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Perturbation theory for Schrödinger operators
with complex potentials

Emanuela CALICETI

Dipartimento di Matematica, Università di Modena, 41100 Modena, Italy

Ann. Poincaré,

Vol. 42, n° 3, 1985, Physique theorique

ABSTRACT. - A complete analysis for the spectral and perturbation
theory of the dilated Hamiltonian Hg(0) = p2 + ~e~B{0},
! 1m 9 ~  Bo  ~c/2, is provided. The potential V is dilation analytic and
admits two different limits a + , a_~ R as |z| I ~ oo, |arg z|  9o and
as I -~ 00, arg z -  ao, respectively, to which it converges suffi-
ciently fast. For a suitable range of the parameters g and 0, a spectral
representation for the resolvent is obtained, in terms of a spectral family
of projections, for which completeness can be proved. Furthermore, a
functional calculus is developed for a restricted class of functions defined
on which decay sufficiently rapidly at infinity.

RESUME. - On donne une analyse complete de la theorie spectrale et
de la theorie des perturbations pour Ie Hamiltonien dilate

Hg(e) = p2 + E ~B{ 0}, ! 1~9!  eo  n/2.
Le potentiel Vest analytique par dilatation, admet deux limites differentes

a+,a_~ R quand |z| ~ ~, arg z |  03B80 et quand |z| I ~ ~, | arg z - 03C0|  03B80,

respectivement, et converge suffisamment vite vers ces limites. Pour un
domaine convenable des paramètres g et 0, on obtient une representation
spectrale de la resolvante en termes d’une famille spectrale de projecteurs
pour lesquels on peut montrer la completude. En outre, on developpe un
calcul fonctionnel pour une classe restreinte de fonctions definies sur

qui decroissent suffisamment vite a l’infini.

l’Institut Henri Poincaré - Physique theorique - Vol. 42, 0246-0211
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236 E. CALICETI

1. INTRODUCTION

We consider the two channel problem generated by the Schrodinger
operator = p2 + gV in L2(1R), for g E [RB {0}, involving different
spacial asymptotics as x  ±00. The potential V is assumed to satisfy
the following.

HYPOTHESIS 1.1. - i ) V(x) for each x E 

ii) there exists 8o E (O, ~/2) such that V(x) is the restriction to of

a function V(z) holomorphic at least in the region

and bounded in a neighbourhood of the point z = 0. Moreover, for each
fixed 03B8 ~ C with |Im 03B8|  6o, the function x ~ R ~ V(xe03B8) is of class

iii) there exist real numbers a- and a + , with a-  0  a + , enjoying
the following property :
for each pair of real numbers (j8i, 03B22) with  03B80, j = 1, 2, /31  03B22,
there exists s = s(~8i, ~32) such that

and

iv) for any fixed 9 with Im 8 ~  Bo

and

Remark. - The above assumption a-  0  a + is only made to fix
ideas, but it is not restrictive, in the sense that the results obtained in Sec-
tions 2 and 3 can be extended to the more general case a _ ~ a + , a _ , a + E ~,
with similar arguments.

Example. - A class of potentials satisfying Hypothesis 1.1 was first
analyzed in [4 ]. It was proved that the Borel sum of the Rayleigh-Schro-
dinger perturbation expansion of any odd anharmonic oscillator

p2.+ x2 + /3x2k + 1, k - 1, 2, ..., is the limit of a sequence of resonances

de l’Institut Henri Poincaré - Physique theorique



237PERTURBATION THEORY FOR SCHRODINGER OPERATORS

in the standard sense of dilation analyticity. This was achieved by means
of the following family of approximating potentials

and the problem was reduced to a stability result for the eigenvalues of
the dilated operator + e03B8x2 + 03B2e(2k+1)03B8/2x2k+1, for 1m 0 &#x3E; 0,j8 &#x3E; 0,
with respect to the family + as a ~ 0. The interest of this
class of potentials lies in the fact that they exhibit the typical shape of a
barrier and the result shows how in some cases the so called shape reso-
nances [5 exist in the standard sense of dilation analyticity. It is easy to
check that the potential Va satisfies Hypothesis 1.1 for k &#x3E; 2.
The purpose of the present paper is to give a complete spectral analysis

of the dilated differential operators ,

in L 2(~), on the domain D(H(g, 0)) = the usual Sobolev space.
For 0 E [R, H(g, 0) is unitarily by equivalent to H(g, 0), via the dilation ope-
rator U(8) defined by (U(8) f )(x) = 

