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0. INTRODUCTION AND ABSTRACT

Let H be a real and separable Hilbert space. Consider on H a measurable
family of weak covariance operators { R, 8 > 0} and, on R, : = ]0, o,
a probability distribution F. With each R, is associated a weak Gaussian
distribution u°. The weak distribution p is then defined by

u= fmuodF(G).

u can be studied, as we show below, within the theory of abstract Wiener
spaces. The motivation for considering such measures comes from statistical
communication theory. There, signals of finite energy are often modelled
as random variables, normally distributed, with values in a L,-space. The
theory is then developed as if the parameters, i. e. the mean vector and the
covariance operator, were known quantities. Actually, these are usually
estimated from finite sample data and certain hypotheses, for example:
R, the covariance operator, is trace-class, are at best difficult to verify.
To protect oneself against possible departures from the basic model, one
can ask whether some other model can be built, for which such basic hypo-
theses play a less fundamental role. It turns out that abstract Wiener spaces
are useful to reduce the importance of the trace-class hypothesis [9 b].

The parameter 0 allows for some further uncertainty in the model, like
some form of inertia intrinsically attached to the measuring devices. Some
information on the influence of 6 in a particular model can be found in [9 c]-
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334 A. F. GUALTIEROTTI

1. PRELIMINARIES

H = real and separable Hilbert space.
{ .,. ) = inner product of H.
| .1 = norm of H obtained from { .,. ).

[H] = bounded linear operators on H.
Fu = finite dimensional subspaces of H.
Py = projections of H with range in & .
Ik = projection of H with range K.
B[K] = Borel sets of K.

R” = Euclidean space.

x = (Xg, ..., X,) €R"

%[K] = cylinder sets with base in K.
¥[H] = cylinder sets of H.

Ex = orthonormal basis for K.

R, =10, of.

N = positive integers.

¥y = standard Gaussian weak distribution on H.

R[T] = range of the map T.

a) Cylinder sets.

Let K be in # . #[K] is generated by the open balls and can be obtained
as follows:

if éx={e,...,e,} and Jg (k)= (ke ), ....,{(k,e,)eR"
then

BIK] = I { B[R }.
One also has:

Izl =75 and J5 (%)= Zx,-ei.

i=1
Finally ¢[K] = TIg' { Z[K]} and %¥[H] = U%[K].
KeIu

b) Gaussian cylinder set measures.

A weak covariance operator R is a positive, self-adjoint and bounded
injection of H.
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 335

For # = { hy, ..., h, } < H, Z[R; #] denotes the matrix with entries
{Rhy, by ), hy, hjin . Then ngp. 4 represents the density of a Gaussian
vector with mean zero and covariance matrix X[R; #]. The corresponding
measure on #[R"] is written Qg4

Let now K be in #y. The measure on #[K] induced by R is written py.
If B € Z[K] and B’ € #[R"] are such that B = J;! { B’ }, one sets

HE[B] = Ogg; s, [B]

The Gaussian cylinder set measure p® associated with R is obtained as
follows:

if C =B + K%, BeZ[K], K € #y,
then #R[C] = pg[B].

¢) Mixtures.

We consider a map p : R, — [H], where

i) p(6) : = Ry is a weak covariance operator, F-a. e. 0;
ii) p is strongly measurable;
iii) py(0) : = Ryh is Bochner integrable with respect to F, for every 4 in H.

In the present context p is strongly measurable if and only
if py 1(0) : = { Ryh, k ) is measurable, for every (4, k) in H x H [11, p. 77].
Let R € [H] be defined by Rh : = f p(6)dF(0). R is a weak covariance

R

operator [11, p. 85].
As a function of (x, 0), ngg,.s, (%) is measurable, for 6 appears only in
expressions containing { Rge;, e; ). Consequently

%4@:=J;mnmﬂqwﬂm

is a density on R". Let ° denote the Gaussian cylinder set measure associated
with Ry. The mixture p is then given by

C=B+K",BedK,KeFy,, B=I;'{B)},
HICY = i€l = [ 60,0ds = [ wiCIIFO)
B’ R+

The covariance structure of u is given by R and y is a probability measure
if and only if R, is trace-class F-a. e. 0.

d) Hypotheses.
anmmew
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336 A. F. GUALTIEROTTI

(IT) There exists B € #[R., ] such that

1) F(B) > 0,
2) Ry has bounded inverse for 6 € B,
3)forsomet >0, | Ry '] | Rg|* <7 !onB.

ReMARKS. — a) (I) and (II) are used to put the stated problem in the
abstract Wiener space frame.

B) That the function f(0) : = | Ry|| is measurable was remarked for
example in [4, p. 1, Lemma 1.3].

2. EXTENSION OF p WHEN IT IS NOT A MEASURE

The theory of abstract Wiener spaces depends on the underlying cylinder
set measure only through a few estimations. We will thus consider mostly
the results in the theory where these estimations occur. For a pleasant
development of the theory one can consult [3] and [13].

