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Boundedness of two- and three-body resonances

by
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Aarhus Universitet, Matematisk Institut,
Ny Munkegade, DK-8000, Aarhus C, Danmark

ABSTRACT. — We prove that the set of dilation-analytic resonances is
bounded for two-body Schrédinger operators with dilation-analytic mul-
tiplicative potentials having short-range boundary values.

For the three-body problem with dilation-analytic multiplicative short-
range interactions we prove that resonances are bounded in any strip
between cuts associated with consecutive two-body thresholds. For pair
potentials going to zero faster than r~2 at co an upper bound on the real
part of resonance energies is obtained.

REsuME. — On démontre que I'ensemble des résonances, définies par
la méthode d’analyticité par rapport aux dilatations, est borné pour les
opérateurs de Schrodinger a deux corps avec des potentiels multiplica-
tifs analytiques, a valeurs au bord de courte portée.

Pour le probléme a trois corps avec des potentiels & deux corps multi-
plicatifs, analytiques, & courte portée, on démontre que I’ensemble des
résonances est borné dans chaque bande entre deux coupures associées
aux seuils, soit des valeurs propres, soit des résonances des problémes
4 deux corps associés. Pour des potentiels décroissant plus vite que r~2
a linfini les énergies de résonance sont bornées.

Resonances are defined in the dilation-analytic theory as discrete eigen-
values of a complex-dilated Hamiltonian [6], [/3]. In the two-body case
and in the many-body case above thresholds it is easy to show that the
set of resonances is bounded in any angle smaller than the maximal sector
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370 E. BALSLEV AND E. SKIBSTED

defined by the potential. This leaves the question open, whether the reso-
nances remain bounded up to the limiting half line e~ 2“R* (S, is the ana-
lyticity sector of the potential) and between cuts in the many-body case.

In the two-body case examples of the type yrfe ", a > 0 are given
in [/4], which show that the set of dilation-analytic resonances may be
bounded (— 2 < f < — 1) or unbounded (B = 1, « = 2). These examples

suggest that if the boundary operator V(ia) is defined by a short-range
i .
potential (here e *rfe™""), then the set of dilation-analytic resonances

is bounded. This is in fact proved in Theorem 2.1 for dilation-analytic,
multiplicative potentials with A-form-compact, short range boundary
values.

In the many-body case boundedness of resonances in strips parallel
to and at a positive distance from cuts was proved in [3] for pair potentials
going to 0 at oo faster than r~% ¢ > 0. Here we restrict the discussion
to the three-body problem, where resonances are identical with singular
points of the analytically continued Faddeev matrix A(z, {) (z dilation
parameter, { energy variable) [4]. It is further shown in [4] that for short-
range potentials A(z,{) has continuous boundary values A.(z, {)—in
a suitably weighted L-space—on the cuts associated with two-body
thresholds. This together with the two-body result suggests that three-body
resonances are bounded in any closed strip bounded by two consecutive
cuts (except the one starting from 0) for dilation-analytic, multiplicative,
A-form-compact, short range pair potentials. This is precisely our main
result, formulated in Theorem 3. 1. It is proved by showing that || A%(z, {)|| =0
for { — oo within any such strip in a certain weighted L2-space. This
result could also be formulated so as to include the boundary values
A.(z, (), and hence Theorem 3.1 includes any resonances that might lie
on the cuts bounding the given strip (Remark 4.7). This is useful for a
possible extension of the local scattering theory of [4] to a global theory.
We also note that, under a weak additional condition on the potentials,
the estimate of || A%(z, {) || is uniform in the dilation angle ¢, away from 0

and g (Theorems 4.2 and 4.4).

For pair potentials going to zero faster than r~2¢ at co stronger results
are obtained. The zero-channel is included (Theorem 5.1), and the uni-
form estimates hold for ¢ up to 0 (Theorem 5.6). This means that there
are no three-body resonances above a certain energy. For this result we
have to assume that the two-body systems have no zero-energy resonance
or positive energy bound states. Related results for such potentials are given
in [I5].

We emphasize, that the results of Theorems 2.1 and 3.1 are concerned
only with dilation-analytic resonances. The set of resonances, which may
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 371

be studied by other methods of analytic continuation, may be unbounded.
In the two-body case it is actually proved [I4] for the potentials yrfe™"",
—2< B < —1,a> 1, that the resonances converge to co along e”* SR*
outside the dilation-analytic sector. In the three-body case with dilation-
analytic potentials decaying faster than any exponential, the Faddeev
matrix and the resolvent have analytic continuations to a much larger
Riemann surface, extending to co on all sheets, than the one defined by
dilation-analyticity [5], leaving the possibility open of an unbounded
set of resonances on this Riemann surface. It is tempting to conjecture
that for a three-body problem with the above Gaussian type of pair poten-
tials, resonances are unbounded and converge from the outside to the limi-
ting dilation cuts.

1. DEFINITIONS AND NOTATIONS

For t € R we introduce the following Hilbert spaces and Banach spaces
of complex-valued functions on R3:

fy= Li(R3)={gl | 113 =J | g(x) (1 +] x| Ydx < o0 }; %= 4o
2 R3

L) ={ s gl = 19601011 70x <0 L@ =LY

LeR*)={gl IIgIIw,t=eSSd§Rlalp|g(X)(1+| x|) | <o }; L*(R*)=L3(R?)
R={g| g Ik =J lgx)| 1&gy 1 x—y| 2dxdy < 00}
R3 xR3

H"‘(R3)={g| |l g ||fm= Z ID%g |3 < o0 }, m=12.

laj<m

The Sobolev space H™Y(R®) of order — 1 is the dual of H(R?). The
weight function f; is defined for s > 1 by

=0 +1x])7°  xeR’.
3
For s> 1and p > 2 we consider the function spaces

M,=RAL!_,+L%
M?=LPAL! + L%

We note that R =« L!_; for s > 3 and M? = M,.
We shall make use of the following property of functions in M and M?.

Vol. 43, n° 4-1985.



372 E. BALSLEV AND E. SKIBSTED

LemMma 1.1. — LetV e M,. Thenforeveryd > Othereexist VieRNL]_
and V3 e L2 such that

V=Vi+Vs, |Vik<d ||V <3.

Let Ve MZ. Then for every 6 > O there exist Ve L? nL! and VieL?®
such that

V=V + Vg, V2, < o, [V lis <.
Proof. — For a given decomposition V=V, +V, let

Vi,= Xix| |1 Vx) | <n} - X{)x| sn}Vl .

