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ABSTRACT. — We consider the asymptotic behavior of the invariant
density of a Markov process on #? which is a perturbation of a dynamical
system.
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REsuME. — Nous considérons le comportement asymptotique de la
densité invariante d’un processus de Markov sur #¢ qui est une perturba-
tion d’un systéme dynamique.

INTRODUCTION

Let (X*(t),P,), 0=t, xe#* be Markov processes on %‘ solving the
following stochastic differential equation:
axe()=bX=(t))dt+cdW (v)
X:(0)=x
where W (t) is an d-dimensional Wiener process, b(x) is a function of %¢
to £ and €>0 is a small parameter. Then the following result is known;
if b(.): #*— #* is Lipschitz continuous,
P.(lim sup |X*()—zx(t)

£—0 0<t<T

=0)=1 (xe®%
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404 T. MIKAMI

where we denote by x(t) the dynamical system solving the next differential
equation:

d
Ex(t)—b(x(t))

x(0)=x.
In this paper we study, by way of S. Watanabe’s theory [6], the asymptotic
behavior of the invariant density p*(x) of X*(t) of the following type:
elexp(V(x)/e?) p* (x) =p° (x) + &2 p (x)+&* P2 (x)+... (ase— 0)

where V (x) is the Wentzell-Freidlin quasi-potential. We also note that the
invariant density p®(x) is the solution of the following equation:

g2 2 o2 i ;
Ei;a—xfp (X)-div(b(x)p*(x))=0  (xeR?)

J pf(x)dx=1.
Qd

The study is important when we study the exit distribution of XE(t) from
the bounded domain in %#? (¢f. M. V. Day [1], [2).

With respect to this problem M. V. Day [3] got results only in the case
n=0 but under weaker conditions than we give in this paper. As the
special case, if b(x)=V U (x) for an infinitely differentiable function U of

A° to # such that f exp (2 U (x)/e?) dx < + o0, then
Qd
p*(x)=C(e) exp(2U (x)/¢?)

where we put C(g) =(J exp (2 U (x)/e?) dx>—l.
a¢

In section 1 we state our results. In section 2 we give lemmas necessary
for the proofs of our results. In section 3 we prove our results.

At last we give some notations which we use in this paper. For
(d, d)-matrix A=(a;){;-;, we put |A|=determinant of A,

d 1/2
”AH=< > (a,.j)2> and A*=(a) ;- ;.
ih,j=1

d 1/2
For u=(u)/_, of #% we put lu|=( 2 (“i)2> |

i=1

1. MAIN RESULTS

In this section we state our results.
We introduce the following conditions.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 405

(A.0) b(x) is an d-dimensional C®-vector field on %¢ with bounded
derivatives of all orders.

(A.0) b(x) is a function of #¢ to #? with Holder continuous first
derivatives for some exponent y(0<y<1) and is C%®-class in a small
neighborhood of 0e #°.

(A.1) b(0)=0.

d ; a
(A.2) sup<sup< Y ob (x)e'el; Y (e‘)2=1>;xe%"><0.
i, j=1 axj i=1

sup( Y a—bi(())e"ej; Y (ei)2=1)<0,
i, j=1 6xj i=1
lim £()=0  (x(0)e &Y.

t— o

(A.2)

(A.3) There exist positive constants €,, R and a nonnegative C2-function
w (x) which tends to oo as |x|— oo so that

e & o Lo ow

— 2 W@+ Y PE—®=—-1 (x|=R, 0<e<ey).

2 i=1 5x,2 i=1 6x,-

Remark. — The assumptions (A.0), (A.1) and (A.2) imply the
assumptions (A.0)’, (A.1), (A.2)" and (A.3). Moreover the assumption
(A.0)" imply the regularity assumptions of M. V. Day [3] and (A.1),
(A.2)" and (A. 3) imply the stability assumptions of M. V. Day [3].

The following proposition shows how our assumptions are strong.

ProrosiTiON 1.1. — Under the conditions (A.0), (A.1) and (A.2),
Markov processes (X°(t), P,), 0<t, xe #? are positively recurrent and

(1.1 |x(t)|Sexp(—AD)|x(0)] (t>0)

where we put the quantity in (A.2) —\.
Before we state other results we give some notations. Let V;(y) denote

T
the minimum of %f |®(t)—b(e(t))|*dt over all absolutely continuous
0

functions @ of [0, T] to #¢ such that @(0)=0 and ¢(T)=y. Let us put
V (y)=infimum (Vy(y); T>0). For a minimal path ¢ of V;(y), let Y*(¢),
0=t<T, be the solution of the following S.D.E.