ProvosiTioN 1. — If (I) holds, with [H, ¥[H], u] one can associate a pro-
bability space (Q, &/, P) and a continuous linear map #: H — L,[Q, &, P]
such that

1) Zh has density 0,(x) : = f NyRr,;n(X)AE(0),
R+
2) E[%h] = 0, V[Zh] = (Rh, h ).
Proof. — Let &y = {e,, ne N} and define p, on Z[R"] by

Bl =p{heH :(he ) ...,{he ))eB}

The family { u,, ne N } is consistent and thus there exist (Q, &, P) and
{X,, ne N } such that

ua[B] = P{X,....X,)eB}.

& is defined by setting & inei) = inXi. Its continuity follows

i=1
n
-_>-xiei
i=1

REMARK. — One of the aims of the abstract Wiener space theory is to
define .# for as many functions on H as possible (H* = H!) by associating

i=1
from the inequality:

E[gz(}”:xie,).‘ < 3 [ im dF<e>§

i=1

2
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 337

with a function on H a random variable on (Q, <, P). This is easily done for
tame functions, i. e. functions depending only on a finite dimensional
subspace. An « arbitrary » function is then taken to be a limit of tame
functions and the random variable associated with it should be the limit in
some sense of the random variables associated with the tame sequence.
Such a procedure fails in general and motivates the introduction of the
notion of measurable norm. We give below an example involving mixtures,
which is a modification of the example in [/3, p. 58].

Fact 1. — Suppose Ry has bounded inverse F-a. e. 0. Let £y = {e,,ne N}
and II, be the projection determined by the first n elements of &y. Let
also A be the Euclidean norm on R” and define (supposing (1)),

) = T |? = A hyey ), ... (he,)),
X(f,) = A(Zey, ..., Ze,).

Then X(f,) does not converge in probability.

Proof. — R, being self-adjoint, one can consider R, * € [H]. Also | Ry ! |
is measurable. Furthermore

Ix 12 <IRg ' [ Rox |* <Ry " 2 [ Rg | {Rex, x.
Let g(0) : = | Ry ' |7*| Ry | ™" Then
0 < {Ryx,x ) — { g(O)idyx, x ) : = (Sgx, x ).

Thus the matrix Z[S,; #] is positive definite. From [/, p. 173], one gets,
for C convex and symmetric in R”,

Dyroyiaea; #1[Cl = Prro;1[Cle
Now, for p > n, and C,/; : = the cube with sides of length 2\/2,
P{IX(f) —X(f) | > ¢}

>1 —f dFOW {|{(x,e;) | <Vei=n+1,...,n+p)}
R+

21- f AF(O)Px(g(0)idesitens 10 mens NCVE]
2

R+ i
=1- fR dF(6) f :/_ [2M1g(6)] " expg - %

a quantity which tends to one as p — n tends to o, by dominated conver-
gence.

p—n

dx

?
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338 A. F. GUALTIEROTTI

DerFINITION (8, p. 374]. — A semi-norm g on H is p-measurable if and
only if Ve > 0, 3I1, € #y such that
Ne?y and IILII, imply plxeH :q(Ilx) > ¢] <e.
REMARK. — When g = 7, the usual example of a measurable norm is
q(x) = | Sx |, with S Hilbert-Schmidt. Given the importance of such ope-
rators for the theory of integration on Hilbert spaces, one expects that the

above norm is also pu-measurable for mixtures y defined earlier. That it is
indeed the case is proved similarly. Instead of having the equality

f | SIx |*dy(x) = trace (S*SII),
H
one has the inequality

f | STLx |2du(x) <
H

f | Ry || dF(6) % trace (S*SII).
R+

FAcT 2. — Let (IT) hold and q be a y-measurable semi-norm. Then

gx) < af x|, oa >0, x e H.
Proof. — Let

_ 2

ao(h) : = {Reh, h) and n,(x): = (a\/ﬁ ! expg - g—2§
o

For | h| =1, let

ot h): =2 f “dx f AF(O)1, (%) = 2 f dF(9) J T ()dx.
t R+ R+ t/ao(h)
We have | Rt |?> < | Rp| { Rk, k), and,
for 6B, oo = { IR PFIRF I} | h]=2>0.

Consequently

ot h) =2 J' dF(8) f “n,(x)dx = 2F(B) f “nx)dx.

Choose ¢, such that fwn,(x)dx Then ¢(ty ; h) =
to

2F(B)
The end of proof is then as in [/3, p. 61, Lemma 4.2].

REMARK. — Fact 2 is at the core of the theory of abstract Wiener spaces.
If a hypothesis of type (II) is not made, the methods used break down.
For instance, if R, is compact with infinite dimensional range F-a. e. 6 and
if {e,,ne N} is a complete orthonormal set in H, then lim { Ree,, e, )

— 0 F-a. e. 0 [6, p. 263, Corollary to Thm. 2.5]. Thus lim o(; e,) = 0,

V't fixed, and no « universal » ¢y, can be chosen.
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 339

ProrosiTiON 2. — Let (I) and (1) obtain and ¢ be a u-measurable semi-
norm. Denote by E, the completion of H with respect to g and by i, the
associated inclusion.

