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ABSTRACT. — We consider the initial value problem for the Davey-
Stewartson systems

i(?tu + cod2u + O2u = cq|ul*u + cud,p (z,y,t) € R3,
O2p + €302 = O, |ul? u(z,y,0) = uo(z,y), *

where cg, c3 € R, ¢1, ¢, € C, u is a complex valued function and ¢ is
a real valued funtion. Our purpose in this paper is to study the elliptic-
hyperbolic (co > 0,c3 < 0) and the hyperbolic-hyperbolic cases in the
lower order Sobolev spaces. More precisely, we prove local existence in
time of solutions to (*) under the conditions that ug € H1+<%n H%1+¢ and
[wo|| sgr+<0 + |[to|| gror+ is sufficiently small, where € > 0 is sufficiently
small,

" = {f € L% ||flme = &)*(D)' fllz> < oo},

(z) = (1+2%+y*)"/? and (D) = (1-02—0?)"/2. Furthermore, in the case
of the elliptic-hyperbolic case local existence in time of solutions is shown
if <§I>U0 (S H1/2+€’0 N H0’1/2+6, and ”(j’)uo”Hl/QJrf,o +H(fi‘)u0”Ho,1/2+e is
sufficiently small.

AMS Subject Classifications : 35D05, 35E15, 35Q20, 76B15.
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314 N. HAYASHI

RESUME. — Nous considérons le probléme aux valeurs initiales suivant
du type de Davey-Stewartson:

i0pu + co02u + dpu = crful*u + coudyp (z,y,t) € R3,
012()0 + (13(‘)3(@ = 8-’15Iu|2 U(I)Z', y>0) = ’Ll,o(flf, y)a *

ol ¢, c5 € R, ¢1, ¢ € C, tandis que u est une fonction a valeurs complexes
et ¢ une fonction a valeurs réelles. Notre but, dans cet article, est d’étudier
les cas respectivement elliptiques-hyperboliques (co > 0,c3 < 0) et
hyperboliques-hyperboliques dans les espaces de Sobolev de plus bas ordre.
Plus précisément, nous prouvons ’existence locale en temps de solution
de * sous les conditions ug € H'*0 N HO* et ||ug||gr+eo 4 [[uollmo.1+-
assez petit, ol ¢ > 0 est assez petit, et

H' = {f € D flla- = @ (D) sz < oo},

(@) = (142> +y*)"2 et (D) = (1 - 92— 92)"/2. De plus, dans
le cas elliptique-hyperbolique, I’existence locale en temps des solutions
est démontrée si (#)ug € HY?*H0 N HOV/2H et si |[(@)uoll g/ o
+|[{@)uo || gro.1/2+« est suffisamment petit.

1. INTRODUCTION

In this paper we study the initial value problem for the Davey-Stewartson
(DS) systems

{ iOpu + co2u + Oju = er|ulu + coudyp (x,y,t) € R3, (1)

D2 + 3050 = O, |ul? u(x,y,0) = ug(x,y),

where ¢, c3 € R, ¢1, ¢o € C, u is a complex valued function and
¢ is a real valued funtion. Our purpose in this paper is to investigate
the minimal regularity assumptions necessary on the data which yield the
local existence in time of small solutions to the problem (1.1). The (D-S)
systems were derived by Davey-Stewartson [8] Benney-Roskes [S] and
Djordjevic-Redekopp [9] and model the evolution of weakly nonlinear
water waves that travel predominantly in one direction, but in which the
wave amplitude is modulated slowly in horizontal directions. Independently
Ablowitz and Haberman [2] and Cornille [7] obtained a particular form of
(1.1) as an example of a completely integrable model which generalizes
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LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 315

the one-dimensional Schrodinger equation. In [9] it was shown that the
parameter c3 can become negative when capillary effects are important.
When (co, c1,¢2,¢3) = (1,-1,2,-1),(=1,-2,1,1) or (—=1,2,—1,1) the
system (1.1) is referred as the DSI, DSII defocusing and DS II focusing
respectively in the inverse scattering literature. In these cases several
results concerning the existence of solutions or lump solutions have been
established ([1], [3], [4], [7], [11-13], [21]) by the inverse scattering
techniques. As a matter of fact, cases where (1.1) is of inverse scattering
type are exceptional. In [14], (1.1) was classified as elliptic-elliptic, elliptic-
hyperbolic, hyperbolic-elliptic and hyperbolic-hyperbolic according to the
respective sign of (co, ¢3) : (+,+), (+,—), (=, +) and (—, —). For elliptic-
elliptic and hyperbolic-elliptic cases, local and global properties of solutions
were studied in [14] in the usual Sobolev spaces L?, H! and H?. Their
main tools were LP — L7 estimates of Stricharz type [20] and the good
continuity properties of the operator (—A)~!. In this paper we consider
the elliptic-hyperbolic and hyperbolic-hyperbolic cases. Without loss of
generality we may take cs = —1 and ¢y = £1. In these cases after a
rotation in the zy-plane and rescaling, the systems (1.1) can be written as

10w+ Hu = d;|ul?u + daud.p, (1.2)
0,0, = dy0,|u|* + d50,|ul?, '
where dy,...,ds are arbitrary constants, i = 0,0, when ¢y = —1 and

H = 82 + 92 when ¢, = 1. In order to solve the system of equations, one
has to assume the o(+) satisfies the radiation condition, namely, we assume
that for given functions ¢; and o

lim ¢(z,y,t) = ¢1(z,t) and lm @(z,y,t) = @2y, ). (1.3)
Y—00 T—00
Under the radiation condition (1.3), the system (1.2) can be written as

i0vu + Hu =d, |u*u + dg’lt/ Dp|ul?(z, o', t)dy’

Y

+ (lgu/ 8ylu|2(a7'7 y, 1)da’ + dyudy o1 + dsudyps  (1.4)

T

with the initial condition u(x,y,0) = ue(x,y).
In this paper we study the existence and uniqueness of solutions to (1.4)
in the usual fractional order Sobolev space

HY = {f e I*;|(&)(D)'f|| < o0}, L,s€R

Vol. 65, n°® 4-1996.



316 ' N. HAYASHI

with a smallness condition on the data, where
(#) = (1422422 (D) = (1= =)/ and ||-|2 = / |- [drdy.

Linares and Ponce [19] proved local well-posedness results for (1.4) for
small data by making use of the Kato type smoothing effect obtained in
[16], [17] for the group {e**} (see also [18]). More precisely, they obtained

THEOREM A [19]. — We assume that ug € H*° N H>? = Y,,s > 6,
w1 = 2 = 0 and ||ug|lgs.o + ||uo||zs2 is sufficiently small. Then there
exists a positive constant T > 0 and a unique solution u of (1.4) with
H = 0,0, such that w € C([0,T];Y5).

TueEOREM B [19]). — We assume that ug € H*° N H%% = W,,s > 12,
01 = 2 = 0 and ||ugl|giz.o + ||uo||ges is sufficiently small. Then there
exists a positive constant T > 0 and a unique solution u of (1.4) with
H = 32 + 3} such that u € C([0,T]; W,).

In [15, Theorem 1] local existence and uniqueness of analytic solutions
to (1.4) were shown without a smallness condition on the data. Furthermore
global existence of small analytic solutions to (1.4) was also obtainned
in [15].

Recently, Chihara [6] showed the following two results.

THEOREM 1.1 [6]. — We assume that uy € H*°,where s is a sufficiently
large integer, o1 = w3 = 0 and ||ug||> < 1/(2,/MaX(4; 45} €). Then there
exists a positive constant T > 0 and a unique solution u of (1.4) with
H = 87 + 97 such that

u € Cu([0,T); H¥®) N C([0, T); H*10).

THEOREM 1.2 [6]. — We assume that wy € N3_gH* 7, where s is a
sufficiently large integer, p1 = ps = 0 and Z';.:O ||wo|| prs—3-i.5 is sufficiently
small. Then there exists a unique global solution w of (1.4) with H = 97+
such that

u € N2_Cy([0,00); H* ) N C([0, 00); H*~1797).

To state our result precisely we also introduce

Hp* ={f € L*(R,); [1(7)*(D;)' f]

L?(R;) < OO}7 l,seR,

Annales de I'Institut Henri Poincaré - Physique théorique



LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 317

where
j=,y,(5) = (1452 (D;) = (1= and |||[fz(my = / -2 dj.
For simplicity we write L = LP(R;) and L2 L = LP(R,; LY(Ry)).

