)

4.18. DEFINITION. — Let
v:M-> RxM, x > (t(x), x), (4.92)
let Te{abcd},pedd  Then Ilp]l=F[plov. (4.93)
(This is well-defined because X(s) = U,, hence (t(x), x) € U). Furthermore,
for pest, e[fl=c¢e[Blov. (4.94)

4.19. LemmA. — i) T is a linear map 83, — &2, s = 1 or [2].
ii) Let S be a closed set such that S n Z(s) is starshaped with respect
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to z(s) for all seR. Suppose @eé&d, with supp(p) S = @. Then
supp (Z[p]) nS = 4.

Proof. — i) is obvious from the explicit representations (cf. (4.24), (4,80)).

ii) Let y(z, x) denote the geodesic segment joining z and x. Then it
follows that T [¢](x)=0 whenever ¢ =0 in a neighbourhood of y(z(t(x)), x).
Now let x €S. Then, by hypothesis, y(z(t(x)), x) = S and

supp (¢) N Y(=Ux)), x) = 9.

4.20. ProPOSITION. — Let Fe ¢. There exists a Fe ¢ such that
I[p]e FAF) for all pe F5(F). In fact, T is a continuous hnear map
FO(F) » FAF) and, a fortiori, a continuous linear map F; - F,
(s =1or [2]).

Proof. — From Lemma 4.19. it is obvious that, for given F, the following
set F is a possible candidate:
F={yeM|y = expsye [— 00*(tx), 0] v = 1, xeF} (4.95)

i. e. F consists of all geodesic rays emerging from points x € F and passing
through 2(t(x)) if continued beyond x.

F is closed, and we have to prove that F AW is compact:

Since X(#(x)) N W is starshaped with respect to z(t(x)) the ray through
z(#(x)) and x does not intersect W beyond x if x ¢ W. Therefore

FAW= {y|y=exp,ou) [—v"z(t(x)), x)], =1, xeFAW } nW . (4.96)

FAW is compact, hence FnWg U (s)NnW for some s, <s,. (4.97)

s1<s<s2

Therefore
FAWC {yly=expuuu [~ vo¥z(t(x)), x], v > 1,
xe U z(s)nw} AW = U )N W. (4.98)

s1<s<s>2 s1<s<s2

Hence F n W, a closed subset of the compact set U 3(s) N W, is itself
S1 <s 552

compact. ¥ maps Z(F) into #2F) linearly. Continuity can be seen

as follows:

Let De ¢+, ne N. We define

D= ) stetetx), », (4.99)

xeDnF

i. e. D consists of all geodesic segments with one endpoint in D n F and
the other one on 1 which are contained in some X(s). D n F is compact
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which implies that D is also compact. Now it is an immediate consequence
of the explicit representations of I that for all ¢ € #(F):

Pp2le]) < C-Ppas2(0) (4.100)
where C is a positive constant independent of ¢.

4.21. PROPOSITION. — i) 1 is a continuous linear map # — &Y such
that for all § € # satisfying f o ve F,(F), e[8]e F(F) where F is defined
as in (4.95).

ii) If S is closed and such that S n X(s) is starshaped with respect to z(s)
foralls,then'S N supp (B o v) = @impliessupp (e[f)) N S = G.

iii) Let g: | x M — R be constant on { z(s;) } x Z(s,) for all s;5,€R,
i. e. there exists a g:1 x R — R such that g(z(s), x) = g(z(s), t(x)). For
any Be# also Y = g- B e, and one has:

e[y]x) = 2(z(e(x), t(x) - e[Bl(x)  forall xeM  (4.101)
iv) Let B e A, Y(z(s), x) := (— uds)a™(z(s), x)) - P(z(s), x) . Then
e[y]1=0. (4.102)

Proof. — i), ii) can be shown as above.
iii) Let xe M, z:= z(t(x)), y := exp, (— uc*(z, x)). We will show

O-p(za y)V{pl//qr}(Z’ y) = §(29 t( Y))UP(Z, y)V{qur}(Z’ y) H

then (4.78) immediately gives (4.101) because g(z, #(y)) = g(z, t(x)). The
Leibnitz rule yields

O'pV{pl//q,} = g (29 t( y ))apv{pﬂ qr}
+ (apvpg) ) qu - (ng)(apﬁpr) + (Vrg)(apﬁpq) . (4 . 103)

The second term on the r. h. s. vanishes by assumption, the third and fourth
term are zero because ff € .
iv) can be shown similarly.

4.22. LEMMA. — @, € &Y(M). Define
&l (s, x)=kH(z(s), x)ou(2(5)) + h(2(s), X)o'(2(s), X)V(z(s)) . (4.104)
Then a[— $w] = o — ¢[w], (4.105)

hence (cf. Prop. 4.17)
bfw] = 8w — ¢[w]) (4.106)

[$w] = $[w]. 4.107)
Proof. — For fixed s, a[— $w] is the solution of the equation
D24, + R0 = X% [Vipoy®a + Vipa®@e + Viea@s] (4.108)
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along the geodesic x(u) with x(0) = z(s), x(I) = x, with the initial data

A0) =0, VA0) = — Sax(z(s)). 4.109)
Using the definition of the Riemann tensor (4.108) is transformed into
Di(% — 00 + R%;(4y — w,) = 0, (4.110)
hence ta = @ = kKA — o) — WK (Vi — Vi) (4.111)

which is (4.105).