Since i, is continuous (Fact 2), the following makes sense:

i) Let Jy: H*¥* — H be the usual identification.

Define L: E} —H by L(n): = Jgonoi, neE;.

if) Letn;, i =1, ...,n,bein E; and B in Z[R"].

Define p, { x€E, : (1,(x), ..., n,(x))eB} : =

p{xeH: ({(x L)), ....{x,Lm)))eB}.

Uy =R oy ! is a cylinder set measure on E,.
Then p, extends to a probability measure u, on the Borel sets of E,.

Proof. — The proofin [12, p. 114, Thm. 1] applies here practically without
change. It requires first that i, be continuous (this is Fact 2, which follows
from (II)). Then one must have an associated probability space (this is
Fact 1, which follows from (I)). Finally, one must be able to identify a weak
limit as the required extension: in our case it follows from dominated
convergence.

CoROLLARY. — Let pg : = p’oi7'. Then pj has an extension ul to a
Gaussian probability measure on E,, F-a. e. 6.

ProposITION 3. — Suppose that, for F-a. e. 6, R, has bounded inverse
and | R}| < B < . Let ¢ be a continuous semi-norm such that Hg = poi;
extends to a probability measure u, on E,. Then g is y-measurable.

Proof. — R} has bounded inverse if and only if R,y has bounded inverse.
That R} has bounded inverse can be written

IRGHIT2 | x |I> < IR [ < | RE ] x|,
so that

Ry — | R;% |%idy and I R% Hzidﬂ - Ry
are both positive definite.

Set y, = yoi; '. y, has weak covariance R, : = i, 0 Jyoi¥. Since, for
neE; and L) = ( ., h ),

NR,) = Chhy  and  n(Ren) = (Reh, h),
we have that
R,~ |R;*|’R,, and  |R}|’R, —R,
are both positive definite. It then follows from [3, p. 903, Corollary 2.7]
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340 A. F. GUALTIEROTTI

that y, extends to a Gaussian measure 54. Consequently g is y-measurable
[3, p. 909, iv)]. But by [3, p. 913, Corollary 2.5] we then have

WlxeH : q(TIx) > t]<y[er 1q(ITx) > ” t% ”] .
I RY| <1 9

[er q(Ilx) > ] <y[xeH :q(IIx) > ¢],

t
IR
and if | R}| > 1,

'y[er:q(I'Ix) l <y[er q(l'Ix)>ﬂ]

R

Choose then I1, and IT, finite d1mens1onal, so that, for IT finite dimensional,

ITLII, implies PlxeH :q(Ilx) > t] < ¢
and

MLI,  implies y[er:q(Hx)>l%]<%<t.

Consequently, for IT L IT, : = I, Vv I1,,
pWixeH:qIx) > t] < t,i.e. ufxe H : q(Ilx) > 1] < .

FAcr 3. — Suppose Proposition 2 holds. Then H* can be regarded as

the closure in L,[u,] (resp. L,[uf]) of E}. Also ¢ ., &) is a representative
of the equivalence class of a random variable X(4) with mean zero, variance
o*(h) : = ( Rh, h ) (resp. ag(h) : = { Rgh, h ») and density

f dF(0)n,,)(x) (resp. ngyay)-
R4
Proof. — Let e E} and i;(n) = { ., h ). Then

t
Holx€B, in(x) <t]=plxeH :{x, h)<t]= f de‘ AF(0)n5ochy(x).
- R+
Define

AtH-Ly[u] by  AQL®) = [l
Then

| AL)) [y = L i)

- f  dF(©) (RyL), L))
<g [ ira dF<9>§|| L) I
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 341

Thus A is continuous and densely defined. It can be continuously extended.
Furthermore, if & = lim h,, and h, = L(n,), one has

L exp {it A(h)} d,uq = 11m J exp {ztA(L(n,,)) 3 duq

=lim | dF(0) expg — = {Rgh,, h >§

n R+

= a’F((-))exp%—5<R,,h,h)§.

R+
N. B. —Itisa consequence of the hypotheses that the range of iy is dense
in H*,
FAcCT 4. — Suppose Proposition 2 holds. Then the support of ﬁq is E,.

Proof. — The covariance of ﬁz isigoRgoJyo iy, which is injective. Thus
the support of ug is E, [3, p. 911, Thm. 2.5]. It follows that the support
of p, has to be E,.

