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ABSTRACT. — We characterize the coherent state manifolds invariant
by a semisimple Lie group 4. Those obtained as orbits of a maximal weight
vector of an irreducible representation of ¥ are Kiahlerian spaces. We
give the list of them for simple compact ¥. We select those which are
symmetric spaces and give two parametrizations of these manifolds.

RESUME. — On caractérise les variétés d’états cohérents invariantes
pour un groupe de Lie semi simple 4. Celles qui sont obtenues comme
orbites d’un vecteur de poids maximal d’une représentation irréductible
de ¢ sont des espaces Kihleriens. On en donne la liste pour ¥ compact
simple. On identifie celles qui sont des espaces symétriques et on en donne
deux paramétrisations.
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174 A. CAVALLI, G. D’ARIANO AND L. MICHEL

1. INTRODUCTION

Coherent states are the quantum states more closely related to the
classical ones: they are one of the best tool to link quantum and classical
mechanical descriptions. The usual harmonic oscillator coherent states []
are sharply localized in position and momentum: during their time evo-
lution they preserve their shape and follow the classical path in phase
space. For a general dynamical system one can try to satisfy the two con-
ditions: 1) the manifold of coherent states coincides with the classical
phase space ; 2) the quantum Schrodinger’s paths on this manifold coincide
with the Euler Lagrange’s ones.

Both requirements can be fulfilled by the application of an algebraic
method [2]: recognize the dynamical Lie algebra g of the system (it contains
the Hamiltonian) and construct the %-orbit of a chosen cyclic vector of
the Hilbert space & of states, ¥ being a Lie group corresponding to g.

More precisely, in quantum mechanics physical states are repre-
sented by rays, i.e. the equivalence classes of collinear vectors in &: the
manifold of coherent states .#, is obtained formally as follows:

My, = TUE) | 0> < F 1.1)

In eq. (1.1) % denotes a unitary irreducible representation of ¥ on &,
& is the set of rays, | v ) € & the chosen cyclic vector and finally 7 : & — &
the projection (which coincides with normalization of the vectors and
forgetting the phase). From eq. (1.1) it follows that the manifold .#, coin-
cides with the homogeneous space:

M,~ %/%, 1.2

where %, denotes the isotropy group of the vector ray represented by
|v>. If a Kihlerian structure can be put on .#, one obtains a manifold
which can be interpreted as a phase space, whose corresponding set of
states is suitable for constructing path integrals [3]. The dynamical group ¢
guarantees the preservation of coherence during the time evolution, i.e.
the Schrédinger paths starting on ., will remain on it for all times [4].
Moreover a path on the manifold satisfying the Schrodinger equation
minimizes the action [5].

In quantum physics with an invariance group, the most frequently
occurring states are the weight vectors. For instance for a spin one particle
(% = 0(3), &: three dimensional complex space carrying the adjoint
(spin 1) representation), the circularly polarized (or helicity) states and
the longitudinally polarized states are weight vectors. They form two
orbits of 0(3); the one parameter family of other states orbits have no
name [6].
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INVARIANT COMPACT MANIFOLD OF COHERENT STATES 175

More generally in particle physics, with internal #%-symmetry, only
weight vector states occur ; of course it is meaningful to construct coherent
states only when 4 is an exact symmetry e. g. the color SU(3).

For many non linear equations with soliton solutions the manifold of
solutions is the orbit of the maximal weight vector under the action of
infinite dimensional Lie groups and solitons can be interpreted as coherent
states for a dynamical system with an infinite number of degree of free-
dom [5] [7].

In this work we describe the coherent state manifold for compact semi-
simple Lie groups constructed from highest weight vector of their (unitary)
irreducible representations.

In sect. 2 we give the detailed structure of the Lie algebra of %,. In sect. 3
we show that for maximal weight vector the manifold .#, is compact and
carries Riemaniann, symplectic and also complex structures: so it is Kéhle-
rian and can be thought as a classical phase space. Moreover we give the
conditions for this manifold to be a symmetric space (with constant Rie-
maniann curvature) and we list the corresponding representations. For
the other weight vectors, when the manifold has not these properties,
we do not study them in detail.
~ In sect. 4 we give two parametrizations of these manifolds and recall
the constructions of Bargmann spaces of holomorphic functions on them.
Finally, in sect. 5, we give a family of simple examples to illustrate this
general work.

2. THE ISOTROPY GROUPS OF WEIGHT VECTOR RAYS

In order to make this paper more self contained, we first recall some
basic facts for compact semisimple (real) Lie groups [8]. We denote by
x A Y, (x,yeg) its Lie algebra law. On the vector space of g one builds
the adjont representation x +— Ad(x) defining the action of the linear
operator Ad(x) on g as: Ad(x)y = x A y. Jacobi identity shows that
Ad (x) are antisymmetric real operators with respect to the Cartan-Killing

form
(x,y) = — tr Ad (x)Ad (y) 2.1)

and that they do form a representation of the Lie algebra g. According to
physicists custom we will use in the following (pure imaginary) Hermitean

operators
Jx) =iAd(x) 2.2

denoting the Lie product by means of the commutator:
D), I(»)] = iJ(x A y) 2.3)

Vol. 44, n° 2-1986.



