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AsBsTRACT. — We study the Cauchy problem for time dependent Hartree-
Fock equations for an infinite system of fermions with a single particle
potential V and a two-body interaction potential v. We prove existence,
uniqueness and globality of solutions in L2 and in H' under suitable
condition on V and on v.

ResuME. — Nous étudions le probléme de Cauchy pour les équations
de Hartree-Fock dependant du temps pour un systéme de fermions infini
avec un potentiel d’une seule particule V et un potentiel d’interaction a
deux corps v. Nous démontrons existence, unicité et globalité des solutions
in L? et in H* avec conditions convenables sur V et sur v.

0. INTRODUCTION

We consider the time-dependent Hartree-Fock equations for an infinite
system of fermions:

0@, —
l&=-A¢j+V(Pj+ Z ((Pjv*l(Pklz_(Pk'"*((Pj(Pk))
51‘ keN
) ©.1)
JjeN
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358 S. ZAGATTI

where each @; is a single particle wave function defined on IxR",
(I=[0, T}, TeR* or I=[0, + oo[); V is a real single particle potential and
v is a two-body interaction potential which is real and even, A is the
Laplace operator on R” (we assume 7= 2).

For a physical derivation of (0.1) one can see in [1].

In order to treat this infinite system of equations we introduce a
sequence ®={ ¢, }; .y which collects all the states and rewrite (0.1) in a
more compact form:

i%c—?=—-A(I>+V<I)+Fv(<I)) ©0.2)
where F, (D) accounts suitably for the nonlinearity, and we assume that if
A a generic single particle linear operator, its action on a sequence
®={¢,},;.n is given by A®O={A ¢, },.n with the obvious condition that
if A is unbounded A @ is defined for all those @ such that any ¢; belongs
to the domain of A.

Written in such a form (0. 1) looks like a nonlinear Schrodinger equation
for a single particle and our work is a generalization of the tools that in
the last years have been used in the study of it to Hartree-Fock equations,
we refer to [2] to {5] and in particular to [11]. By this way we are able to
improve previous results about time dependent Hartree-Fock equations
which can be found in [6] to [9]. As in [11] we deal with L2-solutions and
with H! solutions (L?=L2(R"), H!=H!(R"), usual Sobolev space) with
the modification realized by substituting these spaces respectively by /2 (L?)
and by /2 (H'), where, in general, for a Banach space X /2 (X) is the Banach
space of sequences ®={ 0; } jen such that any ¢; belongs to X and

def
@, 2X)||*= X |l9;]I% is finite. The choice of H' is due to the fact
jeN
that in this space conservation of energy finds a natural expression,
while L? is the natural space in which quantum mechanical problems are
formulated.

Our purpose is to establish existence and uniqueness of solutions for
the Cauchy problem associated to (0.2) written in integral form under
suitable conditions on V and on v. Now we briefly anticipate the content
of the paper. The first result we state is about H! solutions: under the
assumption

VeLu+L%2, <2,
q;

velri+1r2,  cg
pi
(feL't+L'2 means f=f,+f, with f,el" and, in general,
"=L"(R"), r=1) we prove local existence and uniqueness. The proof is
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THE CAUCHY PROBLEM 359

made via an approximating procedure and relies crucially on certain
properties of the free evolution group e~ ** that we will resume in the
following section. The approximation procedure is performed by cutting
the potentials V and v. This allows the use of a result about abstract
equation in Banach spaces that one can find in [10]. After having proved
existence and uniqueness of solutions we derive conservation of /?(L?)-
norm and of the energy and under the further assumption that it is

v_elP1+172 2<2,
Pi
where v_=max {0, —v} is the negative part of the two-body interaction
potential, we prove that solutions can be prolonged up to infinity. The
second result regards L? solutions and the proof of local existence and
uniqueness requests

VeLu+Le, <2
q;
n
Di
and is a classical contracting mapping argument. Then by a density
argument and using the previous result we show that solutions are actually
global. For the sake of simplicity in the whole proving frame we write
Vel?and vel?, v_eL? omitting the decomposition in two addenda; one
can easily convince himself that the proof in the general case would request
only a heavier notation.