3. AN EXAMPLE

Let o : [0, 1] — R be a continuous function such that 0 <a<a(x)<b<
and let A(?) : J‘a(x)dx If 0 €0, 1], A(6¢) = 0‘[ a(0x)dx. Write Ag(t) for

A(0t) and o) for Oa(01).
If W, is a Wiener process, for ¢ € [0, 1] and 0 € [0, 1], set
X9 =Xg 1 = Wayo
X? is a Gaussian process with continuous paths. It induces a measure P,
on CJ0, 1].
Define a separable Hilbert space (H, {.,. )) and a unitary map
U : L,[0, 1] — H as follows:

i) His the set of functions A(r) = f " fx)dx, feL,0, 1] ;
i) if hy(f) = f £, Chyy ) j £ f(0)dx ;

i) Uf(t) = j S(x)dx.
1]
Now the relation S,f(x) : = a,(x)f(x) defines, on L,[0, 1], a family
of transformations S,. Set Ry : = US,U*. One has, for hy(t) = f tfi(x)dx,
(V]
1
(Ro, 13y = [ ) 19 fso
so that 0%a* | k| < | Roh |2 < 0%B%| k|2

Vol. XIII, n° 4 - 1977.



342 A. F. GUALTIEROTTI

Consequently R, is linear, bounded, positive and self-adjoint. It is also
invertible with bounded inverse for 6 > 0. Finally, since { Reh,, h, ) is
continuous in 6, the map 0 — R, is measurable.

Let now © be a random variable with values in [0, 1] and density pg.

Consider the process Y, : = Xe.1- Y induces on C[0, 1] a measure P such
that

PIC] = f PulClpo(O)do.
[0,1]
Set finally

R L= f Rope(o)do.
[0,1]

Obviously f | R | pe(0)dd < o and all the hypotheses considered pre-
[0,1]
viously hold for this example.

FAcT 1. — P is the extension of p o i 1, where i is the inclusion of H into
ClO, 1], and p is defined through the Ry's.

Proof. — Let w be in C[0, 1] and set ev(w):=o(). Fix0< ¢, <t,
< ... <t, <1 A standard calculation [9 ¢] shows that

f exp
10,11

k=1 |
- % ZZCkCIAo(tk Aty) g De(0)dO.

= f exp
[0,1]
k=11=1

Furthermore, if A(t) = f tf(x)dx, feL,[0,1],
o .

n

ichev,k(w) %dP(w)

k=1

n

ichY,k

=E [exp

ev, o i(h) = fo'f(x)dx - f0‘1,<x)f<x)dx = (hy b,
Thus

fC[O,l] °xp ; izckevt,‘(a)) 2 duoi” 1((0)

k=1
n

= fH exp % izck Chys h) sdu(h)

k=1

B J‘[0.1] exp; B %zzckc' (Rohys by, ) zl’e(e)de.

k=11=1
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 343

But
{Rehyy b}y = f ag (L, (O, (x)dx

- f "L L, (DdALR) = Aglti A 7).
0

Consequently the restriction of P to the cylinder sets is identical with u o -1,

FAcT 2. — i has dense range and is continuous.
Proof. — [13, p. 90, Lemma 5.1, p. 89].

FAcrt 3. — The sup-norm is y-measurable.

Proof. — Facts 1 and 2 and Proposition 3 of Part 2.

4. E;, AS A HILBERT SPACE

From a computational point of view it is preferable to deal with Hilbert
spaces than with Banach spaces: covariance operators are in particular
quite « nicer » on a Hilbert space.

FAcT 1. — Let ®; be a Gaussian measure on #[R"] with mean zero and
invertible covariance matrix X. Let T be a linear, symmetric and invertible
operator on R" such that

IT= et <1,
Then, if C is convex, centrally symmetric and closed,
D;[C] < OL[TC].
Proof. — In the integral giving ®;[C] make the change of variables
x = Z*y and in the one giving ®z[TC] set x = Z*U_y, U unitary. Then
O;[Cl =®,[27*C] and @TC] = ®,[U*Z7ITC],

where @, is @y, when X is the unit matrix of dimension n. Since £7*C is
also convex, centrally symmetric and closed, one has to prove:

®,[C] < ®,[SC], S = U*z~iTx!

Choose U such that 7*Tg! = U(Z'T=™!TH!. S is then symmetric and
| S™*| < 1. But for such an S the result is known to be true [2, p. 184,
Lemma (VI, 2, 2)].

Fact 2. — Let H be a finite dimensional Hilbert space and ui be the
Gaussian measure on H with mean zero and covariance operator R. Let
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344 A. F. GUALTIEROTTI

K be a vector subspace of H and C be a convex, centrally symmetric and
closed set.

Then, provided R is an injection,
m[Cl < m[CN K + K*].

Proof. — 1t is as given in [2, p. 186, Lemma (VI, 2, 3)] : it suffices to
consider the operator T, only for p = p,, where p, = | || 2E.

Fact 3. — Suppose (I) and (II) hold and ¢ is a u-measurable semi-norm.
Let N°: = NuU {0}. Then, for any sequence {a; >0, ie N°}, there
exists a sequence { IT;, ie N° } © 2 such that:

a) HiQHj = 5",1'1-.[1-,

b) idy = ZH,- (strongly),

i=1
®©

¢) go(x): = Zaiq(l'lix) < o, all x in H,
i=0
d) qo is a p-measurable semi-norm.
Proof. — The proof is as in [13, p. 64, Lemma 4.4], except for two slight
changes: the auxiliary sequence «, has to be manufactured using (IT) as
in Fact 2 of Part 2. Then the inequality [/3, p. 66].