We are now in a position to state our main results in this paper

THEOREM 1. — We assume that ug € H*° N H®®, 8,9, € C(R; HSY),
dypa € C(R; HY)and ||uol| oo + ||[wo|| 0.5 is sufficiently small. Then there
exists a positive time T and a unique solution u of (1.4) such that

u € C([0,T); H*® n H*?)
and
T 1
/ IE) =" (D) u(t) [2dt < oo
0

where 2y = 6,0 = 1 + €,€ > 0 is sufficiently small.
For H = 92 + 8, ( the elliptic-hyperbolic case) we obtain

THEOREM 2. — We assume that
1 1
(T)ug € H 30N {42,

dpp1 € C(R;HE2), 8,00 € C(R; HY #°)

and
{Z)uoll o 3.0 + [(F)uoll o5
is sufficiently small. Then there exists a positive constant T and a unique

solution w of (1.4) with H = 92 + 97 such that

ue C([0,T); H =40 0 H*=%) n ([0, T]; H.F>)

loc

and

/0 1(2) ™ (D) u(t)|?dt + / (DY Fou()|3, dt < oo,

where 0 and vy are the same as those given in Theorem 1.
In order to obatin the results we introduce

Vol. 65, n® 4-1996.



318 N. HAYASHI

Notation and function spaces. — We introduce some pseudo-differential
operators. We let v = (14 ¢€),e > 0

Km:eXp_(/omW%dT) o :i%(w ’ <g >)n

<
(e S )

fo-enl ([ erve) ) S ([0 )

These operators were used by Doi [10] first to derive the smoothing
properties of solutions to (1.4).

We easily see that the inverse and the dual operators of the above
operators are defined explicitly. We denote them by K ', K ', K;“. K s
K;,K;,K;,K; respectively.

We have by the fact that the operator <gi> is the bounded operator from
L? into itself if 1 < p < o0

|([ =) gy s (] =) it
>l (] o)) o

1Kz fllre < o
/ () d) 1l

<ep(C, [T )il (<p <o), (15)

and

Hence

L

1
n!

S

Similarly, we have

(K flly < Mpllfllcz,

1Kz fllz < M|l fllze,

1Ky fllz < Mpllfllzz,

IIK"fHLP < Myl £l (1.6)
1K, Flly < Myl fllze,

K5 1f||m < Mpl|fllre,

1K, Fllzy < Myl flls.

Annales de I'Institut Henri Poincaré - Physique théorique



LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 319

where M, = exp(C,, [;"(7)~>7dr). In order to prove our results we use
the following function spaces

Aﬂﬂ:{feaMﬂﬂﬂmmkm

= s [FOIZ, /lmm&ﬁ<w}

t€[0,7T]

x(r) = { £ € COTE I,
=£$ﬂﬂwm+Almllﬁ<w}
Yavz{fecwunw%mﬂ@m

T
= sup [0, + [ 15O, de < oo,
0

te[0,T]
where

1£llx = (DY £l + 11(2)° £l
£, = (=) "D £l + [w) (D) F2 £
11z, = I14@) (D, £l + 11(y) " (Da)?+2 £,
£l = Y (DY =27 £l + l(z)° =2 I £1))
lal<1
I£llve = D () (D) T £l + ([ y) 7 (Dy) T £,

lal<1
(D)= (1 =02 J=(JoJy), Jo = © + 2itD,, J, = y + 2it0,.

We use the standard notation

lum%=<ﬂjrwﬂmmf7 1= 1 e
(f9)= [ [ 1-atsts. (f.9)02 = [ 1-qe

We state our strategy of the proof of Theorem 1 with H = 92 + 92 and
Theorem 2. Our results are based on the soothing property of solutions
to the linear equations

{i@tu +Hu=f,

uw(0,2) = ug

Vol. 65, n° 4-1996.



320 N. HAYASHI

which is written as

5= (ool + [ 10t s

Jj=z,y

<oz<“<p gl + /n ) u(r)|*dr

JI=T,Y

/ (U (D,)" £7) K D) (el ).

obtained by using the operators K, K, (see Section 3 and Appendix),
and the estimates of the nonlinear terms (Section 2) derived from the
commutator estimates in fractional order Sobolev spaces by C. E. Kenig,
G. Ponce and L. Vega [18] (Appendix).

2. PRELIMINARY ESTIMATES

In this section we prove the estimates of nonlinear terms which are needed
to obtain the result. We first state the well-known Sobolev’s inequality

THE SOBOLEV INEQUALITY. — Let 1 < p,q,r < 00. Then

1)l < CIDLWIIL 1ol

0§a:<1_1)/(b_1+1><1
q p r o q

fb—1/r € NU{0}, 0 < a < 1 otherwise, and DS = F Y&, |*F.
Furthermore we have

where

1¥llLee < CI(D2) Pl if v >1/2.
LEMMA 2.1. — We have for f,h € X1, g,u € X; N X,

} (<Dx>eam (f / mwwg)hdy') , <Dw>fawu)

< Ol flxlipllx (lgllx, + gl g,)lullx, + llulls,).  (2.1)

Annales de IInstitut Henri Poincaré - Physique théorique



LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 321

Proof. — By a direct calculation we have

‘ ((Dz)faz ( f /y oo(amg)hdy'), (Dz)ei)mu)
<|(war(@n [ @onay). .y0u)
l((D (/(c’)mg(?hdy)(D) )

#| (01 [ @opar). (Do)

3

=> F. (2.2)

Jj=1

We let

Gy = (D.)° ((axf> / Oo(@g)hdy'),

Gy = ((D2)0, f) / (D:9)hdy,

Gy = (0.1) / D, (0.9)hdy’
Then we have by the Schwarz inequality
By < ||Gallllullx, < (IGy = G2 = Gs|| + [|Gall + [|1GsDlullx, - (2-3)
By Theorem A.l (Appendix)
IG1 — G2 — G312 + [|Ga]| L2

< DY, flzz | / (Dog)hdy |1
Y

< OID.Y0. S|z / 1(Deg) o (2.9)

Applying Sobolev’s inequality we see that

1@xg)bllze = 1€y) ™ (8=9)(y) "l L
< Oli{y) " (Da)"0ugll2[(y) (D) |z (2.5)

Vol. 65, n® 4-1996.



322 N. HAYASHI

Hence by (2.4) and (2.5)
G = G2 = Gs|| + |G|l < O f]x, llg]

Wlblx.  @6)
By Holder’s and Sobolev’s inequalities
1G5z < Cllo, fllpn / D) (Dag))| 22 dyf
Yy
< CI(DLY |12 / KDY 2(0ug)h) |2y, (2.7)

Y

where 1/p; = 1/2 — ¢, 1/p, = €. From Theorem A. 1 (Appendix) it
follows that

I(D2)2 ((Beg)b)llz2 = (D) * ((y) ™7 (809){y) h)]|12
< C(KDLY* (y) ™ Dugll 2 1(y) | e
+ (W) 0ugllLs (DL (y) hl2). (2.8)

We apply Sobolev’s inequality to the right hand side of (2.8) to get
(D)% ((@:9)) 22

< O({Da)? (y) " 0us

+ ”<Dw>’y<y>_’y(9mg”Li

2[[{D2) 7 (y) " bl

D) (y) Al 12). (2.9)

(D

From (2.7) and (2.8) it is easy to see that

1G5l < Cllfllx Mgl <, 1], - (2.10)
Thus we get by (2.3), (2.6) ard (2.10)
By <Ol fllx gl g, Rl x el x, - (211)

We next consider the term F,. We have by Holder’s inequality

(f /.:o(awg)(@mh)(iy’7 <D:z¢>60;,-u>

- ‘<<y>7f éw<axg><amfb>dy’, <y>”<D-f>“')”“>

<clwrs [Tea@nw| i D vl @12

27 P1
L2L?

Fy =

Annales de I'Institut Henri Poincaré - Physique théorique



LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 323

where 1/p, = € and 1/p; = 1 — e. We again use Holder’s and Sobolev’s
inequalities to get

s [ @sro.may

L
< Olly) fllze / I

Y

(029)(0zh)|| 22 dyf

nS C|l<Dx>7(y>”f||Lg/ 10291l 201 102 Pl 201 '
Y

SCII(Dny)"fIILg/ (D)2 0ugll22 (Do) /20 bl 2y’ (2.13)
Y

and
1y) (D)2 0,ul| ez < Cl|(y) ™ (Da) T+ Opul|Le (2.14)

Hence we have by (2.12), (2.13) and (2.14)
Fy <Ol fllx gl 1Al x llull <, - (2.15)

We finally consider the term Fs. We let

Gy = (Dm)%_6<f / Oo(<Dx>-%+fa§g>hdy'),

Gy =) [ (D) g hdy,

gee]

Go=f [ (Do) (D)~ 02g)h)dy’,

Gr=f| ((Du)"502g)((Ds)?~“h)dy’,

Yy
Go=f / (@2g)hdy .
Y

We have by (2.14)

R=|(s [ @tanay. (.0, )

< Cll(y) Gsllzz ez lulx,
< CUKY(Gs + G — Ga)llz e + 19)7 (=Gl L2 12
+ 1) (G7 + Gs = Go)ll 2o + 1) (=Gl 2z )z,  (2.16)

Vol. 65, n® 4-1996.
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with 1/p; = 1 — €. By Holder’s inequality and Theorem A.1 (Appendix)
[{9)7 (G5 + G = Ga)ll Lo