If V,eR(Li_,, L7 L}), by Lebesgue’s dominated convergence theorem
Vi. — V;in R(L{_, L7 L}), and the Lemma follows.
By { U(p)| pe R* } we mean the dilation group on 4. We fix throughout

. T . . L. T .
this paper a, 0 <a < 5 It is emphasized that the restriction a < 3 is

7
only for convenience, the results can be extended to a > 5 By S, we

mean {z+O0||Argz|<a}, S,={z+0||Argz|<a}.
In the two-body case the masses of the two particles (1 and 2) are denoted
by m; and m, and their reduced mass by p = (m;* + m;')”". Then

the free Hamiltonian in the center-of-mass system is hp = — W and for

VeR + L*(R3 the total Hamiltonian h is constructed in a standard
way [12] [13] using the closed quadratic form

f(2ﬂ)_1|VgI2+Vlg|2, ge H'(R?).
R3

It is assumed V is S,-dilation-analytic [/3], i. e. the ¥(H', H™!)-valued
function V(p) = U(p)VU(p~!), peR*, has a continuous extension V(z)
to S, such that V(z) is analytic in S,. Furthermore we assume that V(e'®) e M,
for some s > 1. For the construction of the dilated Hamiltonians
h(z) = z7*H, + V(z), z€ S,, we refer to [13]. The essential spectrum of h(z)-
is z7?R™ and the non-real, discrete spectrum r, of h(z) (z = pe'®) lies in
the sector between R* and e~ 2?R™ and is otherwise z-independent [6] [13].
It is easy to see that r, = U Ty '

O<ep<a
Since the result and all proofs in the two-body case are concerned with
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 373

a fixed operator h(e®), we omit for simplicity of notation the variable €,
making the following change of notation.

—2ia

A . oA )
—e %M — 5 hy, V() -V, —e % _ 4+ V(e') - h,
2u 2u

-1
<—e’2‘“%—é> > ) for  (¢e FRT,

-1
<_e—2ia%+v(eia)—c> - ) for (¢e HRT Ur,Uayh(l)).

If we need to specify the variable ¢, we write V(¢) for V(e'®).
We factorize V as V = AB, where A = |V |¥signV, B=|V %
The symmetrized resolvent equation is

H{) = ro(0) — ro(DA(L + Bro(()A) ™ Bro(() (1.1)

valid for all { such that (1 + Bro()A)~ ! exists. It is easy to see that if Ve My,
this is the case precisely for { € p(h). In fact, the map ¢ — B¢ is an iso-
morphism of A(h — {) onto A(1 + Bro({)A) (Bro()A € #(%)). We shall
return to the operator-function Bro({)A in Section 2, where it is proved
that for Ve M, || Bro(0)A llgs — O for { — oo, {¢e 2“R7, implying
boundedness of r,.

For the 3-body problem we use the following standard notations. Let
particles 1, 2, 3 have masses my, m,, m3 and denote pairs (i, j) by o, f, etc.
If o =(1,2), for example, m; ! = my! +m3?', ngl=(m;+my) ' +m3’,

mix, + MyXx,
Xg=X2 = X1y Vg = X3 — ———.
my + m,

The conjugate momenta are denoted by k,, p,.
Note that for o #+ B, the change of variables is given by

x t, t .
()-1a 2iC) a2
yﬂ t3 t4 Va
wheret, = + land t; =to, f) + O fori = 1, 3, 4.
# = HOR®) = L%(R®) and H*(R®) are the Sobolev-spaces of order 0

and 2 respectively. Ax. Ay
The free Hamiltonian H, is given for each « by the operator — — — ——
on the domain H2(RS). My 21,
The pair potentials V, = V,(x,) are assumed to be real-valued functions

3 n
in M? for some p > 2 s> 1 and S,-dilation-analytic for some a < 5

Moreover, we assume V,(e*?)e M? for every ¢ € (— a, a).

Vol. 43, n® 4-1985.



374 E. BALSLEV AND E. SKIBSTED

The Hamiltonian H is defined (cf. [/3]) through the quadratic form

Vx,F2  |Vy,FP?
H[F]=J <' xE1 | IVyE +ZV,,(0)|F|2>dx,dya
R6 2ma 2n¢

and similarly for the operators H, = Hy + V,.

{ U(p) },er+ now denotes the dilation group on # and the dilated
operators H(pe'?) and H,(pe') are defined as in [9].

As in the 2-body case we then fix z = ¢, 0 < ¢ < a and omit the
variable ¢, using the short-hand notation

_.. (Ax, Ay, . (Ax, Ay
—e 2ip + H , Va ip Vw _ p,—2ip a a
<2ma 2na> = Hoo Vile®) ¢ <2ma * 2na>
. . (Ax, Ay, .
¥ Zva(ew) - H, —e-2'¢<i,+ Y4) L V(o) > H,,
2m, 2n,

-2i Ax, ) i -1
—e T — 4 V(e?) > h,, Ro()) =(Ho -7,

2m,
RO=H-0"" RO=MH, -7} rl)=(hy—7*

for { in the resolvent sets of the various operators, indicated above.

To further simplify the presentation we assume that each two-body
operator has exactly one 1-dimensional, negative eigenvalue A,. The
extension to the general case is straightforward (cf. [3]), the basic estimates
are the same. The eigenfunction of h, corresponding to A, is taken to be

Ax,
2 4 V(0)

¢, = ¢.(p), where ¢,(0) is a real normalized eigenfunction of —
associated with the eigenvalue 4,. My
We let 4, = L*(R},), %, =L? (R32).
2
: ~ A
The relative free Hamiltonian h,q = — e‘z"”j + A, in #, has resolvent
Ny

Full) = (hao — 0)™" € B(4) for (# 2, + e 2R
The essential spectrum of H is U{ 1+ e 2i0RT }, where 1 ranges
A

over zero and all discrete eigenvalues and resonances of the two-body
operators. The non-real discrete spectrum of H, denoted by £, is confined
between the half-lines { 4, + R* } and { A, + ¢”2*R* }, where 4, is the
smallest negative threshold.

To prove boundedness of %, along cuts associated with two-body reso-
nances we have to make the restrictive assumption that these two-body
resonances are simple poles of the corresponding resolvents. We shall
call cuch poles simple resonances.

The set 4, is identical with the set of singular points of the symmetrized
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 375

Faddeev matrix A({), defined as follows (cf. [4]). Here we restrict the dis-
cussion to the negative eigenvalues 4,. The case of thresholds defined by
simple resonances is very similar.

We decompose R,({) as

R =R + | du > 7oll) < |

where
(<x18)ya) = L3 AX)8(xe yo)dx, for get, yeL’(R3).
(12> 00k 1) = x(xdo(ys) for yeLA(RL), oe 4.
We factorize V,as V, = A,B,, A, = |V, |¥sign V,,B, = | V, |*. Setforo + §8

B.RY(OA, B, | ¢ > } w3

FA0) < eI V.RIOA; Fu0) < Bul Vil dp> |
0 QuD) Q)

AD =1 Qu® 0 QD) (14
Qull) Quly) 0

We introduce the auxiliary spaces # and #_, defined by

f?=2 (H @ 4), ff=2 (@ o)
a ® ®

a

Qup(0) = {

It will be proved in Lemmas 3.3-3.6 that if V,e M? then A({) e .@(ff)
for { € C\o (H). Using this we shall now sketch a proof of the fact that %,
is the set of singular points of 1 + A(().