The paper is organized as follows. Section 1 contains some well known
results about basic tools in the study of nonlinear Schrédinger equations
together with the definition of the quantities and of the notation which
will be used in the paper. In Section 2 we simply list some inequalities
used in section 3 and 4 that we have collected for compactness. Section 3
is about approximating solutions, their existence and properties, while
section 4 contains the results stated in a correct form.

veLP1+ P2, <2,

1. PRELIMINARIES AND NOTATIONS

We start with the definition of a series of those quantities useful to
write and to study equation (0.2) in the way specified in the introduction.

DermniTioN 1.1. — Let V: R*—> R, v : R" —» R even. For the sequences
D={0;}jem T={V;}jen Q={0;}jen- A={A}jcn, we set:
i) .?:; j(q)’ ¥, Q)= Z ((pjv*(\l’kmk)_‘ykv*((pjmk))f

keN

() F,@, ¥, Q={7, ;@ ¥, D};cn
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360 S. ZAGATTI

(i) F,(@®)=F, (o, ®, D),
@(iv) p, ; (@, ¥, Q, A)=% Y (90D v * (0 h)— (W00 v % (@; 1)),

keN
) B, (@, ¥, Q, A)={p, ;(®, ¥, Q, N} cn,
i) p,, ;(@®)=p,, ;(®, ©, D, D),
(vii) P,(®)=P,(®, ®, O, D),
(viii) we define the energy:

E@)= ) I:ﬁV(pj|2+fV|(pj[2+jpv,j((D)J.
jeN

We make also the convention that ®. ¥={¢;V¥;};cn [®]*={]0;|*}.
It is worth remarking that whenever they exist E (®) is real and that
v20 implies )’ p, ;(®)=0.
jeN
With these positions the Cauchy problem is written in the following
form:

i%?=—Ac1>+v<b+Fv(c1>), ®(0)=,. 1.1
t

We now introduce the basic notations used in the paper. We denote by
n the dimension of the space assuming n>2 and with ||.||, the L? norm

(LP=LF(R"); for r=1 we write r’=—£—1 and for any keZ. H*=H*(R")
e

. . . 2
is the usual Sobolev’s space and we remind that setting 2* = ——’-% for any
n—

re[2, 2*[ and for any @ e H! it holds true that
lell.<C..llelz[Vel5®, (1.2)

where & (r)=g—2; and also is valid the continuous embedding:
r

L' H L (1.3)

For I interval of R and X Banach (or Hilbert) space we call L?(I, X)
the Banach space of functions f: I— X strongly measurable with the

condition || f, L*(I, X) ||"d:6ff |f (O||&di< +oo. Moreover PP(X) is the
Banach space of sequences (D'={(pj };en such that @;eX for any jeX for
any jeN and || ®@, 17 (X) H”d: Y ||9;]|% < + oo (with the obvious definition
of the sum and of external l;rl:)duct). We remark that /2(X), eventually
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THE CAUCHY PROBLEM 361

def
endowed with the inner product (®, ¥)2 = Y (¢;, V), [*(X) is a
jeN
Hilbert space.
For the sake of simplicity we set:

@, 2(L2)[| =] @]
and
(@, ¥),2 wy= (D, ¥).

As consequences of (1.2) and of (1.3) the following assertions are true:
— For any re[2, 2*[ and for any ®e /> (H'):

o, 2@ |<C,, @] @) Vae . (1.4)
— For any re[2, 2*[ and for any ®e/?(L"):
|®, 12 (H™) | <C, ,||@, I2L7)]|. (1.5)

Introducing the free evolution group S (¢), formally defined by e ™4, the
Cauchy problem (0, 1) is written in the integral form:

d>(t)=S(t)<I)0~thS(t—t)[VCD(r)+F,,((I)(t))]dr.

0
Setting

uw) (n= —thS(t—t)‘I’(‘r)d‘r,

0
we study the equation

O=S(.)®,+U[VO+F, (D). (1.6)
Now we give properties of S(¢) and of U.