1 1
u[q(n,,o Ix) > anzn] < u[q(nnx) > a—i—]

has to be deduced from Fact 2 above, since Lemma 4.3 [/3, p. 62] is not
available here. Indeed, if H, is the range of I, and K, the range of IT, o I,
then

1 1
0 o — L 0 —_—
ﬂ [q(nn Hx) > anzn] == H [q(nnx) > anzn]
can be written:

C:=

1
: < —7%5 o
xeH, :q(x) a,.2"€

u"[xe H : q(I1,x) > 51—2,,] =1 — pup,[C],

n

a?

y"[er :q(I1, o Ix) > —1—] =1-ui[CNK, +K;],

u, [Cl < piy [C N K, + K],

Fact 3 has two corallaries depending only on a), b), ¢) and d) and which
are stated here because they will be used in the sequel.
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MIXTURES OF GAUSSIAN CYLINDER SET MEASURES 345

CoroLLARY 1. — If (H, p, q) is as previously, one can find a y-measurable
semi-norm ¢, and an increasing sequence {II,, ne N} in £y such that

a) idy = lim IT, (strongly),
b) g, is stronger than g (hence E,; = E)),

c) each II, extends by continuity to a projection IT?° on E,,
d) iquo = lim IT% (strongly).

Proof. — [13, p. 66, Corollary 4.2].

CorROLLARY 2. — If (H, u, q) is as previously, there exists a compact

operator T € [H] such that
g(x) < | Tx|.

Proof. — [13, p. 71, Corollary 4.3].

ProposITION. — Suppose (I) and (11) obtain and ¢ is given by a symmetric
bilinear b.
Then g(x) = || S*x |, where S* is a compact operator such that

a) b(x,y) = {Sx,y ),
b) R}S? is Hilbert-Schmidt, F-a. e. 6.

Proof. — g being continuous, b is continuous and thus b(x, y) = { Sx, y ).
Let E, : = K and denote the inner product on K by [.,.]. Define

T:i(H)—-H by  T(@,h) = Sth.
T can be extended to a unitary operator from K to H [13, p. 76]. Then

fK exp { i[x, h]} d/:q(x) = fR dF(0) exp; - %[[T*Rgi:h]]Z .

But iy = S'T and T*R}i¥ = T*RIST is Hilbert-Schmidt on K. Thus R3St
is Hilbert-Schmidt on H. That S* is compact follows from Corollary 2 to
Fact 3 above.

REMARKS. — a) If T, : = R}S%, S* is a bounded extension of T¥R;*.
b) The converse of the above proposition is true [9, a].

5. SINGULAR AND NON-SINGULAR DETECTIONS
FOR SURE SIGNALS

We are now in a position to consider some detection problems. Our aim
is to show that there are cases when detection is not unduly affected if one
works with cylinder set measures instead of probability ones.
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346 A. F. GUALTIEROTTI

Since singular problems correspond to orthogonal measures and non-

singular ones to equivalent measures, we state all results in terms of ortho-
gonality and equivalence.

Set %, for the range of Ry and T, for the translation by a.

Let k = i (h) and set A(k) = {0 > 0:heR,}. Choose a measurable
set A, (k) such that

A,(k) = A(k) and F[A,(k)] = F,[A(k)] (inner measure).
Denote F[A (k)] by 6(k) and define:
if (k) =0, F,: =0;
if 6(k) =1, F*: = 0;
if 0 < 8(k) < 1, Fi[B] : = { 8(k) }'IF[B N A ()],
F‘B]: = {1— (k) } 'F[B N A% (k)]
Then F = §(k)F, + (1 — 8(k))F~.

Write also
ey = j

R

HolCIdE,(0),
ey = [ e,
R+
so that g, = d(k)A% + (1 — S(k))vE.
ProposITION 1. — Suppose (I) and (II) hold. Then there exists a p-measu-
rable semi-norm ¢ such that
a)d(k) =1 vyields p,oT;!=p,
b) pao Tt Ly, forces 6(k) = 0.