3
LemMA 1.2. — Assume that V,e M? for some p > X s> 1 and all o,

and let { e C\o (H). Then #(H — {) and A4 (1 + A(0)) (A(C)e@(if)) are
isomorphic via the maps

AH =)oy - L!//=Z@(%@%)GJV(1 + AQ),

where B
U, = Ba(l + RO(C)Va)‘lla Oq = ;a(o < ¢a l Aaua
and
A A+ AQ)2® = Z . ®0,) > ¥y =Koe N (H )
®
where *

K® = — Z R(OALs

a

Vol. 43, n° 4-1985.



376 E. BALSLEV AND E. SKIBSTED

Proof.— It is easy to see that L maps H! into # and K maps A into H'.
The algebraic verification that Ly e /(1 + A({)) and Kde #/(H — )
as well as KLy = ¢y and LK® = @ is carried out in [4].

For V,e M? we denote by V2 and V2, functions chosen in accordance
with Lemma 1.1, such that

V.= Vgx + ng’ ” Vgl ”Lp <9, ” Vzl ”Lé <9, sz elLy.
For ¢ > 0,0 < ¢ < a, we define the half-planes S, and S_, by

Ss={{=s+e*t|s>¢ teR}
S.,={{=s+e%|s< —¢ teR}

We set Z, . = R, N S_,, Ry = R, NS, fore>0,0< ¢ <a.

In the 3-body case we need the following assumption on the 2-body
eigenfunctions ¢, and resonance functions y,. We formulate this as a
condition on the two-body system with potential V for any eigenfunction ¢
associated with a discrete eigenvalue.

ConDITION A. — For some C, k> 0
sup | lg(x)| < C

xeR3
If V is A-compact, condition A is always satisfied. In this case ¢ € H3(R?),
and the standard boost-analytic argument yields !¢ e H¥(R?) < L*(R?)
for k small, positive. Since VeM? for some p > 2, s > 1 implies
VeL?R? + L®(R?, we have
(i) If Ve M? for some p > 2, then A is satisfied for all discrete eigen-
functions and resonance functions.
In the case of negative eigenvalues, let I be a closed interval contained
in (— a, a); then clearly k = k; and C = C, can be chosen such that
supsup | &1lg(p, x)| < C;
pel xeR3
where ¢(p, x) is the dilation-analytic extension of the eigenfunction ¢.
The same holds with suitably chosen I in the case of resonance thresholds.

3
If V is only known to be in M? for some p, 3 <p<2s>1thenV

is A-form-compact, ¢ € H'(R?), and it is not known whether A holds
in general. For radial potentials, however, one can prove the following
result using ordinary differential equations techniques.

3
(ii) If V is radial and V € M? for some p, 3 < p <2,s>1, then every

discrete eigenfunction ¢ satisfies condition A. Moreover, a uniform estimate
as above can be obtained for the dilation-analytic extension ¢(¢) of ¢.
Similar results hold for resonance functions.

Annales de I’ Institut Henri Poincaré - Physique théorique



BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 377

For non-radial potentials the following condition is given in [I]],
vol. IV, p. 200:

(iii) If VeL! + L4 for some g, 2 < q < 3, then A is satisfied for all
discrete eigenfunctions. We note that the proof also works for resonance
functions.

2. THE TWO-BODY CASE

The main result is the following

THEOREM 2.1. — Suppose V = V(a)e M; for some s > 1. Then the
set r, is bounded. :
We introduce four Lemmas and then prove Theorem 2.1.

LEMMA 2.2. — For every s> 1 there exists K = K(s), such that
“.ﬁs%ro(ofs%”.@(ﬁ) <K% for |¢|>1, (d¢e ?°RT.

Proof.— This follows from [11], ITI, p. 443, keeping track of the {-depen-
dence of the various constants at all stages of the proof of this Lemma.

Lemma 2.3. — For every s > 1 there exists K; < oo such that
Sup{(l +lyr! J ly - xl_zfs(k)dX} = K¢
yeR3 R3

Proof. — A straightforward exercise using the decomposition

R [xI<lyl/2 [x1>1yl/2

Lemma 2.4. — Suppose f, ge R. Then

J{Rslf(X)g(y)I |x — y|™dxdy

1

S i
2

2

< qlf(x)f(y)l Ix—yl_zdxdy> ql g(x)gy) | Ix—yl*zdxdy> :

Proof. — See [12] (1.10, p. 14).

LEMMA 2.5. — Suppose Ve M, s > 1. Then
I Bro(DA llgwy — 0 for { — oo, (¢e 2“RF.
Proof. — Let ¢ > 0 be given. Since .
[VIE=|VE+ VB[ < | V5[ + | V3

1
2

for every 6 > 0,

Vol. 43, n° 4-1985.



378 E. BALSLEV AND E. SKIBSTED

we have for all §;, 6, > 0

| Bro(QA || = || Bro(0)B |
< VE Pro@ [ VA |+ Vi [Fro) | V3
+ Ve Pro@ | VEF I+ VE Pro@ | VEF]| 2.1)
We now estimate each of the four terms on the right hand side of (2. 1),

where 6, and d, have to be chosen successively. First choose §; > 0 such
that (K, given as in Lemma 2.3)

1
2

8% < enmin { || V]|

—1
2
CO,S}’

R KV

Then, because || V4 ||§ < &%, || V¢! i1 < %, we get using at the last
step Lemma 2.4
NV Pro@ | VI < ||| VE Fro@ | Vi P Hs. <
<o | [IVEIVION -2y | < ve ) v <
Also 2.2)
NV Pro@ | VR <] VS Fro@] VA [F s, <
<(@m! {II Vi(a+yl)t=s X
VAL [ (1 y 1 ) | x— | 2dxdy }
< @)L || Vo | || VAL K, sz 2.3)
Now choose 8, > 0 such that
83 < enKot|| V3|22,
Then
V3 Pro@ | VEE | < ||| VS Fro(Q) [ Ve [* [ls.
< (4m)~! {jl VeI +] y1) e 1
VBT O+ Y1) | x—y | 2dxdy }
< (@n) || Ve [lE | Ve %,;,SKSSE 2.4)

The estimates (2.2),(2.3) and (2.4) hold true for all {. Finally, by Lemma 2.2
there exists R, > 0 such that

| fEro@) £

< IVEIEIVEIZE for 121> Rq

Annales de I'Institut Henri Poincaré - Physique théorique



BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 379

and hence
|| V5 [Fro(@) | V&

F
2z

<V NVE s - Ao fE
s% for [{|>Ro (2.5)

By (2.1)-(2.95)
IBro(QAll <& for [{|>Ro
and the Lemma is proved.
Proof of Theorem 2.1. — By Lemma 2.5 there exists Ro > 0 such that
I Bro(DAll <1 for [{]|>Ro.
Consequently (cf. (1. 1)) the set of resonances is confined to { { | [ {| < Ro }

REMARK 2.6. — If V(z) is known to have an analytic continuation
from S, to S, for some b > a, then Theorem 2.1 is well known [6]

REMARK 2.7. — Suppose we drop the assumption that V is S,-dila-
tion-analytic and only require that V be S,-dilation-analytic. Then Theo-

rem 2.1 is not true in the sense thatr = U r, is bounded. For a counter-
example we refer to [14]. 0<¢<a

Also an assumption like V(ia)e M seems necessary. For instance if
it is only known that V(ia)e ¥(H*, H™ '), then we do not expect Theorem 2.1

1 2 4
to hold true. (We believe that V(r)=rfe™", — 3 <p <0, 3 B+ 3 >a>1,
represent counter-examples [14] (4.4)).

