G.F. DELL’ ANTONIO
R. FIGARI

A.TETA

Diffusion of a particle in presence of N
moving point sources

Annales de I'l. H. P, section A, tome 69, n°4 (1998), p. 413-424
<http://www.numdam.org/item?id=AIHPA_1998__ 69 _4 413 0>

© Gauthier-Villars, 1998, tous droits réservés.

L’acces aux archives de la revue « Annales de I’. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NumbaM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1998__69_4_413_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 69, n° 4, 1998, p. 413-424. Physique théorique

Diffusion of a particle in presence
of N moving point sources
by

G.F. DELL’ANTONIO

Dipartimento di Matematica, Universita’ di Roma "La Sapienza”,
Italy, and Laboratorio Interdisciplinare, S.I.S.S.A., Trieste, Italy.

R. FIGARI

Dipartimento di Scienze Fisiche, Universita’ di Napoli, Italy

and

A. TETA

Dipartimento di Matematica, Universita’ di Roma "La Sapienza”, Italy.

ABSTRACT. — We analyze the diffusion of a particle in R® subject to
N point interactions moving on preassigned non intersecting paths. For
any regular motion of the sources, we give an existence and uniqueness
result for the corresponding parabolic evolution equation, together with a
rather explicit representation of the solution. We exemplify our approach
for N =1 in the case of uniform motion on a straight line, exhibiting the
complete solution of the problem. © Elsevier, Paris
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RESUME. — On considere la diffusion d’une particule de R? interagissant
avec IV obstacles ponctuels se déplacant selon des trajectoires preassignées
ne se croisant pas. Pour toute trajectoire reguliere sans croisement, on
démontre I’existence et 1'unicité de la solution de I’équation parabolique
associée, et on donne une représentation explicite. On illustre cette approche
en donnant la solution compléte dans le cas N = 1 en mouvement uniforme.
© Elsevier, Paris
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414 G. F. DELL’ANTONIO, R. FIGARI AND A. TETA
1. INTRODUCTION AND RESULT

We consider the diffusion of a particle in presence of N point interactions
of fixed strengths placed at points in R* moving on given smooth paths. The
problem is then described by a parabolic evolution equation with generator
depending explicitely on time.

This model is of interest in the study of diffusion in fluids. It can also
be viewed as a first step in the study of non linear models, in which the
paths depend on the solution itself.

(From the mathematical point of view, the problem is non trivial since
the strong time-dependence of the generator prevents the application of
known general results in the theory of non autonomous parabolic equations
(see e.g. [1L[2]).

We shall prove an existence and uniqueness theorem, exploiting the
detailed knowledge of the domain and of the action of the generator.

Let us describe the model.

Let @« = (a1,...,an), @; € R, j = 1,...,N, and let Y(t) =
(y1(t),...,yn(t)), t € [0,T], T > 0, y;(t) # y;(t) Vt, be a collection of
N given curves in R3, of class C, which do not intersect at equal times.

For any ¢ € [0,T], let —A, y () be the Schrodinger operator in L?(R?)
with point interactions of strengths «; placed at Y ().

For the construction and the main properties of —A, y-(;) we refer to the
monograph [3]. The operator —A, y () is self-adjoint and bounded from
below, with domain and action given by

D(=Aayn) = {ult) € LX(B) | u(t) = 6x(t) + D_ a;()GA( =y (1)),

ox(t) € H*(R?), lim  (u(z,t) — q;(t)Go(z — y;(t))) = a;q;(t)}

lz=y; ()] -0
(1.1)
We have introduced the following notation
’ 1 ' e~ VAlz—a'l >0 13
r—1')= (- Yp—2)= —- A>0. )
Grla—a) = (A + ) w =) = T A2 0 (1)

H™(R?) is the standard Sobolev space of order n. It is clear from (1.1) that
the operator domain consists of functions with a regular part ¢x(t) plus
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DIFFUSION IN PRESENCE OF MOVING POINT SOURCES 415

the “potential” of “point charges” ¢;(¢). The limit in (1. 1) is regarded as
a boundary condition satisfied by u at Y'(t). We shall study the evolution
problem

W0 — Awyult) te.T] (1.4)

U(O) =’ € D(Aayy(o)). (15)

In previous papers ([4],[5],[6]) problems of this type were considered,
where the location of the point sources is fixed and their strengths depend
on time. These problems are less singular than the one treated here, since
the generator has the same form domain at all times. Our main result is