2 X
LemmA 1.1. — Let ry, rye[2, 2%; pi=—8—~, I interval of R. Then there

exists a positive constant C, such that, for any ® e Lr2 {2 (L’i)):
U@, Let(L, 22 (L) [SCl @, Lo2(1, 12 (L)) | (1.7

LEMMA 1.2. — Let re[2, 2%, p=é%, I interval of R. Then there exists
a positive constant C such that, for any ®e[? (L?):
IS(H®, Lo(L, 12 (L) || SC||@|| (1.3)
The proofs of these two lemmas are based on the inequality:
IS@®, I>(L)[|C|t]| 2P| @, 12 (L"),
see [11].

Vol. 56, n® 4-1992.



362 S. ZAGATTI

Now we define the main spaces used in the paper. I denotes the interval

[0, T], unless otherwise specified, we take re[2, 2%, p=8?—), T>0 and
¥

set:
X, (T)=L"(, 1*(LA)) N LA (1, I* (L),

equipped with the intersection norm:
- X D=, L=@ 2@ |+|., L@ 2L |;
and
Y(T)=L>(1, I*(H")).

By virtue of Holder inequality and of Sobolev embedding (1.4) it is
easy to prove the following

Lemma 1.3. — (i) For any se[2, 2%, 0=8?—)’ for any T>0, for any
s

DPeY (T):
®eLlo(1, I12(LY)

and
”CID, LeQ,? (L’))||§T”"||(D, Y(T)”. (1.9)

(ii) Given re[2, 2%, p——2 , for any se[2, r], o=—2—, Sfor any T>0
3(r) 3(s)

and for any ®eX, (T):
®el(1, I2(LY)

and
@, L@, 2 (L) <] @, X, (D). (1.10)

2. A PRIORI ESTIMATES

In this section we collect a series of inequalities used in the following.
The most important device in proving them is property (1 .7T) of the free
Schrédinger evolution group.

We assume:

V: R"-R,
v: R"SR even,
ref2, 2%.
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THE CAUCHY PROBLEM 363

We say that

— (V, r) satisfies H1 if VeL? and E§28(r),
q

— (v, r) satisfies H2 if veL? and ’1<36(r)+ 1,
p

— (o, ) satisfies H3 if veL?, “<2 and “<38 (") + 1.
p P

All over the section C denotes a positive constant, and I=[0, T], TeR!

Lemma 2.1. — (i) Let (V, r) satisfy H1 and let s,€[2, r] such that
2=28(s,). Then, for any ® € I* (L*1):
q .
Ve, 2w V], 2@l @.1

(i) Let (v, r) satisfy H2 and r,e[2,2*[ and s,€[2,r], such that
" 5(r,)+38(s,). Then, for any ®, ¥, Qe l* (L2):
p

| F, (@, ¥, Q), (L)
<2||o[, | @ 2@ |||, 2 @) ||| Q 2L (2.2)

(iii) Let (V, r) and (W, r) satisfy H1 with the same q. Let T>0. Then
there exist C>0 and p>0 such that, for any ®, ¥YeX,(T), and for any
ae(2, 2*:

|UIVOe-WY], L*(L, I (L%)
<CTH||W|,||®@—¥, X, () ||+ CT*|| V=W ||, |, X,(D . (2.3)

where o.=——

8(a)
(iv) Let (v, r) and (w, r) satisfy H2 with the same p. Let T>0. Then
there exist C>0, v>0 and vy>0 such that for any ®, YeY (T) and for
any ael2, 2*[:

| UIF,@~F, ()], L*A 2 L)
<CT|o|, 0@, YD [P +]|@, YD ¥, Y (D[ +|¥, Y (D]
x[|0—¥, X, (D[ +CTlo—wl,[|'¥, YD (2.4
2

where o =——

5(a)
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364 S. ZAGATTI

(v) Let (v, r) satisfy H3. Let T>0. Then there exist C>0 and v>0 such
that for any ®, ¥ € X, (T) and for any ac[2, 2*[:

|UIF, (@) —F,(¥)], L*(1, 12 (L) ||
<CT|[o, 1@, X, (D[ +[|@, X, D)%, X, ()|
+'2, X, (D Pl e-¥, X, (D). @.5)

where o.=——
é(a)

(Vi) Let VeL? and ==28(sy) with sye[2, 2*. Then for any O,
q
Y e 2 (L%3):

