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ABstrRACT. — Let Hy=H+ MU be a Schrédinger operator H addition-
ally perturbed by a positive potential U, where M is a positive coupling
parameter. The limit of Hy in the norm resolvent sense is a Dirichlet
operator on the complement of the support of U. A quantitative estimate
is given for the rate of this convergence as M is large.

Resume. — Soit Hy,=H+ MU un opérateur de Schrodinger perturbé
par un potentiel positif U et M un paramétre de couplage. La limite de Hy,
en norme de la résolvante est un opérateur de Dirichlet sur le complément
du support de U. Nous donnons une estimation quantitative du taux de
convergence pour M grand.
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328 M. DEMUTH, F. JESKE AND W. KIRSCH
1. INTRODUCTION

The main objective of this article is to estimate quantitatively the rate
of convergence for Schrodinger operators if the positive part of the
potential tends to infinity.

We consider Schrodinger operators of the form Hy=H,+V+MU in

. . . 1 -
L2 (R%, H, is the selfadjoint realization of — EA, V a potential in Kato’s

class, U a positive potential with support I'. T is a closed subset of R,
called singularity region. Hy tends to an operator (H,+V); in strong
resolvent sense as M tends to infinity. (H,+ V)y is the Dirichlet operator
corresponding to H,y +V defined in L? (X), where £=R*\ I is the comple-
ment of T

For many estimates in spectral theory it is useful to have not merely
the bare convergence but also the rate of convergence. Among others this
is of interest for semiclassical limits where #? H,+ V + U is compared with
(h®*H,+ V) for small 4?2 (see e. g. [His/Sig] who studied also large coupling
limits in relation to semiclassical considerations).

Therefore we estimate operator norms of resolvent differences, i.e.

(1.1) |(Hy=2) "' = ((Ho+V)s—2) 7 [|[=r (M)

Our main technical tool is to estimate the corresponding operator norm
of semigroup differences heavily using properties of Brownian motion.

Of course, the value for r depends strongly on the properties of the
boundary oI'. We tried to find very general conditions for dI'. Therefore
we allow Lipschitz continuous 0I". In this general case we will prove

L gey<l
(logM)” 2

This rate can be improved if ' becomes more regular. If for instance X
is convex then

(1.2) r(M) =const.

(1.3) r(M)=<const. M~1/4,
In the special case of a halfspace one has
(1.4 r(M)<const. M~ /3,

In order to qualify the upper bounds we also estimate the resolvent and
semigroup differences from below. One rough lower bound is

(1.5 [|(Hy—2)"'=((Hy+V)g—2)"*||=const. M~ ¢+2)/2,
The paper is organized as follows:
In Section 2, we collect some results concerning (1. 1) which are prelimi-

nary to our discussion. Here, we point out that trace class properties and
convergence of e "HM— ¢~ tHs were treated in [Dei/Sim] for bounded I'. In
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RATE OF CONVERGENCE FOR LARGE COUPLING LIMITS 329

[Bau/Dem], Hy was identified as a suitable Friedrichs extension. Further-
more, problems of the above kind are considered in [Dem/vCal] for a
larger class of free operators H,,.

At the end of Section 2, we extend some results of the preceding paper
[Dem] and explain, where and why there are limitations for these methods
with respect to dimension of the underlying Euclidean space and bounded-
ness of the singularity regions. We recall that [Dem] treated the conver-
gence of (Hy—z) ' —((Hy+V);—z) ! with respect to trace class, Hilbert-
Schmidt and uniform operator norm, but did not obtain convergence
rates.

Our main result (1.2) is contained in Theorem 3. 1. The corresponding
Section 3, which is independent of Section 2, begins with the method basic
to (1.2). In particular, we explain how the estimation of the semigroup
difference leads to two expressions (see (3.2)). The first of these terms,
(1.6) supP {A—e<Ap<)r},

xeX
where Ay is the time the Brownian path started at xeX hits I' for the
first time, is probabilistically of interest in its own right (see e.g. [LeG],
[Kar/Shr]). We estimate (1.6) in Section 4, where we see in particular that
it leads quite naturally to ‘the Lipschitz regularity assumption imposed
on OI' in Theorem 3. 1.

The second term, the Laplace transform of (the distribution of) the time
spent up to time & in a cone by the Brownian trajectory started at the
vertex of the cone, is estimated in Section 5 using strongly results and
methods of T. Meyre [Mey].

Having thus finished the proof of our main result, we then shed some
additional light on Theorem 3.1 in Section 6 by exhibiting the special
case of the halfspace (Lemma 6.1), where the upper bound is improved
considerably, and stating lower bounds on the operator norm of resolvent
(Lemmas 6.2.3) and semigroup difference (Lemma 6.4).

2. ASSUMPTIONS AND PRELIMINARY RESULTS

Throughout this text, we denote the following conditions on two potenti-
als V, U and a singularity region I" by

o 1, .
AssuMPTION A. — Let H, be the selfadjoint realization of _EA in

L?(R%. Let V be a Kato class potential, i.e. V=V, —V_, where

lim supj dsj dyp(x,y|s)V_(»=0
0 r4

a—>0 x

Vol. 59, n° 3-1993.



330 M. DEMUTH, F. JESKE AND W. KIRSCH

and

lim sup J s deyp(x, Y9Ve ()2 (3)=0
0

a—>0 x

for any compact subset B of R?.

Moreover, we assume I to be a closed subset of R? with positive
Lebesgue measure and a piecewise ¢* boundary.

Finally, let U be nonnegative and such that supp U=TI", U(x)=0 only
for xedr'.

AssumpTiON B. — H,, V, I as in Assumption A, U=1..
Here and in the sequel x, ; denotes the indicator function of the set
{...}, and p is the transition probability kernel for Brownian motion

P(an’|1)=(2—nlt)me"”“”2’/2', x, yeR?, 1>0.
Under Assumption A it is known that the limit of
Hy:=H,+V+MU
exists in the strong resolvent sense as M — co. Under mild conditions on
oI this limit coincides with the Friedrichs extension Hy of
Hy,+V|L*(Z) D H,+V),

where =R\ I is the complement of I" (see [Bau/Dem]).
Since Hy is an operator on L?(Z) while H,+V acts on L?(R%), we can
only compare functions of Hy and Hj, via the restriction operator

If:i=f|%,  feL*(RY,

whose adjoint operator J* is the natural embedding L2 (X) L2 (R?).