TreoREM 1. — If Y (£) = (11(t), ..., yn(t)) are N curves in R® of class
C'such that

sup sup |yi(t) —y; ()| > ¢ >0
0<t<T i#j

than there exists a unique u € C*([0,T], L*(R?)) N C([0,T],D(Aa,y()))
which solves problem (1.4),(1.5). Moreover u(t) is given by

oL
=raf+ Y [ asPoCopee, )

where P, is the integral operator defined by the heat kernel

_ 1m_zl‘2
41

Pz —2')=er(z—2a') = Aty

(1.7)

and the charges q;(t) satisfy the system of Volterra integral equations

dSQJ( )Cj(t7 s)

4\/— \/t——s
- > /dsqz 8)Qi;(t,8) = f(B), (1.8)
I=1,I#j
fi(t) = ; PuLy’(s)), (1.9)
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416 G. F. DELL’ANTONIO, R. FIGARI AND A. TETA

C;(t,s) = 01 dZ;(Aj(S + (t = 8)z,8) + Bi(s + (t — 8)z, )

V(1 =2)z

il
tes) = LSRRI (wxﬁwy
OL%M dz 22T, (1.11)
1 i
Bj(t5) = 75 moErol) dz e~ (1.12)
Qui(t,s) = /: daP"‘S(y\j/(tc’z_; w(s) (1.13)

where Bj(t, s) denotes derivative with respect to the second argument .

The result described in theorem 1 can be easily generalized to the case
in which also the strengths depend on time. Following the line of [6], one
can further consider the limit N — oo and its relation with diffusion in
presence of a time-dependent potential.

A slight modification of the proof should also give the corresponding
existence and uniqueness result for the Schrodinger or the wave equation.
This will be of interest in the study of quantum mechanical scattering
from moving particles and as an approach to the problem of classical
electrodynamics in presence of charged point particles ([7]).

The paper is organized as follows.

In Section 2 we briefly analyze equation (1.8) and prove that its solution
has some useful regularity properties.

Using this result, in Section 3 we prove that (1.6) is in fact the unique
solution of the evolution problem (1.4),(1.5).

As an example, in Section 4 we consider the case N = 1 with y(t) = vt,
v € R3, and we give the explicit solution of the evolution problem.

2. THE INTEGRAL EQUATION

In this Section we consider the system of Volterra integral equations
(1.8). We prove
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Lemma 1. — For any T > 0, (1.8) has a unique solution q;(t),
j = 1,..., N, satisfying

g € CO0, TN NCH(O,T]),  sup [/4G;()] <oo.  (21)
t€[0,T)

Proof. — As a consequence of the regularity assumption on the curves
y;j(t) one can easily check that, in (1.10), the integral kernel C;(t,s) is a
continuous function and Q;;(¢, s) is of class C*. Denoting by 7 the Fourier
transform of 7, we can decompose u° as

—ik-y;(0)

( ) ¢0 k)+z(b 0)(2 )3/21{)2’

where ¢ € L% _(R®) and |V@5|,A¢) € L2(R*). Then an explicit
computation gives

q 0 1 —k2stik-(yi(s)—
Pau®(y;(s)) = Pidd(y; s))+z 2’()1) dekﬁe k?s+ik-(y;(s)~:(0))

0 ° emp's
= P.gg(y;(s)) + Z %zmq;() ) 0] /O de sin (p[y;(s) — yi(0)])

B
= Putflas() + ,(0) 252
lyj(s)—v1(0)]
0(0) v _2
+ Z 4r3/2|y;(s) — (O)I/o dze T, (2.3)

I=1,l#]

(see e.g. [8] pag. 73). From (1.9),(2.3) we conclude that f € C°([0,T])
and there exists a unique solution ¢; € C°([0,T]) of (1.8) (see e.g. [9]).

To establish the required regularity properties of the solution it is
convenient to write the corresponding equation for w;(t) = ¢;(t) — ¢;(0).
A simple computation shows the w; satisfies the same equation (1.8) but
with a different datum g¢;(¢) given by

0= £~ 20 - as000) [ a5
50 [ 4Gt + S a) [ dsutts

! /0 z=12,:¢¢1 / 15(t,5)
_ [ g Detbi(9) — $(u;(0) — (4m¥/2)1
_/0 ! Vi-s 4(0) / NOGED)
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t N t
- q;(0 )/O dsCj(t,s) + Z a(0 /dSQlj(t,S)

1=1,1#5
N ‘ ()= 5(0)]
1 1 Vo )
+ @(0) [ ds i dz e=
l=;l;£j Joo V= [4m32ly;(s) — i(0)] Jo
5 (24
4ry;(0) — i (0)] |7 ‘

where we thC used the boundary condition at y;(0). The last four terms
in the r.h.s. of (2.4) belong to C*([0,T]). The derivative of the first term
in (2.4) can only be singular in ¢ = 0.