Proof. — p-measurable semi-norms always exist, thus one can choose g

as in Corollary 1, Fact 3, Part 4. Then ;Iq and ;13 are probability measures
and the latter has covariance

Co(n1, m2) = { RgL(n1y), Ln2) >

Denote by H,(n) the closure of E} in L,[u’][Fact 3, Part 2]. H(C,), the
reproducing kernel Hilbert space of C,, is isomorphic to a subset K, of E,
which can be regarded as a Hilbert space as follows:

K, : = § [ st re H,,m)%

and [ J'qu (Oxdpd(x), ng(x)xdﬁf;(x)] ‘= Lq FX)g(x)dul(x).
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Fix now 5 € E;" . The notations are those of Corollary 1, Fact 3, Part 2. Then

g2 — n(x)x) >0, as n— o,
and

a(()Mix) < |11 | ¢°(x).
But, because x% is Gaussian, ¢ € L,[1] and dominated convergence yields
f Nx)xdRY) = lim f () T ).
Eq n Eq

Now
|| nmsmisdi = [ n(termzor,oaut

—i, 3 [ Ee:
H

Writing iy n(IT,x) = { IL,x, & ) and choosing an orthonormal basis for IT,H,
one sees that

i [ 100 LAWY { = Moo Ry (.
H
Consequently
iyo Ry(h) = f n(EO)xdul(x) = L AR(X)xdpl(x).
Eq q

If now fe Hy(n) and f = < ., h ), pl-a. s., h € H, choose h, = L(n,), 1, € E¥,
such that 4 = lim 4,. Then:

Qi o Rolh) — iyo Ry(h)) <a | Ryl — hy) | >0,
0 70
q( [ M) qu(Ahn)(x)xduq(x))

<oc’[

J' (Ah — ARG}
Eq

]

~, )3
— f (Ah—Ah,,)zdpgg 0.
Eq

Consequently, for £ = ¢ ., h ) ul-a.s., one has

o Ralh) = [ ol

But the right-hand side of the last equality describes exactly the admissible
translations for ;. We thus get 1o Tyt = 18 if k is as in the hypothesis.
a) then follows from [14, p. 97, Corollary].

Finally, if 4, Ty '[C] = ;qu[C”] =0, Ao T, 1 7% But, by construction,
we must have equivalence, which is contradictory unless 6(k) = 0.
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REMARK. — Suppose Ry = R o Sy, where S, has bounded inverse. Then
the range of R, is the range of R, independently of 0. Thus there is a model
for which the signals in RH are admissible, whether or not R, is trace-class.

In more general cases, the number of admissible signals may depend on

the « size » of m%e significantly. To study that dependence more infor-
6>0
mation on R, is needed.

PROPOSITION 2. — Suppose (II) holds. If | R} | < 8 <  and R} has a
bounded inverse F-a. s. (so that (I) holds and R, has a bounded inverse
F-a. s.) and if ¢ is a y-measurable semi-norm, then

@) < .

Proof. — As in Proposition 3, Part 2, y, extends to a probability measure ;q
such that

~ ~ t
umm>m@#m>ﬁa]

Now, the assertion holds if and only if, for some n,,

§Ewm>VH<m

Choose ¢ so that ;,I[q(x) 1= in order to obtain [5], Vu >

ot
2
Pl > u] <s CXP% logl s_ S;’
Thus, provided 4/n > t| R} |,
plax) > /7]
=fdmmmm>vﬂ

<fdmmhﬂ>v]

IR

n log
1271 =5

< sf dF(0) exp
R4

Yy

logs log(l —s)

Consequently, if n, = (¢8)? and c(0) :
247 ||

b

—-noc(o)
Zuq[q(x) > /n] < Sf FO — =&

n=no
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e—nx

Notice that ¢(0) = c¢(f) > 0 and that, for x > 0,1 — is decreasing .
—e
Thus finally
e _ )
Zﬂq[q(x) >4/n] <s ——5 < .
1—e

PrOPOSITION 3. — Let Proposition 2 hold. Then, for k not in i,(H),
HaoTi ' Lag

Proof. — It is an immediate consequence of Proposition 2 and [7, p. 201,
Thm. 1.2].

REMARK. — Proposition 3 shows that no signals outside of H are admis-
sible, which is as it should be !

ProrosITION 4. — Let R, be a weak covariance operator, with bounded
inverse, determining a weak Gaussian distribution v. For all § > 0, let S,
be a weak covariance operator, with bounded inverse, and such that Sy — idy
is Hilbert-Schmidt.

Suppose now R, : = RES,R% and 8(k) = 1. Then

a) vy ="voi, ! extends to a probability measure \7,1 in E ;

b) ptgo Ty ! Eﬁqand

dﬁo -1 dNOoT_l e \
f —J’dF(B)% 3] AWaoLi e pig) ! .
R R+

+dvq d o

duq °Tk_1 —
Hq dv,

du,

Proof. — v, has covariance ﬁo =i,0oRgpelJyo i;" ; thus, if L(n) = A,
n(Ron) = | RER |
Similarly ;12 has covariance R~0 = i,oRyeL and
n(Ryn) = || SR .
But S} has bounded inverse and, from
ISe ¥ I IRGA |* < || SiR&A |12,
if follows that | Sy ¥ | "if{‘, — R, is positive definite. Since R, is a covariance

of a measure, SO is Ry [3, p. 914, Corollary 2.7]. v, extends thus to
a measure v,.
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Let us now show that ﬂg = qu. To that effect, write Sy = idy + D,,

D, = Zlfe? ® ¢!, e! orthonormal and complete. Now both:
i=1
D, = RA(R;'RR;P — Ry}  and  Ry'R,Ry* — Ry* bounded, yield
A(D,) < 2(R}).
Chgose thus 4 such that e! = RAY. Since H* «is » the closure of E; in
Ly[v], { ., b Y = X(h))v-a. s. Form

g1, 03) = zz‘:X(h‘z)(wl)x(h?)(wz).

