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Invariant states
on Borchers’ tensor algebra

by

Jakob YNGVASON
Science Institute, University of Iceland, Reykjavik, Iceland

ABSTRACT. — A method is presented for constructing states, invariant
under various groups of space-time transformations, on the test function
algebra for quantum fields. These states are used to determine the inter-
section of the kernels resp. left kernels of all states satisfying either the
locality condition and translational invariance, or the spectrum condition
and Poincaré invariance.

RESUME. — On présente une méthode pour construire des états sur
P'algebre des fonctions d’essai des champs quantiques, qui soient invariants
sous l'action de divers groupes de transformations d’espace-temps. On
utilise ces états pour déterminer l'intersection des noyaux (resp. des noyaux
a gauche) de tous les états satisfaisant soit la condition de localité et I'inva-
riance par translation, soit la condition spectrale et I'invariance de Poincaré.

1. INTRODUCTION

This paper continues the study of ideals and automorphisms of Bor-
chers’s tensor algebra that was begun in [/] [2]. It is motivated by the
long standing question about existence and abundance of nontrivial
Wightman fields in four-dimensional space-time. One aim of this study
is to determine what linear conditions, besides those explicitly stated in
the Wightman axioms, are implied by the nonlinear positivity condition.
Perturbation theory gives rise to a host of examples of linear functionals
on Borchers’s algebra that satisfy all Wightman conditions, except posi-
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118 J. YNGVASON

tivity [3]. It would be a major step towards a solution of the existence
problem if the functionals in these examples could be shown to belong
to the linear span of the Wightman states.

Linear restrictions that follow from positivity have been known for
a long time. An example is the observation in [4] that the Wightman func-
tions are Fourier transforms of measures in each of the difference variables
when they have been smeared in the others. Another example is the conti-
nuity property (« .4 -continuity ») discussed in [5]. By combining these
two conditions a complete characterization of the linear span of transla-
tionally invariant states on Borchers’s algebra satisfying a spectrum condi-
tion was given in [/].

In the present paper we partly extend these results to Poincaré-invariant
functionals. We do not obtain a complete characterization of the linear
span of invariant states, but derive instead a sufficient condition for a
functional to belong to this linear span (prop. 5.6). Using this, we show
that such functionals are dense in the set of all invariant functionals with
spectrum conditions. We also consider the intersection of the left kernels
of Poincaré invariant states with spectrum condition and prove that this
is equal to the spectrum ideal (thm. 5.4). Analogous results are obtained
for the locality ideal and the translation group (thms. 3.1 and 3. 3), extending
thms. (4.5) and (4.6) in [2], which dealt with the locality ideal alone.

We now introduce some notation and discuss briefly the general mathe-
matical context of these results. Let & be a locally convex algebra over C
with a separately continuous product and a continuous, antilinear invo-
lution *. We denote the dual space by ./ and the cone of positive func-
tionals, i.e. functionals T e &/’ with T(a*a) > 0 for all a, by «/*’. If &
has a unit element 1, and T € &/ *’ is normalized such that T(1) = 1, then T
is called a state. The kernel of T € &’ is denoted by K(T), the left kernel
of Te /" by L(T), and the kernel of the corresponding GNS-represen-
tation by I(T). Let & be a subset of .«/** and consider the following closed
subspaces of .«7:

K(@)={ KD,

Te%
L@)=( L),
Te¥
1@):=( \KT).
Te¥

The following properties are easily verified (cf. [2]. prop. 2.1):
i) K(®) is *-invariant, and if Za;"aie K(®), then a¥of +Aa; = K(¥)
for all i. —
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INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA - 119
ii) L(®) + L@)* = K(%). The ideal L(%) is the largest left ideal contained

in K(%), and if Z a*a; e L(®) + L(®)* then a;e L(%) for all i.
i=1

iii) I(#) is *-invariant and contained in L(%) n L(¥)* = K(¥). The
ideal I(®) is the largest two-sided ideal in K(¥), and if Zafa;e1(%), then
a;€ (%) for all i.

It is natural to ask whether the conditions stated in i)-iii) characterize
precisely those subspaces, resp. ideals of &/ which have the form K(%)
resp. L(#) or 1(#) for some € = «/*’. For Borchers’s algebra & (more
generally for the tensor algebra, or symmetric tensor algebra, over an
infinite dimensional nuclear F-space), J. Alcdntara has given examples
which show that this is not the case. This should be compared with the
real version of Hilbert’s Nullstellensatz [6], which states that this does
hold for ideals in the symmetric tensor algebra over a finite dimensional
space. An interesting open question is whether the same is at least true
for graded subspaces, resp. ideals in &.

In this paper € consists of positive functionals that annihilate a given
left ideal and are invariant under a group of automorphisms. Let G be a
topological group and t — «, be a representation of G by *-automor-
phisms of .o, such that (z, a) — a.a is separately continuous in 7€ G and
ae . A functional T € &’ is G-invariant, i. e. T(a.a) = T(a) for all 1€ G,
ae s, iff Te Agt, where

H=cl conv. hull {a.a —a|teG,aesl }.

and X' denotes the set of all Te o that vanish on 1, G-
Let & be a G-invariant left ideal in /. We say that . and G are well
behaved with respect to positivity if

K(anfglnﬂ+')=$+g*+fc (1.1
and
Mgln%Glm&f*’):g. (1.2)
One has then also

(&L N At N o t)=I 4 = largest two sided ideal contained in ¥ N L*.
(1.3)

In the next sections it will be shown that (1.1) and (1.2) hold if G is the
translation group resp. the Poincaré group and & is the locality ideal
resp. the spectrum ideal. In an appendix we discuss a series of examples
and counterexamples which show that this is by no means a general feature
of the ideals and automorphisms of Borchers’s algebra.

By duality, (1.1) is equivalent to the statement that the linear span of
LAt n gt s dense in (£ + ¥ N Hgt. A precise characte-
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120 J. YNGVASON

rization of this linear span is a much harder task, and theorems 3.3 and 5.4
below are only a first step in this direction.

The construction of invariant states in this paper is based on an averaging
procedure applied to truncated functionals. This method has been used
to solve a different problem in [7], and a brief account of it was
presented in [8]. There it is explained why one has to consider the truncated
functionals instead of the functionals themselves, and also why the
Poincaré group is easier to deal with in connection with the spectrum
ideal than the locality ideal. We refer also to [9] for a general discussion
and further motivation of these problems. Finally, we want to mention
the remarkable work of Baumgartel and Wollenberg [I0], who construct
states satisfying parts of the Wightman axioms by entirely different means,
although their method is perhaps not particulary suited for the questions
dealt with here.