< Oy (Do)l oe / (D)~ 4020 | 2 dy’
< Ol (D) fl o

x / ) (D) 402 e ) Bl oy, (2.17)
Y

where 1/p3 = 1/2 — . We use Sobolev’s inequality in the right hand side
of (2.17) to get :
()" (G5 + G — Ga)|| pm
< Cl{y) (D)2 fl| 2
< [ D Rl DL ) Wz, (219
Yy
Hence we have by (2.18)

I(G5 + GG - G4, <Dx>2€(9;l,u)|
< Cly) (Gs + Go — Gl s o [l g,

< Clifllx lglle, Al lull <, - (2.19)

Similarly, we see that

(=G5, (D2)*0,u)| < O| fllx, 9]l 5, 1ol x, llul <, - (2.20)
By Hélder’s inequality and Theorem A.1 (Appendix)
|(G7 + Gs — G, (Dm>2€3zU)Lg|

< o) Fllu ( [ D oy eozgm)

— ((Da) =2 7029)((D,)F~h)
~ (B2g)hll g dy') 1(6)Da) 0l
< Olo) e ( [ =03z

><n<y>v<Dz>-%"fhuLgady')u<y>-v<Dm>2‘axuung, (2.21)
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LOCAL EXISTENCE IN TIME OF SMALL SOLUTIONS TO DS SYSTEM 325

where 1/p; = €,1/ps = 1/2 —€,1/p1 = 1 — ¢. We apply Sobolev’s
inequality to (2.21) to obatin

|(G7 + GS - Gﬁa <Dz)2€a'cu)LE|
< CIKD2)"(y)" fll 2

x ( / N ||<y>v<Dm>‘%+fa§guL§||<y>7<D$>%h||Lg,dy')

X [ {y) " (Da)E T Oyul| 12 - (2.22)

Taking the L, norm in (2.22), we obtain
[(G7 + Gs — G, (D,)*0.u)| < Ol fllx, gl g, IRlx llullg, - (2.23)
Similarly, we find that
(=G, (D) 0,u)| < Cllfllx llgll <, I17llx llull<, - (2.24)
From (2.19), (2.20), (2.23) and (2.24) it follows that
F <Ol fllx gl z, Al x, llullz, - (2:25)

Thus (2.11), (2.15) and (2.25) give the result.
LemMa 2.2. — We have for f,h € X; and g € X5 N X,

1{Dy) 0y (f /Oo(azg)hdy')ll < Ollf s (gllx, + Nlglle )Pl x,-

Proof. — By a direct calculation

(o [ Coaay )|

oo

< H(Dyr((ayf) [ i)

Y

l+||<Dy>€(f(0mg)h)ll«

<cti@) | " (@ug)hy/|| + 1 (:9)0]

LD (3, ) / @, g)hdy)| + D5 (F@)m)]),  (2.26)

Y
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326 N. HAYASHI

where Dy = F~1¢,[°F. We let

Go = D5((0,5) [ (Ouhay),

Gro = (D50, ) / (D,9)hiy’,
Yy

dee)

G = (9, f)D, (/ (Gxg)hd;t/).
Jy
Then we have

1Gollez <[1Go = Gro = Gullz + [|Grollez + Gz

< C(||D;0yf||L3 / (9:9)hdy’
Jy L;"
+ “({)!/fHLfl .D,E, (/ ((‘)«ug)hdy/ )
y Ly?

(by Theorem A.1)
< (150,113 1021l

01/( / (0;,-,(])h,dy’>
Jy

)) (by Sobolev)
L
< CUDLOy fllz: 11(0rg)hl s

< OOy fllez I1Ky) ™ Ougllzz [1{y) "l 2
(by Schwarz), (2.27)

i

where 1/p1 + 1/py = 1/2, 1/p1 = 1/2 — ¢,1/ps = ¢. We again use
Sobolev’s inequality to get

1Goll < CIKD,) B, FllIKy) (D) * gl () (D.) |
< Cllfllx Mgl 1Al (2.28)

We let

G = D;(f(('),,,:g)h), Gy = (D;('),,fg)fh, Gy = (drg)(D;(fh))

Annales de I'Institur Henri Poincaré - Physique théorique
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and use Theorem A.l (Appendix). Then we have

1Gi2llz < [|Gr2 — Gis — Guallzz + (|Gusllze + |Grallz:
< CUID0gllz2 M1 FgllLge + 10=gll Lo |1 Dy (FI2z2)
< C(ID5 x|z (I{Dy) " fll 2 [1(Dy) g
+11D (f9)llzz)  (by Sobolev). (2.29)

2
L.‘/

Since

1D (fo)llez < 1Dy (fg) — fDj g — gDy fl
+17D3 gllz + 19D f]

2
L Y

L

we get by Theorem A.1 (Appendix) and Sobolev’s inequality
Gr2llze < CIKD,) Ougllrz (D) fllz2 I1KDy) gl Lz - (2.30)

Taking the L2 norm in both sides of (2.30), and using Sobolev’s inequality
again we obtain

1G22l < ClIFllx Ngllx Al - (2.31)

From (2.28) and (2.31) it follows that

D; ((c?yf) / m(@g)hdy') H+||D;(f(awg>h>||

< ClAllx lgllx, + Mgl <)

s, - (2.32)

In the same way as in the proof of (2.32) we see that

1(9,£) / (Dog)hely/ || + 11F (Oe )]

is bounded from above by the right hand side of (2.32). Hence we have
the result by (2.26) and (2.32).

LemMma 2.3. — We have for f,h € X, and g € X, or € X»

(2 f / " (0,9)hdy

< Clfllx gl s, 1Al xy
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< Cllfllx Mgl [1allx

ars [ " (Oug)hdy

Proof. — By Holder’s inequality and (2.5)

(z)f / Oo(awg)hdy’

L2

< O fle / 1(Deg)hl| s dy/
Y

< CI@)° flle: /OO Ky) ™" (D) Ongll 2z {y) (Da) bl 2 dy".  (2.33)

Y

We take L§ norm in both sides of (2.33) to obtain the first inequality. In
the same way as in the proof of (2.33) we have

(z)°f / .Oo(amg)hdy’

L3

OO0

SCH(’ff)éflng/ {D2)" (@)~ Dugllz2 [(Dx) ") "Rl 2 dy'.

Y

We apply Lemma A.1 to the right hand side of the above inequality to get
the last inequality in the lemma.

LEMMA 2.4. — We have for f,h € X1 and g € X,

' ((Dmfam (f /J Oo(a,,.g)hdy'> , (Dw)e(?,,,u>

< Ol f I (1Pl (lgllx + gl )(lellx, + [lullx,)-

Proof. — In the same way as in the proof of (2.6) we have

|G1 — G2 — G3|| + ||G2]]
S CID2) O fII{D2) ()7 0ug|l||[{ D) " () VR

By using Lemma A.l, we get
1GL = Gy = Gs| + G2l < Cllf |5, gl x. Al x,
In the same way as in the proof of (2.10) we obtain

Gl < CID2) O FIIND) ()7 Dugll[[(Da)” ()7 A
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Hence Lemma A.1 gives

G5l < Clifllx. lgllx, llAllx, - (2.35)

From (2.34) and (2.35) it follows that

By < COlifllx llgllx1Pllx, el x, - (2.36)
Similarly, we get

Fy < Cllfllx gl 1Pl x, el x, (2.37)

We finally consider the term Fj. Since

2(x)~"g = (x) 71029 + (02(x) " ")g + 2(0x () ") 0:g,

( / (07(x) 77 g)(z) hdy', ( z)%axu)
+’ (f / (02 () )o(z) hdy' (D) Bmu>

+z‘(f / (0.l (@r0)a) i (D200

6

=> F;. (2.38)

=4

We have

e p||<x>-V<Dm>2fazunL:z

ol

X (@) (De)* Dyl 22

Ly

P
m

o ew

where 1/p; +1/p2 =1, 1/p2 = 1/2 — €, 1/p1 = 1/2 + €. By Sobolev’s
inequality and Lemma A.1

Fs + Fs < C||fllx, llgllx, 1Al x, [[(D2) * ~(x) = (D4 )2 O]
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We next consider F,;. We put

Grs = (Dx>%_5<<w>”f / °°<<Dz>-%+fa§<x>-w><x>vhdy'),
Gro = ((D.)+ () ) / ({Da)~4+02 (@) "g) a)  hdy/,
Gy = (o) / (Da)™ 1 4(((D2) H402(a) g o) h)dy/,
G = a7y [ (D) H B @) g (Do) (@) Ry,

Gua= (o)1 [ (@2 a) g (x) h)dy.
Then

Fy = (G, (2)77(Dy)*0pu)|
< |(=G1s + Gi6 + Gir, (2) "(Dy)*0pu)|
+ (=G, (2) "7(D,)*0,u)|
+ [(=G17 + G1s + G, (z) 7(D,)*0,u)]
+|(=Gis, (x) 77 (Dy,)*0,u)|
+ [(=G15, (x)"(Dy)*0,u)|. (2.41)

By Theorem A.1 (Appendix), Holder’s and Sobolev’s inequalities

[(=G1s5 + G1s + Gir, (@) "(Dq)*0,u)| + |(—Gis, (2)77(Dy)* 0yu)]
< C(lIG1s = Gie = Gurllrs + (|Gl pz) () ™7 (D) * O] 2

< CNDAE (e Sl | [ (D2 48200 ) hay
e (D)0l

< OIDLYH () llua / 92 a) gl
< D2 (@) Al 2 dy) | (D2 () (D)

where 1/p1 = 1/2+¢€,1/p2 =1/2—¢, 1/ps = eand 1/p, = 1/2.