REMARK 2.8. — In the case VeR, Lemma 2.5 is well-known (cf. [10],
p. 274-276 and [12], Theorem 1.23). The Lemma implies that the
first Born approximation is good in the high-energy limit, that is
(1 + Bro(DA)™! ~ 1 — Bro(DA.

3. THE THREE-BODY CASE

We formulate the main result:
3
THEOREM 3.1. — Assume that V, = V,(p) e M? for some p > > s> 1,

| @| < a and all «. Let ¢ > 0 be given and suppose that every two-body
eigenfunction ¢, associated with an eigenvalue 4, < — ¢ satisfies A. Then
R,, - is bounded.

If all two-body resonances in S, are simple and every two-body eigen-
function ¢, associated with a positive eigenvalue 1, > ¢ or a resonance
A, € S, satisfies A, then £, is bounded.

Vol. 43, n°® 4-1985.



380 E. BALSLEV AND E. SKIBSTED

The proof consists in showing that ||A%({)|| — 0 for { - oo in S_,
and S, respectively. We make the simplifying assumption of Section 1,
that each two-body system has exactly one 1-dimensional eigenvaluein S _,.
The following Lemmas (to be proved later) contain the basic estimates
of the operators Q,4({) (« * f) given by (1.3), constituting the Faddeev
matrix (1.4). Using these Lemmas we shall prove Theorem 3.1, focusing
on the case of S_,. The case of S, is then briefly discussed.

REMARK 3.2. — In the case of negative eigenvalues, the estimates
of || A%({) || can be obtained uniformly for ¢ in a closed interval I < (0, a),
provided all V,(p) have decompositions V,,(¢) + V,,(¢) with V, (p) a
continuous LP-valued (L;-valued) and V,(p) a continuous L-valued
function on (— a, a). We shall discuss this in Section 4. This extends in an
obvious way to the case of simple resonance thresholds.

LemMmA 3.3. — For {eS_,

B,R}(As,  BsRY(DAs, B.Ro(Agze B(H)
and
B,RY(A,; = B,Ro(O)(1 — | 65> < $5)As — BaRo(D)A - ByRF(OA,

Moreover
) [|B.RYOAs lawer, I BRo(DAsllgoey —» 0 for { — oo, (e S_,
2) ” BﬂRg(c)Aﬁ ”@(‘;f) <C< o for (ES-E.
LEmMA 3.4, —
Ba | ¢B >e'@(éﬂ,—s, c%)
LeEmMMA 3.5. — For (eS_,, (¢ A, + e 2R

;a(C) < 5{1 l VaRg(C)Aﬂ € .@(%, ﬁa) .
Moreover

| 7(0) < $1|VaR2(C)AB”QP(#,£¢,_S) -0 for { > 00 in S_,.

LEMMA 3.6. — For (eS_,, (¢ ), + e 2*RT
Fdll) < Gu| Vol dp > € Bltiy, #ir) O Blti, s, fo, ) -
Moreover
N FAl) < Pl Vil &5 > @t s po,-9 = 0 for { > 00 in S_,.
Proof of Theorem 3.1. — By Lemzna 1.2 for any _resonance A there
exists 0 + ®eN(1 + A(A) (A(A)e #(5#¢)). Then ®e H#_,, and
deN( — AXL) (AX)eB(HF_y).

Annales de I’ Institut Henri Poincaré - Physique théorique



BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 381

By Lemmas 3.3-3.6 there exists Ry > 0 such that || A%({) ||gw#_,, < 1 for
{eS_,,|{]| > Ry. Hence 1 — A%({) is invertible and there are no reso-
nances for {eS_,, |{| > R,.

In the general case, where each h, may have possibly infinitely many
eigenvalues accumulating at 0, the proof is similar. For ¢ > 0 there is a
finite number of finite-dimensional eigenvalues of the operators h, below —e.
For each o we choose an orthonormal basis of the total eigenspace with
energies below —¢ and obtain a Faddeev-matrix containing as elements
a finite number of operators of the type treated in Lemmas 3.3-3.6 (cf. [4]
[5]). Also the case of S,, where the cuts start from two-body resonances
or positive eigenvalues, is treated in a very similar way. The assumption
that all two-body resonances in S, are simple is required to prove the ana-
logues of Lemmas 3.3 and 3.5. It is clear from the proofs of Lemmas 3.3
and 3.5 (to be given later) why this assumption is necessary.

REMARK 3.7. — It is not difficult to sharpen the results in Lemmas 3.3,
3.5, 3.6 as follows:

B,RY()A, € 4(#) (Lemma 3.3)
Fol0) < @l V.RIOAs€€(#, 4,)  (Lemma 3.5)
To0) < G| Vo | b > € €4, 4,) (Lemma 3.6)

Using these facts we find that A%({) cB(H ) and hence the singularities of
(14+AQ) " '=(1-AQ))1—A*())~ ! areisolated poles in %\U{ Ae 2R

A
where A ranges over 0 and all discrete eigenvalues of two-body operators
h,(€'®). This of course is well known [13].
For the purpose of proving Lemmas 3.3-3.6 we need the following
Lemmas (3.8-3.16).

"LEMMA 3.8. — For every s > 1 there exists K = K(s) such that

sup [| froOL (- + 9 llae < KICITH for [L]>1.
Yel

Proof. — Compare with Lemma 2.2. We use the proofs of Lemmas 3, 4,
Sin [11], vol. IIL, p. 442.

3 .
LeMMA 3.9. — Let s> 1, p >5 and V,e M? be given. Then
sup [ fFroQAL. + ) lawy = 0 for { — o, (¢e 2RT
y 3

Proof. — Let ¢ > 0 be given. We choose 6 > 0 such that
0% < 2enKy ' (K, defined in Lemma 2.3).
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Since
|Aa| = |Va|%=|Vgl +V£2I%S IVfl

AL
we have
| £Ero@QAL +p) || < || f2ro(0) | VEL(. +)

B 3

+ ]| fEro@) | Vi +y)

3.1)
Because || Vii(. +) L@y < 8, we have for all yeR3
| £ e | VEC+9) Pl < || fEro(@ | VL +3) [ s,
< (4m)~! {st(x)IVZl(z +))|lx—z |°2dxdz}
< (4m) K || VI + 9) B < @r)” K 5 <§ (3.2)

Furthermore, by Lemma 3.8 there exists R, > 0 such that

23 for |¢|>R,

sup [| 5o 1+ ) llaom <5 ]| V22|
yeR3

Hence, if | {| > R, we have for all y e R?
7@ | Vaal- + ) F < ro@ 2+ V2 < S 3.3)
By (3.1)-(3.3)
sup || °ro(Qg(- + Wl < & for 1¢]>Ro,
and the Lemma is proved.