(1.2) { dY () =(b (Y*(1) —b (¢ (1) + ¢ (1) dt +£dW (1)

Y*(0)=0
and let Y'(¢), 0<¢<T, (i=0,1,2,...) be determined by the following
formal expansion

(1.3) Y=Y e Y*@)  (ase—0).
k=0

Vol. 24, n° 3-1988.



406 T. MIKAMI

To avoid confusion, we sometimes write Y¢(£)=Y* T(¢) and Y!(£)=Y" T(¢).
The following theorems show how the meaning of the expansion (1. 3)
is strong.

THEOREM 1.2. — Under the conditions (A .0), (A.1) and (A.2), for any
natural number m and n
)) <t

(1.4 sup< sup (a“"“)
0<T 0<t<T

THEOREM 1.3. — Under the conditions (A .0), (A.1) and (A.2), for any

natural number m, n and sufficiently large q

e<l gM=yeant
(1.5 sup( sup <8—(n+1) D4<Y5,T(t)

0o<T 0<t<T
e<l oM=yea?

V& T(t)— Z 8iYi, T(t)

i=0

where we denote by ||.||,, L™-norm.

_ Z 8iYi,T(t)>
i=0

)) <too
where we denote by |. |ys Hilbert Schmidt norm.

The following proposition shows the uniform integrability of exponential
moments which usually appear in such arguments.

HS

ProrosiTION 1.4. — Under the conditions (A.0), (A.1) and (A.2), there
exists a constant p>1 such that

(1.6) Tm sup(E[exp(p <<'p(T)—b(<p(T)),

T
Y(T)—Y°(T)—eY(T) > m>< o

82

where the supremum is over all €(0<e<1) and all ¢(T)=yeR* for which

V() <4r3(d®||6>b|2) "' Here we denote by <.,.) the inner product in
R* and we put

0% b (x)
o*b||,. =
bl =sup(| 52

J k

ixe® i, k=1, .. .,d).

The following results are what we want.

THEOREM 1. 5. Suppose the conditions (A .0), (A.1) and (A.2). Then
there exist functions p* (x) (k =0) such that for all n=0
elexp(V(x)/e?) p(x)— Y e2p'(x)|[e 72" V< + o0

i=0

(1.7 lim

e—=> 0
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ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 407

uniformly for all x for which |x| is sufficiently small.
From theorem 3 in M. V. Day [3] and theorem 1.5, we have the
following corollary.

CoROLLARY 1.6. — Under the conditions (A .0)’, (A. 1), (A.2)" and (A.3),
there exist functions p* (x) (k =0) such that for all n>0

(1.8)  Iim |e’exp(V(x)/e?) p*(x)— }. €2'p'(x)|e 2"+ V< + o0
€0 i=0

uniformly for all x for which |x| is sufficiently small.

2. LEMMAS

In this section we state the lemmas necessary for the proofs of our
results. The next lemma is technically essential.

LemMma 1. — Let f(t) be a continuous function of [0, ) to R. If there
exist a positive constant o and a measurable function g of [0, ) to & such
that for any s, t (0<s<t)

(2.1) fO-f= —Otf[f(u) du+j g (u)du,
then we have

2.2) f(t)éeXp(—ott)(ftexp(dS)g(S)dHf(O)).

o

Proof. — If t=0, then (2.2) holds. Suppose that there exists a positive
constant ¢, such that (2.2) does not hold. Put

(2. 3)s0=max{u<to; SW)=<exp(—oau) <Iuexp(av)g(v)dv+f(0)> }

(]

Vol. 24, n° 3-1988.



408 T. MIKAMI

Then for u (s <u<t,), (2.2) does not hold. Therefore we have

exp(—aty) <jt0 exp(au)g (u)du +f(0)>

0

—exp(—asg) (ro exp(ou)g (u)du +f(0)>

0

<f(to)—f(50)
<—a r’ exp(—au) <J exp (o) g (v) dv+ f(0)> du+ r’ 2 (u)du

0 Y 0

—exp(—aty) ( j " exp () g () du +f(0))

0

—exp(—asg) <JS0 exp(oau)g(W)du+f (O)>

0

which is a contradiction.