Pq
L.
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Hence we have by Lemma A.1

|(=G15 + G + Gir, (x)_'y(Dx)2€8zu)|
+ |("G167 <‘T>_’Y<Dz>2€azu)|
< C“f”X1 Hg”X1 “h“X1 ”u’”X2

Similarly,
|(=G17 + G1s + Ghg, <$>—7<Dz>2eazu)L§|
< ) fllze / (D)2 =*(((Dx) =2 +°02(z) " 7g)(z)7h)

331

(2.42)

— ((D2)"203(2) "g)(Da) = (2) Th — (9(a) "g) ((x)"h)| 122 dy
X |(z)(Dg)*Opul| g2 (by Holder) 1/p1=1—¢€, 1/ps=c¢

{
< Cl(DL) (@) fllza (Do) =302 (z) Vgl 2
(Da)¥ ()

x|l

By Lemma A.l

|(=G17 4+ Gis + Grg, () (D,)*0,u)|
< Ol fllx, Mgl 1l x, ull x, -

Similarly

[(=Gis, (2)7(Da)*0zu)| < Cllfllx, llgllx, I2llx, llullx, -
Hence by (2.41)-(2.44)

Fy < Ol fllxllgllx 1Pl x llull -

By (2.40) and (2.45)

Fy < Ol fllx gl 1Al x, llullx -

From (2.36), (2.37) and (2.46), the lemma follows.
LEMMA 2.5. — We have for f,h € X;, g € X; N Xs.

H<Dy>fay (s / pon
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(2.43)

(2.44)

(2.45)

(2.46)

< Clifllx (lgllx + gl 1Al x, -
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Proof. — In the same way as in the proof of (2.28)

H<Dy>fay (s / oo@g)hdy')

< CIKD, ) 0, FIII{D:) ¥+ (2) B, g[[{Da) () |
< Oliflixullgllx.libllx,  (by Lemma A.1). (2.47)

The inequality (2.31) implies that

(D) (£(P=)R)l < Cllfllx, gl 1Bllx, - (2.48)
From (2.47) and (2.48) the lemma follows.
LeMMA 2.6. — We let o = 6 — % f,h €Y, and g € Yy, Then we have

(102, (7 [ o). (D2)* 1)
< G flla lglha il (s + ).

Proof. — By a direct calculation

(02, (7 / “(@.ahay ) (D.)* 1)
= (0o ((2) / °°<azg>7zdy'),<Dz>“Jzu)
¥ ((Dx)"(f / w(Jxawgﬁdy’), <Dz>anu)

Y (f / (0.9)(ToR)dy'), (D)™ Jyu) = ZF

We let
Gy = (D >(<J (D / <axg>hdy)
Gor = (Du)} . F) (D) / " (Gug)hdy,

Gar = (J,f)(D / (0.9)hdy,
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Gas = (D,)° ((Jm / °°<azg>hdy'),

Gae = (DY, ) / (0.g)hdy’.
Then

Fr = (Ga3,(D,)* J,u)
= (G23 — G2a — Gag, (Do) * Jow) + (Gaa, (D,)* Jpur)
+ (Gzz + Ga1 — G, (D )aJ u)
= (Ga1, (D2)* Jou) + (G20, Dy )* Jpus).

By Theorem A.1 (Appendix)

P < c(nwm 9)hdy

Lo

FIUD T fll o (D) / (Oeg)hdy

YD el

(((J D / (0.0)hdy, (D,)F+ 1, u)m

< 1F v llellva (1(99)Rllzy g + I{D2)(Beg - Ry 22
+1€2)" o fll s 222 1(Dz)(0ag - )y o2 lluly, - (2.49)

where 1/p1 = 1/2 — ¢, 1/ps =€, 1/ps = 1/2 — ¢/2 and p, = €/2.
By Sobolev’s inequality

1(0:9)hllzs + (D)< ((Dog)h)|| 122
< C(I@eg)hll + 10 (o)) WIED@e )R (2:50)

and
{D2)*((Dxg) )| s

< C(@)RIIE 2 +110:(Beg) I (@eg I ™. (251)
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We again use Sobolev’s inequality to get

102((929)R) |l 2
< CtH(I(J=0e9)h) |22 + 11(029) JohllL2)
< CtH([{x) ™ Ta0ugllzs K2) Vbl 22
+ (=) 77 Oagllrre (z)” ol 21 )
< Ct7H(I(Dx) (2) 7 JoOegl 22 [{Da) * (2) VB | 2o
+{D2) ¥ (2) 77 0ugll 2o [{Da) # (2) " Juh2), (2.52)

where 1/p; = 1/2 —€/2, 1/p2 = €¢/2 and 1/p3 = €. Since

_2 F(1-2) $(1+2)
I£llzz < Ct 2D T fl e 1fIlzs for p>2  (2.53)
we have by (2.52)

102 ((829) )| 22
< O (I(D,) 5 (2) T Todegllze D 197(Da)? () hlln
|81<1
+ Y IHD) (@) 0ugllnall(Da) 2 (2) Tohl|r2). (2.54)
1811
Similarly,
1(@29)l| 2
< O (|(D2) 5 (@) " Dagllnz Y I192(Da)? (@) Rl 22
[81<1
+ > (D23 (x) 7 0ug 2 (Da) ? ()| 12)- (2.55)
181<1

We apply (2.54) and (2.55) to (2.50), (2.51) to get
1(029)PllLs Lo + II<D~)€ (3 M)y pre

S CEY T INDL) 2 () I20ngll Y (172 (Da)E ()|
fI<1 |BI<1
+ > IJHD Y 0ngllzz Y I1(Da)E (@) I2h]|12)
j1<1 8I<1

< Gt lgllwa 1

|y, (by Lemma A.1) (2.56)
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and
[{D2)((B=g)P)|2s < Ct | glly [1Plly- (2.57)
From (2.49), (2.56) and (2.57) it follows that
|Fz| < Ct1 5| fllva Nallva Allva (llellv, + Nlully,)- (2.58)

In the same way as in the proof of (2.58) we have

|Fo| < Ot~

Fllvillgllva 1Pl lully, + llullys )- (2.59)

We now consider Fgs. We have

|F| = ‘ ((Dw (f / N Jzazg) Edy') , <Dz>anu)

- ‘ (<x>7<Dm>€ (f / ) Jmamg) de’) , <w>—”<Dz>1+€Jzu)

oy (1 / w(Jmaxgmdy')

< lully,
< oy (w177 [ crangpha) (2.60)
We consider the term
D) ((x) f / " 10u0)hdy) (2.61)

We have

(D) ((2)? fh - (2) 7" Toeg)ll 22
< (D2 () fR 2 1) ™ T Dag 22
+ {2)?" fh| L (D) (x) "7 Jo0:9||z2) (by Theorem A.1)
< (D (@) IR @) PRI D) () Toagll2)
(by Sobolev)
< (@) FRllzz + 110 () RN FRIILS)
X (D) (x) 7 JoOagllL2, (2.62)

where 1/p; = €,1/ps = 1/2 — €.
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By a direct calculation

10=({a)*" fR)llpe < CEHIK2)Y* T f - hllze + 11(2)> f - Tohl|2)

and by Sobolev’s inequality and (2.53)

[[2) " Jo fl 22 1(2) "Rl 22
< ClI{DL) 5 (@) T fll2 (D2 E () VAl oo

< O P ) o fllz Y 1D E ) Al e,

[Bl<1

with 1/p; = e. Hence
10:({x)*" f1)| 2

SCE I (D) B @) T fllre S 1E(D)E (2)h| e

811 18]1<1
and by (2.53)
I1(2)*" £ Al 22
<O N (DL E (@) I SNz Y 12D (@) b 1z
1811 1811

From (2.62)-(2.64) it follows that

(Da)* () fh - (o )‘”J 9ag)ll 2

SO (D)) 2 £l
[8l1<1

X Y IT2(Da)* (@) Al e [(@) " (Da) Du Tugll 2

|81<1

Therefore we have by (2.60), (2.65) and Lemma A.1

|[Fs] < Ct= | il Iy gyl . -

(2.63)

(2.64)

(2.65)

(2.66)

From (2.58), (2.59) and (2.66) the result follows. In the same way as in

the proof of Lemma 2.6 we have

Lemma 2.7. — We let « = 6 — %, f,h €Yy and g € Y. Then we have

{((Dwy (f / w@g)ﬁdy'), <Dz>“Jyu>

< G f Ny llgllya Al (lullys + lullys )-
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We next prove

LemMaA 2.8. — We let a = 6 — %, f,h €Y and g € Y,. Then we have

‘ (D;’Jw (f /oo(axg)l_zdy'> , D;‘Jzu)
< O fll gl Il Qlalys + llllys).