5. DEFINITION AND BASIC PROPERTIES
OF THE SKELETON.
DIXON’S INTEGRAL LAWS OF MOTION

In this section we define momentum, angular momentum and skeleton
of an admissible distribution T and investigate some of their properties.

5.1. DerFINITION. — Let T be an admissible distribution. Then we define
i) the momentum of T (w. r. t. (I, u,))

PX(s) ==j TVt ey (2 2 )(-), ) » (5.1)
2(s)
it) the angular momentum of T (w. r. t. (I, u,))

§*(s) == J( TVt ((z o 1)), )a(z = 0)(*), ) (5.2)
Z(s)

5.2. LEeMMa. — P*, S¥ are smooth vector (bivector) fields along I.
Proof. — T is restrictable.

Let fe A, then (Bov),, V,t-(e[B]), are smooth tensor fields. Since

T is restrictable and ¢ +— Te is a distribution with compact support,
the map =)

s — t,[B] ==f TB oV — J TVt (e[B)s (5.3
2(s) ()
is well-defined and smooth. In fact, ¢, has the following properties:
5.3. LemMA. — i) For any se R,
tse#” and  supp(t,) < { z(s) } x(W(s)) (5.9

Annales de IInstitut Henri Poincaré - Physique théorique



DIXON’S DESCRIPTION OF EXTENDED BODIES 309

ii) For any seR, there exists a distribution t, on {z(s)} x Z(s) with
supp (t,) < { z(s) } x (W n Z(s)) such that for all e #

L [ﬁ] = Es [ﬁ I{z(s)} x z(s)] 5. 5)

d m
iii) If B, % 0, then <d—) t,[8,] 5 0 for all meN,.
s
Proof. — i) Trivially B — t,[B] is linear. Furthermore B > Bov,

B — dt ® e[B] are continuous (cf. Prop. 4.21). Since ¢ > J Te is a
2(s)
distribution (Prop. 3.5),  — ¢[f] is in .

Prop. 3.5. implies the vanishing of ¢, for all e # such that fov =0
and e[B] = 0 in a neighbourhood of X(s) n W. But such f’s can be cons-
tructed as follows: Choose e # such that § = 0 in a neighbourhood
of {z(s)} x (W X(s). The set S:=W n X(s) is closed and starshaped
w.T.t. 2(s), B o v vanishes in a neighbourhood of S, hence supp (¢ []) " S = @.
(Prop. 4.21.).

ii) Fermi-coordinates (¢, x*), « = 1, 2, 3, on M according to section 3
define a coordinate system (s; ¢, x*) on | x M. For any s, f — t[f]is a
distribution with compact support on the 3-surface (s; s, x*) which has
the following property:

If g:1 xM — R is smooth,

gls;t, x¥) = g(s, 1) for all s, t, x*, (5.6)
then t,lg- Bl = &s, s)t;[B]. (5.7
(This is a consequence of the admissibility of T of Prop. 4.21 (iii). But
this implies (ii).
iii) Let B, % 0, then f,ov 5 0 and dt ® e[B,] 5 0. (Prop. 4.21).
Hence (R2) implies (iii).
Let (s, X™) be a natural coordinate system on =~ '(l), and let (T, T)
denote the space of smooth symmmetric (9)-tensor fields over = along I

(together with the &-topology with respect to the derivatives V,,, 042=2'V,,).
If Yy € (T, T)L, then p [ ] satisfies

X[ Dils, X™) =0  for all XeM,,. (5.8)
Hence p[y] defines a field fe # by
Ba2(s), X) := 6*(a(s), x)a'y(z(s), x)(P [Y DS, €xP2) (%)) (5.9

to which we can apply t,.

5.4. DEFINITION. — Let, for given Y e(T3, T)L, B be as in (5.9). For
any s € R, we define the skeleton T, of T (w. r. t. (I, w)) by

(T ¥ = 1[B]. (5.10)
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5.5. PROPOSITION. — i) For any se R, there exists a distribution i(s)
on M, such that for all y e (T3, T)I
(T ¥ =< Ty Vg, D - (5.11)

In the following, we will use the symbol Tz(s) for both distributions.

-~

T, is a distribution of compact support
supp (T, < exprs (W N Z(s)). (5.12)

ii) For any ¢, s — <Tz(s), Y > is a smooth function.
iii) Let Y, 5 0. Then

a\" . s
I (L Yny >0 forany meN,. (5.13)

Proof. — The statements follow from the properties of ¢, (Lemma 5.3)
and of p (Prop. 4.9.). (5.11) can be seen as follows:
From (5.5) we have

<Tz(s)’ ¥ =t[B]=1lB |z x 251 - (5.14)
But B x35) 18 completely (and continuously) determined by y | M,
5.6. PROPOSITION. — V, - T,, =0  forall s. (5.15)

Proof. — Let Qe(T{, T)l. Then (V, T,, Q) =< T,y $,.2). But
from Prop. 4.9. q[$,Q] = $,Q and therefore p[$,Q] = 0, whence

(T $,02) = t.[exp* ' p[$,0]] = 0.