2.1. Convergence in Hilbert-Schmidt sense

The possibility of using the Hilbert-Schmidt norm to measure the
approximation of (functions of) Hy by Hy, is restricted to very few situa-
tions. In particular, one should consider dimension d<3.

We recall

THEOREM 2.1. — Let Assumption A be satisfied, U bounded. Then
(2.1) lim ||J(Hy—2)"'—MHs—2)"'J||,=0, zep (Hy),

M- ©
where p indicates the usual operator norm for d=4, the Hilbert-Schmidt
norm for d<3 and the trace class norm for d=1.
This result can be extended to the limit absorption case z=A=+i0 for
certain real A (see [Dem]).
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RATE OF CONVERGENCE FOR LARGE COUPLING LIMITS 331

We will not repeat the proof of Theorem 2.1 (given in [Dem]) here but
rather emphasize that it is strongly based upon the Hilbert-Schmidt esti-
mate for differences of powers of resolvents

(2.2) [[JHy—2) = Hy—2) 1T |jjs=c
Jwd)"}\'u)ﬁq—ze—-Rez.l”Je—KHM_e—kHzJHKZ{S
0

(with ¢>0, 0<a<1) and the estimate
(2.3) ”Jé’—;‘HM—e_)‘HZJHﬁS=0(7\,_("/2)+6A")

for some constant A >0.
The proof can be used to study a first very restrictive class of unbounded
singularity regions I':

THEOREM 2.2. — Let T be the union of balls B; of radius R; around
points a;e R%. Then we have the following estimate on the Hilbert-Schmidt
norm of semigroup differences:

2.4 ||[Je *Hm—e ?Hz ]y ||ﬁs§c(X)Z(R;"2‘°‘+R;."1),

where >0, c (L) could be given explicitly.

Remark. — We know that the L.h.s. of (2.4) tends to zero as M — oo
(see (2.5) below). Note that we can estimate the semigroup difference
uniformly in M in dependence of R;.

Proof of Theorem 2.2. — If (Q,, P,) denotes the probability space
corresponding to Brownian motion started at x, and (Q%%, P%%) repre-
sents Brownian motion conditioned to start in x at time 0 and stop in y
at time A, we can evaluate the respective integral kernels and obtain

2.5) [[Te*Hm—e Hry

=fdxf dy
b R4

A
since f U (@(s)) ds vanishes iff the time T, r(®0)=meas {s<A|w(s)el}
0
of the path ® spent up to A in I" does.

Since V is Kato class,

2

A
J‘y })Pi”%(dw)e_IOV(")(s”dse_M-&U("‘ (3))dsX{Tx,r>0)(m)
Qx,

.0 f P2 (do) e oV e s < p-w an
i

Vol. 59, n° 3-1993.



332 M. DEMUTH, F. JESKE AND W. KIRSCH

Hence

2.7 r.h.s. of(2.5)§c7»""/2)e“J dxj dyPLA{T, >0}
b3 R4

=c7»“"/2’e“fdex{T“->O}
)

gck'(dfz’eAlZJ dxP_{T, 5>0},
i JI;

where we used I'=J B, and £ < Z,: =R\ B, in the last step. In order to

estimate the summands above, let B denote a ball {xeR?||x—a|<R}.
Then

J dex{TLB>O}
RN B

< dxP.{o|o(s)eB for some s<)}

Jlx—a|ZR

r

= duPy{®||o(s)+u|<R for some s<A}

Jlu|=ZR

r

= duJ P, (do) x {o||o(s)+u|<R for some s<k}
Qo

Jlul|=ZR

xx{®:|o(s)+u|<R for some s}

gj dulPy{®||o(s)|>|u|—R for some s<A}]'/7
|ul2ZR
X [Po{®]||@(s)+u|<R for some s}]'/

. . 1 1 .
with arbitrary 1 <p, g< o0 s.t. — + —=1. Since
P q

d—2

|u’d—2

(2.8) Po{o®||®(s)+u|<R for some s}=<c

(see [Sim], p. 70) and
(2.9  Py{o||o()|>rfor some s<A}<2P,{o||o()|>r}
(see e. g. [Por/Sto]) we obtain
f dxP.{T, B>0}§6Ru~2)mf du|u[“""z)/"e“'““"’z“”
RAB '

|u|2R

©
=cR@-2a J dr (R+ )@ +Qio=1 =24 ph)
0o
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R
<cRU@-2)a [ J dr RUD+ @I ~1 ,=24aph)
[

@
+ f dr rém+Q@ia=1 =24 p x)]
R

<cRU-2/a[RU@P+2/D~1 \/‘;;_,_ AL2 @p)+ 21a)]
<c(M)[RIT14+RE-2/

Note that there and in the following we use the slight abuse of notation
that the value of the constant ¢ may (and in fact usually does) change
from step to step.

. .. . . . €d—2) .

Plugging this into (2.7) yields the desired bound with o= T if

€

we let g=1+¢e. O

2.2. Estimates on the operator norm

The proof employed in Section 2.1 using the Hilbert-Schmidt properties
of semigroup differences fails if I" has unbounded volume. But for applica-
tions in solid state physics or concerning N-body problems, one should
also strive for results on potential barriers over unbounded I'.

The approach we will use in the sequel is based once again on the
Laplace transform

2.10) |[J(Hy—2)"'—Hy—2)"'T|<c
jdhe“ml“J‘-’_‘““—e‘“"‘JH-
(o]

Since the norm on the r. h.s. is not bounded by the Hilbert-Schmidt norm,
we make use of the fact that Je *Mm—¢ ™ *HsJ is an integral operator.
Using [Kat, eq. (II1.2.8)] and noting that the kernel is symmetric, we
have

@.11) [[Je Hu—eHa] |
7"‘1 j‘x
<sup dy Pi’,%(dm)e oV(©(ds p=M OU(Q(S))dSX{Tlr>0}(w)
R Japd ’

xeX

A A
ésupJ\ Px (dm)e_jlo Ve (s) dse'—MjIO U (o (s) dsx{ Tor>0) ((D)
Qx

xXeX

The expression supf dyK (x, y) is an upper bound for the operator
Rd

X
norm of the integral operator K

Vol. 59, n° 3-1993.