The notation used in this paper is the same as in [/] and [2]. Borchers’s
algebra & is the (completed) tensor algebra over Schwartz-space
F1=F(RY; its elements are sequences f =(fo, fi, fas -+ [0,0,0,...)
with fo€C, fn€ & = L(R*™). Addition and multiplication by scalars
are defined componentwise, and the product is the usual tensor product
for functions. The dual space &’ consists of sequences T=(T,, Ty, ...)
with T, e &’,, and T(f) = ZT,(f,). The cone of positive functionals in &’
is denoted by £,

2. SOME AUXILIARY RESULTS
ON THE SPLITTING OF LINEAR FUNCTIONALS

A functional Te &’ is called conditionally positive, if T(f*® f) >0
for all f € & with fo = 0 [1/]. We shall denote the cone of conditionally

positive functionals by 2 *’_ Note that the components Ty and T; are not
involved in the definition. For this reason, conditionally positive, invariant
functionals are easier to construct than invariant states. One can often
simply integrate over the group. This procedure will not work for states
if the group is not compact, because of the constant term T, # 0. In order
to pass afterwards from conditionally positive functionals to positive ones
we need the so-called s-product [12]. :
If T, Se & one defines TsSe &’ by

(TsS)o = ToSo,
(TsS)(fi® ... ® f) =ET(f;, ® ... @ fi)SIf;, ® ... f;)

where the sum ranges over all partitions of {1, ...,n} into two comple-
mentary, ordered subsets (iy, ...,i&), (ji,-..,Jji) (including the empty
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INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA 121
set for k =0 or [ = 0). With the s-product one can also form infinite
0

series [12]. If A(x) = Z a,x" is a power series with radius of convergence r,
X n=0
then A(T),:= Z a, 1", converges in &’ for all Te & with |To| <r.
n=1 ‘ A

In particular we can define exp,T = Z1/n!-T", for all T. If T, # 0, there
is also an inverse to this:

log,T =log T, + Z(— )" n-Ty ™" (T/Tp — 1)7;.

n=1

T = log T is precisely the truncated functional of T, and writing
T = exp|, T' leads to the usual expansion into truncated functions. The
following result is due to Hegerfeldt:

2.1. THeoreM ([II], thm. 2.1). — If Te _5{*’ is hermitian, then
exp; Te ™. :

We shall need the following elaboration of this theorem:

2.2. THEOREM. — Suppose A" is a graded, linear subspace of & (i.e.
feA = fue A for all n) satisfying the condition

Te ot implies exp), Te A . (A)

The following are equivalent for Te &':

i) T is a linear combination,
T=(T® - T®)+i(T® — T®) with  TOVeS nAt, v=1,..., 4.

ii) T is a linear combination of functionals

TOeP" At v=1,...,4.
If Ty # 0, this is also equivalent to
iii) T' is a linear combination of functionals
SVe L AL, v=1,...,4.
iv) T' is a linear combination of fuﬁctionals
S‘”’eé“m%’ﬂ v=1,...,4.

Moreover, if T varies in such a way that the functionals T®), resp. S™
in one of the cases i)-iv) run through an equicontinuous set, then the func-
tionals T®, resp. S™ can also in the other cases be chosen from equiconti-
nuous sets.

Proof. — The essential step is to show iv) = i). This goes in exactly
the same way as in prop. 2.4 in [7]. For convenience of the reader we

Vol. 45, n° 2-1986.



122 J. YNGVASON

repeat here the main points of the argument. First, using the fact that all
norms on the finite dimensional space of polynomials of degree n are equi-
valent, one shows that for any 4 € C there are constants C,(1),n = 0,1,2,. . .,
such that for any Se &’ and f,€.¥, one has

| expsAS(fu) | < Cu(2) sup |expeS(f,) |-
O0<e<1
Next, every sequence can be dominated by a sequence of positive type
(i.e. a sequence {a,}, s.t. (2+;);;=0,1,... is a positive semidefinite
matrix), and by a slight refinement of this statement one argues that there
is a sequence C;(/) such that for all fe ¥

[expi2S(f) | < sup [(exp,eS), ()], (2.1)

where the sup is taken over all e € [0, 1] and all sequences { a, } of positive
type with | «, | < C;(4). Here we have used the notation Ty, ,= (0o To, %, Ty, - .)
if Te ¥ and {«,} is a sequence of complex numbers. If S is hermitian
and conditionally positive, the right hand side of (2.1) is a monotonous
seminorm on & w. r. t. the usual order defined by & *. Moreover, if Se 4™+
and ¢ is graded and satisfies condition (A), this seminorm vanishes on J¢".
From Prop. 1.21 and 1.15 in [7] it follows that exp,AS can be written
as a linear combination of positive functionals T® which are continuous
w.r. t. this seminorm and thus annihilate /" also. From this it is also
clear that if S runs through an equicontinuous set and A stays bounded,

o
the T™ remain within an equicontinuous set. If Se &*’ is not hermitian,

it is of the form Q + iR with Q and R hermitian in _é *_' We may then use
the formula exp AS = exp AQsexp AiR and the fact that the s-product
of two functionals in & *’ is also in & *’ to obtain a decomposition for
exp AS. The proof of iv) = i) is completed by writing

expy, T' = (exp|,S™)s (exp},(— S?)s (exp, iS®)s (expy, (— iS™),

noting that the s-product of two equicontinuous sets is an equicontinuous
set. The other implications are simple: i) = iii)and ii) = iii) are obvious,
and ii) = iii) follows directly from the formula for T*. Note that ii) = i)
holds also if Ty = 0, because T=(T+1)—1, and 1:=(1, 0, 0, ...)e L*".

In addition to theorem 2.2, we shall in section 5 make use of a few other
constructions.

2.3. PROPOSITION. — Suppose X" is a graded subspace of & and T a
hermitian functional in &’. Define T;,)=(0, ...,0,T,,0, ...). The following
are equivalent :

i) There exist functionals T' and T>€ A+ ~ & *' such that T=T' -T2

ii) For all n, there exist functionals T*" and T*>"e A+ S ', such that
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INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA 123

T = TV" — T?", and there is a continuous seminorm || . || on & (indepen-
dent of n) such that

TN <Cull Sl forall n, fandi=1,2,
with some constants C,.

Proof. — The implication i) = ii) follows immediately from the fact
that any sequence of real numbers, («,), in particular «, = S,, (n fixed),
is a difference of two sequences of positive type. To prove ii) = i) choose
A, > 0, such that

Z Ciln V<0
n=0

for all v (. g. 4, = 24 *<"). We define

T = ZA,,"‘(TO"’", AT AT ), i=1,2.

The sum is convergent because of the estimate for T"" It is clear that
Tie %" n A, because every T*" has been multiplied with the moment
sequence (4,")y=o,1,.... Finally,

T' -T2 = ZA,,”‘"(TV"" - T,>") = Zlnv’"Tvé,,v =T, forall v.

2.4, PROPOSITION. — Let T be a positive functional on &, h a function
in Oy (polynomially bounded C®-functions on R?) and t,e % positive,
ie. tf*® f) =0 for all fe S . Then the following functionals T’
and T” are conditionally positive:

i) T/i®...0 f)=Th AR LS. fi-i ®K*.1),

i) T(H®...8%) =Lfi®f)Th-22® ... ® fu-1).

Proof. — The first part is clear, because the linear mapping
H® .. i Hi®L®...Q fi-it ®W S, (n=2)

maps elements of the form g* ® g with g, = 0 into elements of the same
form. For the second part we note that every fe & with f, = 0 can be

written
I——— Z g8 ®h
with h; € .%;, and one has l

T(f*® f) = th(h?‘ ® h)T(gF ® g)).

Vol. 45, n° 2-1986.