IVeP=1¥p), @y
SC[V| L@, 2@ss)||+||'P, 2L 1] 0¥, 2LS)]. 2.6)

(vii) Let veL? and s, e[2, 2*[ such that E=48(s4). Then, for any ®,
p
Yel?(L%4):
| P, (@) —P,(¥), I' LY
=Clloll,. 1@, 2@+, 2@ 2| %, Lo
+||®@, 12 @ |||, 2 @) |]*+|, 12 @ |P1.||o-w, 12 9| @.7

Proof: First we notice that §(.) is a continuous increasing function

from [2, 2*[ to [0,1[ so the expressions chosen for " and can be satisfied;
q p
then (i), (i), (vi) are straightforward applications of Hélder’s, Young’s

and Schwartz’s inequalities.
(iii) Applying inequality (1.7) we have:

[UIVO-W¥], L*(z, 1 (L) || <C|[VO- W, Lo (I, 2 (L))

where s, is chosen in such a way that—n=28(sl) for some s,€[2, r]

2
(as usual o, = )); then we get the result by (2. 1), by Holder’s inequal-

S1
ity and by (1.10) setting p=1 —3(sy).
(iv) Again by (1.7):

[UIF,(®)~F, (¥), L*(, I*(LY) | <||F, (@) F,(¥), L2 (L, 12 (L"),

where r, €[2, 2*[ is chosen in such a way that

n_ . _ 2
D=5+ 356); (pz 6(r2)>,

Annales de I'Institut Henri Poincaré - Physique théorique



THE CAUCHY PROBLEM 365

then (2.4) is a consequence of (1.9), of (1.10), of Holder’s inequality and
of the decomposition:
F,(®—F,(¥)=F,(0-¥, ®, ®)+F, (¥, 0¥, D)
+F (P, P, 0-V)+F, _, (P, P, 9),
8(272)_8(52) and vo=1 *8("2)‘
(v) The proof of (2.5) is analogous to that one of (2.4) and makes use
of (1.10).
(vii) Start with the decomposition:
P,(®)—P,(¥)=P,(®-¥, , ®, )
+P,(¥, 0%, ®, 0)+P, (¥, P, 20—, D)+P, (¥, ¥, ¥, D V),
then the thesis follows by Holder’s, Young’s and Schwartz’s inequalities.
We end this section with a

Remark 2.1. — Inequalities (2.1), (2.2), (2.6) and (2.7) hold true
when VeL® and ve L®, implying in particular that the map

® - VO+F,(®)
is locally lipschitzian in /2 (L?).

setting v=1—

3. APPROXIMATE SOLUTIONS

We consider in this section approximate solutions of the equation (1.6).
The approximation is realized by cutting the potentials V and ». The
purpose is then to take the limit of these solutions as the cut potentials
grow to the original ones.

DermiTioN 3.1. — For Vel4, g=1; veL?, p=1 and for meN, we set:

V,,=m if Vzm
\Y if |V|Em
-m if VE—m,

Vpy=m if v=m
v if |v|Em
—-m if v=-m,

and we write:
F,, (@ =F,(®),
Pop, (®) =P, ;(D),
P, (®)=P, (D),

E, @)=Y [ ﬁmp,.|2’+ fvm|¢j|2+ fp,,,,,.@)];

JjeN
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366 S. ZAGATTI

We study the equation:

Dd=S(.)D,+U[V,®+F, (D)] (3.1m)
in L® (0, T, 12(L?)).

LEMMA 3.1. — Let Vel4, g=1; vel?, p=1; meN and ®,el*(H?).
Then there exists a unique ®e C* (10, + oof, /2 (L?) N C([0, + oof, I* (H?)),
such that:

(i) @ is a solution of (3.1m),

(i) |® @] =]|Do|, V20,

(iii) E, (®(1))=E,,(®,), V120,

(iv) Given T>0 there exists a C>0 such that if ¥y e > (H?) and

¥eC' (10, +oof, 2(L2) N C(0, +oof, *(H?)
is solution of Y =S (.)¥Y,+UI[V,Y+F, (W), it holds true that:
[@—¥, C(O, TI, > L) | SC[| @ —Fo |
(Continuous dependence from initial data).
Proof. — By remark (2.1) the map
®—V, 0+F, (@)
is locally lipschitzian from /2(L?) into itself, then there exist T,>0,
depending only on || ®, ||, and a unique
®eC' (0, T, [, 2(L?)) N C([0, Ty], 1*(H?)
solution of (3.1m) depending continuously on initial data and solution
moreover of the classical Cauchy problem associated to (0.1) with
0;(0)= ¢ where ®,={¢!” };.n. For a proof see [10]. Multiplying (0.1)
by ¢, and the conjugate of (0.1) with subscript / by ¢; and subtracting
one gets that

gm@%mmw, 3.2)
t

therefore the solution preserves /2 (L?)-norm and then it can be prolonged
up to infinity (see [10] again). Statement (iv) easily follows because the
length of the interval of existence depens only on the norm of initial
datum. To end the proof we notice that the map ¢ — ||V ¢, () ||* is differen-
tiable with respect to ¢ and, for any j, it is:

d op;

—|IVo;|lf2= —Re| =, Ag;} ,

21V a2 . a0y) |
then standard computation ensures energy conservation.

Remark 3.1. — It is of physical interest to notice that by virtue of
(3.2), if @, is a sequence of orthonormal functions ® (¢) is still so.

Annales de I'Institut Henri Poincaré - Physique théorique
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LemMmA 3.2. — Let Vel ¢gz=1; vel?, p=1, meN; T>0 and
®, e/’ (H'). Then there exist a unique ® e C ([0, T}, > (H')) such that:
(i) @ is solution of (3.1m) in C ([0, T], I (L?)),
(iii) E, (®(1))=E,,(®,), V¢€[0, T].
Proof. — Let {®J},_y be a sequence in /2 (H?) converging to ®, in
2 (H'). For any / consider
®VeC! (0, T[, 12 (LY)) N C ([0, T}, I*(H?)

solution of (3.1 m) as ensured by previous lemma. By continuous depend-
ence from initial data if follows that ®® is a Cauchy sequence in
C{, P(L*»)(I=[0,T]) and one gets immediately that the limit
®eC(I, *(L?) is solution of (3.1 m) and preserves /?(L?)-norm. By
energy conservation, (2.6), (2.7) with g=p=+ o and by 2(L?) norm
conservation we have:

1V 00 @) < VO [ + 41Vl 002 8 oL [ OD ], 3.3)

As a consequence of the uniform bound (3.3) @ belongs to L= (I, HY), is

weakly continous in 2 (H') and, by (1.4), o' 57 ® in C(I, P (L") for
any ke[2, 2*[. Using again (2.6) and (2.7), it is easy to see that

E, (@) 5°E, (@), (3.4)
and that

> UVM lof’ (0] + fpm, ;@0 (t))]

) Ule(P,—(t)|2+me,,~(®(t)):||l:m 0; (3.5

jeN

(3.4), (3.5) and weak lower semicontinuity of /2 (H!)-norm imply
and then by a time reversal argument we finally get
E,(@(®)=E,(®,), Vrel0, T].

To end the proof of the lemma we see that (2.6), (2.7) and continuity
in 2 (LY, ke[2, 2*[ imply also that t — || V® (¢) ||* is a continuous function
and this fact, joined with weak continuity of @, ensures that @ belongs to
C(1, P HY)).

Lemma 3.3, — Let Vel%,2<2; vel?, Z<d4 and ®,e P (HY). Then

q p
there exist T>0 and K >0, depending only on ||®,, > (H") ||, such that if
®,eC([0, T], *(HY)) is the solution of (3.1 m) ensured by lemma (3.2),

Vol. 56, n° 4-1992.



368 S. ZAGATTI

then
||(I>,,,, L*(0, T, I? (Hl))HgK, VmeN.