334 M. DEMUTH, F. JESKE AND W. KIRSCH

By Dini’s theorem, the estimate (2.11) provides a result dealing first
with bounded T". But then it can be extended to unbounded I'.

TueoreM 2.3. — Let H,, V, U satisfy Assumption A, I' compact. Then
ITHy—2)"'—=Hy—2)"*T|| and |[Je *m—e ]|

tend to zero as M — 0.
Proof. — Since ||Je *HMM—e ] || <Be*?, it suffices to prove
|[Je *M—e 2] || —0
M- ©

in view of (2.10).
If R is sufficiently large, then

'y
- v d
sup J P, (do)e IO lo ) *X(Th.r>0}
Qy

|x|ZR

2 1/2
=< sup [j Px(dm)e_zjov(‘”(s))ds] X[P {T, r>0}]"?
Qx

|x|ZR
SclT@WM AN (sup P {oeQ,| |0 ()~ x|Zdist(x, T) )"
|x|zR
<) @2) A sup o~ (ist (x, )2)/8 &
B IxIzR
becomes arbitrarily small independently of M.
Hence it remains to show that for R fixed sup fy(x) tends to zero as

| x|=R

M — oo, where

A A
fM(x):zf Px(dm)e—fovws»“e‘Mfo”(@‘S’“Sxm,rm(m)-

Qx

Indeed, we have
A
J‘ Px (d(l)) e—jo V (o (s)) ds § B eA x’
Qx

A
and T, (w)>0 implies e‘MIOU“"(‘” 4 0, so that fy(x) tends to zero
nonincreasingly for all x and an application of Dini’s theorem yields the
results. [

In contrast to (2.5), there is no integration over x in (2.11). This
enables us to deal with unbounded I' as well. The simplest case is a sheet
in R

COROLLARY 2.4. — The conclusion of Theorem 2.3 remains valid, if

I={xeR!|a<gx,<b},

where —o0<a<b< oo

Annales de I'Institut Henri Poincaré - Physique théorique
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Proof. — For the sake of notational convenience, we assume V=0. Due
to the special form of I', we have

2.12) sup f P, (o) e Mowreosy (@)
Qx

xeX

xelX

— -M d
=sup f Px (d(D) e 0 X{a, b (1 () ds X{ ® | Ty, [q,5] (®1)>0} (Cl))
Qy

A

— -M d:

= sup J‘ le (do)l)e -’.OX[a,b](ﬂ)l (s)) SX{mlIT;,,[a,b](ml)>0}(m1)’
x1 ¢ [a, bl JQy,

where we used

P, (dw,). . j P, (dw,)

Qx

f Px(dw)h(w1)=f P,, (do,) h(o,)
fol Qx,

Qx 2 d

=J P, (do)h(o,).
Qx,

The final expression in (2. 3) tends to zero because of Theorem 2.1. O
Having in mind many-body situations, the following property is of
interest:

LemMA 2.5. — Let V=0 and U denote the indicator function of I'. Then
the class of sets T s.t.

[|[Je *HM—e 2z || —0

is closed with respect to finite unions.
Proof. — If I'=I'; UT,, we have

Supf P, (do)e™Mlotr @O dy, 1 50,(@)
x

xXeX

A
<sup f P, (do) e ™/2) I xr, (@ () ds o —(M/2) [ xr, © () ds
Q4

xXeX

x [X{T;_,rl>0)(m)+X{TLr2>O}((’))]

-(M/2) T,
= sup f P, (dow) e~ ™2 x’rl((’L)))C(Tl,rl>0)((‘))
erRd\I'l Qx

+ sup f Px (d(D) e” M2 T, © X¢ T, r,>0} (0)). U
xe IRd\I'z Qx

Vol. 59, n° 3-1993.



336 M. DEMUTH, F. JESKE AND W. KIRSCH

Using Lemma 2.5 and Jacobi coordinates, the following result on an N-
body Hamiltonian
(2.13) H=H,+ Y V;(x—x)

1<i<js<N

with H, the free operator in L? (R*™) can be reduced to Theorem 2.3.

COROLLARY 2.6. — Consider an N-body Hamiltonian H from Egq. (2.13)

and
HM=H+M Z Xrij(xi_xj)5

1<i<j=N
where
I;={xeR*N|x;—x;eB;}
with bounded B;;. Set T=\ T, Z=R*"\T, J f=/|Z, then
i<j
lim ||J (Hy—2)"" - (Hy—2)"*J||=0.
M- «©

We refrain from giving the details of the proof, because Corollary 2.6
is actually included in Theorem 3.1.

3. GENERAL UNBOUNDED SINGULARITY REGIONS

This section contains our main result, Theorem 3.1, where the most
general situation is treated s.t. resolvent or semigroup corresponding to
H,, tends to the one corresponding to Hj. In particular, there is no
restrictions on the dimension of the underlying Euclidean space nor do
we assume boundedness of the singularity region.

We begin this section by explaining the overall strategy how to estimate
the semigroup difference in the case of more general I'. Here we specialize
to operators of the form Hy,=H,+ er‘

As in section 2

A
3.1 HJe‘*“M—e‘*”Ullésupf Px(dm)e‘“fwfr‘“’<S”“xm,r>o><w).
xeZJQ,

We recall that T,  denotes the occupation time of the path in I' up to
time A,

T, r(®):=means { s<A|o(s)el }.
Furthermore, let A be the time the path hits I" for the first time,
Ar(@)=inf{s>0[o(s)el}.

Annales de I'Institut Henri Poincaré - Physique théorique
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We consider singularity regions I' where the set of regular points for I’
coincides with the regular point set of the interior of T, that is I'"= (I''™)".
In this case, A (®) is equal to the penetration time (see [Dem/vCa 2]), i.e.

Ar(@)=inf{s>0|T, r(©)>0}.
Clearly T, r(®)>0 implies A (o) <A. Therefore

(3.2) [Je *Pu—e )|
<supP, {A—e<Ar<ir}

xeX

A
+supf Px(d(D)e_MjAr(m)xr('”(S))ds Xiar<i—c} (©),
xeZJQ,

where € can be chosen at our convenience (0 <e=g(M, A)<A).