124 J. YNGVASON

Now t,(h¥ ® h;) and T( gF ® g;) are both positive semidefinite matrices.
T"(f* ® f) is just the trace of their product and hence nonnegative.
For the next proposition we recall the notation

Ty = (@oTo, o, Ty, .. )
if Te % and {a,} is a sequence in C.

© 2.5. PROPOSITION. — There is a sequence { a, } of positive type, such
that for all Te % and fe S

an ® £) < Tus/* ® ).

n

Proof. — The sequence { a, } can be constructed by induction over n
(cf. e.g. [2], p. 1070) such that the matrix A=(;4);j=o0,1,.. dominates
I = (4;;) in the sense that

ZI 4l < St jhid
for all finite sequences A; € C. But then we have also
TrM < Tr AM

for all positive semidefinite matrices M, in particular for M =(T ;( f* ® f;)).

2.6. PROPOSITION. — There exist sequences { o, } and { B,} such that

for every conditionally positive functional T and all fe @ &,, one has
- n=1

ZTzn(fn* ® fu) < (€xpys Tip)an/* ® ) -

n

Proof.— In view of prop. 2.5, one has to find a sequence { f, } of positive
type such that for all n

Ton(fi* ® fu) < (exp)s Tp XL ® £o),

i.e.
0< Zﬁh BT ® . @ TN ® f)
Part

+ (Ban — Don(/a*® f) = (€xpys Ty, 0} f* ® o)

with { B, }:=(By, ... Ban-1, B2n ' Ban+1™, ...). One has thus to
choose B, (and B,™ for v > 2n + 1) such that { B,™} is a sequence of
positive type for all n. But this can be achieved by the induction method
of [2], p. 1 070; in fact one has only to let B,™ grow sufficiently fast with v.
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INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA 125

3. LOCALITY IDEAL AND TRANSLATION GROUP

In this section we construct R%invariant states on & that annihilate
the locality ideal .#¢. The following simple facts will be used without further
comment.

1) A = S + Aga satisfies condition (A) of thm. 2.2.
2) If || . || is a continuous seminorm on &, and ge &, then

ijllg-ﬂ|lda, with  for=f(x —a),

is a continuous, translationally invariant seminorm on %,. If || . || vanishes
on . and g is totally symmetric this seminorm vanishes also on Jfc.

The following theorem is analogous to thm. 2. 11 in [7]:

3.1. THEOREM. — Suppose T e St N HAgat and the following holds
either for T or the truncated functional T':

Thereisake N, and for eachn = 1,2, a constant C, and a rapidly decreas-
ing continuous function (*) g, on R"»such that

n

l—[g,,(xi —x)D* ... DA f(xg, - Xa)

i=2

| T.9(f)| < Cp. max sup

X
Ial'l <k Xfyeees Xn

for all fe &,. Then'T can be written as a linear combination of four func-
tionals in St N Kgat n L.

Proof. — We shall make use of the following lemma, proved in the
appendix in [7]:

There is a function he #(R?) such that

< 0

I_[ 8a(x; — x1)Dy™ ... Dy (F®(xy, ..y X)) 71

i=2

for all «, ...,a, where h®"(xy, ...y Xa) = Jh(h +a) ... hx,+a)da.

It follows that the functional T’, defined by T = T,?, T =T,®.(h®" !
is continuous in the topology ., considered in [2]. By thm. 4.6in [2] T" is
thus a linear combination of functionals R®e St N F*':

T = RY — R?) + i(R® — RW).

() i. e. decreasing more rapidly at infinity than any negative power of |x |.

Vol. 45, n° 2-1986.



126 J. YNGVASON

Consider now the functionals S®, v = 1, .. ., 4, defined by

So(v) — RO(V) ,
S,f) = J (R,"-h®")( f)da .

These functionals are in $.' N ARa" and they are also conditionally
positive. Moreover,

(So(l) _ SO(Z)) + i(so(3) _ SO(4)) — To(t) ,

and using the invariance of T}, we have forn > 1
(a9 = $,2)+i(3,— 8, @) /)= j (T h®") f)da= J (T h®")Y N )da=T,*(f).
From theorem 2.2 it now follows that T is a linear combination of func-

tionals in St N Apat 0 L.

Remark. — The hypothesis of rapid decrease of T, or T, in all direc-
tions in the difference variables is of course for from being necessary. For
instance, truncated Wightman functions have only a polynomial decrease
in time-like directions. It is an unsolved problem to find a complete cha-
racterization of the linear span of St N Arat 1 &Y, but thm. 3.1 is
sufficient for a proof of thm. 3.3.

3.2. LEMMA. — J¢ + HAga is closed.

Proof. — Suppose f € I + Hga Then T(f) = O for all TeSc* N Hpa'.
In particular, f, = 0 (take T = (1,0, .. .,)). Next let y be a function in &

with Jx(x)dx = 1, and define
Xn(xl, .. -axn) = X((xl + ... + xn)/n)‘
Write f, = g, + h, with

Eu(X1, - vy Xp) = Jf(xl +a, ..., x,+ada y(xqg, ..., x,).

Then jh,,(xl +4a, ..., x,+a)=0, s0 h,& Aga (cf. prop. 2.1 in [1]). Also,

for any S e .#-* we have

Sn(gn) = J(Sn'Xn)(fn,a)da =0.

because the functional f i— J}S,;x,,)( f.) da belongs to At Agat.
Hence g, € #c, 50 fe Jc + Apa.
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INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA 127

3.3. THEOREM. — l) K(jcl N fRdl N _:_yi-“) = fc + fRd,
ll) L(jci N %[Rdl N Z+') = jc.

3.4. REMARK. — From ii) it follows in particular that the algebra &/.%
has a faithful, translationally covariant Hilbert space representation.

Proof of 3.3. — i) In view of lemma 3.2 it suffices to show that the linear
span of Jct N Hpat A LT is dense in St N Agat. To prove this we
use theorem 3.1. Let ¢ € & and define

l//n(xl, .. .,X,,) = l/n ! Z I_[(P(xm' - xnl)-

Permn i=2

Then , is totally symmetric, translationally invariant, and belongs
to LR V) as a function of the difference variables x; — x;. If
Te St N Arat, and N < o0, we define a functional T’ € It N Hat by

T, =T, ¢y, for n<N, T,=0 for n>N.

This functional obviously satisfies the condition of theorem 3.1 and
thus belongs to the linear span of £+ N A st 1 . But T can be approxi-
mated weakly by such functionals if we take N — oo and ¢ = 1 on an
increasingly large portion of R?.

ii) Suppose fel (It N Agat N FV), ie. T(f* @ f) =0 for all
Te St N Hpat 0 L7, By theorem 4.5 in [2] we have to show that
T(f*® f) =0 for all TeSn L. Obviously f, =0. Moreover,
if Te £t N &L* and he &, we may consider the functionals

Ti(g) = ZTn(h@’"g,,) and
Sh(g) = JTh(ga)da for go=0, (Sw)o = To.

The functional S, is in Fc* N HRa* and is moreover conditionally posi-
tive. By theorem 2.2 it is a linear combination of functionals in
Fct N Agat 0 L. Hence Suf*® f) =0, and since T,(f*® f,) > O
and a — T f* ® f.) is continuous, we conclude that Tj(/ *® f ) =

Since this holds for all h we have finally T(f*® f) =0 and thus fe fc

4. INTEGRATING OVER THE LORENTZ GROUP

This section consists of a few technical lemmas concerning integration
- over the proper, orthochronous Lorentz group L1 =SO(1, d — 1). It will
be convenient to parametrize the Lorentz transformations by writing

Vol. 45, n° 2-1986.