176 A. CAVALLI, G. D’ARIANO AND L. MICHEL

A Cartan subalgebra ) = g is a maximal Abelian subalgebra. One
shows that all h’s are conjugated by the group %: their common dimen-
sion [ is the rank of 4. The set {J(h);heh} of commuting Hermitean
operators has in common an orthonormal basis |z, ) of eigenvectors in
the complexified vector space g© equipped with the Hermitean product
24125 ) = (2, 2p), 2o 25 € g% The eigenvalues of J(h) on the | z, > depend
linearly on h and hence they can be written as a scalar product with a fixed
vector u, € b (as the Cartan-Killing form is non degenerate on g and } too):

I 2ze> = (wh) | 22> 2.4

Eq. (2.4) defines the roots u, el of g. Since J(h) = i Ad (h) and Ad (h) is a
real antisymmetric operator, |z, » is also an eigenvector that we denote
also by |z_, > and (2.4) shows that its root is u_, = — p,.
Extending the Lie algebra law to g® eq. (2.4) can be written either
h A z, = — i(ly, h)z, or:
D), J(z2) ] = (1 W)J(z0) 2.5)

Jacobi identity shows that if z, A zz 0, the corresponding root is
Ue+p = My + Hg; then, up to a normalizing constant

Zy N Zg = KypZaip (2.6)
The usual normalization is fixed by:
Zog N Zq = 2UZ g Zole = 20 24| 20 ) Mo 2.7
With the simplified notation:
I9 = Wpdl(poo 1)) J9 = Uz 0) 2.8
one obtains the three generators of a su(2) subalgebra in the standard form:
[J9,19] = £ J9 [J9,J9] = 219 2.9
As a particular case of eq. (2.4) we obtain:
1912, = 2285, 2.10)

and from (2.9), by an analysis well known to physicists, one deduee that
J$ has eigenvalues m, — j < m < j with 2j, j — m positive integers, so the
numbers 1,5 = 2(Uy, Hp)/(Ua M) are integers.

Moreover the J§ eigenvectors are (J)|z; >, 0 < k < g and (JP)*| z5 )
0<h<p with p+q=2j, q—p=n, corresponding to the roots
tg + Ny, — g < n < p. Weylintroduced a basis of [roots { u; },i=1,...,1
such that the off diagonal elements of the Cartan matrix:

Aij -2 (uis ”’J) (2 . 11)
(s i)
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INVARIANT COMPACT MANIFOLD OF COHERENT STATES 177

are non positive. In such basis all roots in ) are linear combination with
integer coefficients all positive or all negative: so one can speak about
positive or negative roots. The whole structure of g is contained in the
Cartan matrix which is represented by means of a Dynkin diagram. This
is constituted by vertices (o or e) corresponding to (long or short—only
two different length are possible) roots: they are joined by A;;A;; bonds.
The roots generate an additive group £ which is a Z-lattice (i. e. it is gene-
rated via Z-linear combinations of basis vectors). The reflection R, through
the hyperplane orthogonal to the root u, transform any root u; into:

(.ua’ uﬂ) =
( Has a) Ho

1
which is the root corresponding to the eigenvalue — 3 s of JP. The

Ropp = pp — 27— 1ty = g — Noplhy (2.12)

reflections R, generate the Weyl group #7(%) which is the stabilizer in ¥
of . Long and short roots in | form two distinct #7(%) orbits. From eq. (2. 6)
one can see that the z,’s corresponding to positive (resp. negative) roots
span the complex subalgebra g5 (resp.g%) and ¢© is decomposed in the
direct sum:

“=e"@h@ g% (2.13)

The Borel algebras b, = h® @ ¢§ are maximal solvable subalgebras
of g%

The generalization from the adjoint representation to any irreducible
representation x — F(x), with [F(x), F(y)] = iF(x A y) of a simple Lie
algebra g is straightforward. The roots are replaced by the weights wy €
and the corresponding weight vectors | v, > € & (& : space of the represen-
tation) form an orthonormal basis of &. Similarly to eq. (2.4), the weights wy
are defined by:

F(h) [ va > = (h,wa) [va > (2.14)

With an abbreviated notation corresponding to (2.8), the generators
F(uo/ (1o 1)) = F® and F(z,) = F? satisfy eq. (2.9). So 2F¥ has integral
eigenvalues:

z(ﬂm WA)

z )
(Kas 1) © @19

Similarly, from eq. (2.9) applied to the F®s one can build other eigen-
vectors (F$)"|va > common to all F(h), hel. For instance for h= p,/(1s, 1s):

(o Wa £ W9) i, (2.16)

FRERY 1oa = (Mar o)

Vol. 44, n° 2-1986.



178 A. CAVALLI, G. D’ARIANO AND L. MICHEL

so if (FP)"|v, ) # 0, it corresponds to the weight w, + nu, One also
verifies that Weyl reflections transform weight into weights:

(WA’ .uz)
(K> 1)

and the weight obtained in eq. (2.17) corresponds to the eigenvalue
— (Ha» Wa)/ (1 1) Of F§2. So the set of weights of a irreducible representation
is stable under the Weyl group action and is a union of #7(¥%) orbits.