Since V(x, 8) is bounded and analytic in 8 in the strip 
by standard arguments (see e. g. Kato [9 ]), H(g, 8) is a holomorphic family
of type A in 0, for 11m 0 ! 80. A complete description of 0))
is given in the following theorem, whose proof is omitted since it is similar

. 

to the one provided in [4 ], Theorem 2 . 3, for the case

THEOREM 1. 2. - Let ! Im 03B8|  Bo and g E RB { 0 }. Then

ny a slight abuse 0 notation we set,  03B80;

Since similar arguments apply for g  0 and - 80  Im 03B8  0, hereafter g
and 8 will be fixed so that g &#x3E; 0 and 0  Im 8  80. A complete scattering
theory for this kind of problem in the self-adjoint case has been developed
in Davies-Simon [6 ]. Our purpose is to check whether the Schrodinger
operators with complex potentials Hg(0) fit in the category of spectral
operators in the sense of Dunford-Schwartz [7 ].

It turns out that the operator Hg(e) is not spectral and this is due to the
fact that the norm of the resolvent R(~,) - R(~,; Hg(9)) _ (~, - 
it not uniformly bounded in ~, as ~, ~ I ~ oo, ~, in the region R2 between
the two branches of 

On the other hand, at least for a spectral operator T of scalar type, T is
similar to a normal operator, from which one can prove the uniform

Vol. 42, n° 3-1985.



238 E. CALICETI

boundedness of R(~,) ~ I in ,1 for dist (~, 6(T)) = const... In fact if T is any
spectral operator, by definition it satisfies such an estimate on the norm
of the resolvent. Nevertheless for the operator Hg(0) we can construct
a spectral family E( . ) which is not uniformly bounded, but allows us to
develop a spectral theory which accomodates a suitably restricted func-
tional calculus.

In particular it is possible to prove, first of all, that, for a sui-

table choice of the parameters g and (), 6d(Hg(e)) is a finite subset of C.
Let 6d(Hg(9)) _ ~ ~.1, ..., ~ }. Then we can define spectral projections E(ð)
for bounded Borel subsets A of C, such that the resolvent R(/.), ~ E 
admits the following representation

where r~ is a closed curve about ~,~ containing no other point of o-(Hg(0)).
We can also develop a functional calculus for a class of functions

defined on For any such ~ we can define

so that, if we neglect the contribution given by the eigenvalue part, Equa-
tion ( 1. 4) reduces to ( 1. 3) for the function = (z - ~,) -1 (see Theo-
rem 3.3 and the following remark). To obtain these results we need to
make asymptotic estimates for the solutions 03C6+ and ø - of the differential
equation ~.6, which, together with their derivatives, decay expo-
nentially fast at + oo and - oo respectively. This in turn allows one to
control the behavior of their Wronskian W(,1) and of the resolvent 
when H ~ I ~ oo . In particular it turns out that W(~,) ~ I ~ 0 as H ~ I ~ oo,
/). in the region R2 between E + and E- and, since the projections E(ð) are
defined in terms and of the functions ~ + , this causes the non
uniform boundedness of the projections E(0). However we can prove that
I ~1~2W(~) ~ I -~ 0 as ~, ~ I ~ oo, ~, E R2, and this condition is sufficient
to guarantee completeness for the projections in the sense of Equation (1.3)
(see Theorems 2. 8 and 3.2).
The problem of the spectral theory for Schrodinger operators has also

been considered by a variety of authors [7] ] [2] ] [7] ] [8 ]. The complex-
dilated two-body Schrödinger operator, which corresponds to a Schro-
dinger operator with complex potential on the half-line [0, 00), has been
treated extensively (see [7] and [8 ]) and it gives rise to a spectral operator.
A similar result is obtained in [2 ], where an analytic scattering theory is
developed for a two-body Schrodinger operator - A + V, with V a dilation
analytic short-range interaction. For a more recent discussion of two-

Annales de l’Institut Henri Poincaré - Physique theorique



239PERTURBATION THEORY FOR SCHRODINGER OPERATORS

particle systems, in the framework of spectral operators, when the poten-
tial is the boundary value of an analytic function, see also [77].
The situation is more complicated in the N-body case, with N &#x3E; 2.