QED.
The following lemma can be proved by lemma 1 and is used to prove
theorem 1. 5.

LemMA 2. — Let f*(t) (n=1,2,...) be continuous functions of [0, o) to
R such that f"(0)=0 (n=1,2,...). Suppose that there exist positive con-

stants ¢ and c,(n=1,2,...) such that for any s, t (0<s<t) and natural
number n

2.4) FO—"()S —en J'f" (w) du+e, j 7 ) d

where we put f° (t)=f°=constant. Then we have

@2.5) STOSf0(n) ™ (1—exp(—ct))' U Ck

for all t=0 and natural numbers n.

Proof. — We prove by induction.
When n=1, by lemma 1 we have

f1{t)sexp(—ct) j' exp(cs) (¢, fO)ds=f"c™' (1—exp(—ct))c;.

0
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ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 409

Assume that (2.5) holds for n=k. Then we have, by lemma 1,

ffri@sexp(—ck+1)1) '[teXp(C(k+ 1)s) iy 1 f*(s)ds
0

éexp(—C(k+1)t)JteXp(C(k+1)S)Ck+1f°
k

x (k) (1—exp(—cs)* [] c;ds

j=1
k+1
=fo>**t (k+ D) (1—exp(—ct))** ' [] ¢,
=1
QED.

We use the following lemma to prove theorem 1. 3.

LemMA 3. — Let (u) be a measurable function of [0, ) to # and let
Y (t) (0=t < + o0) be the solution of the following differential equation:

d
EY (D=0 @Y (1)
Y(0)=I
where 1 denote an (d, d)-identity matrix. Then under the conditions (A .0)
and (A.2), for any positive constants s, t (s<t), we have
2.7 [Y(®)Y(s) || <d{exp(—A(t—s))}
Proof. — We put Y ()Y ()™ '=Z%"=(Z3){ ;=1
Then for any t,, (t>t,>s), we have

2.6)

t
|zl 2 < 2 [ 12 P
t

since
d d d
Z (Zstz Z (Zs '0 Jz Z Zs u__Zs udu,
Lj=1 i,j=1 to Lj=1
d
d ob'
Sz lzge s 7 (Z () Z3; )
i,j=1 du i, j=1 k=1 x

= X (T bW W)Z

d
=AY |Z3 == Z=*|* [from(A.2)]

j=1

where we put Z3“=(Z3")i_, e 2 (j=1,...,4d).

Vol. 24, n° 3-1988.



410 T. MIKAMI

Therefore by lemma 1, we have
| Z5||* Sexp(—2A(t—s)) || Z*||* =exp (=2 L (t—s)) d>.
QED.

Remark. — 1t is easy to see that Y (t) ! exists.
We use the next lemma when we prove theorem 1.2,

LemMA 4. — Under the conditions (A.0) and (A.2), for any natural
number m and n,

(2.8)  sup(sup(| Y"T ()i 0SIST, @(T) =y e; 0<T) < + 00
Proof. — We prove by induction. Put Y*T(£)=Y"(¢).
(When n=1.)
BIY!(0)1=@0r )~ [T (kd+2k (k—1)),
k=1

since

dY' ()=0b(Y° () Y () dt+dW (¢),
and by Ito’s formula,
E[|Y'(®)]"1-E[|Y'(9)]*"

=2nth[|Y1(u)|2‘"_1’<Y1(u), b (YO (w) Y (u) D] du

+(nd+2n(n—1))JtE[|Y1(u)|2‘"’1’]du

N

§—2?\n‘rE[|Y1(u)|2"]du

+(nd+2n(n—1))J‘IE[|Y1(u)|2("_”]du

s

[from (A.2)], therefore from lemma 2, we have

E[|Y' () P1=(@V n) "t (1—exp(—210)" [T (kd+2k (k—1)).

(When n=2.) Since
y" (t)=f[ab<Y°<s))Y" (5)+R, (5)]ds,

where we put

R,l(s)=% Y 2b(Y()Y ) ®Y()+... + %a"b(YO(s))é Yi(s)
ritj=n .