Then gy € Lz[;q ® ;q], since

L Eg%,d(vq®$q)=2[az]2< o,
o i=1

Furthermore, if L(n) =k and L(&) =h,

N(RoE) — N(Ryd)
=(Roh, kY — {Reh, k) = — (RADRA, k)

= D R, hY (Rl )

i=1
= J; E 8o(®1, wz)ﬂ(wﬂf(a’z)d(;q ® :’q)(wl, ,),

which is a necessary and sufficient condition for 712 and ;q to be equivalent.
The result then follows from Proposition 1 and [/4, p. 97, Lemma 1].

REMARKS. — a) If R =f RydF(0) as before and D = DydF(0),
R* R+
we have R = R(id,, + D)R}, which is formally the expression giving,
when all operators considered are properly compact, the equivalence of u
and v.

~

. duloeT 1 .
b) The expressions —u"—;};"— are well known. For example, if
du,
~ -1
k =i(h) =i, L(n),itisexp{n — l( Roh, h ) }. So, to compute fl-‘“-"—j—"
2 dp,
~e
one needs a formula for ‘ilil . In the next section, we shall consider a parti-
dv

. q . .
cular case for which such a formula is available.
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6. NON-SINGULAR DETECTIONS
FOR RANDOM SIGNALS

PropPOSITION 1. — Suppose (I) and (IT) hold. Let R, be F-a. s. invertible
and ¢ be a y-measurable semi-norm.

Let T, be a strongly measurable function of 8 such that, F-a. s.

a) Ty is self-adjoint and Hilbert-Schmidt,

b) idy + T, is a weak covariance with bounded inverse.

Let v° be the weak Gaussian distribution associated with

Se = Ri(idy + TYR}  andset v:= | dF@O)N.

R+
Then v, extends to a probability measure ;q on E, which is equivalent
to u,.
Proof. — As in the proof of Proposition 3, Part 5.

REMARK. — Proposition 1 improves on [9, b, p. 21, last §].

Facr 1. — Let g denote a u-measurable semi-norm and IT — idy mean
that IT tends to idy strongly as IT stays in £y. Suppose Proposition 2,
Part 5, holds.

f:H—Cis a map with the following property: there exists a y-measu-
rable semi-norm g such that f restricted to { xe H : g(x) < ¢} is g-uni-
formly continuous, V¢ > 0.

With the tame function fo I, Il € 2y, is associated a random variable
X(foII), and with the tame function go Il another variable X(q o II),
both on E, (Fact 3, Part 2).

Then, if p -lim stands for limit in p-probability,

a) - lim X(g o IT) exists and is denoted X(g);

N—idyg
b) pg- lim X(fo IT) exists and is denoted X(f);
- idy
¢) if g is a continuous function on E,, then
X(g ° lq) =8 qu'a' S.

Proof. — « Mutatis mutandis » as in [/3, p. 59, Lemma 4.1,
p. 94, Thm. 6.3). The stronger hypotheses (stronger than (I) and (IT) that
is) of Proposition 2, Part 5, are needed in the proof of b), where one wants

X(g) integrable.

Vol. XIII, n° 4 - 1977.



352 A. F. GUALTIEROTTI

i

ProposITION 2. — Let R: = Zl,ei ®e,0<a< i; < B < o and
i=1

S : = R¥idy + TR}, with idy + T a weak covariance with bounded
inverse and T trace-class. p is the weak Gaussian distribution associated
with R.

Set (idy + T)* = idy + A, B = R¥idy + A)R™¥ and v = po B~ 1.

Then: a) v is a weak Gaussian distribution with weak covariance S.

Set B! : = idy + RICR™}, RICR™* = D, g(x) = | Dx|.

Then: b) v, and p, extend to equivalent probability measures and

d#=det {idy + C} exp

Hq
where the right hand side is to be interpreted as a random variable on E,.

Proof. — Write

- i [2(CR™*x, R™¥x ) + | CR¥x |2 ¢{,

O

Ti= > w65

j=1
and let

A:=Z{(1 +u) =1}/, ®f

A is trace-class, idy + A has bounded inverse and (idy + T)! = idy + A.
Furthermore, if

C:= — & 1 J'®' J
zg(l + )+ (1 + 1)) %f ¢

j=1 !
C is trace-class and (idy + A)™! = idy + C. Thus B has bounded inverse
and B™! = idy + D, with D trace-class. Since g((idy + D)) < cq(h),
idg + D is the restriction to H of a bounded linear operator idg, + D
on E,. Notice also that the characteristic function of v is

exp

—%(Sh,h>$.