The problem has been analyzed in Balslev [1 ]. He considers the complex-
dilated many-body Schrodinger operator and decomposes it on invariant
subspaces associated with the « where  is any
threshold and z is the dilation parameter, and isolated spectral points.
In particular a uniform bound on the norm of the resolvent R(/)) is obtained,
for ,1 varying in a strip properly contained in the region between two conse-
cutive cuts and E~2. Such estimate is used to construct spectral pro-
jections defined in terms of contour integrals of the resolvent along suitable
curves surrounding each cut LIl’ but with empty intersection with the
spectrum of the operator.
A stronger result is obtained in our case : completeness for the spectral

projections is proved by virtue of a uniform estimate on the scalar products
( R(~.) f, h ~ of the resolvent for ~, ~ I ~ oo, ~, E R2, where the bound depends
on f and h in Có(~), but not on i~. Notice that here i~ can be taken as close
as we wish to any of the cuts Z+ or L-. Moreover the spectral projections
are defined in terms of contour integrals of the resolvent along (and not
around) the essential spectrum of Hg(0).
For the exposition of the paper we closely follow the author’s doctoral

thesis [3 ], in which the case p2 + V is considered, with

VM=(~+~~-")(~~~~+1)-~, a &#x3E; 0, ~8&#x3E;0, 
Since most of the results can be proved with identical arguments, proofs
will be omitted whenever the reader can be referred to the corresponding
theorems in [3 ].

In Section 2 we obtain the above mentioned results about the discrete

spectrum ofHg(0) and the behavior of the Wronskian W(,1) as a function of ,1.
In Section 3 we complete the spectral analysis of the dilated Hamilto-

nian Hg(0), by obtaining a spectral representation for the resolvent and
the completeness of the projections E(iB), in the sense of Equation (1.3).
Finally we develop an operational calculus for functions defined on

which decay sufficiently fast at infinity.

2. SPECTRAL THEORY
FOR THE DILATED HAMILTONIANS

Fist of all let us introduce some notation. For g &#x3E; 0 and 0 fixed with
0  Im 03B8  00, let Hg(0) denote the operator defined by (1. 2) with the
potential V satisfying Hypothesis 1.1. Set

Vol. 42, n° 3-1985.



240 E. CALICETI

and

For any function u E u’(x) denotes the first derivative with respect
to x.

Remark. 2014 The relevance of the assumptions on the potential V will
be stressed along the way as they are needed in the proofs of the theorems.
In particular (iv) is required in Theorem 3.1 to prove the boundedness
of the spectral operators E(0) (see also [7 ], Theorem XX 1.12, where
the same assumption is made to prove a similar result for the half-line
case (0, oo ).).
The first part of our analytic work consists in making sufficiently fine

asymptotic estimates of the solutions of the equation Hg(e)6 = ~,~, to
be able to control the resolvent

In this context the asymptotic relationship h(x) as x ~ ± oo is

meant in the usual sense : lim f (x)h(x) -1 - 1! == 0.
The first results in this direction are obtained in the following lemma,

which extends to the whole real line the half-line case considered in

Lemma XX.1.1 of [7]. Its proof is analogous to that of Corollaries 3.3
and 3 . 6 of [3] ] and therefore will be omitted.