5.7. PROPOSITION., —

(U XMXUTAXT =0 forall s, XeM,,. (5.16)
Proof.— We have to show ¢ (u, X™")XUTAXY, H > =0 (5.17
for all H with symmetry [2, 2]. But
U XMXETIXY, Hyj > = ( Typ ¥ (5.18)
where W= — u,X)XXH,y; - (5.19)
Obviously ¥, X' = 0, whence (Prop. 4.9)
p[¥] =Y. (5.20)
We define .
Y =exply' ¥, ie. (5.21)
l/’ab = (unon)oiajakaalekilj ° CXp_ L= (_ uno-n)ﬂab . (5 . 22)
But fe# as a consequence of the symmetries of H.
For all xe M:

o V)a(x) = [ u(z(t(x))) - 0"(2(t(x)), X)]- (B V)aplx) =0 (5.23)
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and, from Prop. 4.21. (iv):

e[Y](x) = 0. (5.24)
Hence (cf. (5.21))
<T,(s);‘P>=J T./,ov_J Tit@e[y]=0.  (5.29)
2(s) Z(s)

5.8. LEMMA. — Let (1), be a smooth 1-parameter family of smooth
1-form fields. Furthermore let Ao v, (0,4) o ve #7, (8,4) o ve #3;. Then

(T, ($A)ev) = stJ Tdt ® (OA) o v. (5.26)
Z(s)
Proof. — From Prop. 3.5.(v) we find
d
— | Tdt® Aov)= f

ds 2(s) %(s)
Prop. 3.5. (ii), (iii) imply (5.26).

Tdt ® (8,4) o v —J TS A)ov. (5.27)

Z(s)

5.9. LEMMA. — Let ¢ € #3;. Then

(T, @)= stj Te[o] — stj Tdt @ [e]. (5.28)
2(s) Z(s)

Proof. — From (4.89)

¢ =Dblp] + clo]. (5.29)
We infer from Prop. 4.5., Lemma 4.13 and Prop. 4.21 that
Adx) = MAz(s), x) = a[o](s, x) (5.30)

satisfies the hypotheses of the proceeding Lemma. Hence
r

(T, )= dSL )TQD = deL )T(h[<P] + cle])

o

o
= dsf Teclo] — stj Tdt ® (O,a[@]ov) which is (5.28)
J o Jxe) (s)

5.10. LemMA. — Let ¢ € #3;. Then

»

(T, ¢ = | ds{PHs)Z()u(s)) + S*(s)2"(s)Vipum(2(s)) + £, [c [@ 11} . (5.31)

LY

Proof. — We insert (4.91) into (5.28) and find (using the restrictability
of T and Def. 5.1)

(T, o) = st { P*Z'py + SH2"V i

+f TE[@O]—j Tdt@E[C[¢]]}~ (5.32)
Z(s) Z(s)

Use of (5.3) yields (5.31).
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5.11. LeMMA. — Let ¢ € #3;. Then
exp* c[p] = plexp* ¢ + G- exp* a[o]], (5.33)
where, for A (T, T)M, G - A is defined by GiiA,.

Proof. — Using the properties H%, d', (cf. [/7]) and the definition of G
(Appendix 2), one finds

H¢,VH°, = H*GE,. (5.34)
For a given A, define
Ays= (exp* A= Hid,. (5.35)
From (5.34) one deduces
$,A=—G-A+exp*§,4. (5.36)
Now we put
Aoi=(a[@])- (5.37)

Addosubtraction of exp* ¢ on the r. h. s. of (5. 36) yields, using Prop. 4.17.,
exp* c[p] = exp* ¢ + G-exp* alp] + 5, exp* alp]. (5.38)
But ¢%(¢c[¢]). = O implies
X-exp* c[pl(z, X) =0, VXeM,. (5.39)
Hence, from (4.55),

plexp* c[p]] = exp* c[o]. (5.40)
Furthermore, from (4.56), (4.54) we find that
p[$, exp* a[p]] = 0. (5.41)

Application of p to (5.38) and use of (5.40), (5.41) yield (5. 33). Combining
the results of the previous Lemmata 5.10 and 5.11 we now deduce:

5.12. — Let ¢ € #3;. Then

(T o) = de[P"(S)i'(S)fPu(Z(S)) + S¥(5)2"(5)Vip1m(2(5))

+ < Tz(s), e)(I:):zk(s)(p + G ’ CXp:(s)(l [(P] > ] . (5 42)
Prop. 5.12. tells us that (T, ¢ ) can be calculated from the knowledge
of ¢, the momentum P¥, the angular momentum S, and the skeleton T,
As a consequence of a local law of motion V-T =0, P and S satisfy
evolution equations along I, Dixon’s integral laws of motion. We use the

following strategy to derive these equations (cf. Dixon [6], [8]):
In (5.42) we let ¢ be of the special form @, := — V,wy), w, e FY. Let
A(s) == wy(2(s)), By(s) = V[ka),](z(s)) . (5.43)
Asin Lemma 4.22 we define a two-point-tensor field &,:=¢&, [w]eTg 2(I x M)
by ia(s’ x) = kak(Z(S), x)Ak(S) + hak(Z(S), x)a'(z(s)), x)Bkl(S) . (544)
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We have
2(exp* (— $,&))n=2H?, H® V. &y = 2H, HY, [ AV, kE) + BV (hE6")]  (5.45)
whence (using Prop. 5.5. (i)
(T 2 exp* (= $,8) ) = 2A)FX(s) + BuLM(s), (5.46)
where we have introduced the abbreviations F¥, L¥,

5.13. DeFINITION. — We define the gravitational force F and torque L
relative to (I, u,) acting on the body whose skeleton is T, by

F(s) == ¢ Tmn, HY, HP, V, kb >, (5.47%)
L¥(s) := ¢ Tmn, HY, HP, V,(hika") > . (5.48)

Clearly F*¥ and L*¥ depend smoothly on s.