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 411

and for a;=(a))i_, e #*(i=1, ..., n), we put
d

n i d
6"b(x)a1®...®a,,=< Y Ma'}...a;}-) e R,

i1, . oyip=1 6x,~1. . .6x,-n

we have, for any s, t (s<t) and a>0,
(|Y"(t)|2+oc)”2—(| Y”(S)|2+(1)1/2

=Jt(| Y (@) [+ )72 Y™ (), 0b (YO () Y™ () +R, () ) du

§—kft(IY”(u)|2+a)"/2|Y”(u)|2du+ft|Rn(u)|du.
Let o tend to O then we havse ’
|Y"(t)|—|Y"(s)|§—)»Jt|Y"(u)|du+Jt|R,,(u)[du.
Therefore from lemma 1, ‘ ’
Y| j exp(—A(t—5)|R, ()| ds.

Hence, by Holder’s inequality,

v mef [ [ mAE=9)\, "
Yol é(L“”( 2(m—1>)ds>
. 2

A(t—ys) + A(t—s)

where we consider A (t—s)= andm '4+(m/m—-1)"1=1,

which completes the proof.
At last we give the next lemma.

LEMMA 5. — Under the assumptions (A.0) and (A.2), we have, for the
Malliavin’s covariance

<D(Y‘(T)—Y°(T)) D (Y*(T)-Y°(T)) >
€ ’ € HS’

2.9) sup<H< D(Y*(D)-Y®(T) D(Y*(T)—Y°(T)) > .
HS

b
€ €

T>0,s>0,(p(T)=ye§l’">< + 00

(2.10) lim inf(A> T, 6>0,ye %% >0

T-> o

Vol. 24, n° 3-1988.



412 T. MIKAMI

where we denote by A3 T the minimal eigenvalue of

< D(Y*(T)—Y°(T)) D(Y*(T)-Y°(T))
€ ’ €

> for y=0(T)eR".
HS

Proof [proof of (2.9)]. — Let Y®(t) be the solution of (2.6) for
VY (@)=Y*(u) and put Z*"*=(Z5"°)! ;- =Y () Y*(s) ' (s<t<T). Since

<D(Y‘(T)—Y°(T)) D(Y‘(T)—Y°(T))> =J
HS

€ €

T
AL T, e(Zs, T, e)* dS,
0

d rr

s, T,er7s, T, ¢
Zj Z3 "z R ds
k=1J0

T
<[ 1z pas
0

T
gj d*>exp(—2A(T—s))ds (from lemma 3).

0

Hence we conclude

Sup( <D(Y°(T)—Y°(T)),D(Y°(T)—Y°(T)) > :
HS

’
€ €

3

T>0,£>0, (p(T)=y697">§ %

[proof of (2.10)].
We put B3 T=75"-¢(Z*T-%)* and denote by A} T the minimal eigenvalue

of B} " and ||8b||w=sup< j—b(x) shj=1, .. .,d,xe@").
X ;
Then At Zexp(—2d||db ||:o (T —s)), since
A T=inf{|Z*T*e|;e=(e){-; €A and |e|=1}

and for ¢, t, (s<t,, t,<T),

t, 4 d 4
‘Zs_tz,ee‘l_lzs,tl,ae|2=f2 Z 2<kz Z.l?l,‘u.sek><z diZf}u.EeJ)du .

1 i=1 =1 j=1

' t
=2J (Z5 e, 0b (YE (W) Z5 % e du
t1

therefore d£|zs"'ee|zg —2d||ob||,,|Z="*e|?* and
t
|Z= e 2exp(—2d||0b||,, t—5))|e|*

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 413
Hence

lim inf (A% T;£>0,y € 29)

T—-
T
> lim J exp(—2d||b||,, (T—s))ds
TTQD 0

=(2d||ob||,,) "

Q.ED.

3. RROOFS OF MAIN RESULTS

In this section we give the proofs of our results.

Proof of proposition 1. 1. [proof of the positively recurrent property of
XE&(t)). — Since

b (x)x5>=Cb(x),x>—<b(0),x)

=J1<6b(ux)x,x>du§—klx|2 [from (A.2)],
0

X®(t) is positively recurrent (cf. Has’minskii [5]), [proof of
|x(t)| Sexp(—At)|x(0)|]. Since

Ix(t)|2—|x(s)|2=2f<x(u),b(x(u)) ddu< —ZXJllx(u)Pdu,

|x()]*Sexp(—2A1)|x(0)[* (from lemma 1).