LEMMA 3.10. — For (¢ {e **R¥ } U {4, + e 2¥R™ }

Ay

FolORo(0) = (— e‘”‘”i—i - /Ia>_ [0 — Ro())].
m

a

Proof. — In momentum representation

- ip Pa k2 Cpr O\t
ra(C)RO(C)=<e_2"PP_ + ).,,—C) <e_2“"——+e‘2"0 Pa -
2 a 2ma 2na
and

4 Zn" — s [7A0)—Ro(0)]
ok N/ -1
— —2ip _ —2ip 7% -~
‘(e 2m, l") [(e 2, T C)

k2 . p? -1
—[e 20 2 4 pm2iel
( 2m, € 2n, ¢
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 383
LEMMA 3.11. — Let ge L*R3,). Then

< gleB(H, %) and || <glllaweso <l &llLmz)

Proof. — Fubini’s theorem and Cauchy-Schwarz’ inequality

3
LEMMA 3.12 [8]. — Assume that V, e L?(R?®) n L}(R?) for some p > >
and all a. Then B,R({)As € %B(s#) and there exists C, < oo (depending
on p and m;) such that
Il B,

allis - IV llEs, [| Va [l
for { ¢ e”?“R¥ and all pairs «,

|| Ve

1
2
L1

LemMA 3.13. — Let V, and C, be as in Lemma 3.12 and assume
Then

&0) = | Im (€**0)| > 0.
| BRo() Il < e ¥OCA { max [ || Vallu, || Vall Jus }2
Proof. —

| BRRo(O) I = [I BaRo(O)Ro(0))*BZ |l

1

357 OB RO - Ro0)* 1BE |

< &30 || B.Ro())B, |I*
< e HQCE {max [|| V, lls, I Ve llLe] }

where we have used Lemma 3.12

LEMMA 3.14. — Let ¢ > 0, s > 1 and a + § be given. Then
(141 %, 1) PRo(@)1+] x51)"2]] » 0 for { - o0 in S_,

Proof.— By aresult of Agmon [/ ] we have for some b satlsfylng <b<
and a constant C for | { | > 1, { ¢ e”2“RT,

2
L+ ] %, 1) 72RO+ x5 )™ < ClI RO+ X6 1) P(A 4+ x5 1) 72 ||
Moreover, introducing &) = | Im (e?*()|,

| RN+ 122 1)701 + [ x5 [) 2]

(3.4)
< Ro(C)(1 +1xD)72A+ 12D IR 112

e MO+ |xaD) ™2 (1 + 135 )" [Ro(D)* —Ro(0)]

(14 [x )72+ [ xa )TV IR I
TIHO A+ xa 1) 7214 x5 )T RO +] x| 7201+ x5 )7 (1M
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1
Since inf &) = &sin2¢ >0 and 2b, s > X we conclude from (3.4)

LeS-,

and (3.5), using Lemma 2.2 (with R? replaced by R®) that the Lemma
holds true.

3
Lemma 3.15. — Let e >0, p > > s> 1 and a + f be given. Suppose

V., Vs LR%) n LY(R%) + LE(R3).
Then B,Ro({)A; € B(#), and

[ B.Ro(DAgll = 0 for { - o0 in S_,.

Proof. — Since
=V, =V} + V2 [F < [V},
for all pairs y and every é > 0, we have for all ,, 6, > 0,

| B.Ro(DAS Il <||| V2
+ ||| v

+| V!

R [ VR [F]| + ||| Va *

(3.6)

Let ¢y > 0 be given. First choose §; > 0 such that

1 &g . —- L ~N—_1
0i < - min {C, 1, &C, %

where ¢; = esin 2¢ = inf &) and C, is given in Lemma 3.12.

Then by Lemma 3. 162A£
ITvat [* ir Lo || Va s - ([ Vi I}
<Gt < % (3.7)
Also, by Lemma 3.13
11Vt [* 2 PR || | Viz [I%.0
<( II Vhs [los)tsHOCS { max | vi llers 1| Vat [l 3
< (| Vha |l e iCht < =2 (3.8)

Now choose 0, > 0 such that

—1
2

1 €0 1.1
55 < Zﬁicp 2

d1
Va2 |

Then by Lemma 3.13
Ve

22 |4

< || v

L RoQ) | V3 2
1 —1 1 L 8
< (] Va3 [|o,s)e lfC;oa<Z° (3.9)
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Finally, by Lemma 3. 14 there exists R, > 0 such that

&
IH+ xR +xp )72 1 < 2| Vas [l [ V3

for(eS_.and |{| > R,.
Hence

1 Vas PRo@) | Vi3
<1 ViR (s 11 VES [ 11 (L e [)™2Ro(@)1 +1 x5 )™ |
€o

<Z for eS_, and |{|> R, (3.10)

—_4
2
Q0,8

By (3.6)-(3.10)
I B.Ro(O)Ag |l <& for (eS_,, [{|>Ro
and the Lemma is proved.

LEMMA 3.16. — For ¢, { and R2({) as in Lemma 3.3, B,RO())A, € B(¥#)
and there exists K such that

| B.RAOA, | <K forall (eS_,
Proof. — By (1.1)
Bro0)A. = q(0) — a1 +gX0) ™ a() (3.11)

where g({) = B,ro(0)A,, valid for all { such that (1+¢({))~ ! exists.
By Lemma 2.5,

gl - 0 for { > 0 in S_, (3.12)

Together with the assumption that h, has exactly one 1-dimensional
eigenvalue 4, < 0, (3.11) and (3.12) imply that

I BroD)Ayll < Cy < 0 for (eS_,\D (3.13)
where

D={é| 1€ — A, Sézgsin&p}.
We write r,(() as '
r0) = | ¢ > (he = 071 < | + 12(0).
It is easy to see that the pole term of r,({) satisfies
Bal o> (A = O)7' < @ | Al <Cy <0 for (eS_,\D (3.14)

36
For |{ — 4, | < TR B,r2(0)A, is given by the norm-convergent integral

1
Br2(DA,= — %J ,E=0)" "Bar{)AAL (3.15)
1~ 2al =
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36
Hence B,r2(0)A, is analytic for |{ — 4,| < 5 This implies that

|| Br2()A, || < Cs <0 for {eD (3.16)
By (3.13), (3. 14) and (3. 16)
| Br2(OA, || < max(Cy + C,,C;) for (eS_, (3.17

In momentum representation

2.2
RO = r2<c - sz )

and hence for all e S_,

52,2
B.RI(A, = Bar2<f: - 22: “)Aa. (3.18)

a

The Lemma follows from (3.17) and (3. 18).
We now proceed to the proof of Lemmas 3.3-3.6

Proof of Lemma 3.3. — By the 2nd resolvent equation

B.R3(0)A,
=B.Ro(()N1— 05> { Dp))As—BaRo()As . BiRG(A; for (eS_, (3.19)

Because B,Ro(0)As, BgR(DAze B(#) by Lemmas 3.15 and 3.16,
it follows from (3. 19) that B,R3({)A; € #(+#°). Furthermore, by Lemma 3.15

[| B.Ro(D)Ag llgey > 0 for { - o0 in S_,
and by Lemma 3.16
|| BsRY(OAg || gy < C for (eS_,

Hence by (3.19), since ¢, satisfies condition A,
” BaRgc)Aﬂ ”g(x) — 0 for C — o0 in S—as

and the Lemma is proved.

