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Section B :

Calcul des Probabilités et Statistique.

RESUME. - Nous generalisons la « technique du fenderie » des chaines
markoviennes aux processus semi-markoviennes. En utilisant cette

methode, nous montrons les theoremes de renouvellement du type uniforme
et les theoremes quotient pour les processus semi-markoviennes dans un
espace mesurable quelconque.

ABSTRACT. - We prove uniform and ratio Markov renewal limit

theorems for 03C6-recurrent Markov renewal processes on a general state
space by using the so called splitting technique introduced recently for
Markov chains.

0 . INTRODUCTION

In a recent paper ([15]) the so called splitting method was introduced
for 03C6-recurrent Markov chains on a general state space. It enables the full
force of elementary discrete time renewal theory to be used in the analysis
of general Markov chains. One of the main purposes of the present paper
is to generalize this method to Markov renewal processes and to use it

in the study of Markov renewal limit theorems. It reduces, similarly as
in the case of Markov chains, the analysis of general Markov renewal

Annales de l’Institut Henri Poincaré - Section B - Vol. XIV, n° 2 - 1978. 9

119



120 E. NUMMELIN

processes to the analysis of processes having an atom (that is a subset of
the state space from the points of which all transitions are identical). If

the original process is 03C6-recurrent (see Section 1), this atom will be recurrent,
and we can use the more elementary results proved for Markov renewal
processes possessing an atom.

Sections 1 and 2 contain the preliminaries. In Section 3 we introduce
the splitting technique. At first a minorization condition called (Ma) is

formulated, which we have to assume for the splitting technique to succeed.
Theorem 3.1 and its Corollary give sufficient conditions for (Ma). The
rest of this section is devoted to the description of the splitting technique.

In Section 4 we shortly consider Markov renewal processes having
an atom, and recall some results from [I].

Section 5 deals with uniform Markov renewal theorems. By using the
splitting technique we extend the results of [I] dealing with Markov renewal
processes possessing an atom to processes on a general state space. Specifi-
cally, in Theorem 5.1 we shall consider the limit of the expression
h * R * f (t), (t -~ oo), uniformly over f in a suitable set of functions

on S x (~ + ((S, ff) is the state space, R + = [0, 00), the Borel 6-field

of R+, 03BB is a fixed probability measure on F x R+ and R is the Markov
renewal kernel of the process). Theorem 5.1 complements the earlier

renewal theorems (see e. g. Jacod [7], Kesten [9], McDonald [11]) allowing
a more general starting distribution h and function g and providing a
uniform convergence over the set of functions. We also give sufficient

conditions for the boundedness of the signed measure h * R on F x 
where a finite measure on F x with total mass zero (Theorem 5 . 2).

In Section 6 we study ratio limit theorems for Markov renewal processes.
We extend a recent result proved for Markov chains ([15], Theorem 7.1)
to Markov renewal processes. Our results complement the earlier results
of Jacod [7], allowing more general starting distributions 03BB and ,u, and

functions f and g.
In Section 7 we formulate as a corollary of Theorem 5.1 a total variation

convergence result for semi-regenerative processes.

1 NOTATION AND PRELIMINARIES

Let S be an arbitrary set and ff a 6-field of subsets of S. We denote
by the set of bounded measurable functions from S into !R+. For the
Lebesgue measure on we write I, and dt for I(dt). Any map

Annales de l’lnstitut Henri Poincaré - Section B



121UNIFORM AND RATIO LIMIT THEOREMS FOR MARKOV RENEWAL

satisfying

for any fixed E e EF x N( . , E) is a measurable function on S, and

for any fixed x e S, N(x, ’) is a (non-negative) measure on F  R+,
is called a kernel. If in addition, N satisfies

then it is called a semi-Markov kernel (on (S, 
Let M and N be any two kernels,  be a measure on F x and f

(resp. g) be a non-negative measurable function on S x R+ (resp. S). The
following notations are used throughout this paper:

where and by convention any measure or function
on (t~+, is extended to the whole real line by setting them zero on
(-00,0);

where lA denotes the indicator function of the set A, and for any point a,
ea denotes the probability measure assigning unit mass to a ;

we write IA for and I for Is. For any signed measure ~c the
corresponding absolute value measure is denoted by and the total
variation of JJ (i. e. the total mass of by ~ ~ . For any transition
kernels on (S, ~ ) and for their operations on measures and functions we
use the standard notations of Markov chain theory (see [15] or [19]).