with 0, that is ~, = ~ + Then the equation Hg(0)cr = ~,6
has a solution ~+(~-,~+) defined for (~~+)e(2014oo, +00) x P, with the
following properties :

i) ~u+) is Coo in x, for,u+ eP;
ii) ,u + ) ,u + ) are analytic in ~+ for ~+ interior to P and

continuous in ,u + for ,u + in P, - oo  x  + oo . Moreover, ~+(~~+)
satisfies the following asymptotic relationships

as x  oo, uniformly for ,u + E P, and also as ,u + ~ I ~ 00, ,u + E P, uni-

formly Furthermore, for any a E IR there exists a
constant Ka such that

Similarly if we ~u _ (~,) = (~. - with Im ~u _ &#x3E;- 0, then
x P,

Annales de Henri Physique théorique



241PERTURBATION THEORY FOR SCHRODINGER OPERATORS

enjoying properties analogous to (i )-(ii ), with the o bvious modmcations,
replacing + with - . In particular for any a there exists a constant Ka
such that

For ,1 e C let W(,1) denote the Wronskian of the two solutions 03C6+ and 03C6-
of Hg(0)7 = 03BB03C3, described in Lemma 2.1, i. e.

for any x E ( - oo, + oo ). 
_

Let E~={z=~+~±~:0jcoo }, Let y denote
the straight line segment with endpoints and Then the curve

can be parametrized by a one-to-one function z(t),
defined for - oo  t  00. ~ divides the complex sphere into two regions
R1 and R2 surrounding the points of R1 (resp. R2) in the positive (resp.
negative) sense of complex function theory.
The first results concerning the behaviour of W(,1) as a function of ,1

are contained in the following

PROPOSITION 2.2. - W(/)) is analytic in ,1 for ~, in the complement
of and approaches continuous limits W~(/)~) and 
as ~, ~ ~, ± , for any ~. ± from R 1 and R2 respectively.
Moreover W(/)) satisfies the following asymptotic relationships

where sgn (:c) = + 1, if x 2 0 and sgn (x) _ - 1, if x  .

Sketch of the proof. 2014 The first statement immediately follows from
Lemma 2.1. In particular for we have

where /~+(~) == lim /~+(~) &#x3E;_ 0. Similar expressions hold for W 1 (~) and
;

W2-(), for  ~ 03A303BB~R1-, with -() = lim -(03BB) ~ 0.

The proof of (2.1) and (2 . 2) follows by retaining the terms of 0(03BB-1)
in the asymptotic expansion for ~+(x,~+(/),)) and ~-(x,/~-(/))), and the

Vol. 42, n" 3-1985.
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terms of0(~ ~) in the asymptotic expansion for their derivatives ~c+(~))
and ~’_ (x, ~ _ (~,)). We first obtain the leading terms for these expansions
and then substitute these expansions into the expression for W(,1). Finally
we consider W(,1) in the regions R1 and R2. In particular (2.1) corresponds
to Equation (3 . 20) in [3] ] and can be proved following the same steps.
As for 2 we obtain

for )~E R2, 1,1 sufficiently large. Using Cauchy’s theorem and Hypothesis 1.1
the chanse of variables x ~ e03B8/2x yields

and

Now (2.2) immediately follows from (2.4) and the identity

We now start the study of the discrete spectrum of Hg(0). As remarked
in the Introduction, o~(Hg(0)) = E- uE+. Our goal is to show that

consists of a finite number of eigenvalues; in particular we shall
prove that, for suitable values of the parameters g and 0, eigenvalues can
neither accumulate at oo nor at any point 

THEOREM 2.3. - With the possible exception of one value of g &#x3E; 0,
independent of 0, is a bounded subset of the complex plane, i. e.
there is no sequence {03BBn}n~N c with lim UJ = oo.