Egs. (2.15) and (2.16) show that the additive group £ generated by
the weights is a Z-lattice, invariant by #7(%). As eq. (2.4) is a particular
case of eq. (2.14) the adjoint representation is irreducible and its weights
are the roots, i.e. # = 2. The quotient group of the two Z-lattices:

PIR =2 2.18)

is a finite Abelian group given in table 1. Since all weights of an irreducible
representation differ by elements of £, they are in a unique coset of #
in 2. So the set of irreducible representations of ¥ decomposes into families,
each one corresponding to an element of 2. As the weights of a tensor
product %; ® %, of irreducible representations %; and %, are of the
form w® + w® (w® weight of %;), the tensor product of representations
is compatible with the group law of 2. '

In the adjoint representation, since for h, keh,h A k=01i.e.J(h) |k > = 0,
there is a [-degeneracy in the spectrum of the complete set of commuting
operators J(h) at zero (on the contrary all root-spaces are one dimensional).
The same degeneracy can appear in an irreducible representation: a
W (%) orbit of weights can be m-times degenerate—Weyl reflections connect
weights with the same multiplicity—and there is an arbitrariness in choosing
basis for weight spaces or for the Cartan subalgebra §. On the other hand
one proves that #7(%) acts transitively on the set of Weyl basis. As obviously
no non trivial element of # (%) let fixed every vector of the basis, the choice
of a Weyl basis chooses C,, one of the | #(%) | (= the number of elements
of #7(%)) Weyl chambers, i.e. a convex connected open cone limited by
the reflection hyperplanes (orthogonal to all the roots). #7(%) acts transiti-
vely on the set of Weyl chambers and every #(%)-orbit has an unique point
in C,. The dual cone I of C,,—i.e. the convex hull of the basic roots—
defines a partial order relation in h:h <k < k — hel.

This choice separates the roots into positive u,eI’ and negative
U_, = — U, as already seen. Raising operators, corresponding to positive
roots, elevate the weights. Each irreducible representation has a maximal
weight wy corresponding to a non degenerate weight space C | vy » which
satisfies:

Rowa = wp — 2 m” @2.17)

VaeA*, F@Ploy>=0 (2.19)
where A" is the set of indices of the positive roots.
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Eq. (2.19) characterizes | vy » completely (up to a multiplicative cons-
tant): the representation space & is built from | vy > by applying to it words
of lowering operators F® until the minimal weight is reached (annihilated
by all F®, u, > 0). All the possible maximal weights are contained in the
closure of the Weyl chamber wye 2 NC,, i. €. 2(u;, wa)/(i> p)€Z U {0},
{ u; } being the Cartan basis. In particular the weights w; which satisfy:

(ﬂi’ w j) _
(s 1)
form the dual root basis (when all roots have the same lenght it is convenient

to normalize them by (u;, u;) = 2). The basic weights w; are the maximal
weights of the fundamental representations. In this basis the components #;
]

2 0

(2.20)

ij

<wM = Z 11,-wi> of a maximal weight are non negative integers. So every
i=1

irreducible representation of g can be labelled by a set of integers #; = 0

placed on the vertices of the Dynkin diagram of g (generally called Dynkin

indices).

In particular the irreducible representation with only one Dynkin
index, i.e. wy = nw; belongs to the completely symmetrized n'® tensor
power of the fundamental representation of maximal weight w;.

We are now ready to study the isotropy group of the weight vector rays.
Denoting by 4T, the isotropy subgroup in % of the ray C|uv, ), its Lie

algebra gf, is, by definition, given by:

gl = {xeg®:F(x)|va) = A|va), AcC} (2.21)
The annihilator algebra of,:
grn = {xeg®:F(x)|v,) =0} (2.22)
is a Lie subalgebra of g‘,‘i. From eq. (2.14) one sees that:
hcqf, (2.23)
bogr, = b, =wai={heh:(hwy) =0} (2.249)

We will need the two following lemmas.

LEMMA 1. — Lett = t_ + t, + t, € g° the decomposition of ¢ according

to (2.13), with t, = Zyiazia, S.,eC.
acAt
Then F(#) |va ) = A|va ) < (tg, wa) = A and &, F(z1,)|va > = 0. The
implication <= is obvious. We remark that all F(z,,)| v, ) either vanish or
are orthogonal to | v, ) and among each other (they correspond to different
points of the spectrum of the set of commuting operators F(h), heb). So

Vol. 44, n® 2-1986. 8



180 A. CAVALLI, G. D’ARIANO AND L. MICHEL

by taking the Hermitean scalar product with { v, | on the left with any of
these vectors the lemma is proved. This lemma can also be expressend by the
equation:

ia = ® Cz.0bh, O Cz (2.25)
F(z-o)|va>=0 F(ze)|vad> =0

LemMA 2. — If two of the three vectors F®|v, >, F® v, > F®| v, )
vanish the third one is also zero.
The F®s satisfy the second equation of (2.9) which applied to | v, > reads

FOF9 | ¢y — FOF® | ry > = 2F9 |0, ) (2.26)

So F®|vs > = 0 implies F{” | v, > = 0. Assume now that F{?|v, > =0
and F|v, > = 0, so, by eq. (2.26), FOF® | v, > = 0. Since F® and F®
are Hermitean conjugated each other:

0 = (oA FYF@ vy > = (F, | F®0, 5,

e F91v,> =0, Q.E.D.