Thus the estimation of the semigroup difference is reduced to the
consideration of the two expressions on the right hand side of (3.2).

The first term on the r.h.s. of (3.2) is determined by the probability of
the late arrival of the Brownian motion into a region I'. This has its own
interest independent of the final aim in the present article.

Its estimate is the subject of Section 4. There are allowed I'" forming a
uniform Lipschitz set. The uniform Lipschitz conditions are given in
Definition L and discussed in Section 4. As final result we obtain

1 —
3.3 P iA—e<Apr<Ai=c|1l+ — .
I i (v NG

For estimating the second term in (3.2) we can use the strong Markov
property

A
(3.4) f Px(d(O)e_MjAr(@)XT(m(s»dsx{Arél_s}(0))
Qx
~ _yfrAr@ -~ ~
ZJ; P, (do) o Pm(Ar)(dm)e Mr‘; xr(m(s»dsX{Argx—g}(w)
>4 (Ar)

gj Px(dm)f Pm(Ar)(d(T))e"Mﬁ)Xr(S(s))ds.
Qy Qu (Ap)

We are able to get rid of the dependence on x in (3.4) if we assume that
I" satisfies the following uniform cone condition which is less restrictive
than the uniform Lipschitz conditions used above for (3.3) (see e. g. [Wlo],
Section 2.2): :

There is a cone K of finite height in R? with the origin as vertex
s.t. for any y eI there is a motion T of R? with

(i) y is the vertex of T (K),

() TEN\{y}<T.

3.5

Vol. 59, n® 3-1993.



338 M. DEMUTH, F. JESKE AND W. KIRSCH

Under this assumption, the invariance properties of the Wiener measure
imply for each y=w (Ap)edl'

(3.6) J Py(dg))e—Mjf)xr(E(s))dséf Py(dg))e-MRxnx)(E(s))ds
Q, Q

y

= J P, (d(:)) e_M.‘.Eo XK (@ (5)) ds,
Qo

which is independent of ® (0).

Here let us emphasize that unbounded singularity regions are included
in these considerations. Moreover the convergence as M — oo follows
immediately by (3.3) and (3.6).

Thus the second term on the r.h.s. is bounded in terms of the Laplace
transform of (the distribution of) T, , the spending time of the Brownian
motion in the cone K of finite height up to the time €. This part is dealt
with in Section 5. In fact, there we consider cones C of infinite height
instead of K. And we can show (see Theorem 5.4)

c
(log (M 8(3/2)+y))v

3.7 Eo(e™Me0)<

for any O0<y< % and small €.

Now we are able to formulate the central result:
THEOREM 3.1. — Let I' be a uniform Lipschitz set, i.e. let I be given

as described in Definition L (see Section 4, Theorem 4 .2). Suppose Assump-
tion B, and for the sake of a simpler notation take V=0.

1
Then we have for any 0<y< 5:

3.8) ||Je—wm—e—wzj|pgc(1+i L yaso,
\/X (log M)?

3.9 J@+Hy) '—(a+H) 'J|l<—S va>0

( ) “ ( M) ( s) ”_(logM)7 a

for large M.

Proof. — Let K be a standard cone of finite height for I' as in (3.5),
C={rx|rz0, xeK} the cone extending K to infinity.

Annales de I'Institut Henri Poincaré - Physique théorique
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Using the above calculations and the main results of Sections 4 and 5

. . 1
mentioned above, we have for arbitrary 0 <y < 2

|[Je *Mm—e *HeJ || <supP, {A—e<Ap <A} +E,(e M=K)

xeX

<supP, {A—e<Ar<ir}

xeX

+Eq (e M)+ Py {w| | @ (s)|>diamK for some s<&}

m\ - 1 o
<c|{m+— s+ + o~ @amK)Z/ae
- I:( \/7»)\/ (log (M eB/2* 7))y ]

with constants m, m as in Theorem 4.2.
Now (3.4) follows by letting e=M* with a <0, hence the second asser-
tion using (2.10). O

Remarks 3.2. — All the results of Section 2 are contained in
Theorem 3.1. In particular, N-body situations are treated to a satisfactory
degree, because the singularity region may be unbounded and the smooth-
ness condition on its boundary is relaxed.

Furthermore, we have a convergence rate for any such uniform Lipschitz
singularity region. For a better convergence rate in a special case see
Lemma 6.1 however.

4. PROBABILITY OF LATE ARRIVAL

In this section, we provide the estimates needed in Section 3 on the
probability of “late arrival” in I" of Brownian motion starting in X, i.e.
on

“4.1) supP, {r—e<Ap<rt},
xeX

where

4.2) Ar(0):=inf{s>0]|a(s)el }.

We start with the situation where the boundary of I" is given globally by
a Lipschitz continuous function.

PROPOSITION 4.1. — Let d=2, f:R‘"! - R Lipschitz continuous, i.e.
there is an L>0 s.t. | f(a)—f(b)|SL|a—b| for every a, beR*™'. If X
denotes the set below the graph of f in R,

T={(x, f(X)tweR|xeR", u<0},

Vol. 59, n° 3-1993.



340 M. DEMUTH, F. JESKE AND W. KIRSCH

then there is a constant c s.1t.

€
4.3) supr{t—s<Ar<t}§c—:%

xelX
for O<e<t.

Proof. — In the following, let x,=(xp, f(xp) tuy)eX be fixed, and
x=0, f(xX)+weZ, y=0/, f(3)+v)el arbitrary, i.e. xp, x', y'e R,
Uy, u<0,v=0.

If a Brownian trajectory o starting at x, hits I' for the first time in the
time interval (z—¢, t), then we know that o(t—¢)eX and w(s)eI for
some se(t—e¢, t). Thus

4.4 P, {1—s<Ap<t)

=Jdxp(xo,x|t—s)Px{03|co(s)eF for some 0<s<e}
z

[IA

cf dxp (xo, x| 1—€) Py { @] |0 (e)| 2 dist (x, T') }

[IA

_ . 2
CJ dxp (xo, xl t—s)e (1/4 &) (dist (x, [))*
p)

Concerning the distance between x and I', we now prove the existence of
a constant C; >0 s.t.