QED.
Next we prove theorem 1. 2.

Proof of theorem 1.2. — We put R{()=Y*(£)— Y €Y' (2).
i=0
For any t (0<t<T) and a>0, since

RE(f)= j ' [b(Ys(s))-b( Z afo(s)>]ds
0 i=0

! i i i - 1 dk - i i
*L [p(z v )% & (e ®)

8"] ds,
e=0

Vol. 24, n° 3-1988.



414 T. MIKAMI

we have for any s, t(0<s<t<T),
(RSO P+ =(RE () [ +w)'?

=f <Ri(u),ikz(u) > (RS @) ]2+ o) 2 du
s du
=J‘I(I RE (u) |* + o)1/ < R} (), b (Y*(u))
—b(Z a"Yi(u)>> du+jt(|Ri(u)|2+a)"1/2
i=0 s
><<Rf,(u),b<z siYi(u)>

i=0
8">du
e=0

=JI(‘Rf,(u)|2+oz)‘1/2 <Rf.(u), ab<z £ Y (u)

i=0

_y L d—kb<z 8iYi(u)>

i=0k! dSk i=0

+0(u) R} (u)> R} (u)> du
+ f (RS @) [P+ <Rz (w),
Lo b<z ini(u)> ) e"“>du
Y =¢0 (u)

(D! dy T\
g-xf<|Rz<u)]2+a)-“2|R§(u)|2du

+f'(| RE () [P +0)~ 2| RS )|

1 d"—ﬂb<i ini(u)> e"“[du
(n+1) dY"+l i=0 y=¢6 (u)
for some 0 (), 8 (u) such that 0<0(u), 8(u)<1 (0Su=LT).
Let o — 0, then we have, for any s, t(0<s<t=<T)
IR';(t)I—lRf,(S)lé—kfthi(u)ldu
+J‘t 1 dar+t b(i 'YiYi(u)> la"“du.
s |(n+1) dY"+1 i=0 y=¢6 (u)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ASYMPTOTIC EXPANSIONS OF INVARIANT DENSITY 415

Hence from lemma 1,
t
IR;(t)lgexp(—M)f exp(Ls)
0

1 dar +1
x —_———
(n+1)! dy"*?!
which completes the proof by lemma 4.
We prove theorem 1.3 by induction.

Proof of theorem 1.3. — It is easy to see that for any natural number
n there exists a natural number g (n) such that if =g (n), then

D?Yi(hy, .. h) (=0
(0=i=n,0=<t<T,h,,...,h,eH)
where H denote Cameron Martin space. Hence we only have to prove
(3.1)  sup (sup(e™™* V||| DY T(t) |us [l

0=T,e<1

|e"+t ds.
y=¢8 (s)

b( > YiYi(S)>
i=0

0<t<T,o(T=yeA)) <+
for sufficiently large g. From the following proposition, (3. 1) holds.
QED.
ProposiTioN 3.1. — For each natural number n, t(0< t<T) and
hy,...,h,eH,
e "D"Y* (hy, ..., h) (1)

t t
=I ds,.. J ds,g" T (syy .. 55 B (5)®. . .® h,(s,)

0 0
for some
g T (s, .. <5 Sp t)=(g?{,l'.T. A CITI . t))?,il ..... in=1
where we put

g",T(SI’ . "sn; t)l’il (Sl)®' L ®lin(sn)
d
=< Y ghtT LG8
i1, ..., ip=1

d
x hit (sy). . . hin (s,,)) eR.

i=1

Moreover there exist nonrandom constants C,(n=1,2,...) such that

t t
sup( sup (J ds,.. f ds,
OST\ OSt=sT 0 0

<l oM=yea?
d

XY T (s sit) |2>)<cn.

[ TR in=1

Vol. 24, n° 3-1988.