Weight vectors of weight on the same #7(%) orbit have conjugated
isotropy groups: so, without loss of generality, one can choose them in
the Weyl chamber C,, i.e.

aeAt  (pwa) =0 < waeC, (2.27)

In a way analogous to the derivation of the root ladder one sees that if
(F@Y |va ), (F¥)|va) are non zero weight vectors with 0 < h < g,
0 < k SP) then q—p= 2(“0:’ WA)/(:uas:ua): so if F$)|UA> # 0 p = 1 and
q = 1+ 2(/‘0:: wA)/(”w .ua) and also F(—a) | UA> # 0.

Equivalently F® |v,> =0 = ¢g=0 = p <0 and also F®?|v,> =0
and, by lemma 2, F{” | v, > = 0 which is equivalent to (y,, wa) = 0.

Summarizing, for w, € C,, one has:

F@loa>#0 = FP p, > #0 (2.28a)
FOlo,>=0 = FPlv,>=0 and (u,wa)=0 (2.28b)
Beware that (u,, wa) = 0 does not imply F® | v, > = 0.

Eq. (2.4) with h = w, shows that the Lie algebra g,, of the isotropy
group %,,, of the weight w, in the adjoint representation of ¢ is given by:
Goa = 00N 8. @u)" = @ Cz,@b° © Cz (2.29)

acA+
(HasWwA)=0 (Mot WwA) =0

So for any weight w, € C,, there is a natural decomposition of g€ into
the direct sum of three subalgebras:

g° = w? @ (g,,)° ®wh (2.30)
where:
wi= @ Czy4 (2.31)
(u:viiPO
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Egs. (2.25), (2.28b) and (2.30) show that g5, is a subalgebra of
(9w,)® ® wA ; this latter coincides with the Lie algebra of the isotropy
group for the maximal weight vector ray:

05 = (Bup)° D WY (2.32)

Indeed all F® annihilate | vy > (see eq. (2.19)) i.e. w¥ < ¢f, moreover if
F{Plom) =0 ie (u,wy) =0, since FP vy ) =0, from lemma 2 also
F@ vy ) = 0,50 (8,,,)° < Gty

Finally from eq. (2.32) it is straightforward to verify that
G = 95, N g = Gy, Given an irreducible representation of g, we denote
by .#,,,, the closed convex hull, in the Cartan subalgebra b, of the orbit of
the maximal weight. For a generic degenerate weight w, the computation
of 4¢, depends on which vector v, is chosen in the multidimensional
eigenspace of the F (h), hel, corresponding to w,. For a non degenerate
weight w, one has:

F(Za)|vA>7£0<:> WA+H'm€jwM (233)

So the smallest possible E‘E-\ is h® and is obtained when w, is non degenerate
and satisfies o

o5, =" = R, © Iy (2.34 )

R = {Wa + Uy iy is @ TOOL } 1 (2.34 b)

a5, is larger for example when w, is on the surface of .4,,,, In general g,
would reduce to h® when w, is in the interior of .#,, , and will grow when
w, is on a k-facet with decreasing dimension k, being maximum when
k = 0i.e. it is on a vertex which corresponds to a maximal weight. Note
that many fundamental representations have only one weight orbit, so
every weight can be maximal for a particular choice of the Weyl basis.
These fundamental representations are all those of A, the representations
with maximal weight w, for B,, w; for C,, wy, w;_;, w; for D;, w; and ws
for E, we for E, (for the labelling of the weights see table 1). We will select
again most representations of this list in the next section. Finally we point
1

out an important case: when all components #; of wy = Z nw; are # 0.
Then oS, = b, the Borel subalgebra already defined.

i=1

3. THE MANIFOLD OF COHERENT STATES

Until n now we have studied only the Lie algebra oS, of the isotropy
group %¢, of a weight vector ray. In general several Lie groups have the
same L1e algebra However for a semisimple Lie algebra g (or g°) there is
a unique simply connected semisimple Lie group % (or 69"’3) the universal
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182 A. CAVALLI, G. D’ARIANO AND L. MICHEL

covering group, whose Lie algebra is g (or (g%). Its center is the finite group 2
defined in eq. (2.18) [9].

As, by definition, 2 turns to be the kernel of the adjoint representation
of &, one has ¥© > 4C > 2. Any other group with Lie algebra g is the
quotient /% where # = 2 and F is therefore invariant subgroup of
%ﬁ, %, 4°. Since

4° | g
C _ v
4°/95, = 7 / g; (3.1)
the homogeneous space _
My, = %/%,, (3.2)

is independent from the choice among the Lie groups having the same
Lie algebra g.

Let us consider the case of maximal weight vector. We remark that the
set of rays & of a (finite dimensional) Hilbert space is a compact manifold.
The isotropy groups of rays corresponding to maximal weight vectors
are maximal among the isotropy groups—as shown in sect. 2—so their
orbit is closed [/0] and compact (being contained in % compact). We can
then apply a theorem of Montgomery [//] which yields:

GGE, = %)%y = GG = Mo, (3.3)
since %€ is simply connected and % is maximal compact in %€ and

G Y =4, (see egs. (2.29) and (2.30)).