4.5 |y—x’= 2SO Fo—f () —uf

2C|v—ul? Vyel, xeZX.

yl_xl

In fact, if [v—u|<L|y —x'|, then |y —x|*= fﬂv—u[z. If, on the other
hand, [v—u|=L|y —x'], then
|y=xP=|y =x"P+[o—u|=| fO)—f(x)
2|y —x']P+[|lo—u|-L|y —x'|]
r_ 2 [ 2
T C= M=)
jomul ) o]

2x|v—ul?

]2

for some k>0, because a— (1 —La)%+a? takes its global minimum.

Having completed the proof of (4.5), we now observe that
(dist (x, D))*=inf{|y—x|* |y'eR?*" %, v=20}=C, |u|®. After a change of
coordinates, we obtain

(4.6) r.h.s.of (4.4)

0
Sc(t—g)~ 2 du dx’ e~ Uxo—x D2 a—2) ,=(CL/4e) | ui?
— RrI~1
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<c(t—g)~ @2 dx’ e~ (1x6—x" 124 ¢ —e)
- IRd_ 1
0
x (,_e)—u/z)J dueCLide lul? ,—(Cr/aa—e) lug—ul?
— O
Denoting the v-dimensional transition probability kernel by p, (., .| .)
and remarking that there is no norming factor corresponding to
— 2 .
e @49 141" we end up with

Pxo{t—8<Ar<t}§C\/5J _ldx:p(d_l)(x(), x'|2(t—¢)
2t)§c£

Rd
0 2¢ 2(t—¢) )
x dr 0, u|— u, u
08 Jroe G

<c_ /e 0, uy| —

= \/ Pm( Jbs \/?
by Chapman-Kolmogorov’s equation. [J

Judging from the above proof, one should assume I' to have a uniform
locally Lipschitz boundary. To this end, we consider tubular neighbor-
hoods of radius / around 0=0I"=06X%
0,={xeR*|dist(x, ) <!},

in which we assume locally a similar Lipschitz condition as in
Proposition 4. 1.

L

DerinrTioN L. — We call I a uniform Lipschitz set if there is an />0
and subsets C,, k=1, ..., N (N finite or infinite), of R? whose union
covers 0, s.t. the following conditions hold:

(L1) (uniform Lipschitz condition)
Up to congruence of R each C, is of the form

C={(, i(xY+u)|x'eU,, —I<u<l}

with an open set U, e R?"! and a Lipschitz continuous function f,: U, —» R
(with a Lipschitz constant L independent of k), and

CeNo={(x, fi ()| x' €U, },
CNEI={(, i (x)+w)|x' eV, —I<u=0},
CkﬂI“Z{(x’,fk(x’)wLu)lx’eUk, O<u<l}.
(L2) (the C, must neither be arbitrarily small nor large). If B, (x) denotes
the open ball or radius r around x, then there are constants /, >0 (inde-
pendent of k) and “centers” m,eR?s.t. B, (m,) = C, = B,, (m,).

(L3) (the C, must not have arbitrarily thin intersections). For each x€ 0,
there is a k s.t. B,_ (x) < C,.
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(L4) (uniform local finiteness). There is a finite constant m s.t. each
x €0, lies in at most m of the sets C,.

THEOREM 4.2. — Suppose I to be a uniform Lipschitz set in R, and let
m be as in Definition L.
Then there are constants c, m s. 1.

4.7 supr{t—a<Ar<t}§c\/§<m+ i)

xeX \/t

for 0<e<t.
Before giving the proof of Theorem 4.2, we want to discuss assumptions
and result therein:

Example 4.3. — Surely, neither of the estimates (4.3) and (4.7) is
optimal. For example, if d=1 and I'=][0, ), the distribution of Ay is
known (see e. g. [Kar/Shr]). We obtain

supP, {1—e<Ajg )<t}

x<0

x<0Jt—¢g s

=sup J\t _ise-(xz/l s) dS
\/2

[IA
o
~ | m

As usual, this result extends to the case of a halfspace in R?.

Since the conditions [(L1)-(L4)] in Definition L are somewhat lengthy
and technical, it is worthwhile to note that they are not nearly so restrictive
as they look at a first glance:

Remarks 4.4. — a) Let I be R-smooth in the sense of [vdB], i.e. for
any x,€0 there are open balls B,, B, with radius R s.t. B, « %, B, < T,
0B, N dB,={x,}.

Then T fulfils (L1)-(L2).

b) In view of (L1), 0 need to be “smooth” in the usual sense but may
very well have peaks as long as the corresponding angles don’t become
arbitrarily small. In particular, any parallelepiped or cone satisfies the
assumptions of Theorem 4.2.

¢) The class of sets I' s. t. (4.7) holds for some constant c is closed with
respect to finite unions.

In particular, the union I' of two closed balls or cubes having exactly
one point in common satisfies (4.7) although I' is not an example for the
conditions (L1)-(L4) in the first place.
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Here, parts b) and c¢) are trivial, and we will supply the proof of
Remark 4.4 a) after giving the proof of the main result of this section:

Proof of Theorem 4.2. — Let x,€ X be fixed. Then
(4.8) P, {r—e<Ar<t}

gJ dxp(xo, x|t—e)P, {®|@(s)eT for some 0<s<e}
z

§j dx...+f dx. ..
Zno INE n dp

Using (2.9) once again
f dx. ..§2J dxp(xo,x,1—8)e_(’2/45)§28‘“2/4‘),
INE n o) INE N dp)

and
J dx...§f dx p (xo, x|t—€)
XA Ing
xP.{o|o(s)el’ N\ B,_(x) for some s<¢}

+J‘ dxp(xg, x|t—€) P, {®]|0(s) eI\ B,_ (x) for some s<e}
Zno

§J dx p(xg, x| 1—¢)
xP. {o| mz(;)a:el" M B,_ (x) for some s<g} +2e"1-%40)
Thus, we only have to prove the desired estimate for
I:=f dxp(xo, x|1—e)P, {®|w(s)eT N B,_(x) for some s<e}.
Tnd
To this end, for xeZ M 0, let k be as in (L3). Then

1E9) dxp(xo, x|t—e)P. {®|w(s)e T N C, for some s<¢e}.
k

ZnCy

Using the transformations (L1), we see that

0

, - _ e 12/2 (t— _ 2

(4_9) Iécz dxf du(t—s) @/2) o (xo=x|%/2(—2) p—(CL/4e)u
k JU -1

just as in the global case (see (4.6)). Here, (L1) ensures uniformity in k.
If xe C,, we have | xo—x|2|xo—my |—|m—x|=|xo—m |— 1, by (L2).