Vol. XIV, n° 2 - 1978.



122 E. NUMMELIN

Let Q be a fixed semi-Markov kernel. We denote by

the associated Markov renewal process (MRP) ; that is a Markov chain

on (S iF x ~+ ) with transition probabilities

We denote by IPx,t the canonical probability measure on the sample
space (Q, ~) _ (S x iF x of the MRP (X, T) induced by the
semi-Markov kernel Q and the start Xo = x, To = t, (x E S, t E (1~ + ). For

any measure A on F x R+ we denote P03BB = JS x {.}.
We write IPx for IPx,o and P, for x Eo, (,u a measure 

DEFINITION 1. - Let cp be a non-trivial 6-finite measure on ff. We say
that the MRP (X, T) is 03C6-irreducible (03C6-recurrent), if the embedded Markov

chain {Xn} with transition probabilities Q(x, A) = Q(x, A x R+) is

(p-irreducible (cp-recurrent) (see e. g. [17], p. 4). When {Xn} is (p-recurrent,
we use the notation n for the unique (up to scalar multiplication) invariant
measure of Q, which is known to exist ([17], p. 31), and we write ~ + for
the set { A E n(A) > 0 ~ .
We define the kernels U f ( f E f _ 1) in a similar way as they

are defined for Markov chains (see e. g. [19], p. 48)

in particular U~ 1 = Q and Uo = ~ Q*". We write R for the kernel

v~ 
~>i

A + Uo = ~ Q*", and call it the Markov corresponding
n~O

to Q. The following well known probabilistic interpretation is valid:

(1.10) E) = l~X,, T,)~ E x ~ .
n>o

PROPOSITION 1.1 (Resolvent 2014 For f, g e with f ~ g ~ 1,

which implies

Annales de l’Institut Henri Poincaré - Section B



123UNIFORM AND RATIO LIMIT THEOREMS FOR MARKOV RENEWAL

Proof - Similar as in the case of Markov chains (see [19], p. 49). D
Next we define the concept of an atom:

DEFINITION 2. - A set B c S is called an atom, provided that

Q(x, . ) _-- Q( y, . ) for all x, y E B. For any function f on S, which is constant
on B, we write f (B) for f(x), (x E B) ; in particular Q(B, ~ ) - Q(x, ),
(x E B). The atom B is called recurrent, if for all x E S, Xn E B i. o. s.).

2. ON THE CONCEPT OF POSITIVE RECURRENCE

This section contains some preliminaries which are needed later in

Sections 5 and 6 in the study of limit theorems. We denote for x E S

DEFINITION 1. - The MRP (X, T) is called positive recurrent, if it is

03C6-recurrent for some 03C6, and if

The following Proposition 2.2 is due to Jacod ([7], Proposition 11).
However, we shall give a proof to it in order to illustrate the use of the

Resolvent equation. We denote for all 

The following lemma is needed in the proof of Proposition 2.2 and also
later in Sections 5 and 6.

LEMMA 2.1. - For any probability measure À on F x and A E F+,

Vol. XIV, n° 2 - 1978.



124 E. NUMMELIN

Proof - For any measure 03BB on F x denote the measure

R+ t03BB(. x dt) on F, and for any kernel N, by N’ the transition kernel

R + t(N., . x dt) on (S, It is easy to see that

In particular, for f E bff + ( f _ 1),

where for Vf = U f( ~ , ~ x ~ + ) we have

as is easily seen by the Resolvent equation and by monotone convergence
theorem. Now we get (we write 1 for Is):

since Q’l = m, and by recurrence, = 1 (see [19], p. 74). D

PROPOSITION 2.2. - Suppose that the MRP (X, T) is cp-recurrent. Then
for any 

r

Thus, (X, T) is positive recurrent, if and only if for some (and
hence for all  oo .

Proof - Applying the preceding lemma with ~, = nIA x Go, we get

since by (2 . 8) and ([19], p. 77), 03C0IAA = 03C0. D

Annales de l’Institut Henri Poincaré - Section B



125UNIFORM AND RATIO LIMIT THEOREMS FOR MARKOV RENEWAL

From the preceding proposition we immediately get that [ExTA is finite
for n-almost all xeA. The following proposition shows that this holds
for n-almost all x ~ S. It is a semi-Markov generalization of Proposition 3.1
of Cogburn [4].