We could also have considered the Iwasawa decomposition [/2] (in the
case of complex semisimple Lie algebra, see theorem 6.3 in ref. 12) g© con-
sidered as a real algebra is the sum

G F=g@adn (3.4)
where a = Im h® and n = g5 has been defined in (2.13). Then for a maxi-
mal weight vector, with (2.29) and (2.30) we have

O =g @adn (3.5)
The Iwasawa decomposition is valid for any group of Lie algebra g©
4t = 499 ¥ with A invariant subgroup of o A" (3.6)

and every g € 4° has a unique decomposition g = kan, ke 4,ae o, ne N .
So
My, = GGE, = GAN |G AN = G/%,,, (3.7
Indeed if
g = kan
from ke k %, N we obtain

gek9, A Nan = kY, AdaNn = kG, AN

Annales de I Institut Henri Poincaré - Physique théorique



INVARIANT COMPACT MANIFOLD OF COHERENT STATES 183

$0 s
gFE = k&G, AN

i.e. there is a bijective correspondence between the left cosets of 4, in 4©
and those of 4,,, in 9.

We can apply these considerations to the case when all Dynkin :indices
of the representation are non zero. As we have in sect. 2, #,,,,=9%/B=%/A .
It can be shown that this a projective space [9].

Since .#,,, is one of them, we recall the properties of ¥-orbits in the
adjoint representation. By definition of Ad (a), one has

KerAd(d) =g, ImAd(a) = T(%/%,) = ot (3.8)

where b + Ty(%9/9,) is the tangent space at b of the orbit 4/%,. The proof
of the last equality reads: let 0 # a A beImAd(a) and let a A c =0 1i.e.
ceKerAd(a); then (a A b,c)= —(b,a A c)=0. The Cartan-Killing
metric induces a non degenerate scalar product on each T,%/¥,) and
therefore a Riemaniann structure on the homogeneous space 4/%4,. We can
also introduce a symplectic form on Ty(¥/%4,) as follows:

Vx,yegr  oxy)=b,x Ay = —(xbAY) (3.9

It is not degenerated i.e. for any x € g; it cannot vanish for all y e g
Indeed the restriction of the Cartan-Killing form on gj is non degenerate
so there exist b A yeIm Ad (b) = gy such that 0 # (x,b A y) = — ay(x, y).

Hence a,(x, y), Vb € 4/%, introduces a symplectic structure on the orbit
%/49,. Incidentally this proves that

d, = dim 9/%, :even (3.10)

Finally we can also establish that ¢/%, is a complex manifold of dimen-
sion d,/2 carrying a %-invariant Hilbert structure:

x,yeT(¥/9) <(xy)=(xy) + iox,y) (3.11)

Therefore it is a Kédhlerian manifold. All these properties apply to
My, = 9/%,,, but they cannot be generalized to the orbit of all weight
vectors. However this is still true for the weight vectors of non degenerate
weight satisfying (2.34). In their case

Moy =GIHE = (GIH) = (9/9)° (3.12)

where ¥, is the centralizer of a regular group element.

From now on we consider only the case of maximal weight. Dynkin
has given a useful rule for obtaining g,,, from the Dynkin diagram and
the Dynkin indices #; of the representation. The rule is to remove from
the Dynkin diagram all vertices whose 1; > 0 and replace each of them
by a U(1) algebra. The remaining vertices, whose n; = 0, form a (in general
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184 A. CAVALLI, G. D’ARIANO AND L. MICHEL

non connected) Dynkin diagram which correspond to a semisimple Lie
algebra f and one has:

Gy = I D (U k = number of n; > 0 (3.13)

One can see that g,,, depends only on the n; = 0. The g,,,, of the funda-
mental representation wy = w;, or the irreducible component of their
symmetrized tensor product of degree m (wy = mw;) are maximal sub-
algebras of g.

We want now select among the Kahlerian manifolds .#,,, those which
are Cartan symmetric spaces, i. €. they have a constant curvature and in
each point have an isometric inversion which is induced by an involutive
automorphism o of ¢ on the orbit ¥/%* where %* is the subgroup of fixed
points of a. The corresponding automorphism of the Lie algebra simply
multiplies by — 1 the vectors of (g%)* = m. So

g=g"®m a)g*Ag’cg* bgAamcm cgmamcg® (3.14)

In our case g* = g,,, and a), b) are always satisfied because g* is the Lie
algebra of an isotropy group. If equations (3.14) hold for the real algebra,
they also hold for its complexification. It is easier to study ¢) in the complex
version. From eq. (2.30) one sees that:

m® = o™ @ M (3.15)

