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Asymptotic expansions of the invariant density
of a Markov process with a small parameter
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Department of Mathematics, Osaka University,
Toyonaka, Osaka 560, Japan

Ann. Inst. Henri Poincaré,

Vol. 24, n° 3, 1988, p. 403-424. Probabilités et Statistiques

ABSTRACT. - We consider the asymptotic behavior of the invariant
density of a Markov process on ~d which is a perturbation of a dynamical
system.
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RESUME. - Nous considerons le comportement asymptotique de la
densité invariante d’un processus de Markov sur qui est une perturba-
tion d’un système dynamique.

INTRODUCTION

Let (XE (t), Px), Ot, be Markov processes on ~d solving the
following stochastic differential equation:

where W (t) is an d-dimensional Wiener process, b (x) is a function of ~d
to ~d and E &#x3E; 0 is a small parameter. Then the following result is known;
if b ( . ) : ~d -~ ~d is Lipschitz continuous,

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques - 0294-1449
Vol. 24/88/03/403/22/$4,20/(6) Gauthier-Villars



404 T. MIKAMI

where we denote by x (t) the dynamical system solving the next differential
equation:

In this paper we study, by way of S. Watanabe’s theory [6], the asymptotic
behavior of the invariant density of XE(t) of the following type:

Ed exp (V (x)/E2) pE (x) _ ~° (x) + (x) + E4 p2 (x) + ... E ~ 0)
where V (x) is the Wentzell-Freidlin quasi-potential. We also note that the
invariant density p’(x) is the solution of the following equation:

The study is important when we study the exit distribution of X£ (t) from
the bounded domain in (cf M. V. Day [1], [2]).
With respect to this problem M. V. Day [3] got results only in the case

n = 0 but under weaker conditions than we give in this paper. As the
special case, if b (x) = V U (x) for an infinitely differentiable function U of

, ., ~.. ,

In section 1 we state our results. In section 2 we give lemmas necessary
for the proofs of our results. In section 3 we prove our results.
At last we give some notations which we use in this paper. For

( d, d)-matrix A = we put I A I = determinant of A,
. A

1. MAIN RESULTS

In this section we state our results.
We introduce the following conditions.
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405ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY

(A.O) b (x) is an d-dimensional field on ~d with bounded
derivatives of all orders.

(A.O)’ b (x) is a function of ~d to ~d with Holder continuous first
derivatives for some exponent y (o  y _ 1) and is Coo-class in a small

neighborhood of 

(A. 3) There exist positive constants Eo, R and a nonnegative C2-function
w (x) which tends to 00 as x I -~ oo so that

Remark. - The assumptions (A. 0), (A. 1) and (A. 2) imply the
assumptions (A . 01 ’, (A .1), (A. 2)’ and (A. 3). Moreover the assumption
(A.O)’ imply the regularity assumptions of M. V. Day [3] and (A . 1),
(A. 2)’ and (A. 3) imply the stability assumptions of M. V. Day [3].
The following proposition shows how our assumptions are strong.

PROPOSITION 1. 1. - Under the conditions (A. 0), (A. 1) and (A. 2),
Markov processes (X£ (t), Px), 0 - t, x E are positively recurrent and

where we put the quantity in (A .2) 201403BB.
Before we state other results we give some notations. Let V~(~) denote

the minimum |03C6(t)-b(03C6(t))|2 dt over all absolutely continuous

functions (p of [0,T] to Rd such that (p(0)=0 and 03C6(T)=y. Let us put
V(y)=infimum (VT(y); T&#x3E;0). For a minimal path (p of VT(y), let Y~(t),
0~T, be the solution of the following S.D.E.

and let Y~ (t), 0 _ t  T, (i = 0, 1, 2, ... ) be determined by the following
formal expansion

Vol. 24, n° 3-1988.



406 T. MIKAMI

To avoid confusion, we sometimes write Y~ (t) = YE, T (t) and yi (t) = Vi, T (t).
The following theorems show how the meaning of the expansion (1.3)

is strong.

THEOREM 1. 2. - Under the conditions (A. 0), (A. 1) and (A. 2), for any
natural number m and n

where we denote by II. Ilm Lm-norm.
THEOREM 1. 3. - Under the conditions (A. 0), (A. 1) and (A. 2), for any

natural number m, n and su f ficiently large q

where we denote Hilbert Schmidt norm.
The following proposition shows the uniform integrability of exponential

moments which usually appear in such arguments.

PROPOSITION 1. 4. - Under the conditions (A. 0), (A. 1) and (A. 2), there
exists a constant p &#x3E; 1 such that

where the supremum is over all E (0  E  1) and all for which
v (y)  4 ~,3 (d6 ~ ~ a2 b I ( ~) 1. Here we denote by ~ . , . ~ the inner product in
Bld and we put

The following results are what we want.