416 T. MIKAMI

Proof of proposition 3.1. — It is easy to see that

(3.2) DY:(h) (t)=8h(t)+Jvt6b(Ya (s)) DY*(h) (s)ds (heH)

0

(3.3) D*Y*(hy, h) ()= Jt [6b(Y*(s)) D*Y* (hy, hy) (5)

V]
+0b(Y*(s)) DY®(hy) (s) ® DY*®(h,) (s)] ds (hy, h, € H).
Inductively, in the same way, we can show that for all n=2

(3.4) a"‘D"Y‘(h)(t)=Jt[ab(Y‘(s))s“"D"Y‘(h)(s)

0
+f"(e ' DYE(s), . . .,e” VD" Y?(s)) (h)]ds
where we put h=(h,, ..., h,) and f" is a polynomial of
e DY (s),...,e DD 1YE(s)

with coefficient 0b(Y*(s)), ..., 0"b(Y*(s)) and

k pi d

6"b(x):(a—a—é——(—)9—) (1LkZn).
ik

X; . ..0X

i1 iy, « .., ix=1

(When n=1.) We can put gt T(s,t)=Z%"* In fact, it is easy to see that
t
£ 1DY:(h) (t)=j‘ g4 (s, t)h(s)ds from (3.2) and we have

0

¢ 4
sup( sup J Y |g}‘i'T(s,t)|2ds)>§d2(27»)‘1,

OST\ O=ts<T 0i,j=1
€<l o(M=yen?

since
d
Y lgr (s, 0P =]z ¢||* <d? exp(—2A(t—5))
i,j=1

from lemma 3.
(When n=2.) We put, for i, i;, i, (=1, ...,d),

t

gty (U, U t) =J <(g" (s, 1)), 0*b(Y*(s))

Uy vuy
x (g T (uy,8)i, ® (8" T (uz, 9))i, ) ds
where we put, for i, j (=1, ...,d),

(8" T(u, ) =(gp " T (u,8))i=1
and

@" T, 9);=(g; " T (4, )1
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Then from (3. 3), it is easy to see that

t t
e 2D*Y*(hy, hy) (t)=J du, J du, g2 T (uyg, ugs ) by (uy) ® hy (u5),
0 0

t t d
sup( sup (j‘ dulj du, Y |ghiT(upuyt) |2>><C2
0<T\ OStsT 0 0 i1 iz=1

e<l g(M=ye@?

for some nonrandom constant C,. In fact
d

Z lgizf,if: (uy, uy; t)‘z

i, iy, i2=1

'ZU (8" T (s, 1), 0 b(Y*(s)
x (g4 T (uy, )i, ® (" T (uy, )iy 2 ds |2
=Zj C(g" T (s, 1)), 02 b(Y*(s1))

x(g" T (uy, s, ® (gl'T(uz’ 51))i, >dsy
X (8" (525 1)), 0> b(Y*(52))

Jug v uz

x(g" T (uy,82));;, ® (8" T (uz, 52))i, » ds;

g( ’ (2<(g”(s, 0, 9% b (Y*(5)

u1 v uz

x (g4 T (g, )i, ® (8" T (13, )i, YD) ds)?
where T is over all i, iy, i,(=1,...,d) and
|<(g" " (s, 0)), 0> b(Y*(s))
x (8" T (1, 8))i, ® (" (12, iy |
<|(g" (s, 1))].[*b(Y*(s))
x (g5 T (uy, )iy ® (€% (142, )i, |
<|@" (s )| [l a2b (YD ]|-|
x (g% T (g, iy || (€% T (12 9))s, |

)

where we put
o (y)
0x;0xy

d
uameu—( by
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and hence
t t d .
j d“lj du, Z 'gizl',lEZT (uy, uy; t)lz
0 0 i,ig,i2=1
t t t
gj dulj duzuazbllwd:“(j g (s,
0 0 uyp v uy

2
g T )| [ s>nds>

t 2
<||8*b||, d® sup ([ sup <J llg" T (s, t)||ds> ]
osT\L ozt=sT \Jo

e<l  o(Mmeat

x|: sup <J‘||g1'T(s,t)||2ds>2]>
0=t=sT \Jo

o(Mea!
<[|8*b||,d°@rH!

since || g7 (s, 1) || Sd exp (— A (t—s)).
(Assume that proposition 3.1 holds when n=k.) From (3.4)
g **ODrLYE (R, L ) (0)

t
=J Zs b5 (g7 DYS(s), . . .,

0
e *DFYS()) (hy, - . ., Bysy) dS

and f**! can be written as the following;

f dsy. . f dsi 1857 (555 - - S () @ ® hyry (es)