Each summand is a subalgebra: this property is compatible with ¢)
only if o% A w¥ = 0,i.e. wM are Abelian subalgebras. For which maximal
1

weights wy = mei this necessary condition for ¢) is satisfied? We
i=1
need first to recall the following lemma. If two basic roots u;, p are not
orthogonal (i. e. their vertices are connected by a segment in the Dynkin
diagram) of the two non diagonal elements A j or Ay; of the Cartan matrix
respectively equal to 2(u;, w)/(u;, ;) and 2(u; we)/(t i), one is equal
to — 1 (say Ay), so eq. (2.12) for the reflection R; applied to u; shows
that u; + p is a root. Let y; be a vertex joined to p (i. €. (4, ) # 0). By
the same proof we show that u; + u, + 4, is a root and so on... So if wy
has two non vanishing components, say #; and 7, denoting by L the line
of the Dynkin diagram joining j to h, (these set L may be empty), we have

that p, = w, + unis arootand z; A z, # 0 since u; + p, is also a root.
heL

Since (g Wr) = (e WM) = M > 0, z, and z; belong to w¥ and it is not

Abelian. Hence a necessary condition for w¥ to be Abelian is that wy has

only one non vanishing component i.e. it is a multiple of a fundamental

weight wy = nw;. In that case w¥ contains all z; corresponding to roots
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of the form uy; = w; + p, with (u,, w;) = 0. A further conditions must be
satisfied for abelianness

Wi+ Mie = 20 + Uy is not a root (3.16)

1

We recall that the positive roots are linear combination p, = Zc,-yi

[
of basic roots with non negative integer coefficients which are bounded
by those y; of the maximal root py (the maximal weight of the adjoint
representation) : ¢; < y;. The coefficients y; are given in many textbooks
and are indicated in table 1. So eq. (3.16) is satisfied for the fundamental

TABLE 1.

Dynkin diagrams of simple Lie algebras with numbering of the vertices

used in this paper above each vertex (black dots represent shorter roots).
Below each vertex the components of the maximal root py is given [15].
On the next column, the finite group 2 (defined in eq. (2.18)) is given.
Then the representations giving a symmetric space for .#,,, are listed.
The last column gives the nature and the dimension of .#,,, when it is

a symmetric space.

REPRESENTATIONS

NATURE OF THE COMPLEX
GIVING ‘M.‘M SYMMETRIC SPACE DIMENSION
DIAGRAM Q SYMMETRIC oF My,
2 3 £-1 €
" o e o—0 Zy,, PTtore =1 SU(E+1) /U(0) =By € )
1 1 1 1 1 * 1¢p< @ SU(£+1) /S (U(p) XU (L+1-p)) p(d+1-p)
1 2 3 £-1 4
By O——O—0 ... C—B 22 p=1 §0(20+1) /50(20~1) xS0(2) 20-1
1 2 2 2 2
1 2 3 -1 ¢
c¢. o—e—e.. «&—D 2, ) sp(20) /u(d) .&2*_”_
2 2 2 2 1
1 2
even 22 p=1 s0(20) /s(0(2€~2)x0(2)) 2(4-1)
1 2 3 -2/ 1 @ 7 et "
D OO0 +ee o " == [} [} (£-1)
e = so(2t) /u(t) 2522
1 2 2 2 \& or P 2
1 2
2 =» 1 -
2 3
1 23 4
A O 1 —
2 3 4 2
1 2 3 4 5
E6 i 2 3 . 2 1 Z3 p=1 or p=5 EG/S(O(lo)xOQ)) 16
2
1 2 3 4 S 6 7
p=1 E_,/Esxu(l) 27

7
BT % 3 4 3 2 2
7
2

E8
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weights w; corresponding to y; = 1. The list of such representation is given
in table 1. We prove now that the condition that w"¥ be Abelian is also
sufficient for .#,,, to be symmetric. For a given i such that y; = 1 one has the
decomposition:
ml= @ (Czpe:®Cz_, ) 3.17)
o
+ Abelian implies z4 44 A Zx+y = 0. The Lie products such as
Zitg Az @+py vanish except if piy, — fisp = li,—p is @ root. But from
eq. (3.17) u, and pg are orthogonal to w;, so is their difference and then
Za-p€(@u)°  QE.D.
In table 1 we list for each simple 4 the fundamental weights giving a
symmetric space (Wwhose complete dimension is also given).
The generalization from a simple to a semi-simple Lie group is straight-
forward. The corresponding orbit is the topological product of those for
the simple components of the group.

4. PARAMETRIZATION OF THE MANIFOLD
AND BARGMANN SPACES

We will give an explicit parametrization of the manifold .#,,, constructing
an holomorphic local chart and writing explicitly its metric structure.
From eqs. (1.1) and (3.3) one has:

My = TGO |1y > = TUE) | 1y ) (4.1

™

where ¢ denotes the holomorphic extension of the unitary representation
of the group %. The holomorphic %* orbit is obtained using the Gauss
decomposition [/3] of the Z-regular elements ge %® (we will omit the
& symbol in the following, unless specified):

zt e %S = exp(g%)

g =z kz* ke #C = exp (h®) (4.2)
ge Gt

4%, #'“ being the simply connected Lie subgroups corresponding to the
Cartan decomposition (2.13) and 4%, denoting the subset of ¥* of -regular
elements: a &-regular element is defined by the requirement that all its
principal minors in the & representation are non vanishing. As the set
@<, is open and everywhere dense in 4C, the set g‘ﬁ\greg of elements non
Gauss decomposable has zero measure (the measure is the Haar invariant
measure on %%). By means of the Gauss decomposition (4.2) the Borel
subgroup # = exp (b,) of the isotropy group 45, can be factorized out.
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The complete factorization of the stability term of g can be obtained using
the following further decomposition:

z7=p o~  p eexp("), o eexp (o) 4.3a)
gt =M@ oM M= @ Cz 4.3b)
(uaﬁﬁq):O

The decomposition (4.3) is possible as wM and o™ are subalgebras
decomposing g© and wM is an ideal [/3]. So a local chart of .#,,, in C*
(s = dimwY, w™=T,,(%9%/%5,) is given by identifying the coset
8% (g € 9%,) with the vector ray:

|c>=exp{Z&Fﬁ}|vM>ey el 4.4
acAt C:{Ca} ( )

The chart defined by eq. (4.4) cannot cover the whole manifold .#,,,
as the cosets composed of non @-regular elements g¥4%,, = ¥°\9L,, are
not mapped. However these constitute a .#,,,-subvariety of lower dimen-
sion and the chart can be used as a domain of integration instead of a com-
plete atlas, giving the useful property that the set of states {|{ ), (e C*}
is overcomplete (see also the following). On the other hand an atlas can be

obtained using the transitive action of the group on the homogeneous

space M ,,,.
Explicitly, the Kéhlerian structure on .#,,,, is given in this coordinate
system by:
ds? =2 Z g.5d(*dl* 4.5a)
a.p
8ap = O2f /000" (4.5b)
and the function f:
len{ 919 } 4.50
Comlom)

is positive definite because of the Schwartz inequality

LY = Llom> P/ <omlomy  and Loy = omlom

so (4.5a) is a Kdhlerian metric. The metric (4.5 a) provides a measure
for M ,,,:

du((,0) = Ndet(ggd(* A ... AdAE AAT A ... AT (4.6)
which can be normalized, by a suitable choice of N € C, in such a way to
obtain J du(¢, §) = 1, as M,,, is compact.

One cg; also give a parametrization of .#,,, by compact coordinates
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using the restriction of the holomorphic representation & of %€ to the
unitary one % of % and identifying .#,,, = 9%/95,, = 9/%,,.

The relation between the two coordinate systems (the old ones, which
are non compact, and the new which are compact) can be obtained Gauss
—decomposing the %-regular representatives of the coset g%,,,:

ém’ Ca; 901’ ﬂi, V]GEC

g= exp{ Z (EF@ — E“F‘f))} =

acA+

(a;wM) > 0
= exp { Z {F@ } exp { Z S F® }
acA+ aeA+
(Haswm) >0 (s wM) =0

exp { Zﬂi P } exp { Zn"F&"" } 4.7

aeA+

Because of the uniqueness of the Gauss decomposition, one constructs
a one to one correspondence between representatives of the %-regular
cosets in %/9,,, and ¥%/4S

exp{ Z (EF® — Z“FS‘E‘))} « exp{ Z C“F@} 4.8)
acA+ +

acA
(s Wwm)> 0 (e, wm) > 0

In general the explicit relation &* = £%((, {) between the two coordinate
systems (and the bounds for the compact coordinates &%) is obtained
solving the Baker-Campbell-Hausdorff problem for the group %C.

Using the compact coordinate system the overcomplete set of coherent
states (4.4) is written:

&> = eXp{ Z C“(f,E)F9’}Ivm>

_ K@,aexp{ Z (5&F@-zanef>)}|vM> @.9)

aeA+
(Ux.wm)> 0

where the normalization K(¢, &) is given by:

IKE PP =<E18) (4.10q)

K(, ) = eXp{ - Zﬁi(f, W, m)} = (om| %) vmy~! (4.10D)
i=1
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Using the irreducibility and unitarity of the representation one can
derive the completeness relation:

1 =J dp(¢, &)1 ¢ x & (4.11q)
Mo
dp(&, &) = dge™1€9d¢ (4.11b)

dg = dim (&) being the dimension of the Hilbert space of the representation
and f given by (4.5 ¢).

Using the Kahlerian structure of .#,,, and its compact parametrization
it is possible to realize the Hilbert space & of the states as a space of holo-
morphic functions defined on .#,,, (more precisely on the open subset
mapped by the local chart). For every | ) € &, let us consider the function:

W) = <<y 4.12)

The function () is holomorphic by construction:

a%l/,(c) = vy | F® exp{ z (&PFD — E"st”)}lllw =0 (4.13)
BeA+
(ug,wm)> 0

In particular the function vy(§) = { &|vy ) is everywhere constant on
M, Using the completeness relation (4.11) one can write the scalar pro-
duct between two vectors |} >, | ¢ > in the form of an integral over /,,,:

Yle) = J du(&, OH(Oe(&) (4.14)
Mom

where to the « bra » (/| corresponds the antiholomorphic function

Y| €D = Y(€). On this Hilbert space of functions—which is the genera-

lization of the Bargmann-Hilbert [/4] space of entire functions on C—

the group ¥ acts as follows (see egs. (4.9) and (4.10 a)):