PROPOSITION 2. 3. - Suppose that (X, T) is positive recurrent. Then 
is finite for n-almost all x ~ S, all A E 

Proof By Lemma 2.1

The assertion is a direct consequence of Proposition 5 .15 of [15], since m
is n-integrable. D

Using similar arguments as in the proof of Lemma 5.11 of [15] we get
the following useful inequality.

LEMMA 2.4. - For any probability measure h on F x and sets E,

3. THE SPLITTING TECHNIQUE
FOR MARKOV RENEWAL PROCESSES

Recall from (1.9) the definition of the kernels U f. When f - a for some

a E (0, 1], we have Ua = (1 - We call where 0  a _ 1,

the following minorization condition :

(Ma) : There exist h E bff+ with h  1, n(h) > 0, and a probability mea-
sure v on F x such that 03B1U03B1 >_ h Q v.

In this section (see Theorem 3.1 and its Corollary) we shall at first seek
suitable sufficient conditions for (MJ to hold for some a E (O, 1]. After
that we introduce the splitting technique, for which we have to assume (MJ
for some a E (0, 1]. Theorem 3 .1 i ) is a semi-Markov counterpart to the
existence theorem of C-sets for Markov chains (cf [l7], Theorem 2.1).

THEOREM 3.1. 2014 f) Suppose that ~ is countably generated. Let ~p be
a non-trivial 6-finite measure on !F. Suppose that there exist E e if with

Vol. XIV, n° 2-1978.



126 E. NUMMELIN

~p(E) > 0 and an interval Fo E ~+ with I(Fo) > 0 such that for all x E E,
03C6 x I-negligible N ~ F x R+ and all r c ro with l(r) > 0:

(or equivalently Uo(x, E x rBN) > 0). Then there exist k >_ > 0,
C c E with ~p(C) with ~p x I(D) > 0, such that for

all ;c e S. A E iF x 

In particular, (MJ holds with

ii) Assume in addition that (X, T) is 03C6-irreducible. Then h and v can be

chosen such that the measure x ’) on is non-trivial and

absolutely continuous w. r. t. Lebesgue measure.

Proof i ) We first prove that for all x E E, almost all u E ro

where q(x, ~, ~ ) denotes the density of Uo(x, . ) (see (1. 8)) w. r. t. the measure
~p x 1. Assume the contrary, i. e. that for some x E E, r3 c ro with l(T3) > 0

Then there exists Nx c E x r3 with ~p x = 0 such that, for all

(y, u) E E x q(x, y, u) = 0. Denote by N~ the support of the singular
part of the measure Uo(x, ~ ) ; then (p x = 0. Denote N = NxUNx.
We have _ _

contradicting the assumption (3.1). Hence we have (3.3).
For any V E if x ff x fÀ+ denote

We write qm(x, ~ , ~ ) for the density of Q*m(x, ~ ) w. r. t. ~p and denote

q = qt (q is a version of the density of Uo). The densities qm, (m >_ 1),
t>i 1 .

Annales de Henri Poincaré - Section B



127UNIFORM AND RATIO LIMIT THEOREMS FOR MARKOV RENEWAL

can be assumed to be jointly measurable w. r. t. iF x ff x (cf. [17],
p. 5). We write for m, n > 1

By (3.3) u)) > 0 on E x To except on a cp x l-null set. Let rl,
T2 E be l-positive sets such that for all t E Tl, I-’2 c n (t - This
is possible, since ro is an I-positive interval. We have

(3.7) 0  E r2

= E 03932 03C6(H1)(y, u))03C6(dy)du by Fubini’s theorem.

For any fixed t E rl, t - u E To for all u E hence 03C6(H2(x, t - u)) > 0
for all (x, u) E E x T2 except on a ~p x I-null set. This and (3 . 7) imply that

Hence there exist n1 (t), n2(t) E ~ 1, 2, ... } such that for

we have

By the differentiation theorem of Doob ([5], p. 612, Theorem 2 . 5), there
exists x 03C6 x I-null set Nt such that for all (x, y, Nt (in the following

where Ex, E~ are defined as in Revuz [l9], p. 160, and Du denotes that set
in the n’th partition of (~ +, to which u belongs (similarly as for S, we construct
a sequence {Pn} of partitions of R+ such that Pn+1 is finer than Pn and