THEOREM 1. ~. - Suppose the conditions (A. 0), (A. 1) and (A. 2). Then
there exist functions pk (x) (k &#x3E;_ o) such that for all 
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407ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY

uniformly for all x for which ( x is sufficiently small.
From theorem 3 in M. V. Day [3] and theorem 1.5, we have the

following corollary.

COROLLARY 1. 6. - Under the conditions (A. 0)’, (A. 1), (A. 2)’ and (A. 3),
there exist functions pk (x) (k &#x3E;_ 0) such that for all n &#x3E;_ 0

uniformly for all x for which I x is sufficiently small.

2. LEMMAS

In this section we state the lemmas necessary for the proofs of our
results. The next lemma is technically essential.

LEMMA 1. - Let f(t) be a continuous function of [0, oo ) to If there
exist a positive constant a and a measurable function g of [0, to ~ such
that for any s, t 

then we have

Proof - If t = 0, then (2. 2) holds. Suppose that there exists a positive
constant to such that (2. 2) does not hold. Put

Vol. 24, n° 3-1988.
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Then for u (so  u  to), (2. 2) does not hold. Therefore we have

which is a contradiction.

Q.E.D.

The following lemma can be proved by lemma 1 and is used to prove
theorem 1. 5.

LEMMA 2. - Let f n (t) (n =1, 2, ... ) be continuous functions of [0, oo) to
such that f " (0) = 0 (n = 1, 2, ... ). Suppose that there exist positive con-

stants c and c" (n = 1, 2, ... ) such that for any s, t (o _ s  t) and natural
number n

where we put f ° (t) = f ° = constant. Then we have

for all t &#x3E;_ 0 and natural numbers n.

Proof - We prove by induction.
When n =1, by lemma 1 we have

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



409ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY

Assume that (2. 5) holds for n = k. Then we have, by lemma 1,

We use the following lemma to prove theorem 1. 3.

LEMMA 3. - Let 03C8 (u) be a measurable function of [0, oo) to and let
Y (t) (o _ t  + oo) be the solution of the following differential equation:

,

where I denote an (d, d)-identity matrix. Then under the conditions (A. 0)
and (A. 2), for any positive constants s, t (s  t), we have

Proo f - 
Then for any to, (t &#x3E; to &#x3E; s), we have

since

where we put Z~° u = (Z ~ u)d=1 E ~d (j = l, ..., d).

Vol. 24, n° 3-1988.
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Therefore by lemma 1, we have

Remark. - It is easy to see that Y ( t) -1 exists.
We use the next lemma when we prove theorem 1. 2.

LEMMA 4. - Under the conditions (A. 0) and (A. 2), for any natural
number m and n,

Proof. - We prove by induction. Put Yn° T (t) = Y" (t).
( When n =1. )

since

and by Ito’s formula,

[from (A. 2)], therefore from lemma 2, we have

( When n &#x3E;_ 2. ) Since

where we put

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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and for ai = (aji)dj=1 E BId (i = 1, ..., n), we put

we have, for any s, t (s  t) and a &#x3E; o,

Let a tend to 0 then we have

Therefore from lemma 1,

Hence, by Holder’s inequality,

where we consider ~, (t - s) _ + ~ ~t - s) and m -1 + (m/m -1 ) -1= l,
2 2

which completes the proof.
At last we give the next lemma.

LEMMA 5. - Under the assumptions (A. 0) and (A. 2), we have, for the
Malliavin’s covariance

Vol. 24, n° 3-1988.
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where we denote by ~,y~ 
T the minimal eigenvalue of

Proof [proof of (2. 9)]. - Let YE (t) be the solution of (2. 6) for
W (u) = YE (u) and put ZS, t, E = t, E)a ~-1= YE (t) YE (s)-1 (s  t _ T). Since

Hence we conclude

[proof of (2.10)].
We put B~=Z~’’(Z~-")* and denote by ~ the minima! eigenvalue

of B~ ~(x) ;:J=1, ...,d,xe~BBc’x, /

and for tl, t2 (s  tl, t2  T),

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Hence

Q.E.D.

3. ~ROOFS OF MAIN RESULTS

In this section we give the proofs of our results.
Proof of proposition 1. l. [proof of the positively recurrent property of

XE (t)]. - Since

XE (t) is positively recurrent ( c f Has’minskii [5]), [proof of
Since

Next we prove theorem 1. 2.

n

Proof of theorem 1. 2. - We put 
t=0

For any and a &#x3E; o, since

Vol. 24, n° 3-1988.
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we have f or any s, 

for some 8 (u), ~ (u) such that 0 _ o (u), ~ (u) _ 1 
Let a --~ 0, then we have, for any s, t (0 ~ s  t ~ T)

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Hence from lemma 1,

which completes the proof by lemma 4.
We prove theorem 1. 3 by induction.
Proof of theorem 1. 3. - It is easy to see that for any natural number

n there exists a natural number q (n) such that if q &#x3E;_ q (n), then

where H denote Cameron Martin space. Hence we only have to prove

for sufficiently large q. From the following proposition, (3.1) holds.
Q.E.D.