5.14. THeorREM. — Let P, S, T, F, L be as defined above. Then as a conse-
quence of the local law of motion V- T = 0, P, S have to satisfy Dixon’s
integral laws of motion:

F¥(s) = D,PX(s) — %S’”’(S)é"(S)R"nzm(Z(S)), (5.49)

L¥(s) = D,S¥(s) — 2P¥(s5)z(s). (5.50)

Proof. — Let o, A, B, & be as defined above. The local law of motion and
Prop. 5.12..imply

0=(T, — (Sw)) = J ds(P*'V,

+ SV 10 + < To exp* (— Sw) + G- exp* a(— Sw) ») (5.51)

We try to evaluate all items in (5.51) in terms of A and B:
From (4.53) and the definition of T we know

(T pI¥D) =T, ¥> W e(Th, T (5.52)
Therefore, by 5.11,.4.22 and (5.44)
4 Tz(s), exp*(—$w)+ G-exp* a(—Sw) >
=< Tz(s,, p(exp* (— $w)+G-exp* a(—$w) > 1
= (T, exp* o( —$0) ) = ( T, €xp* (— $) > =AF*+ EB,C,L"’. (5.53)
We have Vawy = Vi, + By, (5.54)
hence  P'V,w, = P*:'Viw, + P*2'B,, = PYDA,) + P*z'B,,.  (5.55)
Furthermore B, := Vj,w,, satisfies
V.B,. + V,B., + V.B,, =0, (5.56)

1
and therefore VieBoe = — 3 V.B,, . (5.57)
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Using (5.54) and (5.57) we find
SHE Yoy = S Vo — SHE" VB = — 3 SHERY i, + SMDBy, (5.58)

We insert (5.53), (5.55) and (5.58) into (5.51) and find
1
0= st{A,(— D,P* — 3 SMzmRY i + F")
) 1 1
+ Bk,<P["z” —3 D,S¥ + EL“) } (5.59)

(Note that A, B have compact support!). Since A, B are arbitrary, (5.59)
implies (5.49) and (5.50).

6. REDUCED MOMENTS

In the preceeding sections (contained in Paper I) we have shown that
an admissible mass tensor distribution T allows one to define a vector
field P¥(s) and a bivector field S¥(s) along ! and furthermore a family (T,
of distributions on the spaces (T3;, T),, which have the following properties:
(M1) PXs), S¥(s) depend smoothly on s.

M2) Tz(s) has compact support in the hyperplane H,, = M, ortho-
gonal to u(s), in fact
supp (Tz(s)) = expz_(sl) (Z(S) M W) .
M3) V, T,y,=0.
(M4)  (ufs)XHXFTY, "X =0 for all XeM,y,.
MS)  If Y €(T2;, T)l, then s — ( T, 1//](11\112'513)> is smooth.
(M6) If y,e(T3, T), ¥, 5 0, then <d—> (T Uu> 5 0 for any
me N,,. §
(M7) Define a smooth vector field F¥(s):= ¢ Tmn, H%, H? V k& > and a
smooth bivector field L*(s) := < Tr, H%,H?,V,(hi%c") > along L

Then Dixon’s integral laws of motion hold:
1
D,P(s) = F¥(s) + 7 S™(8)2™(S)R ym(2(5)) »
D,S¥(s) = L¥(s) + 2P%(s)z%(s) .

In fact, T is completely determined by P¥, S, T: For ¢ € #3,

(T, @) = st [P*Z'py, + SH2"Vio,
+ { T exp* @ + G-exp* afp] > ] (6.1a)
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or equivalently (using (5.38) and (M3))
(T, 9= st [P*2'0y + SV + ( Ty exp* c[@]> ] (6.1D)

Conversely, we now assume that we have a set (P, S, T) which obeys (M1-7).
In the subsequent sections we will show that such a triple then determines
an admissible T.

We start with the definition of reduced moments and an investigation
of their properties. Apart from Proposition 6.16 everything in this section
refers to a fixed tangent space M, . We therefore omit the argument z(s)
whenever there is no risk of confusion.

6.1. DEFINITION. — The extended skeleton T,, is defined by
T4 .= P*:Ds — S"*3y,,6 + T, (6.2

where 6 denotes the distribution given by &(f) = f(0) for all smooth
functions f. Obviously T,, has the same support properties as T.

6.2. LEMMA. —
(T, exp* ¢ + G-exp* afp] >
= P2y + SV, + < T, exp* ¢ + G-exp* afp]). (6.3)
(Hence, by (6.1a), T is completely determined by the extended skeleton).