128 . J. YNGVASON

them as products of boosts and rotations. Let peVt iepp= m? >0
and p® > 0. We define the boost operators A, as follows:

For p=(p%0,...,0,p 1)
we put

(Ap)OO = (Ap)d—ld_l = Po/ma
Ap)a-1° = (A,,)o‘»”_1 =p'lm, (A)) =1 for v=1,...,d -2,
and the other matrix elements zero. More generally, if p = Rp’ with p’

of the form as above and R € SO(d — 1)isarotation, we define A,=RA,R7.
We then have A,p = p with p = ((p p)/% 0), and moreover

A=A, if 1>0,
Ag, = RAR™! if ReSO@—1).
Note also that As=A;
with p = (p° — p), and
(A;'q)° = (AriRq)’ = p-gq/m,. (4.1)
Every Lorentz transformation A can be written uniquely as
A=A, R

with a rotation R and a boost A,. For each m > 0 the corresponding
vector peH,,* :={p|p-p=m?, p°>0} is also uniquely determined
by A. '

The (left- and right-) invariant Haar measure on SO(1,d — 1) can in
this parametrization be written

dA = m~94=29(p°)d(p-p — m*)dpdR 4.2

where dR is the (normalized) Haar measure on SO(d — 1) and dp is the
Lebesgue measure on R% The factor m~“~? is so chosen that dA is inde-
pendent of m.

The eigenvalues of A, are (| p°| — | p|)/m,, 1 and (I p°| + 1 2 1)/my,
where m, = (p-p)'/>. We thus have

WA= (1p° 1+ 1B Dmy <2|pl/m, 4.3)
where | p | is the Euclidean norm of p. Also, since the smallest eigenvalue is
(p° = | P 1)fmy = myl(p° + 1 B 1) = my/21 p|

we have for all g e R?
Ayl =my1ql/2]p| (4.4)

If ge V* and m, = m, = m, it is easy to see that

lApQ| = |qu|
 (Either use the fact that A A, = RAA, with a rotation R, or use for-

Annales de I’ Institut Henri Poincaré - Physique théorique



INVARIANT STATES ON BORCHERS’ TENSOR ALGEBRA 129

mula (4.1) noting that | A,q|> = 2((A,9)°)* — m,?).) Hence, for such q
we have also
|A,q | =my-|pl/21ql. 4.5

If e > 0, we denote V,* = {p|p-p=>¢% p°>0}.

4.1. LEMMA. — Let h be a C®-function on R*" satisfying

i) supph < {(@y,-.-,4n)|q1€ V" } for somee >0,
i) sup | (1 + (141 1/mg,)"D*h(gy, - - ., ga) | < 00
q1y.eey an
for all N and all multiindices o € N*".
If|| . || is a continuous seminorm on %, then

f | Ihfalldh and [ j ha-flldA

Ll
with fad1, - - -» 4n) = f(Aqy, - - ., Aqy,) are also continuous seminorms on &,
Proof.— We consider the first integral; the second one is treated similarly.

Since || . || is a continuous seminorm we have for some M and all N,
using ii)

JH hfall dA < const. z J (1 + (1 |/mg, )™

la| <M

x ﬂ(l +14: MPAA) | D*f(Aqy, - - -, Agn) 1 dgy - . . dg.dA
i=1
where P, is a polynomial in the matrix elements of A and the integration
ranges over g€ V,*, q3, .. ., q.€ R? because of i). We now use the for-
mula (4.2) for the Haar measure with m = m,, = m,. Since fe€ &, we have
for all L and M a continuous seminorm || . ||,y such that

laf <M

max | D*f(qy, .., ) | < || fllm H(l +lqil)7".
i=1

The degree of the polynomial P, is < M, and because of (4.3) we have
thus to show that the following integral is finite for sufficiently large N
and L:

J(l +1 G |/my)™ ﬂ(l + g™ p MmM

X n(l + | ARg;|) " Emy? 7 20(p%)d(p-p—my*)dpdRdg; . .. dg,.
i=1
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By (4.5) we have

I+ AR )E< (U +my-|pl21g, )"
and by (4.4)

H(l + AR )P <1+ jmax lqil-my/2|p|)~"t.
i=2

Hence
H(l + | ARg;)7" < const. (1qy I/m)"(1 + | p| + ¢ max |q:)™".
i=1

The integrals over p and g, . . ., g, thus converge for sufficiently large L,
and by choosing N large we make the integral over g; convergent also.

4.2. LeMMA. — Let fe &, and suppoose h is as in lemma 4. 1. The inte-
grals

f_(‘h, . -»qn) = J;T f(Aqla .. ’A‘In)dA

and

E(qla . -‘-a qn) :=J | h(A‘h, . aAqn)dA

Ll

exist if g€ V*. Moreover, hfe ¥, and hfe &%, and there is a sequence
of compact sets K, = L1, such that

W= lim hf,,  hf= lim h,f

in the topology of &, with f, = J fadA, h, = J‘ hpdA.
Ky

Ky

Proof. — The convergence of the integrals follows immediately from
the preceding lemma. If K = LI is compact, one has

h-J fadA e S, and (J hAdA>-fe,9’,,.
K

K
Furthermore, for any continuous seminorm || . || on %,

() ,

is a Montel space, there is a sequence of compact sets K, = L, exhausting
L1 such that hf, resp. h,f converge in &,. Since these sequences converge

hj fadA

and are uniformly bounded in K by lemma 4.1. Since &%,
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pointwise to hf resp. hf, these functions are the limits of hf, resp. h,f in
the topology of &,.

4.3. LEMMA. — Let ¢ > 0. There exist C®-functions h on R* such that
i) supp h= V¥,

i) W(Rp)=h(p) for all Re SO(d), and h(Ap)=h(p) for A>1 and peV,”.
iii)y  sup|(1 + (| 4|/m)"Dh(g)| < oo  forall  oandN.

iv) JhAdA =1 on V,.
Proof. -- Take h, € (R) with hy(t) > 0 forall r and normalize it, so that

jhl(p°)5(p~p — 1)0(p°dp = 1.

If y is a C*-function on R such that y(m) = 1 form = ¢, x(m) = 0form <g/2,
we define

hp)y = zmphi(p®fm,) .
The properties i)-ir) are immediately verified.

4.4, LEMMA. — If g,, n= 1,2, ... are rapidly decreasing continuous
function on [1, o[, and & > 0, there exists a function h satisfying the condi-
tions of lemma 4.3. such that for all n and all multiindices o

sup | gu(p-a/mm)D*h®X(p, 9)™")| < 2

p.qeVs
where

h®(p, q) = J HApP)H(Ag)A .