Proof of Lemma 3.4. — First we prove that B,| ¢; > € B(44, H#).
Let ge #5. Then by (1.2) (assuming for simplicity t,=1; t,=—1is
similar)

| Bz| ¢5 > g||% = f dxpdyy | B yp+t15)(xp)8(yp) > <

<llgll%, su de,,|Bu(y,, + tix)ddsxp) 2 = K2 g2,

yﬁeIR-"
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 387

where K? < oo by Condition A. Hence B, | ¢p > € B(44, H).
We shall now prove that B, | ¢ > € B(45, 5, ). Let ge 45 . Then

B, | 5> gllI> < deﬁdy'ﬁ I Vil(}’ﬁ + t1xp) | .| Polxp)e(ys) I?

+ dedeﬂ | Viays + tixg) | . | dp(x5)8(ys) I

<|lg “ﬁﬁ,_s{ sup deﬂ | Vai(s + tixg) | - | dp(xp) I £~ *(1p)
Vs

+ S;IP J‘dxﬁlvald(yﬁ + tixg) | . | dplxs) 121y~ I(Yﬂ)} (3.20)

We set
Cs = sup fi(ys + tixg) . ;7 (vp) | Pp(xp) |>.

Xp>¥B

By Condition A, C; < co and hence

sup Idxﬂ | Var(ys + tixp) || dplxp) 12 i X (yp) <
Vs

<G sup de,,IVal(y,; + tixg) | iy + t1xp)

—Cp|t1| Vet luiws < Cplea |73 (3.21)
Furthermore, we set

C = sup f; (yp) flxp) (¥ + t1xp) .

XBs¥VB

Then for all x;, y;e R?
| Vaa(yp + taxp) || dalxp) 12 £ 1 (vp)
= | Pp(xp) |2fs Y(xp) . |V 2(Yﬁ+tlx,3)|fs Yyp+1t1xp)
ST ) Sxp) [ ypttixg) < [Ds(xp) > fi~  (x5)C|| Vi || 2.

Hence
sup deﬁ | VolzZ(yB+t1xﬂ)| | dglxp) szs_l(ytz) < ” bp “i_sC ” Vi, ”:0 < o,
i (3.22)

where we have used Condition A.
From (3.20)~(3.22) we obtain

B.| ¢p > € BlAip, -, H)
and the Lemma is proved.
Proof of Lemma 3.5. — Using Lemma 3.3 it suffices to prove
7ol0) < @u| ViRo()Age B(H, 4)  for  [€S_\{A,+e ?R7}
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388 E. BALSLEV AND E. SKIBSTED

and
| 7)) < B | VaRo(DAg gt s, -9 — O for { — o0 inS_,\{ A, +e *R™ }
Because _
Fol0) < @21 VaRo(DA = 740) < g2 | BiRo(D)Ay,

where g, == A,(2)¢,(z) € L(R2,) by Condition A, we obtain from Lemmas 3.3
and 3.11 _
7o) < ¢u| VaRo(QAs € B(H, 44)

We now prove the last part of the Lemma.
From Lemma 3.10 we obtain

Fol0) < @al ViRo(DAy = { Wa| TolD)Ap — < | Ro(D)Ag, (3.23)
where

l//az = <— 2l 2An):" _ Za)_ Va(_Z-)(ﬁa(E)e LZ(R?C“), I

a

(note that y,e L*R3)) even though V,¢, may not lie in L*R3); this
follows from V,¢,e L' + L2, since the operator is convolution by a func-
tion in L! n L2).

By fu.: R:, ® R} — C we shall understand the function given by

JolXws Vo) = flya)  for (%, y.)€RL, @ R;,

First we prove that

fiTDAg,  fERo()Ag e B(H)
and

”.f37a(C)Aﬁ”.@3(2f’)’ ||J§§R0(C)Aﬁ”93(x’) -0 for { > o0 in S_,.

Clearly fiRo(0)Az€ B(), and from the proofs of Lemmas 3.12-3.15
we find that

| f2Ro(OAs |lgey = O for (- o0 in S_,. (3.29)

Let Fe L3R3, @ R3,). Thenforall {eS_,, (¢ 4, + e 2R™ (we assume
t, =1)

| fE7LOALF |2

= dead Va

< K*(Q) dea dea | F(xo ya) I = KXO I F 1% (3.25)

. A . -1 2
ff(n)(— 6‘2"”% + A — C) Ap(. +11x)F(x5,.)

a

where (setting x = t1x,)
K() = S‘-‘g”ﬁ2 FOAH(. + X) ”gm.,)
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By Lemma 3.9 K({) —» 0 for { — o0 in S_,\{4, + e 2“R¥ }.
From (3.23)~(3.25) and Lemma 3.11 we find that

;a(C) < $a | VRO(C)Aﬂ € g’?(%a %a,~s) for CE S—s
and

| 7.(0) < $a|VaR0(€)AB”.%(.#’,£a,_s) -0 for { >0 in S_,.

This concludes the proof of the Lemma.

Proof of Lemma 3.6. — To prove that 7,(0) < ¢, | V| by > € B4, 4,)
we remark that by Condition A g,:= V,(Z)¢,(z)e L'(R3,) and hence it

suffices to prove that
8l bp)>EBllp, 4a). (3.26)

Let fe #; be given. Then (assuming ¢, = 1)
| <galdbp> flZ, = dea Jga(x')%(yﬁtﬁ’)f (tayattax)dx’

: Jga(x,,)¢ﬂ( Yatt1x") f(t4 yatt3x")dx" .

We use Fubini’s theorem and Cauchy-Schwarz’ inequality and find that
” AR >f||%z,, < |ts |_3 ”f”%z,, { Slg;l ¢p(x)| }2 . ” 8a ”I%‘(ITF)-

Hence we have proved (3.26).
To prove that 70) < @y | Vo | @ > €B(#s, -, 4, —5) We remark that by
Condition A
ViD)$i(2) = g/,  where g,eL'(R:,). (3.27)

Let f'e 44, _, be given. Then
170 < Bl Val 6> M, = 127D < Bl Val 85> fll2 = < & | F
where g, is given by (3.27) and F : R}, @ R}, — C is given by
F(xz, ya) = ) ) TlOPp(- + £132) f(ta - + 13X,)
We let G:R2 @ R;, » C be given by
Glxer y) = 5 (s + 11%)bp(Va + 11X (%) S (Eaya + 13%).
Clearly,

2
oo ?

Flxg, ya) = fHY) TSI + 116,)Gxs, -)

and by Condition A there exists C < oo (depending on m; and ¢;) such that

3
sup (jdya | G(xa, yu)|2> < Cll S llag, - (3.28)

Xq€R3
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The right-hand side of

| <&.|F|z = jdya JdX’ga(x')fs%(ya)ﬂ(C)fﬁ(- +1,x)G(x', ).