Proof 2014 As in [3 ], Theorem 3.12, one can prove that if 03BB0 ~
then ~,o E if and only if W(,1o) = 0, in which case ~,o E 

and is a pole of the resolvent of Hg(03B8). Moreover if 03BB ~ 03A3- ~ 03A3+ and W(,1) i= 0,
the resolvent R(~,; Hg(o)) _ (~, - is an integral operator in L2(1R)
with integral kernel R(x, y ; /)) defined by

More precisely

Annales de Physique théorique



243PERTURBATION THEORY FOR SCHRODINGER OPERATORS

Thus, since 6d( H~ ( () )) c ~ B ( ~ _ ~ ~ + ), W(/L)==0 for any /Le~(Hg(0)).
Therefore it suffices to prove that there exists go&#x3E; 0, independent of 0,
such that for all g ~ go, g &#x3E; 0, and all () with 0  Im 0  00, the ope-
rator Hg(0) satisfies the condition : W(~,) ~ 0 for all ~, with 1,1 sufficiently
large.

This follows immediately from Proposition 2.2, since

where c(g) does not depend on 0 and vanishes for at most one value of g &#x3E; 0.

Remark. - From 2 . 2 W(03BB) - 3 ige03B8 sgn (1m 03BB)03BB-1/2c(g) + - 1) as

H! I ~ where c(g) vanishes for at most one value of g &#x3E; 0.
As remarked above, in the proof of Theorem 2. 3, for any g &#x3E; 0 such that

0 we have W(~,) ~ 0 for all ,1 with ~ ~, ~ sufficiently large. Also notice
that W(,1) ~ 0 as ~, ~ I ~ oo, ~, E R2, and this prevents the operator from
being spectral in the sense of Dunford-Schwartz [7]. In particular the
resolvent R(~,) - R(~, ; Hg(0)) is not uniformly bounded as ~, ~ I ~ oo, ~, E R2,
for dist (~,, o-(Hg(0)) = const. ; in fact R(~,) ~ = oo.

ÂeR2

This result is rather surprising, since, if operators are defined by
the same potentials V:!:(x, 0) restricted to (0, oo) and ( - oo, 0) respectively
with essential spectrum + [0, (0), their resolvents are bounded in
norm on lines parallel to these half-lines. This situation is analogous to
the limit case with a- = a + on (201400, oo), when the region R2 did appears.
However as long as a- ~ a + (non-limit case), the two separate branches E-
and 03A3+ of cause a sort of pinching of eigenvalues, which becomes
more and more appreciable as either g or a + - a _ ~ I gets smaller and
smaller : R2 becomes more and more narrow, while is « com-
pressed » in it. So the number of zeros of W(,1), i. e. the number of discrete
eigenvalues, stays finite, but they alter the behaviour (in comparison
with its behaviour in R1, which is similar to the self-adjoint case), causing
its decay at oo.

Nevertheless we shall be able to construct spectral projections (not
uniformly bounded) and to prove completeness, in a sense that will be
made more precise below (see Theorem 3.2). In order to obtain these
results it is crucial that W(~,) decays sufficiently slowly, i. e.

(see [3] Theorem 3.19, and Theorem 2 . 7 below). On the other hand if g

Vol. 42, n° 3-1985.
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is a critical value, in the sense that c(g) = 0, then it is still possible that
W(~,) ~ 0 for 1,1 I sufficiently large. It suffices to find a positive integer n
such that lim 03BBnW(03BB)| ~ 0. However in this case we would obtain a

.

weaker version of completeness for the spectral projections.
The worst case, of course, occurs if, for some value of g &#x3E; 0, W(,1) vanishes

to all orders. Then not only does completeness fail, but also eigenvalues
accumulate at infinity.

THEOREM 2 . 4. - There exists a sequence { gn + with lim gn = ~

such that for all g ~ gn, n ~ N, 6d(Hg(o)) is a finite subset of C for all 8
with 0  Im 03B8  0o.

Proof 2014 By a standard dilation analyticity argument (see e. g. Reed-
Simon [10 ]), Im 8  arg(z-ga_)  0 } u [R and
its only possible limit points are and ga + . The assertion is obtained

following the steps of the proof of Theorem 3.14 in [3 ]. In particular we
can find a sequence gn ~ oo such that for all g ~ gn, n E N, and all 8
with 0  Im 03B8  80, for the operator Hg(0) there is no accumulation of
eigenvalues at the thresholds and The proof is then complete
if we combine this result with Theorem 2. 3.