0 0
for some

?'T(Sp . -’Sk+1;s)=(§?{,i'.1‘. iy 1 - ~,5k+1§5))?, i, ... ik+1=1
such that

t t
sup< sup <J ds,. . j dsy 1
0T 0=t=T 0 0

e<l pM=yea?
XZ‘E;:'T TR CITIRIPII t)|2))<ék+l
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for some nonrandom constant C,.,, where Y is over all i
i, .. ige1(=1,...,d). Hence we have to prove that the following quan-
tity is bounded by some nonrandom constant C,

d
an s ([ 5][ 56100 o))
O=<T 0=Zt=T 1 2j=1

e<1 gm=yea’

where f is over all s;,...,8.; (0=s;,...,5%+,=t) and j is over all
1 2

u(s, V...V s, Sust)and ¥ is over all i, iy, ...,i4, (=1,...,d). In
fact

|z

d
J‘ z g;'i,T(u7 t)g‘;;”-r .,ik+1(sl’ . "sk+1; u)|2
2j=1

2
<2 j (j ||g1vT(u,t>||.u§*'T<sl,...,sm;u)n)
1 2

<d**?sup <[sup { (jt llg™T(s, 0| ds)z; 0<t<T,o(TeR! }]
o .

t t
X[SUP{J dsy, . .. J dsk+1“5~'1(’T(51, .. -,Sk+1;t)”2;

0 0
ogth,q)(T)egzd}];ogT,a<1>§d“4x—ZCH,.

QED.
Next we prove proposition 1.4.

Proof of proposition 1.4. — Since
<o(T)=b(e(T), YH(D-Y*(T)—eY'(T) )

=f (O (8)=b (@), b(Y(s)—b(Y(s)
0

—0b(YO (s)(Y2(s)—Y°(s) > ds,
[<@(T)=b(e(T), Y(T)~Y*(T)—e Y (T) ) |e~*

éf |@()—b(@(s)|d?[0°b| 27 (| Y ()Y (s) |67 1) ds.
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From this we have

E[exp (p| <@ (T)=b(¢(T)), Y/(T) =Y (T)—e Y'(T) ) |e72)]

o 1/1 n T
=) —,(—pdzllazbllm) E[(J IORICION
n=0N. 2 0

x| (Y*(s)=Y°(s) e~ |2ds)]
o 1(1 .., "
s T (et (] 1ew-seo
n=0M 2 0
x| (Ye(s)— Y°(s))8'1||§,,ds>
s T (el (M2 (v
«© 1/2\n
gZ( e L (VT(y)> ><+oo

if Vo(»)<4X3(p*d®||o2b||%) ", since

n

(3.5) E[[(YC()-Y° () et PM=2h) " [T 2k +d—2)
(3.6) j |9(s)—b(@(s)|dsS2(A " VL ()2

Under the conditions (A .0), (A.1) and (A.2), the limit of V;(y) as T -
exists and equals to V (y) for each y (c¢f. M. 1. Freidlin and A. D. Wentzell
[4]). Therefore we only have to prove (3.5) and (3. 6).

[Proof of (3.5).] We put Z¢(t)=Y*®(t)—Y°(¢). Since
Ys(t)—YO(t)=€W(t)+JT[b 05 () —b(Y(s))])ds,
0
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by Ito’s formula, we have
Ize(t)|2n__|ze(s)|2n

=2njt|za(u)|2("_1)<Zs(“),3dw(“)+{b(Ye(u))—b(YO(u))}>du
+82(nd+2n(n_1))ftlze(u)l2(n_l)du
éantlza(u)|2("_”(Z‘(u),adW(u))—anf|Za(u)lzndu

+82(nd+2n(n—1))Jt|Z"(u)|2"'"”du [from(A.2)].
Hence
E[[(Y®)-Y°@)e ' P1=@N " [] 2k+d-2),
k=1

since for any s, t (0<s<t<T),
E[|Z*(t)>1—E[| Z*(5)]*"]

< —ZantE[] Z:(w)|* " du+e*(nd+2n(n—1))

XJ‘E[|Z‘(u)|2("_“]du

and from lemma 2 we have
E[(YS(®)-Y () e 1PN "(n)~*

x (1—exp(—=218)" [T 2k (k—1)+kd)

k=1

<@ [[ @k+d—2).