~+ - 6(~O
n

Vol. XIV, n° 2 - 1978.
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We get from (3.8)

Hence we can by (3.9), (3.10), choose nt > 1, (xt, yt, ut) E FtBNt and
( yt, zt, ut) E (t - such that

and

Now, since the range of the map

is countable and I(Fi) > 0, there exists 03934  Fi with l(03934) > 0 such that
for- t e F~
Ft * F = for some m1, ni ,

Gt * G = H(m2,n2) for some m2, n2 ,

Entyt~2, Entzt~E3, Di§ * Do for some E i , E2, E3~F+, D0~R+ .

Hence for all t e 03934
I

Denote

Then ~p(C) > 0 and ~p x I(D) > 0, and for all x E C, (z, t) E D

and for k = ml + m2 (cf. [17], p. 5, Proposition 1.2)
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ii) Denote vo x l(. n D), and choose m ~ 1 such that

Then

and the measure * Q*m)(dx  .) = f3vo * Q*m(C x ’) is non-

trivial and absolutely continuous w. r. t. Lebesgue measure. D

COROLLARY . Let ~p be a non-trivial 6-finite measure on IF. Suppose
that there exist E E IF with ~(E) > 0 and an interval Fo E with l(ro) > 0
such that for all x E E, F c= E with ~p(F) > 0 and r c ro with > 0 :

Then the conclusions of Theorem 3.1 are valid. D

Remark. Conditions (3 .1) and (3 11) can be compared with the concept
of spread-outness for measures on (see [l9], p. 90). As a trivial corollary,
part ii) of Theorem 3.1 gives a sufficient condition for the spread-outness

of the measure x ~ ) (cf. the assumptions of Theorems 5.1

and 5. 2). D
Next we shall describe the splitting technique for Markov renewal

processes. It is an obvious extension of the splitting technique for Markov
chains, and the reader is referred to [15] for a detailed study of this method
in the context of Markov chains.

~ 

The splitting method introduces an atom, in a way which we shall next
describe, to a Markov renewal process satisfying condition (M 1 ), i. e.

Q > h (x) v. The general case (Ma), ex  1, can then be treated by considering
the MRP { (Xn°‘~, Tn°‘~) ; n >_ 0 ~ corresponding to the semi-Markov kernel

Let us assume in the rest of this section that condition (M 1) holds. As
in [IS], Section 2, we denote for all x E S, E 

~ * denotes the 6-algebra generated by the sets Ei, (E i = 0, 1). We
identify E and E* for E in particular we can then write ~ c ~ *.

Vol. XIV, n° 2 - 1978.
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Any tunction f - on S is extended to S* by defining

any measure h on F is split onto iF* by defining for all E E if

We define the transition kernel 0 from S* into iF x fÀ+ as follows:

and we define the semi-Markov kernel Q* on (S*, ff*) as follows: for

any fixed z E S*, r E Q*(z, . x F) is the splitting onto iF* (see (3.14)),
of the measure Q(z, . x r) on ff; i. e. for all A E if

(the superscript ’ * ’ in (3.16) should not be confused with the notation
for convolution). We shall denote by (X*, T*) _ ~ (Xn , T,*) ; n >_ 0 ~ the
MRP corresponding to Q* and with state space (S*, iF*). From (3 .15b)
we see that the set Si 1 c S* is an atom for the MRP (X*, T*). It is easily
seen that the embedded Markov chain {X*n} of (X*, T*) is the splitting,
as defined in Section 2 of [15], of the embedded Markov chain {Xn} of
(X, T) ; in particular (X*, T*) is cp-recurrent, if (X, T) is 03C6-recurrent (use
Theorem 2 . 3 of [15]). Since we see that, in the case
when (X, T) is cp-recurrent, Si 1 is a recurrent atom for (X*, T*).
We denote X~ = (X,, Yn), (where Xn E S, Yn E ~ 0, 1 ~ ), and call Xn the

first coordinate of X,*. The following proposition is easy to prove by using
the definition of the splitting.