In order to construct spectral projections for Hg(0) we need to study
the behaviour of the Wronskian W(,1) as ,1 -~ In particular
we shall prove that, for a suitable choice of the parameters g and 0, W(~,)
approaches non-zero limits as ,1 ~ from R 1 qnd R2.

THEOREM 2 . 5. - The sequence {gn}n~N ~ R+ obtained in Theorem 2 . 4
can be chosen so as to satisfy also the following condition :

for every ~ 5~ gn, there exists 80) such that for all 8
with 0  Im 03B8  there is r(o ) &#x3E; 0 enjoying the following property :

W ± (~,) ~ 0 and W ± (~.) ~ 0 for - ~ x + &#x3E; 0}
for all 8’ with Im 8  Im 0’  Im 0 + r(o).

Proof 2014 See [3 ], Theorem 3 .15.
Remark. - In view of the above results we can select a sequence

{ gn with lim gn = oo, satisfying the following condition:
for every g ~ gn, N, there exists 03B8(g) ~ (0, 80) such that for every

fixed 0i with 0  Im 81  there is r(0i) &#x3E; 0 enjoying the following
properties :

Annales de l’Institut Henri Poincaré - Physique theorique
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for all 8 with Im 61  Im 8  Im 0i + r(61).
In what follows we shall work with the operator Hg(0) where the para-

meters g and 0 are chosen so that conditions (a)-(d ) hold.
, We shall now study the behaviour of the resolvent R(~, ; Hg(0)) as ,1
approaches a point from R 1 and We shall prove that

R(~, ; Hg(0)) admits continuous limits in the weak sense, in terms of which
it will be possible to define spectral projections and to provide a spectral
representation for the resolvent.

Similar results hold for W~(,1_) and W2 (~, _ ), ~, _ Moreover

iii) for each pair of functions f, hE C( - oo, (0) which vanish outside a
bounded set, the limits

exist for and are expressible by the formulas

where /~+ = Hm(~-~+~)~&#x3E;0 and ,u _ _ (~, --- ga _ ee) 1 ~2, &#x3E; 0.

Similarly, for  the limits

exist and are expressible by formulas analogous to (2. 7), (2. 8) replacing +
with 2014.

Vol.42,1~3-1985.
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Proof 2014 Statement (i ) follows from Lemma 2 .1 and Equation (2 . 3).
(ii) is a consequence of Proposition 2 . 2, whereas (iii) follows immediately
from (2. 5) and (2. 6).

In the next theorem we obtain a spectral representation for the resolvent
in terms of integrals Let 6d(Hg(o)) _ ~ ~,1, ..., ~,n ~, where
each ~,~ is an eigenvalue of finite multiplicity and a pole of the resolvent:
let rj be a small circle centered at ~.~, which containes no other eigenvalue
of Hg(0) and such that rj n = 1, ..., n.

THEOREM 2 . 7. - Let /LeCB7(Hg(0)) = p(Hg(o)) and let the circles r~.
j = 1, ..., n, be chosen so that they do not contain the point ~,. Then for
the resolvent R(~, ; Hg(0)) we have the following representation

for all.f; g E Co(~)~ where

Remark. 2014 Note that in the case that ~,~ is a simple eigenvalue,

where P~ is the projection corresponding to If ~,~ is not simple, then
may in principle contain a nilpotent part.

The integrals along E + and E- appearing in (2 . 9) are in the direction
of increasing and the integral along 0393j defining
is taken in the counterclockwise direction, j =1, ... , n.

Proof 2014 See [3 ], Theorem 3 .17.

3. THE SPECTRAL PROJECTIONS
AND THEIR COMPLETENESS

The next goal is to define spectral projections E(0) on the bounded
Borel subsets A in such a way that

Annales de , l’Institut Henri Poincare - Physique theorique .