On the other hand, if A, is the congruence map assumed in (L1),

and x,=(xg, up), x=(x',u’) in the sense of Aj,-coordinates, then
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. Thus

| xo—x|2|x6—x'

(4.10) Iécz dax’ (t_g)—(d—1)/2e—(1/4(t—a))[max(lxo—mk =Ly, | xp—x" 1%
k JUg

™
X J du(t—g)~ D e (CL/ae=e) (wo—w? ,—(Cp/4 e u?

—

As in the global case, the one-dimensional integral is

_ 2(t—¢
L
R L_

- 2t €
=c\/ap(l)<u0, 0 C—L>=c%.

In the sum (4.10), we now consider two different cases with respect to k.
In the first place, if |xo—m, |26/, (i.e. x, is far away from C,), it is

)
G

1 .
easily seen that (|x,—m,|—1,)*2 ijo—x | for all xeC,, allowing us to

return to the full-dimensional transition probability kernel in (4.10). By
inserting unity, we obtain for such a k that the double integral in (4. 10)

I1(k): =J‘ dx’ (Z—a)_(d— 1)/2 = (1/4 (t—¢) [max (| xo—my | =Ly, | xp—x" DI
Uk

[co)
x f du (1_8)—(1/2)6—(CL/4 @ —e) (ug—u)? e~ CLi4e) u?

— o0

_ 1(° 2
<c SJ dx’(t—s)_“’/z’(—f du)e_(lxo—x' /8 (t—¢))
\/ Uk l -1
§c\/§f dxp(xq, x|4(1—¢)).

ZnCy

If, on the other hand, |x,—m,| <6/, (i.e. x, is near C,), we use the
alternative for the maximum in (4.10). Then
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In total, we obtain

Igc\/é[ f
k, | xo—mi|261+ JEn Cy

+ﬁ#{k| | xo—my | <61, }:'

dxp(xo, x|4(1—¢))

~

<c Je dx p (xo, x| 4(1— +ﬁJ
_c\/slimLmjl+ xp (xo, X|4(1—¢)) \/;
gc\/E[an%]

with m as in (L4) and a constant m independent of x,. Indeed, we have
sup #{ k|| xo—m,|<61, } <+ oo because of (L2) and (L4). In order to
X0

prove this, we assume without loss of generality that balls are defined
with respect to the supremum norm and that V/, =/, for some natural
number V.

Consider a point xeR? and (pairwise distinct) integers k,, .. ., k, s.t.
|x—m,(i|<6l+ for i=1, ..., n. Obviously, one can distribute at most
k(6 V)" “balls” of radius /_ onto By;, (x) in such a way that each point
of Bg,, (x) is in at most k of the smaller “balls”. Hence

n
—— =< sup #i{k|lyeC/lt=m. O
vy =, o #iklyeGl

Proof of Remark 4.4a. — One can construct the necessary quantities

and choose elements

R
appearing in (L1)-(L4), if I is R-smooth: let /= 000

» €0 with |y, —y |2 I—I:) for k#k' and \U Bg 3 () = 0.
k

For k fixed, assume w.l. 0. g. that the defining balls B,, B, meeting at
¥, are of the form By ((0, £R)), where 0 in the origin in R‘~. Obviously,

y’|<B
3

is given as the graph of a function f;: { ye R*™!| |y|<R/3} - R. If we let

R
am{(y, y)eRITIXR [y]< T,

) R
Cp:{(y,fk(y)w“u) yeR™, |y|<§’ lul<l},

then (L1) is an easy consequence of the mean value theorem and (L2)-
(L4) are trivial. O
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5. OCCUPATION TIME IN A CONE

The aim of this section is to demonstrate how the method of [Mey] to
study the asymptotic behavior can also be used to estimate the Laplace
transform of (the distribution of) the occupation time

T, c(®):=meas {s<t|o(s)eC}
of d-dimensional Brownian motion starting at 0 in a cone C given by
C={rx|rz0,xe#},

where & is a closed subset of the unit sphere S~ in R? having a
nonempty interior. In view of our applications in Section 3, it is sufficient
to think & to be of the form {xeS?™!| |x—x,|=r}.

It is hard to determine the distribution of T, . precisely; for example,
to our best knowledge this problem is still open in the easy-looking case
where 1=1 and C={(x, y)|x, y=0} a quadrant in R? (see e.g. p. 108 in
[Mey]).

At the end of this section, we will prove the following quantitative
version of Proposition 4.3 in [Mey]:

ProposiTioN 5.1. — Let t,=27" for neN. If q is large enough, then
there is a constant c s.t.

T [ 1
|log 1, |"i£ <1 for some k>n}§cﬂ

5.1 Po{a)eQO
n

k
for large n.
By interpolation, we obtain.
ProrosITION 5.2. — If q is sufficiently large, there are positive constants
¢, ms.t.
gclogllogs|
lloge|? |loge|

(5.2) Po{Ts,c<n

Sfor small €>0.

Proof. — If €€(0, 1), let n be the natural number with 7,<e<¢,_;.

From T, ¢ (@)<n & , we infer

|loge|?

1 _
Tr,.,c((’))éTa,c(m)<n@l_lq <20%1q
n-1

14 t

n n

<
|logz,|*  |logt,|®

for n sufficiently small. Hence, (5. 1) implies the result. [
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Since any polynomial is increasing faster than the logarithm at infinity,
we immediately obtain.

CoROLLARY 5.3. — Let a>0 be arbitrary. Then there are c, N>0 s.1.

(5.3) Po{T, c<me!**}s—
’ |loge|' ™

for small €>0.

The above assertion on how large T, . usually is for small times enables
us to show how small the Laplace transform of T,  is in certain parameter
regions.

1
THEOREM 5.4. — Let 0<y<—2 . Then there are positive constants c, €,
K, s. 1.
5.4 E, (e M) < ‘
(-4 o )= (log (M g3+ 1yyr

as soon as £<gy and Me®?*7>K,.