Proof. — By a direct calculation

(D; Iy ( f L Oo((%gﬁdy’) ,Dg un>
- (D; ((sz) / w(azg)ﬁdy'),D:JxQ
+ (D; < f /y OO(JzBmg)i_zdy’>,D;‘Jmu>

- (Dg (f / w(@w)(ﬂ)dy’),Dstu)z S F. (@67

=10

We let
Gy = D} ((JmD; / m(axg)ﬁdy'),
Gas = (DEJ.1)DS / " (0.0)hdy,
Gor = (J.f)DE / " (0.0)hdy,
Gas = D3 (1) [ @it ),
Gao = (D50.0) [ Oug)hay.
Then '

Fio = (Gas, Dy Jou)
= (Gos — Ga7 — Gag, (Dy)* Jpu) + (Gag, (D) Jpu)
+ (G27 + Gas — G5, (D) Jpu)
— (G26, (Dz)* Jou) + (G5, (Dy)* Jpu).
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By Theorem A.1 (Appendix)

Fro] < c(anfon

/ (029)hdy’
Yy

Lo

_|_

‘HD;JmfnLgl 0; [~ (@uay
Yy

)nunyl
Lz

, (2.68)

P2
Ly

; ]((M)D; / (axgﬁzdy',Dé”un)
Y

where 1/p; = 1/2 — ¢,1/py = €. By Sobolev’s inequality
ol < €11, 10es) s

n HnDzang

Dy / (89)hdy’
Yy

)nunyg
L2

Lyilrz )

x [|(y) D3 Teull, (2.69)

P2
L'!:/

n ”u@mmw

Dy / (09)hdy’
Yy

where 1/ps = 1/2—¢€/2,1/ps = €/2. We again use the Sobolev’s inequality
to see that

{ I1D5 J,” (9ug)hdy|| 22 < C110y [, (9og)hdy/ |1y, < Cll(Ozg)hllr;

1D J,” (9:9)hdy'|| 2+ < C||8, f;o(axg)f_ldy’llﬁz—e < Cll(é’mg)ﬁllL;?
(2.70)
By (2.69) and (2.70)
|F1o] < ClIflvi 1829) Pl pee 1t [lully,
+ Clflvill @zl 2 |lully;
LL,
< Cllfllva (1(0=g)bllzy Lo
H@eg)hll 2 Mlllully + llully.). (2.71)
In the same way as in the proof of (2.56)
1@eg)hllzyre < CE|glly, [|Rly: (2.72)
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By Holder’s inequality

@)zl 52,
< Ol @) Rl 19: (@) DI

< ClO(@eg) L2 @)

Ed

< Ol10x (o g)P) 137 1 Beg)RIIZE 12 (o) RI 272 (2.73)

By (2.54) and (2.55) we see that

10,(@20))lzs 2 < C=+<llgl il -
@)y < O+ glhva bl

and

1(0=9)Pll oo L2
< (B29)hllL21 < Cl10,((829)h)|lL21y  (by Sobolev)
< CtYI(FyBeg)llLy + 1(829) Ty bl | 22
< Ct M (II4x) ™ Sy Bgllzz (z) V2 | 2
+ Iz} 7709l 22 |[{z)" Jyhllzz(|z2) (by Holder)
< Ct (e 7 0x Ty gllll () bl oo 12
+ (z) 709l L 2 | () Ty hl|)
< Ct (gl ll{e) Rll 2 pee + [1Blv; [1{2) 77 0o gll 2 L20 )
< Ct 3 gl lIblly, by (2.53)). (2.75)

We apply (2.74) and (2.75) to the right hand side of (2.73) to get

1@eg)hll 2. < O Flgllya lIRllvi- (2.76)

x

We use (2.72) and (2.76) in the right hand side of (2.71). Then we have

|F10| < Ct‘1+%”f”YI“g”YQ”h”YI(”u”Yl + ”u”YQ)' (277)
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We now consider F7;. We have by Theorem A.1 and Sobolev’s inequality

l D (f / ” Jmamg)hdy’) ‘

sc(nD;;fuLg [ wonpay
Yy

Ly

+ 1z

Dy /y (J.0.9)hdy’

)

Y

< c<||D;'f||Lg||<Jzax>BnL;

Al 817/ (J28,9)hdy’ ), /r=1-c¢
Yy Lz

< CUIDy flle2 I(Te0)hllzy + | fllzee (T2 009)hdy' || )
< CUIDy fllez (2) ™ JoOegllzz () hl| 2
1 Nl 1€2) ™ T Oagll Ly 1) Al 2 ). (2.78)

Hence by Sobolev’s inequality

[Fl < C2 Y 175Dy fll(2) ™ (Dy) Jodagllll () bl 22
181<1

< Ct 3| fllva llglhva K@) bl 2 Lo (2.79)

We find that by Sobolev’s inequality

_1 1 1-1
Il < CEFIT A NF I
<Gt |DE LD T AT (0> 2) (280)

From (2.80) with 1/2 — 1/p = ¢/2 we see that
) hllcg e < O34 Ay, (281)
Applying (2.81) to (2.79), we obtain

[Fii] < Ct73 fllva lallva 1By, - (2.82)
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We finally consider F},. In the same way as in the proof of (2.78)

|

De (f / 0 TR

< C(IIDy fllzz (@) ™" Bagll Lz [|{x) " Juhll 2
+ £l 1(2) 7 B gll e [1(2) Y bl 22r),

where 1/ = 1 — e. Hence we have

|Fia| < CI{Dy)* flloz 13 1l(x) "7 (Dy)/*0ugll Lo 12
x |(2)"(D,) /2 J:hl|
< G2\ fllv IPlva (=) (D) *Oeglliz e (2.83)

We use (2.80) with 1/2 — 1/p = €/2 in (2.83) to get

|Fio| < Ot~ 112

£l 1Rl v gl v - (2.84)

From (2.77), (2.82) and (2.84) the lemma follows.

In the same way as in the proof of Lemma 2.8 we have

LEMMA 2.9. — We let o = 6 — % f,h €Y; and g € Ys. Then we have

‘ (D;Jy (f/ (Bzg)ﬁdy/) ) ngy“>
y
< G| fllva llgllva Allva (lllys + lludlys)-

LEMMA 2.10. — We let f,g,h € H*® n H%®

Ifhgllmso < Cllfllasollgllasollhlls.o,

I fhgllgos < Clifllmeollglimsollhll o
Proof. — We have the lemma by Sobolev’s inequality and Theorem A.1.

LeEMMA 2.11. — We have for f,h € X;, and g,u € X; N X

‘ (ffmwzrax (f / m(amg)hdy’) , kzwm)famu)

< ClIfllx, 1Bl (gllx, + Ngllz, ) Nlullx, + llullz,)-
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Proof. — We have

K w<f/oo (0.9) hdy) Ro(D.)0.)
‘(K (@) [ @anar ) Ko.yo)
| (Retpy (5 / (0.0)0:1)dy ) KD} 0

+|(Rutoay (1 [ @onar ). k0.yo.)

By the definition of the operator K, we see that

(2.85)

1K fllze < Cllfllee, (Ko (Da)] =0, [Key(y)]=0.  (286)

We apply (2.86) to (2.85) to get

{ (&wm)fam (f / w(amgmdy') , &wzramu)

< c(szr((axf) / " (0g)hdy'| (D 0.0
¥ H<y>”f / " (0.9)(0.h)dy

H 7f/ (929)hdy’

where 1/py = ¢, 1 /p1 = 1 — €. The rest of the proof is obtained in the
same way as in the proof of Lemma 2.1 and so we omit it.

LEMMA 2.12. — We have for f,h € X and g € X1 N X,

1(y) ™7 (Da)* Opul| 3 172

27rP1
Lzr?

{y) ™ (D2)* Opull 2 22, (2.87)

Py
L2r?

H&(Dyfay (s / "oy ) Hs Ol v, (lgllx, +llgllz, el

Proof. — The lemma is obtained by Sobolev’s inequality and (2.86).
LEMMA 2.13. — We have for f,h € X; and g,u € X; N X,

‘ CXLERAY / °°<amg>hdy') KA. 0u)

< CllF e Ml lgllx, + llgllx) (lellx, + llullx,)-
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Proof. — We have
(K2(D;)A,K,(D,)B)
= ([Kaw <Dz>E]A7Kﬂv<D$>€B)
+ (KA, [(D,), Ko [(D2)*B) + (K. A, Ko (D,)*B)  (2.88)

and
(K2 A, K+(D.)*B)
= (K (z) (@) A, K. (2)"(z)""(D,)*B)
= ((2) K3 K, (x)""(z)" A, (z) " (D,)*B), (2.89)

where K is the dual operator of K,. By Lemma A.2
{ {(z) " K7 Ko@) ™ fllze < Clfllze,
(D), Kulfllzz < Clifllzz
From (2.88)-(2.90) it follows that
[(Kz(D2) A, K. (D;)"B)|
< C(IANKD2) Bl + [{2) All g2 21 [|@) (D) ** Bll 2 2)
< C(||AllIKD:)* Bl
+ (@)  All gz 21 [(D2) 2~ (@) " (D2)* B)), (2.91)

(2.90)

where 1/p; =1 —¢, 1/py = €. We use (2.91) with

A=t / 0,9)@uh)dy or f / (829)hdy’
and B = 0,u. Then we have

(K020 / " @by ). K2} 00
<cf (mer((azf) / “(0cgphay ) ‘

" ||f / " (0.g) @y |+ / " (02g)hdy’

+ (@

+ ||(z)7 f / oo(aig)hdy’

JiDayanul

7 [ " (@.9)(@.h)dy

2r1P1
L2L?