PROPOSITION 3. 1. - For each natural number n, t (o  t _ T) and
hl, ..., hnEH, 

_

_ __ T . _ _ _

for some

where we put

Moreover there exist nonrandom constants Cn (n = 1, 2, ... ) such that
i ~ ~.

Vol. 24, n° 3-1988.
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Proof of proposition 3. 1. - It is easy to see that

Inductively, in the same way, we can show that for all n &#x3E;_ 2

where we put h = ( h 1, ..., hn) and /" is a polynomial of

with coefficient ab (YE (s)), ..., a" b (Y£ (s)) and

(When n =1.) We can put In fact, it is easy to see that

E -1 DYE ( h) (t) = g 1 ° T ( s, t) li (s) ds f rom ( 3 . 2) and we have

since

from lemma 3.

(When n = 2.) We put, for i, il, i2 ( = 1, ..., d),

where we put, for i, j ( = 1, ..., d),

and

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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ThPn frnm ( 3 . 3l. it is easy to see that

for some nonrandom constant C2. In fact

where E is over all i, ii, i2 ( =1, ..., d) and

k(~-’’~t))’~~(Y~(s))

where we put

Vol. 24, n° 3-1988.
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and hence

(Assume that proposition 3. 1 holds when n=k.) From (3.4)

and f’‘ + 1 can be written as the following ;

f or some

such that

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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for some nonrandom constant where L is over all i,

ii, ..., ik + 1 ( = l, ... , d) . Hence we have to prove that the following quan-
tity is bounded by some nonrandom constant C"

where I is over all si, ... , sk + 1 ... , sk + 1  t) and is over all
u (si v ... v sk + 1 _ u _ t) and L is over all i, ... , ik + 1 ( =1, ..., d). In
fact

Next we prove proposition 1. 4.

Proof of proposition 1. 4. - Since

Vol. 24, n° 3-1988.
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From this we have

if V.I. ~.Y~  4 ~1,3 2 d6 I I a2 b I I ~~ 1 ~ since

Under the conditions (A. 0), (A. 1) and (A. 2), the limit of VT (y) as T ~ oo
exists and equals to V (y) for each y (cf. M. I. Freidlin and A. D. Wentzell
[4]). Therefore we only have to prove (3.5) and (3.6).

[Proof of ( 3 . 5) . ] We put ZE (t) = YE (t) - Y ° (t). Since

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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by Ito’s formula, we have

Hence

since f or any s, t 

and from lemma 2 we have

[Proof of (3.6).] Since we have

Vol. 24, n° 3-1988.
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where we use Euler’s equation for and from this for p&#x3E;O,

Now let us prove theorem 1. 5.

Proof of theorem 1. 5. - From lemma 5, theorems 1. 2, 1. 3 and

proposition 1.4, by S. Watanabe’s theory, for the transition probability
density of there exist functions (i &#x3E;_ 0) and
constants such that for all n(=0,1, ... )

if Moreover for any a (o  a  1),

Since is positively recurrent from proposition 1. 1, the limits of
as T ~ oo exist for each E &#x3E; 0 and (cf Has’minskii [5])

and from this the limits of pi (T, 0, y) as T ~ oo exist for all i ( = o, 1, ... )
and y for which V (y)  4 À 3 (d6 ~ ~ a2 b ~ I ~) 1. In fact, for n = 0, since

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Therefore

In the same way we can prove inductively that the limits of p’ (T, 0, y) as
T -~ oo exist for alH(=0,1, ... ).

Q.E.D.

At last we prove corollary 1. 6.

Proof ofcorollary 1. 6. - Let X% ( t), 0 - t be the solution of the following
stochastic differential equation:

where bl (x) satisfies the conditions (A . 0), (A . 1) and (A. 2) and
if for some r&#x3E;O. Then from theorem 3 in M. V. Day

[3], we have the following:
(3.11) lim 

for any compact subset Jf of the set (x; I x I  r) where we denote by p~ (x)
the invariant density of X~ (t) and from theorem 1. 5, if r is sufficiently
small, (1.7) holds for ~E ( x) _ ~ i ( x) uniformly for Therefore for

any r::J..min(V (x); I x I = r), ( 1. 7) also holds for uniformly for x of
the set ~ y; V (y) _ a ~, since

and the first term is bounded by

for sufficiently small E, uniformly for x E ~ y; V (y) __ a ~.
Q.E.D.
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