Proof. — The construction is very similar to that in the appendix of [7].
First one argues as in [7] that it is sufficient to consider a single, positive
function g instead of the whole sequence { g, }. Next we define a function f

on [1, co[ by flt) = Sufz g(u)g(°)

where 4 = % — u), H;* —{plmp—l P° >0} The function f 1s
also contmuous and strongly decreasing, for t = @i-v < |ul |v| < 2u%

so either u° or v° is larger than (¢/2)~ /2. It is convenient to replace f by
a monotonus function:

{ sup f(t) for r>1
M(r) :=

txr
fQ) for r<1
and the function h is defined by regularizing and cutting M:

h(p) = x(m,) jv(Po/mp — r)M(r)dr
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with y(s) = exp (— (1 + s%)'/?), y a C*-function with y(m) = 0 for m < ¢/2,
x(m) = const. = k for m > &. One immediately verifies that h has properties
- i)-iv) of lemma 4.3 if the normalization k is suitably chosen. Note also that

h(p) = const. f(p°/m,) (4.6)
with const. > Jm y(s)ds > 0,
1
and
| D*h(p) | < C.h(p) 4.7)

with C, < oo, because | y*(s) | < y(s) for all n, and all derivatives of p°/m,
are uniformly bounded on V,*. Without restriction we may assume ¢ < 1.
Because of property ii) we have

|h®2(p, q) |= Jh(Ap)h(Aq)dA = Jh(u)h(AuAp Tlg)d(u-u—1)0)du. (4.8)

By (4.1), (4.4), (4.5) and (4.6) we have

h(AuAp_ lq) = h(AuAp_ lq/n'lq) = f((AuAp_ lq/mq)o)
= f( ﬁ ‘ Ap— lq/mq) = g(uo)g«Ap_ 1‘1/'"4)0) = g(uo)g(p q/mp ° mq) >

so the integral (4.8) is

> < J h(wg(u®)o(u-u — 1)0(u°)du>g(p-q/mp-mq).

Now we consider the derivatives. Using (4.3) we have
|DD,=h®%(p, )| = I f Pu o AR(AP(AGA ’
< const. f(l +1 4 | Nrwh(A A, 1 q/mg)0(u - u—1)0(u®)du

with a Polynomial P,, ,, of degree N = |a; | + | a, |. We split the integral
into two parts. In the first part we integrate over u® < (A, *q/m,)°=p-q/
mym,. This part can be estimated by

const. (1 + Ip-q/m,,mql)NW(p, q).

In the second part we integrate over u® > p-g/m,-m,. Since h(u) is for
ueH;" a monotonously decreasing function of u° (denoted again by h),
this part is estimated by ’

h(p-q/m,-m,) J (1 + %) (AN, a/mg)o(u-u — 1)0(u°)du.
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Because h is rapidly decreasing and because of (4.3) and (4.4), the integral
can here be estimated by
const. (1 + | p-g/mymg ).
The next step is to show
h(p-q/m,-m,) < const. h®%(p, q). (4.9)

We use again monotionicity of h:

h®*(p, q) = J (AN, )0 -u — 1)0(u°)du
w0 < p.gimpmg :
> h(pq/mpmq).J WA, 1q)0u-u — 1)0(u®)du .
u< p-q/mpmg

If p-q/m,-m, > 2, the integral is bounded below by a constant > 0, s0(4.9)
holds for such p, g. On the other hand, h®(p, g) is a strictly positive func-
tion of p-q/m,-m, for m,, m, > ¢, so the estimate (4.9) holds also for
p-q/mymy < 2.

In summary, we have shown that

| g(p-q/mm)h®*(p, )~ | < const.,
and

| D*h®2(p, q)-h®*(p, q)~* | < Pp-g/m,m,)

with a polynomial P,. Using this, one shows by induction over the degree
of the differential operator in the same way as in the appendix in [7] that

| g(p-q/mm)D*h®(p, )~ ' | < Pikp-g/myim,) 4.10)

with another Polynomial P.. Finally, if g is rapidly decreasing, so is | g |*/2.
Replacing g by | g |'/? in (4. 10) we obtain

| g(p-q/mm)D*h®%(p, ¢)*)| < const. ()
as desired.

5. SPECTRUM CONDITION AND POINCARE GROUP

The spectrum ideal %, corresponding to a closed set S = R? with 0€ S, is the
set of all fe & such that f,=0 and f.(p,...,Pn)=0 if pe+...+p,€S
fork=1,...,n,n>1.

According to [1] there is an abundance of states on & that annihilate.%s
and are invariant under the translation group. We now consider Lorentz
invariant sets S and want to obtain similar results with the Poincaré group
replacing the translation group.
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The method used here requires that S is an additive subset of R? and
that S is contained in the light cone V; S is then either in V* or V- and
we may choose V* by convention. For some results we shall also require S
to have a lower mass gap. We note first some simple consequences of
these restrictions on S:

5.1. PROPOSITION. — If S is additive, then %5 satisfies condition (A)
of theorem (2.2) i.e. Te Ls* implies exp;, T e L'

Proof. — Suppose Te %" and fe ¥, n L. We want to show that

Jf(pl, c ey pn)Tm(pil,l’ . -api,,,.l) L Tnk(Pik,,a ey Pik,nk)dpl e dPn=0
.1)

for any partition of { 1, ..., n } into (ordered) subsets I; = {i; 4, ..., i;n, }-
Forany v =1, ..., n we can write

0, . _,n}=U({v,...,n}mIJ~)

and by additivity of the spectrum we have that

preS foralljimplies p, + ... + p,€S.
ke{v,..., mnl;

Using lemma (a), p. 417 in [I] and the hypothesis Te %" and fe %,
we conclude that (5.1) holds, so exp, Te % .

5.2. PROPOSITION. — If S is Lorentz invariant and additive, then ¥
contains no right ideal except { 0 }.

Proof. — The essential property of S which follows from the hypotheses
is that for any p € R there is a p’ € S such that p + p’ € S. We want to show
that for every f # 0, there is a g€ & such that f ® g¢ Zs. The elements
of %5 have all vanishing zero component, so we may assume that f, =
Suppose that f(py, ..., p,) # 0 for some n > 1 and some py, ..., p,€ R”.
Choose p’; €S such that p; + p’;eS for i = 1, ...,n, and pick a g,e &,
such that g,(p,, ..., P’;) # 0, and hence

(f;l ® gn)(l_)b .. "ﬁm ﬁ:n ey 1_’,1) # 0.

From the additivity of the spectrum we have pj, + ... + p’; €S, and also
Pit ... +Pp+Put ... +PpreSfork=1,...,n Hence f@g¢ Zs
ifg=(@,...,0,¢g,0,...)

In the following we denote the proper, orthochronous Lorentz group
by 21 . Space- and time inversion can be included in an obvious way, and
all results of this section hold also for the full Poincaré group £ replacing 2 1.
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5.3. PROPOSITION. — Let S be Lorentz-invariant and S < {0} UV,*
for some ¢ > 0.
Then

$S+$S*+f§‘1 ng+x‘|md+f]_‘1,
and fe Ls+ Awa+ A1y iff the conditions

a) fo=0
b) £0,...,00=0
) j . fuApy, -, Ap)dA =0

hold whenever p, + ... + p,=0, p,+ ... + p,eS for v=2,...,n,
and at least one p, # 0.