)||<Dz>%-f<x>—*<Dm>ZEamu||). (2.92)

22
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In the same way as in the proof of Lemma 2.1 we have the lemma from
(2.92).

LEMMA 2.14. — We have for f,h € X1, and g € X1 N X,

Proof. — The lemma follows from Lemma 2.5 and the fact that
1K, fll < ClIfI-
LEMMA 2.15. — We let fh €Y, g€ Yo and a = 6§ — % Then we have

] (ke (s / Ty ) KD )

<0t llgllva [1Pllv; (Nlullyy + [lullys)-

Ky<Dy>fay(f / @g)hd@/) < Ol fllx, (lglhs + gl lx..

Proof. — We have

(KADx)“Jz(f / °°<axg)ﬁdy'),Kx<Dw>aqu)
(K (Jf/ (azghdy) D >Jmu)

KD (1 w(Jxawgmdy'),Kz<Dz>aJmu)

KD (1 / (@.) (TR ). K.AD.)" )

©
M/"\A

k).

(2.93)

1l

<.
Il
2

In the same way as in the proofs of (2.58) and (2.59)
|Fy| + |Fg| < CE 2| Flivillgllvs hllv, (Nully; + flellyz). (2.94)

We now consider Fg. We have

|Fg|s)(K (a1 / (Lo.a)hdy' ) K D 0)

Since

(2.95)

Ko (D) = [K., (D)2 (D,)* + (Do) T Ko (Do)
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and
K=, (D2)?]f]l < ClIfll  (by Lemma A.2) (2.96)

we see that the right hand side of (2.95) is bounded from above by
oo (s [ cronsmay )
+ (K D,) ( / (Jo0s9) hdy) (D )%szm)a,]mu) .
= c” ( (Joug)hdy’ )
+ ( D, (f [ ogpay).
D)%, K, (D.)? Ju + Km(Dm)““Jzu)
cefore fanni)
+ @y KD ( / (J0sg) Ry’ ) “

X (|{@) YKo (Do) Jou)|| + ||[(Ds) 2 Jl.u||)> , (2.97)

l[elly

[lully

lllly,

where we have used (2.96). By Lemma A.2 we see that the second term of
the right hand side of the last inequality of (2.97) is estimated by

01 / m(Jxaxg)de')

X (Il{z) (D) L)l + Hlully, )

(@“’(Dz)e(f / (Jmazg)ﬁdy') lulv,.  (2.98)
Hence (2.95), (2.97) and (2.98) give
17 < [l @yo ( / (7, @g)hdy) lulys.

In the same way as in the proof of (2.66) we have by this inequality

|Fgl < Gt fllys 1y llg v

IYQ' (299)
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From (2.94) and (2.99) it follows that

KKADz)an(f/ (8wg)ﬁdy’>,KI<Dm>aun>
Y
< CEME s Al vl (2.100)

In the same way as in the proof of (2.100) we obtain

<K1<Dm>ajy<f/ (8zg>ﬁdy/)7Km<Dz>aJyu>
Yy
< R fllv PNl gy lullys - (2.101)

The lemma follows from (2.100) and (2.101).
LEMMA 2.16. — We let . = 6 — % f,h €Yy, and g € Ys. Then we have

| (kD (f / °°<amg>ﬁdy') KD,

2
< CEHFE v gl ol (ullys + llullss)-
Proof. — The lemma follows from Lemma 2.8, Lemma 2.9 and the facts
that K, commutes with (D,)* and bouded operator from L2 to itself.

3. LINEAR SCHRODINGER EQUATIONS

In this section we consider the inhomogeneous Schridinger equations
{Zatu+Hu:f7 (xvyvt)€R37
U(CL', Y, 0) = uO(l" y)7
where H = 92 + 9? or 9,0,. Our purpose is to prove Lemma 3.6.

(3.1)

We first prove
LEMMA 3.1. — Let u be the solution of (3.1) with 0,,0,. Then we have

lu()]® +/(; ()" (D) 2u()IP + 1Ky) " (Da) u(r) | dr
< C(Il%ol|2 + /0 1)~ (Dy) ™ 2u(m) 1P + () (D2) ™ >u() P

w3 [ (65 r) R )

j=z,y
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Proof. — Applying the operator K, to both sides of (3.1), we obtain

- . 1 D? . N
1 Kyu + 0,0,Ky +1—— = K,u=K,_f. 3.2
: WK+ 10 B, (3:2)

We multiply both sides of (3.2) by K,u, integrate over R? and take the
imaginary part to get ‘

2

d, = s = D, o

il —— || =21 . .

gl +2 ) Kerpmiu|| = 2m(Raf, o). (33)
Since

v Da 2 v e - .
\@) TR gt = 10 Ka (D) 2l = )R (Da) T Pl

we have by (3.3)
t
|Ru(t)]? +2 / 1R () (D) 2u(r) P
0
t
= | Kouo|? + 2Im / (Kof(r), Kou(r))dr
0

2 / K y) (D)~ 2u(r) | Pdr. (3.4)

From (3.4) and the fact that there exist positive constants C;, Cs such that

Cillfll < IIK; fll < Callfll, (5 =),
it follows that

O + 201 [ 10 D) () P
< Cullul? +2 [ 1) D) utr) Pl
+2 [ (Refr), Reatr)r) (35)
In the same way as in the proof of (3.5) we have
@I +201 [ a7 Dy) Putr) e
< il +2 [ 2)4D,)u(r) P

+2 / (B, £(r), Byu(r))|dr). (3.6)
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The lemma follows from (3.5) and (3.6) immediately.
LeMMA 3.2. — Let u be the solution of (3.1) with H = 82 + 82. Then

lu()]I* + Z / 15) =Y (D) *u(7)|dr

we have

<004W+Zl/n>vah
+§j/|KfﬂKM)MQ

jmmy
Proof. — Applying the operator K, to both sides of (3.1), we obtain

10 Kyu + AK u + i[i02, K,Ju = K, f, (3.7)

where A = 92 + 2. We multiply both sides of (3.7) by K,u, integrate
over R? and take the imaginary part to get

il|Kzu[|2 = —2Re([i02, K Ju, Kyu) + 2Im(K, f, K u). (3.8)
A direct caluculation gives
[i02,K,] =QK, + K,R
oo m—2
1 m—mj—1 mi
oo 1 m—1
+) Z promtlR, pm (3.9)
m=2 1=1
with . D D2
P=([rar) 2e o= s,
)y =9

D,
R = —2iy(z)" "%z D

By Lemma A.3 and Lemma A.4 we find that there exist positive constants

Cq and C5 such that
d _
%IIKMI2 + Cif[{=) ¢
< Goll{z) ull® + 2Im(K, f, Kou).

D$)1/2u||2
(3.10)
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Integrating in time variable ¢ and using (1.5), we get
t
M Yl + Cy / )~ (D) 2u(r) |Pdr
0
t
< Mylluoll? + Cs / z)~u(r) | dr
0

+92 /0 (K. f(7), Kou(r))|dr- (3.11)

In the same way as in the proof of (3.11)
t
Il + [ W) (D) () P
< (Jhul?

t t
+ [l uar + [ 106,50, Kato)lar). (512
The lemma follows from (3.11) and (3.12).
LEMMA 3.3. — Let u be the solution of (3.1) with 0,0,. Then we have
l[u(®)lFo.s

< C(IIUoIIfqo,a +/0 (Iz)°~2ayu(m)ll + ()~ dzu(r)]

n ||f<v>nHo,«s>nu<T>||Ho,Adr) for §ER.

Proof. — By (3.1) we have
i0(z)Pu + 8,0, (z)0u — 8{z)*"2xd,u = (z)° f. (3.13)
Multiplying both sides of (3.13) by ()%, integrating over R? and taking
the imaginary part, we get
d

— (@)l = 2Imé((2)* 22 dyu, (z)°w) = 2Im((z)° f, ()’ u)

from which it follows that

[z u(®)]]*

< @) uo I

+CA(H(x)é‘l@yU(T)lHIl(x>‘5f(T)II)II(m>5U(T)IldT~ (3.14)

Vol. 65, n° 4-1996.



350 N. HAYASHI

In the same way as in the proof of (3.14) we have

() u(®)I?

< Iy) uolf?