Com| %" (YU(g) 1Y
UY(o’ = U(g’ = -
[%gWIE) = CE1uE) > Com| U (g) | om >

Com| % (g7 ) low> _ 1
_ -1y = (o’ ' 4.15
ol @) oS (g ™18 = g, (g ™' (4.15)

where g belongs to the coset labelled by £ and g’ € 4. The function p(g’, &)
satisfies the group functional relation:

ug"g', &) = ug",g' " Hug’, ) (4.16)
and on the isotropy group ¥%,,, one has:
s, &) = Com| U(s) lvm) = k(s)  s€F,, 4.17)

i.e. it gives a one dimensional representation of %,,,. We have shown in
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eq. (3.12) that the group %,,, is (modulo the division by a finite group in
the center) a direct product of a semisimple Lie algebra f and (U(1)* where
k is the number of non vanishing wy components. Since f has no non trivial
one dimensional representation, k(s) is simply the character of (U(1)* and

then:
1
K(s) = exp { iZaini} o, eR (4.18)

i=

and the u;’s label the representation of (U(1))".

Thinking (&) as a function on % constant on %,,,, one can recognize
in eq. (4.15) that the group acts on the Bargmann-Hilbert space as the
representation induced by the unitary character k of 4,,,,. We emphasizes
that the manifold depends only on the zero components #;; while this
induced representation depends on the values of the non vanishing #;.

5. ONE EXAMPLE

We illustrate the preceeding sections by a simple example. We will
consider the compact group ¢ = SU(I + 1) in its natural (/ + 1) dimen-
sional representation with maximal weight wy = w; (or wy = w; for the
contragradient representation). From table 1 we know that the group
orbit of the highest weight vector is the projective space P,C which is a
Kihlerian symmetric space. For [ = 1 this manifold corresponds to cohe-
rent states for spin 1/2, and it is the sphere S%. For SU(3) in quantum chromo-
dynamics it can describe coherent states of quark colors.

As a complex algebra su(l + 1) corresponds to the simple algebra
g® = A, = sl + 1, C). In the representation that we consider all the weight
vectors belong to the same orbit (and can be thought as maximal). All the
weights # wy can be put in one-to-one correspondence with the positive
roots u, not orthogonal to wy:

[va,> =col(0,...,1,...,0), (5.1)

lvm > = col (1,0, ...,0), (5.2

|WA,.>=WM_Z.ui (5.3)

i=1
A* = {+ @+ o+ ... +m); 1<i<k<l} (5.9
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(col (x;,...,x), denotes the k-dimensional column vector). With the
choice of basis (5.1) and (5.2) one has:

F® =Eij44 FO=Epiri Moo=+ fivr + oo+ i
F = Eii — Exv1h+1 (5.6)

where E;; denotes the (I + 1) x (I 4+ 1) matrix (E;;)um = 0is0;»- The Lie
algebra of the isotropy group of the highest weight vector ray is simply
written:

’ EmzbJr@spanc{F(_“);ua:Zuk;Zéi<j<l} (5.7

and the subalgebras:
k

w¥=3panc{F‘£‘);ua=Zui;1<k<l} (5.8)
i=1
are Abelian, so giving a symmetric space for ./ ,,,.

The compact and non compact parametrization of the manifold can be
obtained using egs. (4.4) and (4.7):

&> = Col(l,% tg(llﬁll))m (599
1{> = col(1, iy (5.9b)

where the compact coordinates ¢ = col (&4, ..., &), &eC

. 1/2
Nl = (Zléilz) <

are linked to the non compact ones { = col({y,...,{), {;eC by the
relation:
Si

el

b

N a

b=

tg(l <) (5.10)

which is the generalization to many dimensions of the stereographic pro-
.. 3 . .
jection of the sphere S2 <£ = 3 ¢'?, $ and ¢ polar angles) on the projective

complex palne. The boundary of the chart (5.9) || ¢ || = g isa(l — 1) dimen-
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sional manifold which corresponds to the non %-regular representatives
of cosets in ¥/%,,, given by:

— X
(5.11)

0
€Ag) = ‘x

where x = col (x;, ..., x), and || x| = 1.

The Bargmann space of the holomorphic functions on the bounded
open domain of .#,,, corresponding to the chart (5.9), for this | + 1
dimensional representation of SU (I + 1), is given by the linear polynomials
in the compact coordinates or, for the compact ones by:

WO = o + Z%én el 5.12
where:
Y =<vied (5.13)
1
l¢>=Z$nIvAn> (5.14)
n=0
and we expand any such a function on the basis:
1 if n=20
Va(8) = Cva, 18D = é"tg|(|”;||”) f l<n<l! (5.15)

With the action of the group ¢ = SU(I + 1) on /(¢) we have shown in
- the previous section that we obtain the representation induced by the
natural representation of the U(1) in the Cartan subgroup which is gene-
rated by the root u;. Frobenius reciprocity theorem tells us the contents
of the induced representation as the direct sum of irreducible representa-
tions: for instance, for SU(2), it is the direct sum with multiplicity one of
all representations of spin J (Dynkin index 2J) such that 2J — # is a non
negative integer (where # is the Dynkin index of wy).
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