Proof. — (6.3) follows immediately from G(0) = 0 (see Appendix 2,
Paper 1)
(expXs @)0) = @(z(s)), (V. exply @)0) = (Vo)(z(s)),
(expXs) al@1)0) = (a[@])z(s), z(s)) = 0

Let us choose a basis (¢*,, V¥), « = 1, 2, 3, in the tangent space M,
such that u, V¥ = 1, ue*, = 0. This defines a projection operator

'yik = 5ik - Viuk . (6 .4)
Any vector X*e M, has a representation X* = X”- V¥ + X* where
X = u Xk, X = p* X 6.5)

In the dual space we have the dual basis (e}, i), hence for any K; a repre-
sentation K; = K,-u; + K; (K, = K;V), K, = v*K,).

Clearly such a choice provides measures DX on M, and DK on its
dual space. Furthermore using (M2) we now can define distributions
f (T fy for k, =1, ...,4 on &%M,), the space of C-valued
smooth functions on M,
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6.3. DEFINITION. — The moment generating function 1% is defined to
be the Fourier transform of T4, i. e.

TH(K) = TH, o7k Xy (6.6)
6.4. LEMMA. — 1 is an entire analytic function which increases for real
K — oo (i. e (K7 4+ ZK?)"? - o) not faster than a polynomial.

Proof. — (M2) and the theorem of Paley-Wiener.

6.5. DEFINITION. — The reduced moments of the first kind (« the 1's”)
are defined by

ki : Tkl 0
[ramkl = jgmiem Q) where 0= s (6.7)
6.6. LEMMA. —
¥ = pzh (6.8)
[ — §msh 6.9)
Iml...m\,kl — < Tkl, xXm X > S v>2. (6 10)

Proof. — One has I'""“'f”"' = (T8, Xm ... X™ ) for v > 0. Obviously
CTH Xme XMy = (TR X™ . X™) for v>2 For v=0 (M3)
shows V,(X'T%*) = T, therefore

(T 1) =<V (X'TH, 1) =0, (6.11)
which implies (6.8). Similarly one proves (6.9).

6.7. LEMMA. —

Iml...mvkl — I(ml...mv)(kl) (v > 2) (6 12)
[omemebl — () (6.13)

Proof. — (6.12) can be seen directly from (6.10). (M3) implies

I(ml...m»k)l — < T(k]l|, Xmo va)> — <X(m| . Xm‘,Tk)l’ 1 >
1
v+

(VpX™ . XmXET) 1y = 0. (6.14)

6.8. DEFINITION. — The reduced moments of the second kind (« the J's”)

are defined by
Jml.,.m‘,ijkl = Iml...mv[i[kj]l], v > 0 , (6 15)

where antisymmetrization is taken separately over (i, j) and (k, ).

6.9. LEMMA. —
Jm,...mvijki — J(m,...mv)[ij][kl] (v > 0) (6.16)
Jmaemyilikll — v=0) 6.17)
Jreemy—almeiikl — () v=1 (6.18)
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6.10. COROLLARY. — For v > 2, the J's and I’s are equivalent:

v—1
Iml...m‘.kl =4 J(m‘.v.mv—x | k| my)l 6.19
v+1 ( )
6.11. LEMMA. —
um1Jm1...mvijkl =0 (v > 1) (620)

Proof. —
Uy J B = gy U X Im X IXIXHE
= ((u,,,lX"")X”Tﬂ[’X"], X" o X™y =0 (6.21)
from (M4).
Using the above results one can establish further symmetry properties
of the moments:

6.12. LEMMA. — Jmae-myGUKID — () (6.22)
Jria-emy - lmyilukl _ () (6.23)
Jumz..m - umu_ () (6.24)
Jmze.my - quumyu _ () (6.25)
Jma-.myun _ () (6.26)
6.13. LEMMA. —
UM = 0 (v > 2) 6.27)
Upg Ut I" ™ =0 (v > 2) (6.28)
el =0 (022 ©€.29
umlumzumalmlmmv‘d -0 (v =3). (6.30)

6.14. LemMA. — The above symmetry and orthogonality properties of
the (reduced) moments correspond to the following structure of the moment
generating function: )

M(EK) = A%R) + K,0%B)(K) + K205 C(K) (6.31)
(i e. 04AM :=u, 07A" = 0, etc.).

Proof. — In virtue of Lemma 6.4 and Definition 6. 5 I* has the following
power series expansion around O:

v!