Proof. — Let €>0 be sufficiently small in the sense of Corollary 5. 3.
Setting &,:=ce ** for keN, we will use the fact that by (5.3) P,-a.e.
weQ, satisfies T, (0)=nel "™ for large k, where a>0 may be chosen
arbitrarily small and T, is a shorthand notation for T,, c:

B (e 0)= Po (du) e e
TO%T}EI +a

©
T J PO (d(}))e_MTS’C(m)
k=1JTyznel 7% Ty <nef 3¢
el
— 1+ - +
ée Mne °l+ Z e Mnil} QPO{Tk—1<n8’ijT}'
k=1

On the r.h.s., every single summand is fine with respect to (5.4). Thus
we still have to prove that

0 l B . .
Ri (g, M):= Z _— Mnet *
k=K+1 |10g8k_1|
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satisfies the desired bound for some K. Letting N=Mne! **, we have

@© “Ne-(1+a)k?
(5.5) R (e, M) = —
* k=§+1 (k_l)z_za
© _Ne—(1+uz)x2
é"f e
K X *
~(1+0) K2
€ 1 1
=c e N ————_dy
L e

via the substitution y=e **".

Thus we have for arbitrary k<1

N—
* 1 —N1-=

Ry (e, M)écf dy+ce

o ¥ (—logy)=

e~ (1+a)K2
XJ 1 ‘—1—_—‘dy
N™* y (—logy)(3/2)—a
éc(KIOgN)u—(I/Z)_’_che—Nl—u'
Hence the result by resubstituting N=mMe! ™ O

Problem. — For the halfspace H={xeR?|x,20}, we know by the
arcsine law (see e. g. Section 4.4 of [Kar/Shr]) that

c

lIA

P

(5.6) E, (e_MTs, H)

We believe that for the case of Theorem 5.4 the Laplace transform decays
much faster than logarithmically and might be similar to (5. 6).

Proof of Proposition 5.1. — In the rest of this section, we will work
our way through [Mey] in order to prove Proposition 5.1. For ease of
reference, we employ Meyre’s notation as introduced in Sections (3.1),
(3.2) of [Mey]. We recall that the underlying idea is to construct for a
given f, well-chosen random variables t,, 6,21, S.t.

(i) o(s)eC for all se[r,(®), o, (®)],

(ii) o,(®)—1, () is large.

To this end, choose >0 small enough s.t.

Fs={xeS" !|dist(x, F)28}

has a nonempty interior and consider the following chain of real numbers,
where ¢,, q are arbitrary:

E (FI)<E,(F5)<q,:=2E(F9)<4q,<q,
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1
where E, (#°) is given in terms of the smallest eigenvalue A, of ——2A (A

being the Laplacian on S~ ') on S~ '\ & with Dirichlet boundary condi-
(V20 )2+
Ay
Letting C; be the cone in R? determined by &, the line of the proof is
to show that the following sequence of stopping times
T (w):=1,=27",
U ():=inf {1272 )| 0|2 /m}  p=12 ...,
T2 (0):=inf{ 12 UZ(w) |0 (NeCs}, p=1,2, ...,
“soon’’ becomes stationary, i. e. soon after time z, the path o will be found
“far away” from the origin and ‘“‘safely within” the cone C. Therefore we

consider

tions, namely E, (¥°)= , where v= g— 1.

N, (@)=inf{peN |m(T5)g\/§}.
The following estimate immediately follows from P, {N,>k}<p* keN,

1
for some p< 7’ which is shown on p. 120 of [Mey]:

5.7 {For any K <1 there is a constant ¢>0 s.t.

P, {N,=clogk for some k>n}<cn'~¥.
Thus, the stopping time
T, = T'[lc log n}
(where [A] denotes the largest integer smaller than A) usually has the
following properties for large n:
(i) ’cn g t"’

(5.8) (i) 0(t)eCy

(i) |o(c,) |2 /7.
Furthermore it is bounded from above in the following way:

LEMMA 5.5. — For large n
logn

(5.9 Py {t,>1,|logt,|* for some k>n}<c .
n

Proof. — In the proof of Lemme 3.3 in [Mey] it is shown that

Po(A, )= |1—C[2 for i=1, 2, pe N and large n, where
ogt,

A, p 1 ={UE=TE ' z1,(log|logz,|* },
An p 2= {Th—Ukz1,|log1, [}
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(note that we —in contrast to Meyre —have chosen g,).
For

[c log n]

0eB,= N (A}, 1NAL,2)

p=1

2C[el
we obtain as usual T, () <t,|logt,|"". Since P, (BS) <|1Lc’|gz”] (5.9)
follows. O
Due to (5.8), the stopping time

o, (®):=inf{r>1,(0)|0()¢C}

usually should be much larger than t,. In fact

t, c
Pyl 0,— T, ——"1 1<
{ = {log]log1, |>2} n?
(see the proof of Lemme 3.4 in [Mey]) implies
t c
5.10 P,{oc <— % _ forsome k>np<-
¢-10 °{ = (loglog 1, ])? }‘n

for large n.

In order to utilize (5.10) for a lower bound on the occupation time up
to time z, (recall t,>1¢,), one introduces for ne N the unique number m (n)
S. t.

by = Ly (my-

t,
2|logt, |‘11

L 2
Now 1, (0) <1, |logt,|1, n=n, (®), implies 1,, w (@)= 3—t,, for large n. From

Lemma 5.5 we deduce

2 1
(5.11) Po{tm(")>—t,,}§c ogn
3 n
for large n.
Obviously

Tt,,, C ((D) z min (cm (n)> tn) - Tm (n)-
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1
Thus, if o, (®)>1, one usually has T, c(®)2 gt,, for large n due to

(5.11). On the other hand, if c,,, <1, (5.10) usually implies
t

T, c(@= —"®
€ (log|1og t,y ()

if n is sufficiently large.