+C/0(|l<y>6_lazU(T)l|+H(y)‘sf(T)ll)II(y)‘SU(T)HdT- (3.15)

From (3.14) and (3.15) the lemma follows.

In the same way as in the proof of Lemma 3.3 we have

Lemma 3.4. — Let u be the solution of (3.1) with H = 8% + 85. Then
we have

llu(®)]3r0.0

< c(nuon%,o,s + / ()5~ B,u(r)]

+ II(y)s‘layU(T)ll+IIf(T)IIHO»é)IIU(T)IIdeT) for 6 €R.

To prove Theorem 2, we need

LemMa 3.5. — Let u be the solution of (3.1) with H = 02 + 82. Then
we have for 1/2 < 3 < 1

lu()l[r0.5

< 0 (lualEos + [ Qs + (e s
+ Ilf(ﬂnﬂo.anu(r)uHo,ﬁ>dT

Proof. — By (3.1) we have
i0(z)Pu + Alz)Pu — B(z)?2z0,u = (2)°f (3.16)

Multiplying both sides of (3.16) by (z)?1, integrating over R? and taking
the imaginary part, we obtain

) ull = 20mB ()0, (2) )
= 2Im({z)" f, (z)u). (3.17)
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We have
((2)?220,u, (z)’u) = ()P~ 220,u, (z)° T u)
= (%((®)"~ 3 zu), (z)~ Fu)
— ((0:(2)* 2 z)u, (z)° "2 u)

-( e a) (D2 o)

— ((9x(2)"" 2 z)u, (2)" " w)

from which we see that

|((2)? 220, (z)u)|
< C(I(Da)? (&)~ 22w (D)% ()~ 7 u
+ 1) #~ Fu||[ ()"~ 2 ul])
< C(|{z)Pul* 4 ||{D2)"ul|*) (by Lemma A.1). (3.18)

By (3.17) and (3.18)
[[(2)Pu(t)]®
t
< C(H“O“?{Oﬁ +/0 (le()Frs0 + llul)Fo.5

+ nf<f)||Ho,a||u(r)||Ho,B)dT.

Similarly, we find that ||(y)”u||? is bounded from above by the right hand
side of (3.19). This completes the proof of the lemma.
From Lemma 3.1-Lemma 3.5 we have

LEMMA 3.6. — Let u be the solution of (3.1). Then we have for 6 > 1
full%

< c(uuouil + / a3, dr
+ ¥ / (K F(1), K;(D;)u(T))|

j=zy

1D 1), (D) ou(r)]
T ||f<r)||Ho,ﬁ||u<f>||xldf)
for t€[0,T], H = 0,0, (3.19)
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||u||.2Y(T)

< (Il + /Wm&m

+2/m Y £(r), K (D) u(r))|

1=,y

10D () Dy o)
-Wﬂﬂmwwmmwﬁ
for te[0,T], H=082+02, (3.20)

”U“Y(T)

sc@wvﬁme+/HMﬂmw
+§j/| (DY H T f(r), K (D)4 Tu(r)|
Tal<t

+ (D)2 T f(7),(D;)*~ 2 Jou(7))|
+ 1T £ oo 3 ()l d. (3.21)

4. PROOF OF THEOREMS

In this section we prove Theorems. To prove Theorems we consider the
linearized equation of (1.4) :

{i(?tu—i—Hu:K(v), (z,y,t) € R3,

w(z,y,0) = uo(z,y), (4.1)

where

K(v) =d;|v)*v + d2v/ (91|'U|2dy'd3v/ 9y |v|*dz’
Yy x
+ dsv0,p1 + d5v0, 0.

We define the closed balls X,(T), X o(T) and Y,(T) as follows.
X, (T)={f¢ X(T); 1Al % < P}
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Xo(T) ={f € X(T) I fllx(r) < p}
and

Yo (T) ={f € Y(T)fllya) < r},
where p is a sufficiently small positive constant. We first prove Theorem
1 with H = 9,8,. We assume that v € X,(T) and difine the mappting
M by u = Mwv. It is sufficient to prove that M is a contraction mapping
from X o(T) into itself for some time T > 0. We apply Lemmas 2.1-2.3,
Lemma 2.10, Lemma 2.11 and Lemma 2.12 to Lemma 3.6 (3.19) with
f = K(v). Then we have

”ullx(T) <C(”u0”)&1 + ”u”\(T)

+(sup [[v@)llx)?oll ooy lull () (4.2)
t€[0,T

from which it follows that

(1= CT)lull% gy < Cllluoll%, + o llullcry):
By Schwarz’ inequality

1
(5= Ol ry < Clluali, +0°)

which implies
2C
llull% 7y < m(”uoﬂ?\'] +0°). (4.3)
Then by (4.3) we see that there exist positive constants T and p such that
el z(z) < p- (4.4)

We let u; (j = 1,2) be the solutions of

{i@tuj + 0, 0yu; = H(Uj), (4 5)

“j(%ya O) = uo(ﬂﬁ,y),

where v; € X »- In the same way as in the proof of (4.4) we see that there
exist positive constants p and T such that

1
llur — woll () < lvr = v2llxz)- (4.6)

It is clear that (4.4) and (4.6) yield Theorem 1 with H = 0,0,. In the
same way as in the proof of Theorem 1 with H = J,0,, Theorem 1 with
92 + 92 is obtained by applying Lemmas 2.3-2.5, Lemma 2.10, Lemmas
2.13-2.14 to Lemma 3.6 (3.20) and Theorem 2 is obtained by applying
Lemmas 2.6-2.10, Lemmas 2.15-2.16 to Lemma 3.6 (3.21).
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5. APPENDIX
First we state inequalities concerning fractional derivatives which are
needed to handle the nonlinear terms with fractional derivatives.
THEOREM A.1 [18]. — Let 0 < a < 1 and 1 < p < oo. Then
1D (fg) = fDz9 — gDg fllre < Cligllee=lIDg fllze-
Let p,p1,p2 € (1,00) be such that 1/p = 1/p1 + 1/p2. Then
1D (fg) — fDzg — gDg fllrr < Cligllpa: | D3 fll e

For the proof of Theorem A.1, see Appendix of [18].
LemMA Al. — We have for 0 < a <1, 0<a <1 —2¢

402 Aallzz. | [p55+4s

(D)2 DY fllzzllgll 2, (a.1)
< C4 (D2 DY (&) f)ll.2
HIDY 2 (@) 2 ||l () =gl 2.
We have for 0 < 2™tla < 1,m € NUO
(Da) (@)™ =D g 12 < C(I) > flla + D)™ fllz - (a:2)
Proof. — We have

<Dx>a(fg) - f(D:c>agv
[(D2)*, flg = § (Dx=)*({z)* f(2)~"g) (a.3)
—(z)* f(Da)*(x) =g — fl{x)*, (Do) Uzx) 9.

By the Planchelel theorem and the Schwarz inequality
(D)%, filgnllzz

L3

. . 2 1/2
- ( [ ter - wmite -t dgm)

Rﬁm Rn:

R ) 2 1/2

sc( | /| e = mllf 6 e dﬁx)
< Clléfills 911z
< C||<€m>2652/2_€f1”L§I ”Ql”L‘gl
< CIUDLY DY Fyluz g 2 (a.4)
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The first inequality of (a.1) is obtained by putting fi = f and g; = ¢
in (a.4). By (a.3)

(D)%, flgllr2
< ND2)*, () fIe) " *gllez + 1f[(D=)®, (2)*]{z) " *gllz2- (a-5)

We put f; = (z)*f and g; = (z)"*g in (a.4) and apply it to the first term
of the right hand side of (a.5), and we put f; = (z)* and g; = (z)™%g
in (a.4) and apply it to the second term of the right hand side of (a.5) to
find that [|[(D.)%, flg||z2 is bounded from above by the right hand side
of (a.1). Similarly, it can be shown that [][<g—:>, flgllzz is estimated from
above by the right hand side of (a.1). Thus we have (a.1). We next prove
(a.2). We have by (a.1) and the Schwarz inequality

(D) ()" =D ]2,
< Ol fl3, + KDY (@) =2 p 3,
< Cm)l()*" " fl3
+ 2%H(Dw)z"'“a(x)z"*“—2—2(1+2+---+2m—1)f”L§

2m+1 27n+1

= COmIe™"* I + 5zl (D" Flnz.

This completes the proof of Lemma A.1.

LEMMA A2. — We have for 2<p <00, 1/2 <y <1land0<a <1
(z) K Kao(2) " fllz < Clifllzes (a.6)

I{D=)", Kzl fllz < ClIFllz- (a.7)
Proof. — By a direct calculation we have

m—1
P™(z)"g = Z prmmimlgpmg 4 (2)Y P™g, (a.8)

my =0

where

P= ( /0 xm*w) £:), and A =[P, (z)].

Vol. 65, n° 4-1996.