PROPOSITION 3 . 3. 2014 f) (cf. Proposition 2.1 of [I S] ). For any measures J1
on F x R+, ~ on ff* x R+

(the measure  on F  R+ is split onto ff*  R+ by splitting the marginal
measures J1(. x r) onto ff*, (T E ~+ )).

ii) (cf. Proposition 2.2 of [15]). For any probability measure p on

Annales de l’Institut Henri Poincaré - Section B
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iF x the marginal distribution w. r. t. ~~ denotes the canonical

probability measure on the sample space (S* x (~ +, ~ * x of (X*, T*),
induced by the initial probability J1 and the kernel Q*), of the « first coor-
dinate MRP » (X, T*) _ ~ (Xn, Tn ) ~ and the ~~-distribution of the original
MRP (X, T) = { (Xn, are identical. D

4. MARKOV RENEWAL PROCESSES

POSSESSING AN ATOM

Throughout this section we shall assume the existence of a recurrent atom
B c S, i. e. B is such that

(recall the convention of notation in Section 1).
Note that for the split MRP (X*, T*) introduced in Section 3 the set

B = Si c S* is an atom. The following notations for an MRP having an
atom B will be used in the sequel:

By using standard renewal arguments and the fact that B is an atom,
we can prove :

LEMMA 4.1. 2014 f) V is a renewal measure,

ii ) We have the following first-entrance-last-exit decomposition of Uo

(F * V * A x r) means (F(x, ~ ) * V x ’ ))(r)). D

Vol. XIV, n° 2 - 1978.
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Note that for all A E if

where n denotes the invariant measure of the 03C6-recurrent Markov chain

{ X n ~ , (~p any probability measure concentrated on B).
We recall from [7] ] the following theorems:

THEOREM 4. 2. 2014 ([7], Theorem 7) Assume that FB is spread out (i. e. for

some n > 1, has an absolutely continuous component w. r. t. Lebesgue
measure). Then for any measurable f : S x f~ + -~ (~ + satisfying

where /(’) is any measurable version of sup /(’, ~);
f>0

and for any probability measure h on F x R+ such that

we have

THEOREM 4 . 3. 2014 ([7], Theorem 8). Assume that FB is spread out, (X, T)
is positive recurrent and n(S)  oo . For any finite signed measure h
on F x with À(S  R+) = 0, and such that

we have

5. UNIFORM MARKOV RENEWAL LIMIT THEOREMS

In this section we extend Theorems 4.2 and 4.3 to the more general
case, where instead of an atom we assume only the minorization condi-

Annales de l’Institut Henri Poincaré - Section B
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tion (MJ (Theorems 5.1 and 5.2). The proofs are based on the splitting
technique described in Section 3: we can apply Theorems 4.2 and 4.3
to the MRP (X*, T*) having the atom Sl. We shall compare our results
with those of Jacod, Kesten and McDonald at the end of this section.
We recall from [15] the concept of a g-regular measure (g : S --~ (1~ + ). A

probability measure p on F is called g-regular (w. r. t. the embedded
Markov provided that

(for a detailed study of this concept see Section 5 of [15] and Section 1

of [16]). 
, 

’

At first we prove the generalization of Theorem 4.2 :

THEOREM 5.1. - Assume that the MRP (X, T) is 03C6-recurrent, satisfies

condition (MJ for some a E (0, 1], and that the measure x .)

on is spread-out (cf. Theorem 3.1 i) and ii)). Then for any measurable
f : S x f~ ~ -~ satisfying (4.10) and for any probability measure h
on F x such that (f)  oo and 1 is an f regular probability measure,
we have

Proof - i) We consider first the special case a = 1, i. e. we assume

that Q ~ h Q v. We construct the MRP (X*, T*) as described in Section 3.
It is easy to see that n (split onto is invariant for the embedded Markov

and that 7c(~*) = n(m). In particular, (X*, T*) is positive
recurrent if and only if (X, T) is. The set S 1 c S* is a recurrent atom for
(X*, T*). For FS1 we have (see (4.4))

Since, by assumption, the measure I’ h(x)v(dx x ~ ) is spread-out, Fsi is

spread-out, too. 
s

In order to apply Theorem 4.2 we have to check that (4.11) holds with

Vol. XIV, n° 2-1978.
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B = Si. By Lemma 5.12 and Theorem 5.14 of [15] we know that  is

f-regular for { if and only if

Hence we have by assumption

Now Theorem 4.2 gives (recall the convention (3.13))

where R* denotes the Markov renewal kernel corresponding to Q*. The
assertion follows after observing that by Proposition 3.3 i)