k=1
[Proof of (3. 6).] Since we have
le@—be®)|*—|¢ O]

- f 2 <<‘p ©—b@6) (6 ©)—b o (s)»> ds
o ds
-2 f (o) —b(@ (). 3b (@ ()* ()b (@ (5)) dds
0
ngft|<b(s)—b((p(s))|2ds [from (A . 2)]
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where we use Euler’s equation for ¢ (t) and from this for p>0,

fl(b(s)_b(msmz(l¢(S)—b(<p(s))|2+p)‘”2ds
0

T | s -1/2
gf |<p(s)—b(<p(s))12(2xf |<p(u)—b(<p(u))|2du+p> ds
0 0

s 1/27T
=[x-‘<zxj|<b<u)—b<cp<u))|2du+p> ]
0 s=0

1/2
=LA (AAVL () +p)'2 - “2]—><x T(y)> (p—0),

T T
j |©(s)—b (9 ()| ds< lim f |o(s)—b (e ()]
0 p=0Jo

x(|@()=b(@ N[> +p) 2 ds=2(0 7 Vo ()2

QED.
Now let us prove theorem 1. 5.

Proof of theorem 1.5. — From lemma 5, theorems 1.2, 1.3 and
proposition 1.4, by S. Watanabe’s theory, for the transition probability
density p®(t,x,y) of X°(f), there exist functions p‘(T,0,y) (i=0) and
constants Ct ,(i20) such that for all n(=0,1,...)

(3.7) e 2™V |elexp (V1 (»)/e?) p*(T,0,5)— ¥ €2ip(T,0,)|<Ci ,
i=0

if Vo(y)<4X3(d®||0*b]%)*. Moreover for any a (0<a<1),

3.9) {Hfﬁ sup (Ch, ,; Ve () <a[4A3(d®]| 02 |J2) "D <+

T o

(i=0,1,...).

Since X®(t) is positively recurrent from proposition 1.1, the limits of
p*(T,0,y) as T — oo exist for each €>0 and ye#? (¢f. Has'minskii [5])
and from this the limits of p’(T,0,y) as T — oo exist for all i(=0,1,...)
and y for which V(y)<4A3(d®||0*b|2) . In fact, for n=0, since

e”?|elexp (V1 (»)/e?) p°(T, 0,5) —p°(T, 0,) | <CY ,,
—e? lim C} ,+elexp(V(y)/e?) p° (y)< llm p°(T,0,)

T -

< lim p°(T,0,y)<e* lim CP ,+e’exp(V (»)/e2) p*(»).

T o T =
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Therefore
(3.9) lim e?exp(V (»)/e®) p*(y)= lim p°(T,0,y)= lim p°(T,0, ).
e—0 T-> T- o

In the same way we can prove inductively that the limits of p’(T,0, y) as
T — oo exist for all i(=0,1,...).
QE.D.
At last we prove corollary 1. 6.
Proof of corollary 1.6. — Let X5 (t), 0=t be the solution of the following
stochastic differential equation:

(3.10) {dXi(t)=b1 X1 () dt+edW (1)
Xi(0)=x, (x;e%)

where b, (x) satisfies the conditions (A.0), (A.1) and (A.2) and

by (x)=b(x) if | x|<r for some r>0. Then from theorem 3 in M. V. Day

[3], we have the following:

(3.11)  lim sup (elog|p*(x)—p (x) [) £ —min (V (x);

e>0yeX

x|=r)

for any compact subset " of the set (x; | x| <r) where we denote by p3 (x)
the invariant density of X5 (f) and from theorem 1.5, if r is sufficiently
small, (1.7) holds for p°(x)=p5 (x) uniformly for |x|<r. Therefore for
any a<min(V (x); |x|=r), (1.7) also holds for p*(x) uniformly for x of
the set { y; V(y)<a}, since

e 20" elexp(V(1)/e?) p* (1) — 1. 8“#0})‘

i=0

Se 2070 | glexp(V(»)/e%) (p° (1) — % (1) |

+e720" D elexp (V (»)/e?) p (y)~__Z 8“1’"(}')‘

and the first term is bounded by

Ea—z(n+1)exp<“_min(\zl(;‘);lxlzr)>
€

for sufficiently small €, uniformly for xe {y; V(»)<a}.

QED.
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