356 N. HAYASHI

In the same way as in the proof of (a.8)

m—1
P*lpm<x>'yg :P*l< Z Pm—m1~1APmlg)
m1=0
-1
+ Z pri-h-lygxphpmg 4 ()P P™g, (a.9)
l1:0

where

P = %(/ﬂzm*w), and  A* = [P*, ()],

Hence by (a.8) and (a.9)

0 e o] m—1
k=S 3 (545 s
=0 :

m=1 mi=0

[e%S) 1 -1 ) 1

T2 2 PP Y P g+ (@) K Koy,
I=1 " 1,=0 m=0
* = 1 — m—miy—1 mi

= KI<Z — >or AP g)
m=1 m1=0

oo 1 -1

+y I S PhTIA PR K g+ (a) K K,g.  (a.10)
=1 ;=0

Therefore we obtain by (1.5) and (1.6)

1K Ky, (2) gl

[s] m—1
1
|35 L3 prmapn
m=1 m: m1=0 L}
(e} 1 -1
+ Z ﬁ Z P*l—ll—lA*Pll ng
=1 " 14=0 LY
oo 1 m—1 oo m—mi—1
<u > S (a [ ) A
=1 " m;=0
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By the way we easily see that

jablez = | [y 2oar [ D o]

< ( / Oo(rr?vdT)

Applying the Sobolev’s inequality, we obtain

Il

LP

el

Lg

<0\l @] "
<of| |y o) - ool o)
<o(|lmy e,
N O [ RN S hrett )

We use Lemma A.1 in the right hand side of (a.13) to get
D
= (ol
lis

{D2)* D2/~ (2) 12 < oo.

< Clh]| 2,
L

since

Hence by (a.12)
ARl < CllAllzz.

From the definition of A* such that

o= ] [

and (a.14) it follows that

14*Rllze < Cllhllz2.-
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We apply (a.15), (a.16) and (1.5)-(1.6) to (a.11) to get
I EZ Kz, (z)"]glle

<o(X S (o [ormar) o

mi =0

syls (¢ [“rar) l_anmguLz)

=1 " 1;=0
< Cllglzz.- (a.17)

We put g = (x)~7f in (a.17), and use (1.5)-(1.6) then it follows that

() KK (2) ™" fllrz < KK fllez + Cll(z) ™" fllcz
< C(fllzz + 11€2) ™7 fllzz) < Cllfllz

which implies (a.6). We next prove (a.7).

We have
[ f ZT:'L'ZPm mi— lBPmlf
" mi=0
with N D
= [P,(D,)*] = “2idr (D) | 2
B=1PAD.)] = | [y pe] 2

By Lemma A.1 we find that

m—1

U DMz 03 o 1 70r) il < €

This shows (a.7).
Lemma A3. — We have for 1/2 < v < 1

oo m-—2
(I;)FYZ 1| Z[Pm~m1—17Q]Pm1f'

m.

< Ol{e) " fllzz,  (a18)

m=2 " my=0 L
e o] 1 m—1

@73 o X PR P <Ol (a19)
m=2 mp=1 b
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where
D? D
Q= (z)"?-=2, R=-2iy(z) " 2o —~
D) TN
Proof. — Since
-1 -1
[PLQ)=>_ P-tt[p,QIP", [P',R]=) P'""7'[P,R]P",
= 1,=0
we have
oo 1 m—2
(@) Y — Do P Qe
m=2 " m1=0

[eS} m—2 ,m—my—2
-~ 1 m—mi—2—I1 1
—w Y oY (X pmrtnart)

1;=0

s m—2 ,m—mi—2
=Y ( >, P >”[P,Q]P“)
3

11=0

m
<1n—m1 —3m—-m1—3-1

Z Z pm—m —3~1l1—ny AP™ [I)7 Q]Pll ) (0,20)

;=0 n1=0

<ZL‘>’Y Z % Z Pm—ml—l[R7 Prnl]

m—1 ,m;—1
= Y (Z pmTithip, R]P’])

m=2 “my=1 N1;=0

oo m—1 ,m;—1
:_anﬁ Z(Z pra—ihy, [PR]P’I)
1

m=2 mi= 1,=0

I
|

B
2

K
|~

my—2mq,—2—1
>y Pm1-2-‘1—"1AP"1[P,R]P’1) (a.21)

l1:0 n1:0

Mg
3|~
.Mi
N

m=3 T my=2
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with A = [P, (z)”]. Taking L2 norm in both sides of (a.20) and (a.21),
we obtain

m—2

<.’I7>’y Z Rl_'_ Z [Pm—ml—l,Q]Pmlf

m=2 m;=0

L2

m—

IS

X

o) m— —3—1;
( 0 m—m) 12 QIP" fs (a.22)

and

[e o)

m—1
1 — m
1 2 PR P

m=2 my=1

()7

L3

00 my—2-1;
([Tma) R @)
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We have by a simple calculation

@lpal = o ([ 107 ) Do

' <§>(/0 ™ ””) o
=) </ ” 2‘”>< g <gw>
e

ol it
+27[(a:) (/ (ry~? ) <gz)](x>“2v—2x%
+2v<1l; o)™ x(/:m_% <gz>

[(g; | ([ ) oy
Hence by Lemma A.1

[1(2)7 [P, Q1P" f |2
< Cla) P fllez

)~ Da pi, xy77 Do pi,
< (| s ok f)
< Cll(w)TP" fllzs. (a.24)

From the equality
(@) P (z)"
-1 0o D
o (D.)

and (a.25) with g = (z)77f it follows that
()7 [P, QIP" £l
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< c(z (/ Oo<fr>-27dv)h @)™ Fl2

2.\,
+( w<f>-27dr)h||<x>-vfan)

0

= o+ [ nar) el @2

In the same way as in the proof of (a.26) we find that ||[P, Q]P" f]|L2 is
bounded from above by the right hand side of (a.26). Hence by applying
(a.26) to (a.22), we obtain

oo

m—2
@) S = S [P QP
m=2

" m=0

oo 1 m—2 ,m—my—2
oS Iy (Y

11 =0

L) s

m—3 <'m—m1—3 m—my—3—I;

L2

1,=0 n,=0

This shows (a.18). We next prove (a.19). Since

e = e ([[) Par) Desmgay e e

~a e ([ o
=- [é—i)» (z)7 ( /O I(r)“&)]%@)ﬂv%%
B ([0 )
-l (/me_%) oy
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We have by Lemma A.1

1{z)7[P, Rlgllzz < Cl|(z) gl (a.27)
In the same way as in the proof of (a.26) we obtain by (a.27)
[2) [P, RIP" fll12 + ||[P, RIP" f||2

<o T a4 D) e (a28)

We apply (a.28) to (a.23) to get

oo

:n)'y

1™

m—1
1 m—my— my
o > PR, P™MIf
! &

L3

my—1 mi—1
1
y L ( ( d) (ll+1)|l($>_7f||Lg)
m!
m=2 mi=1 *[;=0

fe'e) 1 m—1

(Y (/ °°<fr>-2wr)ml_2<zl i)

1120 TL1:0

< Clz) ™7 Fllz- (a.29)

=2

This completes the proof of Lemma A.3.

LEMMA A.4. — We assume that -y > —1. Then there exist positive constants
C1 and Cs such that

—D2
x *K. K,
(< ) K el f)L2
> Cill{e) (D)2 fII7: = Call(2) ™7 fllZ2-
Proof. — 1t is easy to see that
D2 §
(0" r K tto Kzf)Li

= ((2) 7 (Da) Ko f, (2) " Ko )12 — [[{2) " Ko fll 2
= (=)™, (Da) /2 D) V2 Ko f, (2) Ko f)12
+ (@) (D) VKo f (D)2, (@) K f) 22
+[162) D)2 fllZ2 — (@)™ FIIZ
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We use the Schwarz inequality in the right hand side of the above equality

to get
(" D>

(2) =" D) 2 Ko fll7; = Cll{a) " Kaflls (a.30)

(2) mf)

L3

2

N =

We next prove that
K, (@) (D)2 fllzz + K ()71 fllzz < Clla) " Fllzz- (a:31)

We have

0o m—1
(K, (@) (D) 1 f =) % SO promolg P (a.32)
m=1 T omy

M A =[P (D) M
= ([ o) 0
~ ([ ) i
= ([ tnar) st oo
#([omar) e
o for f el s
By Lemma A.1l

14gllzz < Oy e, (a.33)
We apply (a.33) to (a.32). Then we obain
K, (@)™ (D) ?) fll 2
oo m—1 oo m—mj—1
S ([Tear) e e @3

m=1m;=0

IA
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We again use Lemma A.1 and (a.25) in the right hand side of (a.34) to
see that

1Ko ()= (D)) fll 2
( / °O<r>~2"/dr) (ma + D) (@) 12

< CMs||(z) " flicz- (a.35)

In the same way as in the proof of (a.35)
I[Ke, @)1 fllzz < OMall(2) ™ {2z (a.36)

From (a.35) and (a.36) the inequality (a.31) follows. By (a.30), (a.31) and
(1.5)-(1.6)

(00 ke o) K

> Ko@) (D) 2 s
= ClIK ) fI3: — CMall() I,

= EL—Z“@V"’W@V”HI%@ — CMall (@) S (a37)

L?

This completes the proof of the lemma.
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