((Q*)*n denotes the n’th convolution

power of the kernel Q*),

i) Assume now that a E (0, 1). Then the MRP (X~°‘~, T~°‘~) corresponding
to the kernel satisfies condition (M 1 ). It is easy to see that ~c is invariant
for the Markov chain { Xn°‘~ ~ with transition probability

By (2 . 2)

from which we get that = 

By Lemma 1. 2 of [16], ~, is -regular w. r. t. the Markov 

too. Hence, by part i), we get

(5 . 9) lim sup ~. * * g(t) - x = 0,
t- ~ Igl sf

Annales de l’Institut Henri Poincaré - Section B



135UNIFORM AND RATIO LIMIT THEOREMS FOR MARKOV RENEWAL

where

by the Resolvent equation,

The final assertion follows from (5.9), (5.10) and from the remark that
by Egoroff’s theorem, by (4 . lOc), and since ~( f )  oo,

COROLLARY. - Assume that (X, T) is cp-recurrent, satisfies condition (Ma)
for some a E (0, 1], and that the measure x ~ ) is spread-out.

i) For any n x I-integrable and bounded f ’ . : S x fl~ + --~ f~ + such
that lim f(x, t) = 0 for all x E S and the function f is special w. r. t. { Xn }
in the sense of Neveu [l3] (i. e. sup  oo for all see

also [I S], Lemma 5. 6), and for any probability measure À on F x 
we have (5.2).

ii ) Let f : S x R+ ~ R+ satisfy (4.10). Then for n-almost all x ~ S

Proof 2014 f) Note that f satisfies (4 . l0a), since f is special ( [13], Section 4).
As a direct consequence of the definitions we get that any probability
measure on F is f regular. Since f is bounded, we have (f)  oo. Theo-
rem 5.1 now gives the assertion. 

’

ii) Note that f (x)  oo and Ex is f-regular for n-almost all x ~ S ([15],
Theorem 5.14). Theorem 5.1 with ~, = gives (5.11). D

Next we prove the generalization of Theorem 4.3 :

THEOREM 5.2. - Assume that the MRP (X, T) is positive recurrent,

satisfies condition (Ma) for some a E (0, 1], the measure x ~ )
is spread-out, and that n(S)  oo. Then for any finite signed measure À on
iF x with À(S x ~ + ) = 0, such that

,__,_ 
___

we have

Vol. XIV, n° 2 - 1978.



136 E. NUMMELIN

Before proving the theorem, we consider a preliminary result, which has
also some independent interest giving equivalent conditions for (5.13).

LEMMA 5.3. - Assume only that the MRP (X, T) is positive recurrent.
For any a E (0, 1] and any probability measure J1 on F x fÀ+ the following
three conditions are equivalent :

The following condition iv) implies the equivalent conditions i)-iii) :

Proof - The equivalence of i) and ii) follows directly from Lemma 2.1.
By the same lemma

The last inequality gives the implication iii) ~ ii).
Assume now that ii) holds. Let A E be arbitrary. By Theorem 5.14 iii)

or [15], and since m is n-integrable, we can choose G E such that G c A,
sup m(x) and sup UGm(x) are bounded, say by y  oo. We have
xeG xeG

Annales de l’Institut Henri Poincaré - Section B
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That iv) implies i) follows directly from the definition of m-regula-
rity. D
We now turn to the proof of the theorem.

PROOF OF THEOREM 5.2. 2014 f) Assume first that a = 1. We again construct
the MRP (X*, T*). As in the proof of Theorem 4. 2 we get that FS1 is spread-
out and (X*, T*) is positive recurrent. By Proposition 2. 3, is finite

for n-almost all z E S*. Using similar arguments as in the proof of Theo-
rem 5.14 of we can find such that sup is finite. Then

by Lemma 2.4, Proposition 3.3 and (5.13) 
zeE*

Theorem 4.3 now gives

ii) Assume now that a E (0, 1). By Lemma 1. 3 of [l6] and by assumption,
m" is 1-regular w. r. t. ~ Xn"~ ~ . By Lemma 5.3 and by assumption,

 oo for all Hence, by part i ) and by (5.10)

(5.19)  oc-1 ~~~,*R~°‘~~) + (a 1 - oo. D

COROLLARY . Assume that (X, T) is positive recurrent, satisfies condi-

tion (MJ for some a E (0, 1], the measure x ’) is spread-out,

and that n(S)  oo. Then for n-almost all x, y ~ S

(5 . 20) ~ ~ R(x, ’ ) - R( Y, ’ ) ~ ~  oo . °

Proof. - Note that for n-almost all jc e S, [Ex!A  oo (since n(S)  oo),
and  oo (Proposition 2.3). Theorem 5.2 with ~, = - E~,,,o~
gives (5.20). D

Jacod (Theoreme 3 of [8]) has given sufficient conditions for the weak
convergence of the measures R(x, A x (t + )), x E S, A E, t -~ co.