Proof. — We choose a re[2, 2*[ in such a way that (V, r) satisfies H 1
and (v, r) satisfies H2, by virtue of energy conservation of (2.6), of (2.7)
and by Sobolev inequality (1.4) there exist C>0, 8;, 5, [0, 1] such that
V@, |2 VO[> +C|[ V|, [l @o | =[]V o | |

+]| @, (D) [[* 2| VD, () [[*1]. | @, (1) — B || =21 || V(@ — @, (1) ||
+Clloll, [ Po[" ~*2[| V 0o [|*2)°
+(|| @ || 72|V 0, [P2)? (| @ () ' 72|V @, () [2)
+ (| || 22|V O, [P2) (|| @ () || 72|V Py, (D)[[2)?
+(| @, () ||' 2|V @,, () [[°2°]]| @, (2)
=@, ||' %2 ||V (@ — D, (1) [|*2. (3.6)
Then, defining
b()=1+|V®,®]?
and reminding /2 (L?)-norm conservation of solution, we get:
b(H)<b(0)+Ch ()| ®,, ()~ D, ||' >
+Cb ()% ||, ()~ D' %2, (3.7)
where C now depends on || ®,, /*(H")
notice that the equation
D, =S(.)D,+U[V, ®+F,(D,)]
holds true in C(I, /2(L?)) and also in C(I, />(H™?)); local lipschitzianity
of ® -V, ®+F,(®) in *(L? and the regularity theorem expressed in
[10] imply:

l, ||2]l, and on ||V],. We now

ii?= —AD,+V, @+ F, (®,) 3.8)
1

in 2(H™2). By virtue of embedding (1.3) and of inequalities (2.1) and
(2.2) all terms in the right hand side of equation (3.8) lie in 2(H™') and
moreover
”%(Dm, PH YL@, 0, PHY[|+C|| V], ||®,. (), > HY]|

+Cllo|l, || P (0, PHY|PSCA+H||VO,0)[)*=Cb@)°?. (3.9)
Now by 2 (HY)—*(H™ ') duality:
0, () = o [ | 03, ()= @ 12 (HY) [ [ 0, (0~ B, 12 (71|

<@, () — @, lZ(H‘)Hf i%(b(S), [2(H™Y||ds
OgC“b(t)”z( sup b(s))**t. (3.10)

se[0,1]

Annales de I'Institut Henri Poincaré - Physique théorique
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Inserting (3.9) and (3.10) in (3.7) we have
b(H)<b(0)+Ch ()33 + V4 (173012 (gup b (s))> 1 0/

sel0,1]
+Ch(f) TR VA M82(qup p(s))P 134 (3.11)

se[0,t]
Introducing
B()= sup b(s)
se[0,1]
(3.11) becomes
B()<B(0)+C (1 7302 4+ {17322) B (£)P,
for some positive B, and choosing T in such a way that
C(TU 3024 T =822y (2 B (0))P < B (0)

we finally get that B (£)<2 B (0) for any ¢€[0, T]; hence the result.

4. RESULTS

We are ready to give the main results of the paper which are about
equation (1.6).

ProrosiTioN 4.1. — Let Vel? with —’1<2, vel? with -z<4,

q p

®,cl?(H'). Then there exist T*€]0, + o] and a ®eC([0, T*, 1> (H"))
such that:

(i) @ is solution of (1.6) in C ([0, T*[, 1> (L?));

(i) @ is unique in L ([0, T,}, I* (H)) for any T, €10, T*[;

@iii) ||@ @) ||=]|® || for any 1[0, T*[;

@iv) E(@ (¢))=E (®,) for any te[0, T*[;

(V) One of the following properties holds true.

1. T*=+ 0

2. T*<o0 and lim ||®(¢), P (H")||= + o

t 2T*

(vi) If moreover v_=max{0, —v}e L7 with ~<2 then T*= + oo.
Proof: Choose re[2, 2*[ in such a way that (V, r) satisfies H1 and (v, r)
satisfies H2 and consider the sequence of approximate solutions

{®, }nen in C([0, T], /2 (H")) with the same initial value @, whose exist-
ence was proved in lemma 3.2. By lemma 3.3 if T is small enough

K=sup {||®,, Y(D|}<+ . 4.1)
meN
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From (1.7), (1.9), (2.3), and (2.4), for any ae[2, 2* [( =g~(2——)—) it is:
a

| ®,,— @, L*(1, 2L ||
= UV, ®,—V,®]+U[F, (®,)—F,(®)], L*(, I* (L) |
<CT*|| V||, || ®,,— ®,, X, (T)||+ CT*(1+ T K ||V,,— V],
+3CT||o ||, K2||®,,— D), X, (T) |+ CTK? |5~ ]| ,, (4.2)