Proof. — Since 2! contains the translation group R? we have
Fs+ L5*+ Hpp = Ls+ Hpr
by prop. 2.6iii) in [/]. Every fe %5+ A satisfies a), and since the
functionals (p,) . .. é(p,) and J5(P1 — Apy) ... d(p, — Ap,)dA belong to

LsnAHpt fpi+ ... +P.=0, py+ ... +p,€8, (not all p, =0),
it is also clear that b) and c) hold for all fe %5 + A1

We now want to show that every f with a)-c) lies in £ + Hga + H'L1.
It is convenient to introduce the coordinates q, = pp+1-y + ... + Pus
v =1, ...,nand write f, = fasa function of the q,. By means of a C*-func-
tion y with y(m)=1 for m>¢, y(m)=0 for m < ¢/2, we split f into terms:
[=fioyt -+ fm with f0(0, ..., 4.)=0, supp fi,n(Sx ... x S)={0}
and supp f,,"(S x ... x S)= {q;=0, q,e V" } for v=2, .. .,n. Then
. fioy€ HAwga by prop. 2.1 in [1], and f;,€ ¥ because f(0,...,0)=0. For
v=2,...,n W& write

ﬁv)(qb LS ] qn) = h(qv)ﬁv)(ql, ey qn) + g(v)(qla ceey qn):
where h is a function with properties as in lemma 4.3. Since

supp fiy NS X ... xS) = {q, =0,q,€V," },
and

Jf(O,qu,...,Aqn)dA=0 on Sx...x8S,

the first term belongs to . Finally, if Te # 1" we have

T(g(v)) = T(g(v)z(qv)) = T(g(v)h) = 0 s

where the bar denotes integration over L 1. Hence g € A'L1, and the proof
is complete.
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5.4. THE(BEM. — Suppose S is Lorentz-invariant, additive, and
Sc{0}uV." for some ¢ > 0.

Then

i) K(Zs' 0 Hp1t 0 SV = Ls+ Aga+ Ay,

ll) L(gslmfgllmz+')=$5,

iii) (Lt AHp1tn L) ={0}.

5.5. REMARK. — Since %y = m,?sswith S, = {0} UV.* it follows
£>0

that ii) and iii) hold also for S = V™,
The proof of 5.4 is similar to that of theorem 3.3. It makes use of a
partial characterization of the linear span of Zs' N #51* N L.

The functionals in this space must in any case satisfy an estimate

IT/*@ I <IfIgll (5.2)

with a 2]-invariant Hilbert-seminorm || . || vanishing on %;. In the case
of the translation group, such a condition is also sufficient to characterize
the linear span of the invariant states. It is not known whether this is true
for the Poincaré group. Instead we shall have to make use of a somewhat
elaborate sufficient condition which means essentially that in addition
to (5.2), the matrix elements T(f ® o, g) decrease rapidly in A for all f, g
with fo =go = 0. a -

We shall use the following notation [/]: If py, ..., p,eR% v, peN,
v+ pu=nand fe§, ge8S,, we write

qgi=pr + ...+ pi i=1,...,v

4j=pPpsr1-j+ ...+ P j=1..., 01
Loldg'vs oo g’y = f(py, -5 py)
8ouldus - - q1) = &(Pv+1, -+ Pn)

5.6. PROPOSITION. — Suppose S is Lorentz invariant, additive,
Sc{0}uV," for some ¢ >0, and S contains at most a finite numer of
isolated mass shells.

The following condition is sufficient for a functional Te &’ to belong
to the linear span of Ls* N\ H p1* N L2

T, has supportin{ — p, € V,*, p,e V,* } for alln and there are constants k,
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and rapidly decreasing continuous functions @, on R, such that the following
holds for all fe ¥,, ge &, v+ p=n:

IT.(f ®8)|< sup max @n(— q'1-q1/(mgy"-mg1))
—4;,91€V:*  Jay|<ky

—q2',...,q2€S |ay|<ky 1

ﬂ(1+|qtl)k jD f;O(ql," ,qv)
i= i=1

-1

© n
ﬂ(l + lqjl)k I_IDa gOu(qu, .. ,411)

j=1
Proof. — By lemma 4.4, the condltlon implics that there is a function /.
such that the functional T'. defined by

Tn,(pls RS ] pn) = (W(_pb pn))ilTn(pl’ IR pn)

satisfies the criterium of theorem 5.1 in [/]. (The finite number of isolated
mass shells together with L1 invariance guarantees that S is regular in
the sense of [/]). T’ can thus be decomposed into R-invariant, positive
functionals in %s*. If R is such a functional, it follows from lemma 4.2 that

ﬁh(pl’ L) pn) = JR(API, s Apn)h(— p])h(pn)d/\

is well defined, conditionally positive and 2] -invariant. Since T is 2] -inva-
riant, it follows in the same way as in the proof of thm. 3.1 that T is a linear
combination of conditionally positive functionals in Zs* N X#p1. The
assertion thus follows from theorem 2.2. '
Proportion 5.6 is not quite sufficient for proving theorem 5.4 because
of the requlrement that supp T, should be contained in { —p;€ A\

pmeV." ]
The next proposition takes care of this.

5.7. PROPOSITION. — Suppose T belongs to the linear span of
Lt AHptn LT
Then this is also true for the functional T’ with
T/ (p1s - > Pn)=0(p1) - .. 0(Pi) Ta-in—ju(Pin+ 15 - - > Pn—j)
X O(Pn—ju+1) « - - 0(Pn)

for any choice of iy, ju€ N U {0}, i, + ju < n.

Proof.— Since T can be decomposed into functionals in %A pn S,
we have IT(f*® 1> < R(f*® )-R(g* ® g)
for some Re st N A p1t n L.

Vol. 45, n° 2-1986.



138 J. YNGVASON

Consider now for fixed n the case i, =1, j, = 0. If f,e ¥, g,€ &,
v+ u=mnv=>1,wehave

IT(/*®8)I < (6 ®Ry-1 ®NA*® £) Ryu-1(g,* ® g,)-
It follows by prop. 2.6 that the hermitean functionals

1
<0, .. .,O,E(T,,’ + T,%),0, .. )
and

1
(0, ...,0,— (T, = T,)%,0, .. )
2i

are dominated on &* by the positive functional
R + (exp;;(0 ® R — 1) ® d);p,)1am

for some sequences { a, } and { f,} of positive type, so these functionals
are decomposable. The same argument holds for i, = 0, j, = 1. By induc-
tion over i, and j, we conclude, using propositions 2. 4 ii) and 2. 6 repeatedly,
that the functional Ty’ = (0, ...,0, T,/,0, .. .) is decomposable for each n.
Moreover, since the m-point functions occurring in these decompositions
are constructed from T,/, 6 and R, with k < m, it is clear that these func-
tionals are all continuous w.r.t. an n-independent seminorm on <. By
prop. 2.5 it follows that T’ is decomposable.