TH(K) = Z(_ ) Ky, ... K Imeml 6.32)
v?O

Inserting K; = Kj + K, u; and using the symmetry and orthogonality
properties of the I's we find the decomposition

I*K) = A®(K) + K,AY\(R) + K2AK(K), (6.33)
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where A¥K) = Z (_v'l) K,, ... K, Immik (6.34)
kl \ ( l)v+1 76 my...myukl

A (R) = I O LT (6.35)
kl \ ( l)v+2 mj...m,uukl

A4 (R) = o R, Tmemsk] (6.36)

‘From the deﬁnition of T we deduce that
oM TK) = i { XIXmXTH =KXy (6.37)

Applying (M4) we obtain .
ou oI = ), (6.38)

i. e. M'T™" does not depend on K,
Differentiation of (6.33) yields (%, :=',0%)
T = GHAT + IVEGIATS + 2VEVIAT

+ K (O¥AT + 4VIAT) + K2oMAT. (6.39)

Applying (6.38) and using the independence of A} of K, we get ‘
NUAT =0, (6.40)
ORIATHY + 2VEQUATIM 4 QVUQIATM — 0. - (6.41)

In (6.40) 3* may be replaced by d,. But now (6.40) and Prop. 4.7 imply
Al = 0%, (6.42)

where ¢™ is given by .
" = a" + Kb + K,AB0) + J (1 — KK 0%AZ(sK)ds;  (6.43)

here @™ and b*" = b™™ are arbitrary constants. Furthermore A!(0)= — I“#m
We choose
a=0, b=0. (6.44)

From Lemma 6.13 we find

™ = 0 (6.45)
and Fem=0. (6.46)
Let DH 1= kel (6.47)
By (6.45), (6.46) D" satisfies

wD* = 0 (6.48)
and DM =0, (6.49)
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In virtue of (6.42) and (6.46) we find from (6.41)
ORIATI + VIkgZIDI 4+ VUEGIDF™ = 0. : (6.50)
Since A ;) and D do not depend on K, transvection of (6.50) with u,, gives:
L [4AT — D] = 0. (6.51)

The first item in (6.51) vanishes as a consequence of (6.27) and (6.35).
Hence D is constant, in fact

DH(K) = D¥(0) = alkc(0) = — T*01 = 0, (6.52)

Hence, by (6.47), there exists a scalar function ¢ such that

&=dc. (6.53)
From (6.46)

dic=uc =0, hence ¢ does not depend on K,,.  (6.54)

We plug (6.52) into (6.50). This yields

ORIATI = 0. (6.55)
Again by Prop. 4.7 .
' AT = oB" (6.56)
1
with B™=¢e"+ K, /™ —iK 4™+ J (1 — 9K, K, 0%AT(sK)ds, (6.57)
0

where e™ and f* = fTm are constants. We get
QLBm = fum — (6.58)

If we choose the free constant f*™ such that

fum = jpm (6.59)
we find 6B™ = 0.

6.15. CoroLLARY. — AM(K), B"(K), C(K) and their derivatives are
polynomially bounded as K — oo.

Proof. — The functions d7™ THK) = ¢ T, (— i)"X™ ... X™e KX
are polynomially bounded as K — oo. But in our coordinates (K = 1,2, 3)
we have R o ] o

A(K) = TH(K, 0), EATK) = 9T™(K, 0)
and i

RABK) = E(a';?i""'(K, 1) - 1™, 0)),
and B™, C are constructed from these quantities by integration (cf. (6.43),
(6.53), (6.57)).
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6.16. ProroSITION. — The distributions

— 1 N

Q(z) = 5 (uka)ZTex B (6 . 60)
§(1) = 2Vkv*k6(2) (u Xk) ex > (661)
Q(O) — Tex _ VkV*kQ(l) _ Vkle*le(Z) (662)

have the following properties:

i) The families (Q¥)))ser. ¢ = 0, 1, 2 have the properties (M2), (M5), (M6).
ii) There exist distributions Q) on H,, such that for all We(To), T

g=0,1,2 .
QL ¥Y>=C(Q9¥oy) (6.63)
(i. e. the Q@’s are the extensions of the Qs to M,).
iii) T.. = Q@ + V*v,Q® + V¥V'V,,,QP. (6.64)

Proof. — i) is obv1ous from the definition and the properties of T,
Let (without loss of generality) W have compact support, let ¥ denote its
Fourier transform. Using the Parseval identity one finds

(Q2, ¥y = — —— j amC(R)¥,, (K)DK , (6.65)
(27r)
(QW, W = o j 3,"B"(K)¥,.(K)DK , (6.66)
~0) o mn 1 \J
Q) =5 jA (K)¥,.(K)DK , (6.67)

From Lemma 6. 14, Corollary 6.15 and the standard formulae for Fourier
transforms (shuffling derivatives) one deduces (ii) and (iii).

7. RECONSTRUCTION OF A DISTRIBUTION
FROM A SKELETON

Now we are ready to prove a « reconstruction theorem » : We will
show that a set (P, S, T) which obeys (M1), ..., (M7) determines an admis-
sible mass distribution by (6.1).

7.1. THEOREM . — Let | = z(s), u;, W be as in Sect. 3, P a smooth vector
field along [, S a smooth bivector field along ! and, for any s, 'T,(s) a distri-
bution on (T3}, T),(, such that (M1) —(M7) are satisfied. Then equation (6.1)
defines an admissible mass tensor distribution T.

Remark. — P is the momentum, S the angular momentum and T, 2(5)
the skeleton of T in the sense of Def. 5.1 and 5.4. This can be shown using
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techniques similar to those applied by Dixon [6] in his « Uniqueness »
proof.