Jacod makes the following assumptions : 1) the embedded chain {Xn}
is 03C6-recurrent, 2) the closed group generated by the support of the process
(see Definition on p. 87 of [7]) is ~ x dZ, and 3) A is such that, for some
8 > 0, sup R(x, A x [0, E]) is finite. Assumption 1 is also one of our basic

xeA

assumptions. Assumption 2 is somewhat weaker than our condition (MJ.
We do not need, assumption 3. Jacod is concerned only with the weak
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convergence of the Markov renewal measure in contrast with our uniform

convergence results.

Kesten [9] has two kinds of Markov renewal theorems. Theorems 1 and 2
of [9] involve some topological assumptions about the state space and the
embedded Markov chain, and the results involve the continuity of the
functions appearing in the theorems. Theorems 3 and 4 of Kesten have
as basic assumptions for the embedded chain the total variation convergence
to an invariant probability measure and a certain assumption on the
support of the process (see Kesten’s Condition II. 3). The first assumption
is somewhat weaker than the assumption of positive recurrence. The

second assumption is somewhat weaker than our condition (Ma). On the
other hand, Kesten’s results involve stronger assumptions on the function f
(continuity w. r. t. the argument t or a directly Riemann integrability
condition), and the convergence is not uniform over the set of functions.
McDonald [10], [11], gives sufficient conditions for the total variation

convergence of the « age process », that is the continuous time Markov

process (X(t), U(t)) defined by

and deduces from these results uniform Markov renewal theorems (uniform
only over the space S ; cf. our Theorems 5 .1 and 5 . 2 and McDonald’s [l 1 ]
Proposition 2, Corollary 2 and Theorem 3). McDonald makes two basic
assumptions : a mixing condition (Definition 3 of [10]) and a condition,
which states that, for some distribution function G with finite mean, the

sojourn time distributions are bounded below uniformly by G,

(cf. Definition 5 of [10] and Theorems 2, 3 and 4 of [11]). Again the first
assumption is somewhat weaker than our condition (MJ. The second
assumption of McDonald is, on the other hand, more restrictive than
ours. As mentioned above, the statements of our Theorems 5.1 and 5.2
are stronger than those of McDonald.

6. RATIO LIMIT THEOREMS

In this section we study the limit of the ratio
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where 03BB and J1 are probability measures on F x and f and’ g are
non-negative measurable functions on S x R+. For earlier works on this
subject the reader is referred to Jacod [7], Section II. 3. Our results comple-
ment Jacod’s results allowing more general starting distributions 03BB, 
and functions £ g (cf. our Corollary 3).
The corresponding problem for discrete time 03C6-recurrent Markov

chains (ratio limit for sums of transition probabilities) has been investigated
e. g. in [12], [14] and [15]. For the most general result for 03C6-recurrent Markov
chains the reader is referred to [15], Section 7. There has been proved that
for P a 03C6-recurrent transition probability on (S, iF) with invariant measure n,
for ~, and J1 probability measures on ff, and for f and g non-negative
n-integrable functions on S, such that h is f-reeular and u is g-regular, the

Here we shall extend this result to Markov renewal processes. We assume

throughout this section that the MRP (X, T) is 03C6-recurrent, and that the
minorization condition (Ma) holds (recall that Theorem 3 . .1 gives a sufficient
condition for (Ma)). In the following we call f : S x (~ + -~ (~ + non-

decreasing, provided that f(x, . ) is non-decreasing for all x e S, and we
denote by f(x) the limit lim f(x, t).