Proof of theorem 5.4. — i) Suppose f¢ L5 + Aga+ ALy . By prop.5.3
there are three possibilities:

a) fo # 0,in which case T(f)#0with T=(1,0, ...)e L&' N Hp1 N L™,
b) £0, ...,0) # 0for somen, i.e. T(f) # O with T=(0, ...,0,6%",0...).
This T belongs to lin. span Ls* N A p1* N L * by prop. 5.7;

©) J f(Apy, ..., AP )AA # 0
Ll

for some n and pq,...,p.€R% pi+...+ P=0, ¢,=p,+... +Ps€S,
not all g, = 0. Then T(f) # 0 for T = (0, ...,0,T,, 0, ...) with

T.(P1, - -, pn) = 0Py + ... + pu)O(p1) - .. 0(p)
x J pr+1 — APis1) -+ - O(Pu—j — APu-)AA X 8(Pp—j+1) - - - 6(Pn),
L]
and p,—; # 0 for some j. This functional is in the linear span of
gsl A '}fﬂ’ll QZ_H

by prop. 5.6 and prop. 5.7. (The condition of prop. 5.6 that S has only
a finite number of isolated mass shells is insignificant here: We can consi-
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der instead of S the smallest, L -invariant and additive subset of S containing
all the g,.) Altogether we thus have
[E¢K(E n Hp1t 0 L)
o)
K(gsl @) fgll F\_.9_’+') < gs + le + K[Rd.

The other inclusion is trivial.
ii) Consider the functionals

T(Z") = (0, . .,0, Tzn, O, .. )
with either

T2n — 5®2n
or k k n
To0n@'1s o s @ s - -5 Q1) = Hé(q’i + qi) H 5(‘1j)j H o(q;— Ag;dA
i=1 j=1 j=k+1

With G415 -+ -, Gn€S, Ga+1 # 0.

These functionals belong to the linear span of L' N Hp1tn &L
by prop. 5.7. Hence Tpp,(f* ® f) =0 forall fe (L' N Hp1t 0 L)
This implies that the highest component f, of f belongsto #5. Now prop.2.5
implies that L(Ls* N A'p1t N £ ™) is graded, so we can repeat the argu-
ment and finally obtain fe %.

iii) Is an immediate consequence of ii) and prop. 5.2.
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APPENDIX

In this appendix we discuss some examples and counterexamples, that illustrate the
preceding results in a more general setting.

We use the notation explained in the introduction and consider first the case that o/
is a C*-algebra. Here a strong version of (1.1) is valid:

A.1. PROPOSITION. — Let o be a C*-algebra, G a group acting an o/ by automorphisms
and & a left ideal in . Then ;
lin. span. Xt N LAY = Hgn L ¥t
and hence (by duality)
KXt n P adt)=He + L + P*.

Proof. — If T is G-invariant and annihilates ¥ and #*, the same holds for its hermitian
and antihermitian part. We may thus suppose that T is hermitian. The Jordan decomposition
T=T,-T,

is uniquely determined by the conditions
Tes™, i=12 and |ITI=ITl+ Tl *)

cf. e.g. [13], p. 120 and 140. Since automorphisms preserve norms, the functionals T; are
therefore G-invariant. To show that T;e £+, we pass to the universal enveloping W*-
algebra .«#”. The weak closure #°° of % in /" is generated by a hermitian projector e.
T has a natural extension to /" by continuity, and since T annihilates % we have

T(a) = T(1 — e)-a-(1 — e))

for all « e «/. Considering

Ti@) =T - ¢)-a-(1 - e) **)
we have T,e #*, || ;|| < (| T:|l, and by (*) and (**)
DTl + Tl =NTH< 0T+ 01T < HTl+ 0T
so |T) =1 T Il + |l T2|l. By uniqueness of the Jordan decomposition we thus have

T, = Te #*
As next we consider left kernels. If G is a group of automorphisms, we denote by #g
the largest left ideal contained in .

A.2. PROPOSITION. — Let o/ be a C*-algebra and & a closed left ideal in of. Then
(&t At = £.If of isa W*-algebra, G a group of automorphisms of o and ¥ is G-inva-
riant, then

L& A At nd?) =L + L.

Proof. — The first part is standard: Let e be the projector in &/” generating the weak
closure, £°°, of #. Then T"(a) := T((1 — ¢)-a-(1 — e)) belongsto L+ n #* forallTe &,
and

m L) ={al(l —¢)-a(l—€)=0}=2L0°nof = £.
Ted *'

For the second part one notes that the generating projector e for &£ is G-invariant, if £
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is G-invariant. Hence T is G-invariant, if T is. If ae L(£* n ' n o/ *’) we thus have,
using prop. A.1,
al —e)eFg, so a=ae+al —e)e L + L.

A.3. REMARks. — If o is a C*-algebra, but not necessarily a W*-algebra, the same
argument as in the proof above shows that

L&A At ndt)y = (L + Zo)n oA

where &5 is the intersection of the left kernels in &” of G-invariant functionals T e o/ *".
If Z; = %%, it follows from this that
L nAgtnd™)=% + Ls.

It is, however, not clear if this holds in general for a C*-algebra (except if & = {0},
when it follows by A.1 and the definition of %).

ii) If o/ is the C*-algebra of all bounded, continuous functions on G, and « is the natural
action of G on &7, then #g* # {0} iff G is an amenable group. If this is not the case, one
has therefore

XG = gg =
iii) Another example with & ; # {0}, but G amenable, is the following: & is the C*-
algebra of bounded, continuous functions f on R, such that xl}.rg f(x) exists. (G, ) is the

natural action of R on /. Here X" is one-dimensional and spanned by the functional
f - le f(x). In this example
o #E N =Y #{0}.

For compact groups G, but arbitrary &/ one has

A.4. PROPOSITION. — Let &/ be a locally convex, topological *-algebra, and suppose
the states on < separate points. Let G be a compact group of automorphisms of . Then
i) K(Atnd*)= Ag
and

] (At nof™)={0}.
ii) If & is a G-invariant left ideal, and &/ is complete, then
K(Z*n At ndt)= AHg + KL ALY
and
L&At ndt)= UL nA™).

Proof. — Since i) follows from ii) with & = { 0}, we consider the latter statement. Sup-
pose ae K(&L+ A At n /%) and write

a=>b+c with b=J-a,adr,
G

where dt denotes the normalized Haar measure on G. Since .o is complete, he .«Z. Moreover,
if Te £~ /% then the functional

T = j Tooadr
isin LL A At n g™, s0 °
0 = T'(a) = T(b),
and thus
beK(Ltn ).
But

c=a-beK(Xg') = X,
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s0
ae A + K&t nAgt).

Furthermore, by G-invariance of %, we have
TeP N a, s for all Te gt

Hence, if de L(£* n At A /') then

T/(d*d) = fT((oz,d)*(a,d))dr =0.

Since t — T((a.d)*(x.d)) > 0 is continuous, it follows that T(d*d) = 0, and thus
de (L nA™)

We have now given an account of the « good cases » (/ = C*-algebra, and/or G compact),
where some variant of (1.1) and (1.2) holds quite generally. In the remainder of the appen-
dix we collect examples, which demonstrate some of the « bad cases » that may occur
in Borchers’s algebra &.

In the first example, we show that Jg* may be zero, even for a single automorphism
(i. e. for the amenable group G = Z).

A.S. ExAMPLE. — Let h be a hermitian functional in &', h # 0. Define an automor-
phism a: & — & by
ol)y =1
of)=r+hf)1, fe
and canonical extension to the tensor algebra &. Suppose T(-Ty, Ty, .. .)€ &’ is invariant

under a. Then T,(f) = Ty(f) + To-h(f) for all f and thus Ty = 0. In the same way

T.(f1 ® f2) = To(fi @ f2) + Tu(f1)-h(f2) + Tu(f2)-h(f1), so T, =0, and by induction we
get T, = O for all n.