An integration by parts ([9]), the regularity of ¢9 and Schwartz’s
inequality give

/d b (9) - i )

t—.S

F L Pdbls()

dk $(k)(ik - () — k?)eihvi ()K"

t
/ (27T ‘5\/t — 8 /R*
c .
S aa [HMB’HLW + ( sup ij(t>|) |Hv¢8|||ms)}, (2.5)
te[0,T]

where ¢ denotes a generic positive constant.

Then the datum g; satisfies the regularity assumptions (2.1). The integral
equation (1.8) can be solved by iteration. In fact, the smoothmg properties of
the Abel operator provide at step N a coefficient (N!)~! which guarantees
uniform convergence of the series ([9]).

One easily sees that the solution g; also satisfies (2.1), concluding the
proof of lemma 1. O

3. EXISTENCE AND UNIQUENESS

Using the result of lemma 1, we give here the proof of theorem 1.

Proof of theorem 1. Let ¢; be the solution of (1.8), satisfying (2. 1)
and define

u(t) = P’ + Z / dsPi_s(- — yi(8))q(s). (3.1)
=170
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It is obviously true that (3.1) satisfies the initial condition (1.5).
We show next that u(t) € A, y (). The Fourier transform of u(t) reads

(/C t) _ 8_k t~ 0 k)+ 3/2 Z/ dsql(s —k2(t—s)—ik- yl(s) (3 2)
Observe that for any A > 0 an integration by parts yields

t
/dsql(s)e—k‘z(t—s)—ik-yl(s)
0

1 ¢ ik-y 8 2 <
— X —ikyi(s) 2 —k*(t—s)
), ) ()

A ¢ 2 )
N d —k“(t—s)—ik-y,(s)
+ e )‘/ sq(s)e

—ik-yi(t)
_ —ik- yl(a)) 2(t—s) —C;_
T / CII(S)e +a?) k% 4+ A
L@ O L A e e (3
@ Fra TR, C | |
Since
N e—ikyi(0)
0 ¢(0) v 0 2(R? :
Y .
( + =1 27[' 3/2 k;2 + )\ ¢>\ eH (R )’ (3 4)

we conclude

o -3/2
’ll(k‘,t) — ek tqb&’( ) )\(271' Z/ dsql(s —k2(t—s)—ik-y, (s)

_3/2 N t )

2 3/2 . 2
( 77) Z/ dsql(s zk yz(S) —ik-yi(s)—k>(t—s)

e~ tk-yi(t) —ikey(t)
_ q(t) e "V )
+ Z 2703/2 k2 — = hkt)+ Z T (39

The first three terms in (3.5) are easily seen to be in H?(R?). For the fourth
term in (3.5) an explicit computation gives

2 \?
/ dk(kQ +A)

Vol. 69, n® 4-1998.
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t t .
= 27rz'/ dsql(s)/ ds'qi(s")|9(s) — 9u(s")| cos b
0 0

oo 2 2
X/ d’r"l‘g(,r?:_/\) —r?(2t-s- s)/ dQSIHQCOSHG_WIyl(S) vi(s")] cos
0

Sc( sup |y,(t)|)<sup lqi (%) > /ds/ ds'lyi(s) — yi ()]

t€[0,T] €lo,r

< [ e () — (), (3.6)
0

where

h(z) = xl-z (cosx - Si‘;””). (3.7)

In (3.6) the computation of the integral has been done using a system of
spherical coordinates such that k = (r,9 9), yi(s) — w(s') = (Jui(s) —

4:(8")1,0,0), %u(s) — vu(s') = (ltn(s) — wu(s I, ] ,0) and the formula
€1+ §o = cos b1 cos Oy + sin b, sin b cos(¢1 — o), (3.8)

where & = (1,6,,¢;), i = 1,2. Using the boundedness of the function h
and the regularity of the curves, one easily sees that (3.6) is bounded for
any ¢ € [0,T]. It is thus proved that ¢(t), € H?(R?) for any ¢ € [0, T].

It remains to verify the boundary condition at y;(¢). Proceeding as in
(3.5), one has

lim  (u(z,t) — q;(t)Golz — y;(t)))

I:c—yj(t)|—>0

_ 1 ikey; () [ o _gj(t)e*ui®
~ (2m)32 R3dke alk. ) (2m)3/2k2
Pty + 3 / dsa(3) Pecs (45(£) — ()

1=1,1#j

1 . 2 g q.(t)€~ik-yj(t)
dket* i ® / dsa:(g)e * (t=s)—iky;(s) _ L\"/=  ~
+ (%)3/ e | sq;(s)e 2

P+ Y / dsqu(s) Pocs (5 (1) = 0i(5))

1=1,1j

qj(() / dk—— —k?t+ik-(y; (¢)—y; (0))
(27'[' R3

t
3/ dsq; s)/ dk —kz(t s)+ik-(y; (1) —y;(s))
0
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+ (2i)3 /t dst(s)/ dk——k‘gg(s)e‘kz(t—8)+ik'(ya‘(t)—y:‘(s))

— P+ 3 / dsau(s)Pr—s(y5(8) — 0(5))

1=1,l#5

—qu)BfS%“)—/Otds it /d;()‘“ts) (3.9

where the integral in the fourth line of (3.9) can be computed as in (3.6)
and A;(t,s), Bj(t,s) are given by (1.11), (1.12).