(p=%> by setting in (4.2) first a=2 and then a=r and imposing T
r

such that:
2C||V|[qT“+6CK2TVHv||p<1 4.3)

we get that {®, } is a Cauchy sequence in X, (T). As in lemma 3.2, by
(4.1) the limit @ belongs to L= (I, /2 (H')), is weakly continuous in /2 (H?)

and ®," > @ in C(I, (L") for any ke[2, 2*[.
Using again (1.7), (1.9), (2.3) and (2.4):

|®—S(.)®,—U[V®+F, (@), X,(T)|
<[|®-®,, X, (T)[| +2CT*|| V||, | @~ ,, X, ()|
+2CTH(1+T)||V,,— V|, + 6 CT"||v ||, K*[| @~ ®,, X,(T)|

+2CT K3 ||v,— 2|, — 0,

so @ is solution of (1.6) in X, (T).

Obviously || ®(7)||=|| ®, || for any reI and by virtue of (2.6), (2.7) by
convergence in C(I, /2 (L¥), ke[2, 2*[ and by weak lower semicontinuity
of > (H')-norm:

E (@) 2E (® ().

Then energy conservation follows from a time reversal argument.
It is still a consequence of (2.6) and of (2.7) that the map:

(> va,-(nlﬂjp,-(m(t»}

jeN

is continuous, and this implies that 7— ||®(7), 2 (H')|| is continuous.
Finally, reminding that @ is weakly continuous in /2 (H'), we have:

DeC ([0, T), I2 (HY)).

Properties (i), (ii), (iv) are proved on an interval of length T depending

on
[| @, 12 (HY .
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Assuming ® (T) as initial datum the solution can be prolonged up to a
T* such that
lim || @ (#), I*(H")||= + o0,
t»T*
otherwise T*= + co.
To prove uniqueness we take a To€]0, T*[ and let ®, ¥eL® 0, Ty,
2 (H')) be two solution of (1.6); we set

M=max { ||®, L (0, T, > (H") |, [|'¥, L* (0, To, I*(H)[| }
if T, <T, (2.3) with V=W and (2.4) with v=w imply:

[@—¥, X,(T)||<2CTY|| V| [|@—¥, X, (T) ||
+6CTY |||, M?||@—%¥, X, (T,

taking T, small enough we get ®="¥ on [0, T,] then, by iteration, o=
on [0, T].

To prove the last assertion we notice that by (2.6) and (2.7) with ¥ =0,
by conservation laws and by (1.4) we get:

Vo0 =E@y)- ¥, j V]9, + 70 ;@)
jeN

SE@)+[|VIo® P, I' WH | +[[P,_ (@), I'@H]|
SE@)+C|V[ o@|2 | Ve _
+Cllo-[lFl@@[* " [[Ve®[; @.4)

setting b (£)=1+|| V@ (1) ||* (4.4) becomes
b(SC+Cb (0

with C,, C,>0 depending on || ®, ||, || V||,, and ||o_
|[V@ (]| is bounded and hence, by (v) T*= + co.

This concludes the proof.

We consider now L2-solutions of (1.6). We set up a contracting mapping
procedure to state existence and uniqueness on a small interval [0, T]
whose length depends only on the /*(L?)-norm of intial datum. Then
globality of the H'-solutions ensured by previous Proposition imply,
without any further conditions, prolongability of L2-solutions up to infin-
ity via a density argument. We start with a

7 and 0€]0, 1[. Then

DeriNiTION 4.1. — Let R>0, T>0; we set
X.(T, R)={®eX, (1) : ||®, X, (T)||<R}.