Since ¢ is a y-measurable semi-norm, 1, extends to ﬁq, a Gaussian measure.
By Proposition 1, v, extends to ;'q, a Gaussian measure equivalent to ﬁq.
Thus we only need to determine the form of the Radon-Nikodym derivative.
But ;q = ﬁq(id,;q + 13), so that we can proceed as in [13, p. 141, Thm. 5.4).

Let H, denote the subspace spanned by ey, ..., e, and II, be the asso-
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ciated projection. Denote by K, the range of idy + C restricted to H, and
let ﬁ,, be the associated projection. Choose, on E,, a bounded, continuous
function ¢. ¢ is ﬁq-a. s. equal to the random variable X(¢ o i,), which is
the limit in ;qu-probability of the sequence X(¢@ o i, o ﬁ,,). The latter, being
uniformly bounded, converges in L, and thus

[ oo = tim [ o1 0.
Eq n K,

Let%,:={g ...,8,} be an orthonormal basis for K,. Then

[ oo = [ oooTt, o, 035200

Rn
Adopting momentarily the following notations:
&, :={ey,...,e,} , Cpi=1Jg o(idy+C)ols,
T, :=2[R; &), Y,:=Z[R; %,

M:=ZiCI{%, ;=M’
" (2IM"2 det =¥

V@)= poipodh oM@,  2(): = exp] — 5(Z3"Mx, Mx) |,

and making the change of variables x = My, we get

[ ooteoneug, 3300 = | W
Now " i
(E7'Mx, Mx) = (B0 1% x) + 25200, CIE 20ix ) + | CIp 2iix |12,
and J; £7* = R™4J} by the choice of &,.

Furthermore
V(e h) = Jg 24Ty (idy + C)R™*h, he H,.

Notice that Jg 4Jy, is the square root of Jg.2Jg, = ﬁ,,Rﬁ,,.
Then finally, if

Ah) : = exp% - ;—[Z(R‘%h, CR™*%h) + | CR™ ¥ |%1,
[ om0
= | det C, | L«p(z’q[ﬁ,.kﬁnl*(idﬂ + OR ™ h)A(h)duy, ()
= | det C, | fE q«p(iq[ﬁ,.Rﬁ,F(idH + ORILA)A, (T, h)dp

where I1,4 is interpreted as a random variable on E,. The end of the proof
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consists then is showing that the right hand side of the last equality tends
to the expression

det (idy + C) L { @ (idg, + D) } ()AX)di(x),

where A is formally the same expression than A,, without restriction on 4.
The argument goes as follows: one proves that EA, — EA, which implies,
since A, goes to A in Kg-probability, that A, — A in L,[ﬁq] and then that

the remaining term converges in qu-probability, which is good enough
since ¢ is bounded.

Let us first evaluate EA. To that end write

0

C:= Z?ici ® ¢,

i=1

2{R7*h, CR™*) + | CR*h |?
- Z(zvi +92)(hy R Y2,
i=1

The random variables ¢ k, R ¥¢; ) are, with respect to ;cq, independent,
identically distributed and Gaussian with mean zero and variance one. Set

Y:= Z(Zv? +9) (LR ), X, = eng - ;—Y,.2~
i=1
Since C is trace-class, Y, converges ﬁq-a. s. and thus X, — A, ﬁq-a. s. Also

sup [ Xidiy = [ [0 + 40+ 297 < o,
" JE i=1

Consequently

EA =lim EX, = | J(1 +y)™" = {det (idy + C)}~".
" i=1
Let us now evaluate EA, o IT,. Write
X :=(R7¥e, k), ...,(R 7}, h)
X : = matrix with entries { (idy + C)e;, (idy + Ce; ).

With respect to Lq, X is a vector of independent Gaussian random variables
with mean zero and variance one. Thus

dx = (det z)#

1 1
EA,-1II, =(Wfﬁnexp - i(Z{,f)

which also has { det (idy + C) } ™! as limit.
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For the last step, we have to check that the limit in ﬁq-probability of
M, o I1,h, defined by

M, : = [[I,RTI,}}(idy + CORE,

is as desired. Let M, be the operator idg, + D and M be the operator
idy + D. Since the limit in p,-probability of ML/ is Mh, it is sufficient
to show that the limit in th-probability, as p — o, of M, o IL,his M, o I, /.
But

la(M, o TLh — M, o IT,h) > ¢]
1 1 -—1
<2 [ IRICRTHM, o 1,5 — Mo TL() P, 6.
Hp

Now
M, TL(0) — Mo TI() = > Ch e (M, = M)e),
i=1
so that

[ TRICR M, — VYT [
= Z}li I R%CR_%(MIJ — M)e; |*— 0, as p— .

i=1

ProPOSITION 3. — Choose Ry, Ty, Sy as in Proposition 2 and R, as in
Proposition 4, Part 5. Then the conclusion of Proposition 4, Part 5, holds
« mutatis mutandis », i. e. one can also « compute » a likelihood for mixtures
which are « componentwise » equivalent.
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