Proof. — For o€ 95 the map ¢ — (T, ¢ ),

(T, p>: st [P*Z'pu+ SklZka(le"‘( s» €Xp* 9+ Grexp*afp])] (7.1)
or equivalently

¢ = <(To)= fds [P*2'gy + S92V + { T, exp* c[p] ) ]

= jds [Pkél(pkl + Sklémvk(le + < Tex,z(s)’ exp* ¢ [¢] > ] (7 . 2)

(the last line follows from the definition of T,, and Remark 4. 14) is well
defined and linear.

i) The support of the linear functional (7.2) is contained in W: Let
¢ € Dpyy with supp ¢ "' W = @. We have to show (T, ¢ > = 0. Obviously
I~ supp ¢ = @ whence the first two terms in (7.2) vanish. Furthermore,
for any se R, Tz(s) o expys (well defined on U,!) is a distribution which
by hypothesis has compact support- contained in Z(s) n W. From the
exphclt expressions for cf. (4.84), (4.24) and our geometrical assumptions
in Sect. 3 one can read off c[¢](s,) = 0 in a neighbourhood of Z(s) N W.

Hence, for all s:
< z(s)> expz(s) ¢ [(p] > =0. (7 . 3)

ii) The map ¢ +— (T, ¢ ) is continuous:
Let ¢, 2 0. We have to show ’!Hlolo {T,¢,> = 0 (cf. Appendix 1). By

assumption, all ¢, have their support in a fixed compact set K where
(V*@,) converges uniformly to zero for any ae N,,.

We have 5y < tK) < s, for suitable sy, s, . (7.4
Hence jds [P*2H@uha + SHZ"Vi@wm] — O, (7.5)
and, by arguments similar to those in (i), if s < s; or s > s,
exp¥y c[@,] =0, neNy, in Vea ). (7.6)
Therefore, the maps
§ = én(s) = < Tz(s)) exp;"(s) ¢ [(Pn] > (7 . 7)

have their support contained in the compact set [s, s,] = R. Prop. 4.17
implies

cfe,] 50 onU (7.8)
whence exp* c[p,] 5 0 onV. (7.9)
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Using the support properties of TZ(S, (M2), our assumptions in Section 3
and (M35, 6) we see that all ¢, are smooth, and that (¢,) tends to zero,
uniformly on [s,, s,].

Hence jds( Ty €XPE cl@]) =J ds,(s) — 0. (7.10)

iiiy VT = 0: The proof consists in reading the proof of Theorem 5.14
the other way round: Let w, A, B be defined as in Section 5. Then by (M7)

T, —$w) = | ds[P*2'V gy + SH2"Vi @y +  Tysp €xp* o — $0) > ]
< D1y

1 1
= J\dS[Ak< —-— Dst - % Snlémenln + Fk> + Bkl<P[kél] - E DsSkl + E Lkl>] = 0
(7.11)
iv) T is restrictable:
Let o € #3;, f € &(R). Then
Lo (fer)y= st [P*2' 0 f(5) + SH2"Vi(@um " (f © D)(2(s))

+ < Tex,z(s)a exp;k(s) C[¢ : (f ° t) ] > ] . (7 12)
We observe

V@i~ (f 2 ON2S)) = (Ve@un)(2(5)) - £(5) + Punl(2(8)u(s)Df(5). (7.13)

where we have used
(Vit)(z(s)) = uls) . (7.14)

clop-(fD]:
From the explicit representation (cf. (4.24), (4.83)) we have with

Next we consider

yi= expz(s) (— ua’k(Z(S), x)) :

(c[@*(f o) Dasls, X)=Pa(x)" f(t(x)) + Vil 150" pral2(s))" £ (5)
1 1 _
—V«J ( zu) 070" {xPary (f 2 1N¥)+ Vipt(9)@gry (D f 2 1)(y) } du
0

u

= (%) f(t(x))+ Vi 15)0")@ra(2(5))- £(5)
1 1 _
- L (—uz—u) { V(a(hg)a”a'V{p(pq,))'(f 1)(y)

+ h(gva)t( y) : opo-rv{p(/)qr} ' (Df ° t)( y)
+ V(a(hg)Gpo-rV{pt( y)¢qr}) : (Df ° t)( y)
+hEVyt(1)o 0"Vl y)@gn (DS ot)(y) } du . (7.15)
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Define .
1—u
“51(1)7’0)[(?](5’ X):=@(x)+ V(a(h’,ﬁ)a l)(pkl - J % V(a(hg)o' o rV{p‘qu})du , (7.16)
0

0,1) ! (1—-u)
g [o (s, x):=— 2 { h(gva)t( y)o'o "VioPar)
0 + Vo (h0P0 V(1)) s du,  (7.17)

e

h@Vt(y)oPo V() - @gndu. (7.18)

Obviously (cf. Prop. 4.17) n®P[-], p = 0, 1, 2, are continuous and linear
maps &3(M) - &0%(U). For xeX(s) the integration in (7.15) occurs
only in the hypersurface X(s); therefore, if x e X(s), we have

(clo-(f ) Dasls, x) = Z (D? B [@1(s, x). (7.19)

Similar representations hold for the derivatives of c¢[¢p - (f o t)] if x € Z(s).
This implies the existence of continuous and linear maps NE@P:
M) - (T3, T)L p =0, ..., g + 2, such that for XeH,:

Vi Viqv*il...iq (CXPf(s) clo-(fo t)])(S, X)

q+2

= Z (D7 f)s)- N@P[@](s, X). (7.20)

p=0

Now, by Prop. 6.16.
< Tex,z(s)9 eXp;k(s) ¢ [QD : (f ° t)] >

2
:E(_ 1)"(6%), Vi Viqv*il...iq expis cle-(fon)])
q=0

2
=Z(— DIQR), (V... ViV, expl clo-(fot)Dor)
q=0

2 q+2

= Z Z( —DAD? f)s)< Qi NP [p]oy)
qg=0p=0
2 qt2
=ZZ(— DADP £)(s)< Q%) NP0 ]> (7.21)
q=0p=0

The functions s > { QY, N4P[p]> are smooth and have compact
support if pe # (Clearly %P [p] |y, =0 if ¢ =0 in U).
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Hence, using (7.12), (7.13) and partial integration, we find

(T, o (fe1))= Jde () { (P*2'— Dy, S™ @1 + (95— 2u)S™ 2" VP

. q+2 e
+ (=179 —- | <QA), NP [p]> v. (7.22)
ds

g=0 p=0

The bracket { ... } defines a C*-function J T¢. Due to the properties
Z(s)

of NE@P and of 63&, 0, %0 implies To, %, 0. Hence T is restrictable.
%(s)
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APPENDIX 1

Test field spaces and distributions

For a manifold M let 2#" denote the family of compact subsets, ¥ the family of closed
subsets, and, for a given closed W < M, ¢ the family

4 = | F < M|Fis closed and F n W is compact } (A1.1)
Let Te{ A, %. S . Define a family
Tt={Gc M|Gisclosed, VTe T: T G is compact } ; (A1.2)

clearly ¢ = 4, 4+ = %.
For Te T T{(T) is the locally convex vectorspace of all C*-tensor fields of type (5) with
support in T together with the family of seminorms (Py, ), De I+, me Ny, where, for te T4(T):

Py.(0) { 0 if DNnT=0 AL3)

D, = . .

" sup |Vi(x)|, if DAT#@ (
xeD,a<m

(e is a Riemannian metric on M, |filr|, ==|e™9 . e%%e, .\ ... e, thrbrybiobr|12)

Obviously, 5(-), () are well-known spaces &%(+) resp. 2'(-), instead of #"(-) we write
F(-). All these spaces are Fréchet-spaces [20].

Let T,e{X,%, 7}, T,e T, i=12;alinear map A: I,(T;) —» I,(T,) is continuous
iff for D, € T3, mye N, there exist a D€ I/, a m; e Ny and a ¢ > 0 such that for all

€T (T 2 Ppmy(At)) < C Py, (2y). (Al.4)
I :=U‘I§(T) is a vector space; we endow [ with the inductive limit topology [2].

TeX .

If V is a locally convex space, a linear map A: I7 — V is continuous iff its restriction
to each TYT) is continuous.

One has continuous inclusions 2% ¢ %, ¢ & .

A sequence (t,) in I is said to converge in the sense of ¥ to 0 (¢, — 0) iff

i) there is a fixed T € T such that ¢, TYT) for all n;

ii) on each De T+, V%, converges uniformly to zero for all ae N,
(%)’ denotes the topological dual of T, i. e. the space of all (real) continuous linear functions
distributions) on .

For a linear functional on T the following three statements are equivalent:

i) L is continuous (A1.5)
ii) tn 3 0 = lm(Lt,>=0 (A1.6)
iii) VITeT 3De T+ 3¢ >0 INeN, Vie TY(T): | <L, t>| < c- pp(t) (A1.7)

One has inclusions (&) o (#]) o (2 (continuous w. r. t. the weak topologies).
It is well-known [20] that

(67) = {Le(2,) | L has compact support, i. e. supp(L)e¥* = 4} (A1.8)

.

in a similar way one can characterize the space (%)
(F) = {Le(Z) |supp(L)e #+}. (A1.9)

This allows us to apply the whole well-known theory of distributions also to elements
of (#;). On various spaces of two-point-tensor fields and tensor field over  we have topo-
logical structures of the &-type. As those spaces play only an auxiliary role and their pro-
perties are quite straight-forward, we are not going to formalize them.

(We will use symbols like &2, etc. without further explanation).
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APPENDIX 2

Some special bitensor fields

Let (M, V) be an affine manifold. In a neighbourhood of the diagonal set of M x M
one can define the world vector fields ¢%, ¢° (and their derivatives), the Jacobi propagators
K%, H% and the Jacobi co-propagators kS, h} (see [/7] for details). One has

"z, x) = — exp; ' (x), (A2.1)

H°, is the differential of exp,,
H%-d% = — &2, (A2.2)
In a normal neighbourhood of z, the inhomogeneous adjoint Jacobi equation (cf. [/7])

D2l, + LRY, XX = e, (A2.3)
has the solution .
L(x) = k2, x)l(2) — hM(z, x)o'(z, x)Vili(z) + j (1 — wh,(yAu), x)e(yw)du, (A2.4)

where the index g refers to the point 0

yx(u) = exp, (= uc¥(z, x)). (A2.5)
Furthermore we introduce a bitensor Gj; (cf. [8]) by
Gy = HYH 07, . (A2.6)
In the coincidence limit,
(G>=0. (A2.7)
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