X (T, R) equipped with the distance induced by X, (T)-norm is a com-
plete metric space.
For ®,e/?(L*)and ®eX, (T) we set:

Qo (@)=S(.)+U[VO+F,(®)]
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LemMa 4.1. — Let (V, r) satisfy H1 and (v, r) satisfy H3. Then, given
D>0, there exist R>0 and T>0 such that, for any ®,el*(L?) with
| @ || <D, Qq, is a contraction on X, (T, R). Moreover continuous depend-
ence on initial data still holds, that is to say that there exists a positive
constant C such that, given ¥ye? (L?) with ||¥, || <D and denoting by ®
and ¥ the fixed points of Qq, and of Qy, respectively, it is:

||(I)—\P, Xr(T)l|§C||‘1>o~‘Po||- 4.5)
Proof. — We take ae[2, 2%, a=%, T>0, ®, ¥eX,(T), using (1.7),
a

(1.8), (2.3) with W=0, and (2.5) we get:
| Qo (@) — Qu, (), L*(L, 12(LY) ||
<C|| @0~ ¥, [|+C|| V], T*||@—¥, X, ()|
+Clel, Tio, X, M| +lo, X, @ 1¥. X,
¥, X, (|| @- ¥ X, (T)|. “.6)

Now we take (4.6), inserting ®eX, (T, R), ®,e/*(L?) with ||®,| <D,
¥=0, ¥,=0, first with a=2 and subsequently with a=r and summing,
we get

| Qo, (@), X(T)|S2CD +2C|| V||, T*"R+2C|[s[,, T'R?, (4.7)
then putting in (4.6) ¥,=®, and YeX, (T, R), a=2 and a=r and
summing:

[ Qo (@)= Qa, (). X, (D | <@ C| V|, T*
+6C||2], T'R?)||®-¥, X, (D) |; (4.8)
then, choosing R and T in such a way that

2CD+2C|| V||, T*R+2C||v| pT*'R®*<R 4.9)
2C|| V||, T*+6C|j»|, T'R?<]1, (4.10)

(4.7) and (4.8) imply that Qg is a contracting map on X (T, R).
Let now @ and ¥ be fixed points of Qg and of Qy,, consider again
(4.6) with a=2 and a=r, it is:

|@=¥, X,(T)||=]| Qo, (®) — Qu, (), X, (T)||
S2C|| @, [+2C|V |, T*|| @~ ¥, X, (T) |
+6C|o|, T R?|O—¥, X, (T)||. (4.11)

(4.10) and (4.11) imply continuous dependence (4. 5).
ProrosiTioN 4.2. — Let Vel? with —n<2, veld with =<2, Let

q p
®, e % (L?). Then there exists a ®e C ([0, + oo, I* (L?)) such that:
@) @ is solution of (1.6) in C ([0, + oo, I (L?));

(i) ®eL*(0, T, A (L%), VT>0, Vae[2, 2*[<oc=-2—>;
8(a)
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(iii) ® is unique in L2, T, P(LH)NLPQO, T, A(L)VT>0, where

2
re(2, 2*[ is such that (V, r) satisfy H1 and (v, r) satisfy H2 <p=m>;
r

i) |® @] =] ®o||, V20.

Proof. — We choose r in such a way that (V, r) satisfy H1 and (v, r)
satisfy H3, by lemma 4.2 there exists a solution of (1.6) on an interval
[0, T] sufficiently small, first we prove that it belongs to C ([0, T], /2 (L?))
and that it preserves 2(L?)-norm. By (1.3), (2.1), (2.2) and absolute
continuity of the integral ® e C ([0, T], /2(H™ '), so ® is weakly continuous
in 2(L?). Let {®$}, .y be a sequence in /> (H*) such that

[| @5’ [|<]| @, || 4.12)
and

oy > o,
in /*(L?). By virtue of Proposition 4.1, and reminding that <2 for any
p

leN it exists
Ve C([0, +oof, I2(H))

solution of (1.6) preserving /2 (L?)-norm. Inequality (4.12) implies that ®
and the restriction of @ are fixed points of Qg and of Qqg respectively
on the same closed ball of X, (T); then by continuous dependence from
initial data (4.5), from (4.13) and passing to the limit /- oo,
||®(0)||=||D, || for any t€[0, T]. So continuity in /*>(L?)) and prolungabil-
ity are proved. Statements (ii) and (iii) are obvious.

Remark 4.1. — By remark 3.1 and by the features of the construction
made up in Proposition 4.1 and in proposition 4.2 [i.e. C(I, I?(L?))-
convergence] both L?-solutions and H!-solutions maintain the property
expressed in remark 3.1.
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