, 

THEOREM 6.1. - For any probability measures h and  on F x 

and any measurable non-decreasing functions f g : S x f~ + .~ f~ +, such
that

(6 . 2) I is f -regular and j1 is g-regular,

(6 . 3) ’ ~( f )  oo and 

we have 
_

Proof - The proof is similar to the corresponding proof in the Markov
chain case (see [15], Section 7) :

i ) Assume first that there exists an atom B c S such that 00

and Bg  oo . By Lemma 4.1 ii), and since f is non-decreasing, we get

and similarly for ,u * Uo * g.
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Since by recurrence lim J1 * Uo * g(t) = oo = oo, we get

By Lemma 3.1 of Pyke and Schaufele [18],

from which the assertion follows. 
’

ii) In the case when we have only (M1), we can apply part i) to the MRP
(X*, T*). Note that, since  is f-regular, we have  oo, and simi-

larly ;uUs 1 g  oo (cf. Theorem 5.14 of [15]). By part i )

(note that by Proposition 3. 3 ~, * f = ~, * Uo * f ).
iii) The final assertion now follows by applying part ii) to the MRP

(X~°‘~, T~°‘~) after observing that 
6

and  is f -regular w. r. t. {Xn} if and only if I is f-regular w. r. 

( [l6], Lemma 1. 2). Q

COROLLARY 1. For any non-decreasing functions f, g : S x [?+ -~ f~ +
such that f, g are n-integrable, n(g) > 0, for n-almost all 

Proof - The assertion follows from Theorem 5 .14 of [15], according
to which Ex is f-regular (resp. g-regular) for n-almost all x~S. D

COROLLARY 2. - For any probability measures A and J1 on ~ x ~+,
and F, with n(F)  oo, 0  n(G)  oo, such that

(6.11) I is 1F-regular and p is IG-regular 
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we have

COROLLARY 3. - (cf. [7], II. 3, Proposition 6). For any F, G E ~ with
n(F)  oo, 0  n(G)  oo, for n-almost all x, y~S

Proof - For n-almost all is Ip-regular and lo-regular ([15],
Theorem 5.14). D

Jacod proves this result by assuming only that the embedded chain
is ~~-recurrent.

COROLLARY 4. - For any non-decreasing functions 
such that f and g are special (see the Corollary of Theorem 5.1) and for any
probability measures 03BB,  on F x 

Proof - Recall that the function f : S -~ R+ is special, if and only
if for all probability measures ~ on F, ~ is f regular. D

7. A LIMIT THEOREM
FOR ~-RECURRENT SEMI-REGENERATIVE PROCESSES

Assume in this section that S is a locally compact space with a countable
base and B is the Borel 6-field of S. Denote by ff the 6-field of universally
measurable sets over (S, ~) (see [2], p. 2). Let (Q, E) be a measurable space
on which is defined a semi-group of translations { 8t; t E ~ + ~ and a sto-
chastic process Xt : S2 ~ S with right continuous trajectories such that

= Xt o 8s, t, s E R+. Denote Lt = ~(XS : 0  s  t) ; we assume that E

is minimal in the sense that £ = Let be a transition

probability from (S x f~ +, ~ x Øt+) into E; we write P~ for and for
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any measure J1 on F x we denote x 

Next we shall define what we mean by a semi-regenerative process
(cf. Definition 4.1 of Cinlar [3]).

DEFINITION 1. - Let T be a stopping time w. r. t. ~ ~t ~ . The pair
( { X t ; t E f~ + ~ , ~ Tn ; n = 0, 1, ... ~ ), where { is a sequence of finite,
non-negative s. for all x ~ S) stopping times w. r. such that

To) = (x, t) s. for all x e S, t e R+ and iteratively for all n

is a semi-regenerative process, provided that for all probability measures ,u
on F x fÀ+ and all real valued bounded measurable functions Y on Q

Let V, = sup {~; ~ > 0, ~ ~}, U, = t - V,, X~ = and for any
initial distribution /~ of (X~, To),

As a corollary of Theorem 5.1 we easily get

THEOREM 7.1. - Assume that the embedded is cp-recur-
rent, satisfies condition for some a E (0, 1] (see Section 3), the measure

x -) is spread out, and that n(S)  oo. Then for any probability

measure h on F x R+ such that I is 1-regular (w. r. t. the embedded
Markov chain 0 ~ ; see (5.1)), we have the total variation norm
(on iF x ff x ~+ ) convergence :

where 03C0~ is the following probability measure on F x ff x fÀ+ :

In an obvious way we would also obtain a ratio limit theorem for semi-

regenerative processes. We leave the details to the reader.
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