. j dx"gx") A () TLO LI + 117G, )

is now estimated using Fubini’s theorem and Cauchy-Schwarz’ inequality
as follows:

| <& Fllz7 < KO J dx’ de” | 8a(x")g(x") |

4 i
(fdy | G, y) I2> qdy | G(x”, y) I2> ,

K@) = i‘g “f.‘s%‘;a(C)fs%(' + X) || @4 -

where

We now use (3.28) and find the estimate

I 7a0) < Bl Vol 5> f |fzn.-. < KOP || & |[E1@nC? || £ 1|Z.-. -

Hence 740) < ¢y V.| ¢p > € Blhig, 5, #,-s) by Lemma 3.8. Moreover,
since by the same Lemma K({) — O for { — oo in S_,\{ 4, + e 29RT Y,
we obtain

I ;a(c)<$a | Vol @5 ||ww,g,-s,4u,-s) -0

for { - o0 in S_,\{ 4, + e 2“RT }.
The Lemma is proved.

4. UNIFORM ESTIMATES

LemMMma 4.1. — Let I be a closed interval contained in [— a, a]. Assume
that for every ¢ € I, V(¢) has a decomposition

V(p) = Vi(9) + Va(9)

Vilp)eL?nL;,  Vi(p)eLy

such that

and
Vi(p) is a continuous map from I into L? and from I into L!

while ) )
V,(¢) is a continuous map from I into Ls°.

Assume moreover that for every ¢, € I there exists (¢o) and F, e L N L!
so that

V(@) | < | FoM ], 1@ — 0ol < 8@o),  xeR.
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Then for every 6 > 0 there exists C(5) such that for all p el
Vip) = Vi(e) + V(@)

V@)eLP ALY || Vi) ||y | V(@)

Le < C(9).

where

Li < d
and

Vip)eLls, | Vile)

Proof. — Let @yl Then by the proof of Lemma 1.1 there exists N
such that

1@ = x)Vi(@o) e < 9/2, 1A = 2 Vil@o) It < 6/2

where
An(x) = Xix||F o) <N}X{| x| <N}

By the continuity of V(@) and V,(p) there exists # > 0 such that for
lo — ol <1

0 )
I Vi(@) — Vi(9o) Il < > [ Vi(p) — Vi(@o) Il < 5

Then for | — @o| <1
@ = ) Vi(@) lle < 111 — (V@) — Vi(@o) llLe+11 (1 = xx)Vil@o) [l

)
< IVi0) = Vi@l + 1L = Vil lhr < 5 +5 = &

and similarly with L? replaced by L. Moreover, for | ¢ — ¢, | < min { #, ()}

28 V1(@) + Va(@) Iy < 1 anVi(@) lle + 1| V2(9) Il
<U+NN+ max | Vs() |
P—9ol=n

A compactness argument concludes the proof.
THEOREM 4.2. — Let I'beaclosed interval contained in (0, ) and assume
3
that for some p > > s > 1 all @ and ¢ €1 the functions V,(¢) have decom-

positions as in Lemma 4.1. Assume moreover, that A is satisfied uniformly
for ¢ € 1. Then for every ¢ > 0 the set of resonances U AR, - is bounded.

pel

Proof. — The estimates of || A%(p, {) || given in Lemmas 3.3-3.6 can be
obtained uniformly for ¢ €I by Lemma 4.1, the assumption that A holds
uniformly and the fact that ¢; = ¢sin2¢p > D, > 0 for ¢ €. We need
only replace K of Lemma 3.16 (used in the proof of Lemmas 3.3 and 3.5)
by a constant K valid for all p € 1, || V2, ||, s by C(8) (Lemma 4.1), k and C
by k; and C; (Condition A(i)) and &; by Dy in the various estimates. We
illustrate this in the case of Lemma 3.16. We first of all note that (3.12)
holds uniformly for ¢ € I. This follows from a uniform version of Lemma 2.5,
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obtained by estimating the first term in (2.1) by Cmax { || V ||ps, | V [l: }
and by using in (2.3), (2.4) the trivial estimate ||V{*||l; < || V|
together with the uniform estimates of Lemma 4.1. In (2.5) we use
Lemma4.1. It is easy to see that for every R > 0, g(¢, () is jointly continuous
in ¢ and { for pel and {eS_,, |{| < R. It follows that || g(¢, ) || < C
for pel, {eS_,. Then (3.13) holds for p eI with C, replaced by Ciy
By continuity (3.14) holds for ¢ €I with C, replaced by C, ;. Also the
integrand in (3.15) is continuous in ¢, { and {’ for pel, {eD and

30
[ — 4| = > This implies (3.16) for ¢ eI with C; replaced Cs,, and

we obtain (3.17) uniformly for ¢ el, from which Lemma 3.16 follows
with K replaced by K.

We finally discuss the case when the V, are S,-dilation-analytic, a < E
We note the following simple fact. 2

REMARK 4.3. — Assume that V is S,-dilation-analytic and that V(¢)
has a decomposition as in Lemma 4.1 on [— a, a]. Then V(¢) is continuous
on [— a,a] with values in ¢(H!,H™1).

The estimates of A%({) are valid for the operator H(e*) as well as for
0 < ¢ < a. The interval of Theorem 4.2 can then be chosen such that
I = (0, a]. The constant Cy(d) of Theorem 4.2 can be chosen accordingly,
esin2¢ > C; > 0 for ¢ €1, and we obtain the following result.

THEOREM 4.4. — Assume that for all «, V, has a decomposition as in
Lemma 4.1 on [— a,a]. Assume moreover that Condition A holds uni-
formly on [— a, a]. Then for every ¢ > 0 and every closed interval I < (0, a]

the set of resonances U R, -, 1s bounded.

pel

REMARK 4.5. — The condition of Lemma 4.1 is satisfied, and V is
S.-dilation-analytic, if V satisfies the following condition, expressed in
polar coordinates. N

There exists an L®(S?)-valued function V(z), continuous on S, and ana-

3
lytic in S,, such that for some p > 7

1
J sup { || V(re') |[f=es2) } rPdr < oo,
0 —ase<a
for some t > 1 .
sup  sup { || V(re) [y’ } < 0
—a<@p<a 1<r<w

and for re R* N
Vr, ) = V(r).
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In this case V(@), ¢ €S,, is given by

V(e)r, .) = V(er), reR*.
Moreover
Vi(p)eLPn L] and  Vy(p)ely,
where R
Vi(@)r, .) = V(e“ryo.1(r)  reR’
Vy(@)r, ) = V(e r)yam(r) reR*, and 1<s<t.

REMARK 4.6. — The statement of Theorem 4.2 can be expressed as
follows. For any two consecutive negative thresholds 2, and 4,, consider
the sheet F, ;, of the Riemann surface of dilation-analytic continuation

attached to (41, 4,) and given by F,, ;, = U U {,1 + e 2oRY ).

A<A<i; O0<¢<a
Then the set of resonances on %, ;, is bounded on the subset given by
0<d<@<a—4forany 6 > 0. Similarly for Theorem 4.4 for 0<dé<¢p<a
ifa < E
2

REMARK 4.7. — Using the well-known fact that ry({) has continuous
boundary values on R* in (Lﬁ, L2_ ), it is easy to show that A({) has conti-

nuous boundary values A +(C) il ga( A s) on all non-zero cuts. The estimates
of Lemmas 3.3-3.6 are then valid for A?({) including the boundary-values
in each strip. Singular points of A ,({) are identical with resonances on the
respective sides of the cut [4]. Thus Theorem 3.1 extends to include reso-
nances on the cut.