If « is a graded automorphism, i. e. a %, = &, for all n, then at least the trivial functio-
nals (Ty, 0, 0, . . .) are invariant. The next two examples show: 1. that there may be no others,
and 2. that K(#g' n &) # A is possible, even for graded automorphisms.

A.6. ExaMPLE. — Define (af ), = A"f, with LeR, A # 0 or 1. Then T, =0if n > 1,
for any invariant Te &’

A.7. ExAMPLE. — Let { ¢; };=4,,,... be a Schauder basis for &; (. g. the Hermite func-
tions). Suppose 4 # 0 or 1 and define a graded automorphism « on & by

Ae; if jiseven
oej = . .
A7te; if jisodd .

Clearly, there are no invariant, continuous seminorms on ; except 0. Hence there
are no nontrivial, invariant states T on &, for otherwise f i~ T,(f ® f)/? would be
such a seminorm. On the other hand, there are many invariant functionals in &’. In fact,
T is invariant iff T,(e;, ® ... ® e;,) = 0 for all (iy, ..., i,) such that the number of odd
indices is not the same as the number of even indices. This example shows also that the
topology defined by invariant Hilbert seminorms on & need not be the same as the topo-
logy defined by invariant states, in contrast to the case of the translation group (cf. [/]).

In examples A.5-A.7 it is the group action on & that does not merge with positivity.
As next we consider examples of « bad » ideals in &.

It is clear that the condition K(£* n &£ *’) = # does not hold for all two sided, *-inva-
riant ideals in &. -
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Counterexamples are e. g. the ideals
= n@N yn

with N > 2. We now give an example of a left ideal .# such that

K& ngL=%+ £*
but
L& NI+ L.

A.8. ExaMPLE. — Let ¥~ « %, be a subspace, such that ¥~ # &, but ¥" + ¥* = ¥;.
For example, one might take

¥ ={flsupp f < {(ps, .- P P1>—1}},

where f denotes the Fourier transform of f. Define
E =y @(né}2 L)
Then & + ¥* = "él Ly 80 LN LY ={(To,0,...)| Ty =0} and
L&t ng) = "él Fn# L.

It is not known if there exist left ideals & in & with L(¥* n £*) = & but
K& NP+ L + L* '

The next remark about ideals is that the sum of two well-behaved ideals need not be well-
behaved. The following example is based on the fact that the energy momentum spectrum
cannot be arbitrary in a local quantum field theory (a related example is due to Borchers [9]).

A.9. ExaMPLE. — Let . be the locality ideal and ¥ = %5 a spectrum ideal (cf. [/]) with
S={0}u{plpp=mip®>0},m®>0.

Both .# and % are well-behaved w. r. t. positivity in the sense that (1. 1)and (1.2) hold [/] [2].
Also, #* N %' contains at least the functionals (T,, Ty, T5,0,0, ...) with T; = const.
and T, proportional to the two-point function of the free field of mass m. Hence

T+ %+ @

and also ©
I+ L+ Lt # © K2

On the other hand, £+ N £+ ~ £ consists only of the trivial functionals (Ty, 0,0, .. .).
The proof of this is a slight modification of the usual argument for the additivity of the
spectrum (?) [I14]. By prop. 2.6 iii) in [I] every Te #L n L+ A ¥ is translationally
invariant. Denote by ®(f) the corresponding field operators, U(a) the representation of
the translation group, Q the invariant, cyclic vector and E, the projector on the space
of all invariant vectors. If fe & we have by locality

lim || O(f)U@S(N)QI? = | Ee®(f* @ NI =]l )L+ E¢'d(f* ® QI

a—-w

aspace-like

with Eo’ = projector on the invariant vectors orthogonal to Q. From this we conclude,

(*) The modification is necessary, because one cannot in general appeal to the cluster
property [15].
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thatif p belongs to the spectrum of U, then so does 2p. Since S does not meet this requirement,
except if p = 0, we conclude that
®(f) =0 for _fe";®l L
Hence
® Sy=KI "L NS ET ¥V + I
and . .
B =T L LN EI+ L.

The final examples concern the combination of invariance under automorphism groups
and annihilation of ideals. We shall need the following lemma.

A.10. LeMMA. — Let # be the two-sided ideal in & generated by all anticommutators
f®g+g® f with f, ge &, having space-like separated supports. If Te S+ n St is
invariant under R®, then the n-point distributions T, vanish for n odd.

Proof. — Let ®(f) denote the GNS-representation defined by T and let E, be the pro-
jector on the translationally invariant vectors in the GNS Hilbert-space. The operators
Eo®(f)E, are well defined and can be multiplied freely, because R? is an amenable group
(cf. [16]). Moreover, Eo®(f,)E, anticommutes with Eq®(g,)Eo, if f,€ %, gme m and
both n and m are odd. It follows that Eo®( f,)Ee = O for n odd, so T, = 0 for n odd.

A.11. ExaMPLE. — Let £ be the ideal generated by anticommutators as in lemma A. 10
and G = R’ We claim that
KSFtng") =4,
K(AH st n L) = Ao,
but
KSF N At n I+ S+ A

In fact, the last statement follows from lemma A.10, because the functional

T(f) = Jf,(.\')(l.\'

belongs to £+ N Xg*, and cannot be approximated by functionals with vanishing 1-com-
ponent. The first equality can be proven in a similar way as the corresponding statement
for the locality ideal [2], thm. 5.5. The only change from the proofin [2] is the occurrence
of minus signs in formula 3.10 in [2], but with this modification the proof remains valid.
(Note that £ is not generated by all anticommutators; in particular f2 ¢ .# unless f=0.)
Finally the equation K(A gt n ¥ *') = AHrs was proven in [I], thm. 5.3.

A.12. ExaMPLE. — We give an example of a group G and a G-invariant left ideal &,
such that
LAt n L) ={0}
L& ng)=%
but
L& N At LY+ 2.

This example is based on the spin-statistics theorem. We take for G the orthochronous,
proper Lorentz group L with its natural action on &. The left ideal & is defined as follows:
Let ¥, be a massive, free spinor field, and define a hermitian field ® by

Ox) = ¥i(x) + ¥i(x)*.
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Put ®,(x) = ®(Ax) for AeL’,, and let T, be the corresponding positive functional on &.
Then we define
1% =mL(TA).
A

£ is G-invariant and satisfies, by definition, the condition ¥ = L(Z* n £ *’). Moreover,
% contains both the spectrum ideal %, with S = spectrum for a massive, free field, and
the two-sided ideal generated by anticommutators as in lemma A.10. Since Sn —S = {0},
every hermitian functional annihilating % is translationally invariant. A positive func-
tional in #* N A g* thus corresponds to a Poincaré covariant scalar field with the wrong
commutation relations at space-like distances. Hence, by the spin-statistics theorem,

UL A At NS )= @ St L.

To show that L(Ag* n ¥ ') = {0}, we use the results of section 2. Repeated use of
prop. 2.4 with

t(f ® g = jf (x)glx)dx

shows that there is a Lorentz-invariant, positive functional T such that

T(f*® f) > Z J| FiGess « ooy x) Py ... dxy,

i.e. L(T) = {0}, so "
L(Xtn &) ={0}.
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