In each of these cases, we conclude Ilog t, |“ >1. Hence, the

estimates (5.7), (5.10) and (5. 11) now prove Proposition 5.1. O

6. ESTIMATES FROM BELOW

Before stating our results concerning lower bounds on semigroup and
resolvent differences, we present a version of Theorem 3.1 in the special
case of the halfspace, which can easily be treated probabilistically:

LEMMA 6.1. — Let T=H={xeR*|x,20}. Then

_ - c .
“Je kHM_e lHZJ”éw lf M}\.gl,
||J(HM—Z)—1—(H2—Z)—1J||§Mcm if M is large.
Proof. — Proceeding as in the general case in Section 3 and using

Example 4.3 and (5.6), we have
|Je Hm—e 2T || <supP, {A—e<Ay<A}+Ey (e Men)

xeX

€ 1
<c| -+ .
(K aM)

. 1 2 .
Letting e=M*AP, we obtain the best result for o= — 3’ B=+ 3 This

proves the first assertion. The resolvent estimate follows by
integration. [

This example early measures the quality of the lower bounds in the rest
of this section. For the lower bounds, we return to the situation of
Assumption B, i.e. V Kato class and U=y

We recall that ||.||gsZ]|- ||, i.e. it is sufficient to bound the operator
norm from below. Moreover, let P denote multiplication by xr in L2 (R?).
Employing the obvious notations for the resolvent of H,, and H;y respec-
tively and suppressing the dependence on the point in the resolvent set
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for a moment, we have
6.1 Ry —J*R;J=PRy+J*(JRy —R;J).
Hence
[ Ry = J* Ry J[[2=|PRy [|* + | J* ORy — R D) |2 @) - 12 @)
=[|PRy [[* + TRy~ Ry T[|E2 @) 12 o)
In particular
(6.2) ||Ry—J*RyJ||2max (||PRy], | IRy~ RsT||L2 md) - 12 )
and
(6.3) [[TRy— R J||>=|| Ry — J* R T || — || PRy ||*.
LEmMMA 6.2. — In addition to Assumption B assume supV (x)<b. If

X

—aep(Hy+V) is sufficiently small, we have as M — oo

$R.(— _ ¢ _olL
64 [Ry(-0—I*Rs (0|2 PRy (—a) [z < o(M).

Proof. — For any B = R? with finite Lebesgue measure and any ball
I'y = T" we may estimate

[P (Hy+a) ! |2Zc||PHy+a)  xg 2

j a’)»e_“e_M*e_“J dyp(x, y|L)
0 B

© 1 2
J Do~ @tb M dy e~ Ux—yi%2n
_ 24/2
0 {yeB| |y—x|=Vir}

1 —w 1 _ 2
Jodke (+b+M)xF/_2|{yeB||y—x|§\/k}|l.
Choosing B:={ ye R*|dist(y, I';))<1} we note that

1 — 1 —
W|{yeB||y—x|§\/&} =W|{yeRd||y~x|§\/k}|=Const.

2

I

"
c| dx
JIr

1\

"
c| dx
JII

v

"
c dx
T'o

o

and obtain for sufficiently large M
J\ld)\’e~(a+b+M)L ZZCIFO| 1 )
o 2 (a+b+M)?

Recalling (6.2), this completes the proof of (6.4). O

[[P(Hy+a)~* ]lzgcf dx
To

LEMMA 6.3. — In addition to Assumption B assume supV (x)<b and

there is a x,€0I s.t. for some cones K, K, of finite height and with vertex
xo one has K, = T, K,\{x,} = Z.
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If —aep(H,+V) is sufficiently small, then

c
[ TRy (—a)—Rs(—a)J||= (@t br M)
Proof. — In the course of the calculations, we will choose subsets

Bc RY £, X and Iy =T of finite Lebesgue measure.
For any such candidate we have similar to the proof of Lemma 6.2

| TRy~ R, T
J d)\’e—al

ngx

A
J dyJ " %(a’m) (e“MTx,r(m)_X{ Tk,r=0}(m))e_j0V(m (s)) ds
x, 0

Q
de J axf dyJ\ Pi }(‘)(d(J))e_MTl l-(m)e—.[ V(m(s))ds
z 0 Ty, r>0
de

J a’)»e_(““M“deP”*{cer <;>GF}
—(a+b+M) % }\'
c dx dke a’y dup X, U u, y 3

Now we choose B={ yeR?|dist (y, I"O)gl} and obtain as in the proof

of Lemma 6.2
1 A
J aOLe—(a+b+M)lJ‘ dup(x, u _>
To

R )
(f e <a+b+M>xf dxf dup(x u K))

In principle, we let Z,, T, be the cones in the assumption on JI'. In order

2

2

IlV

2

1\

2

||JRM—REJ||chJ dx

[\

IV

. A
to estimate p<x, ] 5

> appropriately from below, we rather integrate over

the X—dependent sets
\/ }
3 >
\/ }
2

[x—x0|=

ZO(X)={erO

FO(X)={ueFO |u—x,|=
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Then for any such u, x, we have p(x, u

ﬁ)gck""/z’e‘l. Hence for
z
large M
1
”JRM_RZJuécj dhe@tb+tMr 3 d/2
(o]

c a+b+M
= dse™ss%?
(a+ b+ M@+ L

c
>
~ (at+b+ M@+l
> c
= M@2)+1 )

LemMA 6.4. — In addition to Assumption B assume supV (x)<b and

there is a cone K of finite height h with vertex x,€0l s.t. K = I'. Then

e *Bu—J* et Hs g ce My AZH?,
P o~ (Ho+V+MP) >{ c _
||“Je—mm_e—m”“|| Fe Mz,

Proof. — Since the proofs of these estimates are similar to one another
and to the preceding Lemmas, we only give some details concerning the
first semigroup difference:

le™Mu—Jxe a2zl (7 u—T* e ) x|

A
="f = f P.(d)e o Ve sy o)
= Ty, r>0 i

>ce Me ™M) dx
Rd

2

2

j P, (dw) xx (o(R))
oA)el

2
> ce~M*D)R dx
Rd

f dyp(x, y| L)

=ce_(M+b"'[ dyj dup(u, y|2A).
K JK

Thus

“e—xHM_J*e~tzJ ||2

c —(v—ul2
T (M+b)lf dyJ‘ due(y—ul 12h A= A2,
> )" K K

ce“M“’”J‘ dyj dup (u, y|20), A<h?,
K uek, |u—y|SVi

completing the proof of the first assertion (cf. proof of Lemma 6.2). O
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