REMARK 4.8. — Replacing LY by LY for some ¢ > 0, we can prove
1 A%(0) ll@z) — O for { — oo, keeping dist ({, 6(H)) > ¢ > 0. This yields
an improvement of the results of [3] in the three-body case allowing

r~2*singularities instead of the r~!'*“singularities of [3].

5. BOUNDEDNESS OF RESONANCES ALONG
THE ZERO-CUT

In this section we shall prove that if the pair potentials decrease roughly
speaking faster than r~%asr — oo, then the set of resonances is bounded
also along e~ ?*?R™*. Finally we establish the uniform estimates up to ¢ = 0.

DEFINITION. — We define S, and £, by

S. ={{=s+e*t|s>0,teR}, Ryx=R,NS:.
-) (<)
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3 .
THEOREM 5.1. — Assume that V, = V,(¢) e M? for some p > X s> 2,
T
ol <a< 3 and all a. Suppose that every two-body eigenfunction ¢,

associated with a negative eigenvalue satisfies A. Assume furthermore
that for all «, /(14 B,ro(0)A,) = {0 }. Then £, _ is bounded.

Assume moreover that the number of two-body resonances in S, and
the number of positive eigenvalues of h, are finite for every «, that all two-
body resonances in S, are simple and that every two-body eigenfunction
associated with a positive eigenvalue satisfies A. Assume that there are
no two-body resonances on e~ 2’R*. Then £, is bounded.

Proof. — This follows in the same way as Theorem 3.1 from the Lem-
mas 3.3-3.6 with S., replaced by S,. Lemmas 3.3 and 3.5 are conse-
quences of Lemmas 5.4 and 5.5, proved below. :

REMARK 5.2. — V,eM?! (p,s as above) implies V,eL?~L? for

3 .

-<g< 3 It is well known, that under this assumption the number of
s

negative eigenvalues of each h, is finite (cf. [/2], p. 86). Under the slightly
stronger assumption that (1 + |x|)’V,eL? + L*® it is proved in [7],
Prop. (3.5) that the number of positive eigenvalues is finite. Generically
the number of resonances (and positive energy bound states) of each two-
body problem is finite. This follows from the existence and compactness
of |Ve|Y2r,o(0)Vy'? = lim| |V, [*2ro(()VE? in (L%(R32)), as noted by
A. Jensen [9]. o

LemMA 5.3. — (Iorio-O’Carroll [8], Ginibre-Moulin [7]).

(1) B;Ro({)A; is bounded and uniformly Holder-continuous in %(#)
for { € C, including the boundary values on e~ 2“R™.
(2) fa*Ro(0)A; is bounded and uniformly Holder-continuous in %(#)

for (e C, where fo(xs, Va) = fi(Va)-

Proof. — The proof is given in [7] for the two-body problem; as indicated
there (1) is proved in the same way, and this also holds for (2).

LEMMA 5.4.
(1) | B.Ro(O)Ag llgoery — 0 for || - o
2 | fa*Ro(DAy ||aey = 0 for [{] - o0

Proof. — Let ¢ > 0 be given. By Lemma 5.3 we can choose ¢ > 0 such
thatfor0 <y < dandteR

. . &
| B.Ro((t — is)e™2")Ap — B.Ro((t — id)e™*)Ag || < 3
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BOUNDEDNESS OF TWO- AND THREE-BODY RESONANCES 395
By Lemma 3.15 we can then choose K = K(d) > 0 so that

| BRo((t — iu)e™2®)A, || <§ for u>6 and'|t]=K,

hence

IB.Ro(DAgll <& for (eS_, [{|>K,
)

| B.Ro(O))Agll » 0 for [{| - o in S_.

Similarly we prove this in S, and (2) is proved in the same way.

LEMMA 5.5. —
| BRE(OA,[| = 0 for [{] — o0
and
B.RY(OA,; = BRo(O(1 — 65> ds)As — B.Ro(0)Ag - BRREDA,

Proof. — This follows from Lemma 5.4 and Lemma 3.16, which can
be proved also for ¢ = 0. Here we use the fact that g({) has continuous
boundary values in %(h) on e”2“R™ and that these boundary values have
no singular points on e~2“R*. There are no zero-energy resonances by
assumption. The fact that there are no singular points on e **’R* is proved
in [2] (note in the case of S, that by assumption e ?*’R* does not contain
two-body resonances).

We now proceed to discuss the extension of the uniform estimates of
Section 4 to include the zero channel as well as ¢ near 0.

. 3
THEOREM 5.6. — Assume that V, = V(¢)e M? for some p > o s> 2,

|@| < aand all o, and that the conditions of Lemma 4.1 are satisfied for
¢ € 1= [0, a]. Suppose that every two-body eigenfunction ¢, associated with
a negative eigenvalue satisfies A uniformly for ¢ € I. Assume furthermore
that for all a, h, has no zero-energy resonance for any ¢ (or, equivalently,

for one g el) and no positive eigenvalues. Then U A,- is bounded.
pel
Assume moreover that there exists b € (0, a] such that there are no two-
body resonances for ¢ € [0,b] (This holds generically). Then U R+
is bounded. #<[0,b]

Proof. — We sketch the proof in the case of %,,—, the proof for £, is
similar. The proof follows very closely that of Theorem 4.2, replacing S_,
by S_ as in Theorem 5.1. A main point to be elaborated further is the
existence and joint continuity of (1 + g(@, {))”! in ¢ and {, uniformly
for el and { € S_ (= S_(¢)), where ¢(¢p, {) is one of the operators
B(@)r0(®, O)AL0). As noted in the proof of Theorem 5.1 the continuous
boundary values of (¢, {) on e~ 2*?R* have no singular points. By assump-
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396 E. BALSLEV AND E. SKIBSTED

tion, 1 + g(¢, 0) is non-singular. Finally the boundary values of ¢(0, {)
on R* have no singular points by the assumption that h, has no positive
eigenvalues. This implies that (1 + g(e, {))"! is continuous in ¢ and (
for o €1, {eS_. As in the proof of Theorem 4.2 this is used to show that
B.(@)R2(¢, )A(p) is bounded for pel, {eS_.

Another central points of the proof is to establish

| Bd@)Ro(@, DA4@)I| = 0 for  [{] - o0

uniformly for ¢ € I. This follows as in the proof of Theorem 5. 1, using the
estimates
IVd@) lr < C, (I V@) llLa <C  for  g@el,

3 3
where - < g < > leading to the uniform Holder-continuity in { of
s

B(@)Ro(, H)As(p) for p eI and {eS_.

A slight adaptation of the remaining part of the proof of Lemma 4.2
suffices to conclude the proof of the fact that || A%(¢, {)|| — Ofor|{| — oo,
uniformly for ¢ € I, from which the Theorem follows.
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