Note that B;(t,-) € C'([0,t]), B;(t,t) = (4n*?)~! and A;(t,s) is a
continuous function.

The integral containing ¢; in (3.9) can be transformed. An integration
by parts, Abel’s inversion formula ([9]) and a change of the order of
integration give

/th/ B(t S)
1 d t qJ(s) ' T, Bi(t,0)

i Fompat (Bt

QJ T) (0)/ Tt—Ot)

‘/0 dsqf“)/s dtTf———f:;(TE(Bj(t’s) * Bj(t’sz)é_(gaﬂ)_l)'

(3.10)

From (3.9),(3.10) and the equation satisfied by ¢; it is seen that the

boundary condition at y;(t) is also satisfied. We have thus shown that
u(t) € D(—Aay(t)).

From (1.2) and the expression (3.5) for the Fourier transform of v we have

6ik'~y1 (t)

m. (3.11)

N
(Do yyw)™ (k1) = =k ¢a(k, 1) + 2D ai(t)
=1

On the other hand the time derivative of (3.5), by a straightforward
computation, is easily seen to be equal to the r.h.s. of (3.11).

This means that u(¢) given by (3.1) solves our evolution problem.

The proof of uniqueness proceeds exactly as in the case of « varying on
time ([6]). Suppose that u; and us are two solutions with the same initial

Vol. 69, n° 4-1998.
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datum, so that v = wu; — uy is a solution with initial datum zero. Since
v(t) € D(Aq vy (1)), we know that v(t) has a regular part ¢ (t) € H2(R®)
and continuous charges g;(¢), which are obviously zero for ¢ = 0. Then in
the sense of distributions v(¢) satisfies

T = 800+ a8t - uo) (312)

The unique solution of (3.12) is

N t
o0 =3 / dsi(s)Pr—u(- — wi(s)). (3.13)

Moreover (3.13) must satisfy the boundary condition at y;(¢). By a
straightforward computation, this implies that g; is the solution in the
sense of distributions of the system (1.8) with datum f; = 0. Then g; = 0
and also v(t) =

This concludes the proof of theorem 1. O

4. THE CASE OF UNIFORM MOTION FOR N=1

- In this Section we give the explicit solution of the equation for the
charge ¢(t), and then of the evolution problem (1.4), (1.5), in the special
case N =1 and y(¢) = vt, v € R3. This is possible because the integral
kernels A(t,s), B(t,s) now depends only on the difference t+ — s and
then the equation can be solved using the convolution properties of the
Laplace transform.

From (1.11), (1.12) we easily compute

v? [t _n22
A(t,s)=W/0 degze =), (4.1)

1 ! _»2%¢
B(t,s) = W/O d€€ (4‘2)

Denoting by 77 the Laplace transform of 7 and

a(t) = — /0 dsq(s)jit’__si, b(t) = — /0 dsi() 22 (@)
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we have (see e.g. [8])

. i) [, v* _ pip) .1
a(p):—ﬂ p+T+—2%Slnh (ﬁ), (4.4)

b(p) = —’% sinh™! (2-%) + %Ozsinh'l (%) (4.5)

Imposing the boundary condition at vt, using (3.9), (4.4), (4.5) and
evaluating an inverse Laplace transform ([8]), we find

q(t) = /0 ds K(t — s)P,u’(vs), (4.6)

24 1 2
K(t) = dme™ "7 | —— — 4mwa ™) Erfc(dmavt ), 4.7
() =tme % (= (mav®)),  (47)

where Erfc(-) is the complementary error function ([10]).

From (3.1) and (4.6), (4.7) one also obtains an explicit formula for the
solution of the evolution problem.

Note that this solution can be equivalently found via a change of
coordinates.

If one defines V4)(z) = 1 (x — vt) as a unitary operator in L?(R?), one
easily finds that the evolution problem for » is equivalent to the following
evolution problem for ( = V~lu

0
o = AuoC oV, (48)

where the point source is fixed at the origin and a new drift term appears.
Of course, using Fourier transform and the knowledge of domain and action
of A, o, one can also solve equation (4.8) directly.
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