247PERTURBATION THEORY FOR SCHRODINGER OPERATORS

THEOREM 3.1. - and A- be bounded Borel subsets of E+
and E- respectively. Then there exist bounded operators E(A+) and
E(A-) on uniquely determined by the formulas

and

for any f E Co(), Moreover the operator-valued
function E( . ) defined on the bounded Borel subsets A of the complex plane
by

defines a spectral measure in the following sense :

for bounded Borel subsets 1B1 and 1B2 of C, with Ai n d2 = ~.
Furthermore the operator E(1B) satisfies the following conditions :

iii) for any two bounded Borel subsets of C, O 1 and d2, we have
E(d1 nA2) = E(d1)E(d2). In particular E(d) is a projection, 
Proof 2014 See [3 ] : the arguments of Theorems 3 .18, 3 .19 and 3 . 20 can

be applied by making use of Hypothesis 1.1 to obtain similar results.
In particular the boundedness of the operator E(d) can be shown following

the steps of the proof of Theorem 3 .18 of [3 ] ; it is based on the fact that
for some constant D &#x3E; 0

00

where " (03A6+~)( ) = 
Jo 

o &#x3E; O. This in turn is achieved 0

by comparing £ 0+ with 1&#x3E;0 , defined 0 by

Vol. 42, n° 3-1985.
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00

By Plancharel’s theorem I |2d ) ::; (2n)1/21 h 12 and by
Lemma 2 .1 0

Now (3. 5) immediately follows from Hypothesis 1.1 (iv), since

We can now prove the main result of this section, i. e. the completeness
for the projections E(~), in the sense of (3.1).

THEOREM 3.2. - The operator Hg(0) satisfies the following equation
n

for all where E(z) = E(~ga + eH, z~), 
and = {jc + ga + ee : 0 _ ~-  ~ -~+~}. Similarly for 
d E(z) is defined more precisely below.

Sketch of the proof Proceeding as in the proof of Theorem 3 . 21 in [3]
we obtain

Let be an increasing sequence of compact subsets ofE+ such that

and o Since the function
nwN

Annales de Henri Poincare - Physique ’ theorique
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is absolutely continuous on 0 + , it defines a Borel measure y + on each 
such that

which does not depend 00. Hence,

where the last equality simply defines the integral (~ 2014 ~) -1 d ~ E(z) f, h ~ .
Similarly we have ~+

Now e assertion follows 1 we combine (2. 9) with (J. 
We conclude this section by introducing a class of functions ~ , defined

on for which we can develop a functional calculus relative to
the operator Hg(0). The functional calculus for functions defined on the
discrete part of the spectrum for Hg(0) reduces to that for a finite dimen-
sional matrix, since each discrete eigenvalue corresponds to a finite dimen-
sional projection (see Kato [9 ]). Therefore we shall not consider this part
further. In order to generalize the spectral theorem for self-adjoint ope-
rators, we shall show that with each ~ E $’ we can associate a bounded
operator ~r(Hg(8)) on defined in terms of the spectral projections E(0).
In particular will be uniquely determined by the formula

r

with E(z) the projection-valued spectral family of Theorems 3.1 and 3.2.
Notice that this representation for the operator is of scalar type,

in the sense of Dunford-Schwartz [7 ].
The class ~ will consist of functions for which the right hand side of

(3 . 9) defines a bounded bilinear form. More precisely
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THEOREM 3 . 3. - For each 03C8 ~ F there exists a bounded operator
in L2(1R), uniquely determined by the Equation (3.9) for all fl,

Moreover, ~ 0,
then n~ in norm. Here ~ ~ ~ ~ !~ = sup ! I
for 03C8 E F.

Proof. 2014 See [3 ], Theorem 3 . 22.

Remark. 2014 For fixed the function ~(z) = (z-i)-1 1 belongs
to g- and the corresponding operator satisfies the relationship

where R/~)= -(27cf)~(D as in Theorem 2.1.
rj

Moreover, by linearity, by differentiating with respect to /) and by the
resolvent equation, we have that, ifP(x 1, ..., xp) is a polynomial in x 1, ... , xp
equal to zero at ~1=~-2= .’ - then

P(R( ~31; Hg(8)), ... , + eigenvalue part.

Furthermore, if 03C8 is the F-norm limit of a sequence {Pn}n~N of such

polynomials then n~ in norm. Hence it is natural to
define by the spectral integral.
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