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On reflecting Brownian motion 2014
a weak convergence approach*
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ABSTRACT. - Consider a d-dimensional domain D that has finite

Lebesgue measure. We define a certain sequence of stationary diffusion
processes with drifts that tend to infinity at the boundary in such a way
as to keep the sample paths in D. We prove that this sequence is tight
and any limit process is a continuous stationary Markov process in D that
can identified with the stationary reflecting Brownian motion defined by
Fukushima using the Dirichlet form that is proportional two G

H1 (D). Futhermore, under a mild condition on the boundary of D, which
is easily satisfied when D is a Lipschitz domain, we show that this process
has a Skorokhod-like semimartingale representation.

RESUME. Soit D un domaine de IRd, de volume fini. Nous introduisons
une suite de processus de diffusion stationnaires, dont les drifts explosent
au voisinage de la frontière de façon que les trajectoires restent dans D.
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462 R.J. WILLIAMS AND W.A. ZHENG

La suite des lois de ces processus est tendue et toute limite faible est
un processus de Markov stationnaire dans D, qu’on peut identifier au
mouvement brownien réfléchi dans D défini par Fukushima à l’aide de la

forme de Dirichlet proportionnelle à E H1 (D ) .
De plus, sous une petite hypothèse supplémentaire sur la frontière

de D, satisfaite quand D est un domaine lipschitzien, nous montrons
que ce processus a une representation comme semi-martingale de type
Skorokhod.

I. INTRODUCTION

Given a domain D in (~d that has finite Lebesgue measure, Fukushima
[6,7], has defined a stationary reflecting Brownian motion in D using the
Dirichlet form

where H1 (D) _ {g E L~(D) : Vg E L2 (D) ~, ~y = l/m(D), and m(D) is
the Lebesgue measure of D. This process is a Markov process. In order
to obtain an associated strong Markov process, in the case of a bounded
D, Fukushima [6] compactified D with the Kuramochi (an analogue for
the Neumann problem of the Martin compactification for the Dirichlet
problem). Recently, Bass and Hsu [1, 2] have shown that for a bounded
Lipschitz domain, the Kuramochi boundary is the same as the Euclidean
boundary and the stationary reflecting Brownian motion has a Skorokhod
representation of the following form on some filtered probability space :

where is a Brownian motion martingale, n is the inward normal vector
to the boundary aD of the domain D, and L is a one-dimensional non-
decreasing continuous adapted process that increases only when X is on
aD : 

The fact tha.t n is only defined a.e. with respect to surface measure on
the boundary does not matter here because the "local time" L does not
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463REFLECTING BROWNIAN MOTION

charge the set times that the process is at such points. By analogy with the
one-dimensional case, (1.2) is often referred to as a Skorokhod equation
for reflecting Brownian motion.

For smooth domains there are a number of ways of defining (nor-
mally) reflecting Brownian motion [16, 10, 13, 15, 9], besides that given
by Fukushima [6,7]. For bounded C~ domains, these methods are all ap-
plicable and yield the same strong Markov process. One approach is to
use (1.2) as a starting point. Tanaka [16] first proved that when D is a
bounded convex domain, given a Brownian motion Wand initial position
X(0) = x E D, there is a unique solution of (1.2) that is adapted to W.
Subsequently, Lions and Sznitman [10] and Saisho [13] proved a similar
result for bounded Cl domains satisfying a uniform exterior sphere con-
dition. It readily follows form Ito’s formula that the process so generated
yields a solution of a submartingale problem of the form used by Stroock
and Varadhan [15] to characterize reflected diffusions in C2 domains. Al-
ternatively, one can take a more analytical approach and solve the heat
equation for the transition density, when the domain is C3 [9]. As a con-
sequence of these various means of definition, quite a lot is known about
reflecting Brownian motions in smooth domains. On the other hand, only
recently, with the results of Bass and Hsu [1,2] for bounded Lipschitz do-
mains, have some sample path properties of reflected Brownian motions
in non-smooth domains been obtained. Indeed, for domains less smooth
than Lipschitz, virtually nothing is known about sample path behavior.
Moreover, there has been little discussion about methods for approximat-
ing reflected Brownian motions in non-smooth domains by more familiar
diffusion processes.

In this paper we suppose D is a domain in IRd that has finite Lebesgue
, 
measure. We use weak convergence to construct a stationary symmetric
Markov process that behaves like Brownian motion in D and whose paths
are confined to the Euclidean closure D of D. The approximating processes
are diffusions with drifts that tend to infinity at the boundary in such
a way as to confine the sample paths to D. We show that our process
is the same as the stationary (normally) reflecting Brownian motion
defined by Fukushima [6,7] using the Dirichlet form (1.1). Furthermore,
under a mild regularity condition on the boundary, that ’is easily verified
in the case when D is a Lipschitz domain, we show that our process
has a Skorokhod-like semimartingale representation. Thus, we show how
one can approximate Fukushima’s stationary reflecting Brownian motions
by more familiar diffusion processes, and we obtain a semimartingale
decomposition of these reflecting Brownian motions under .more general
conditions than the Lipschitz conditions of Bass and Hsu. As one might
expect with a weakening of the smoothness of the boundary, our form for
the bounded variation term is less precise than that in (1.2) (see (4.5)).

Vol. 26, n° 3-1990



464 R.J. WILLIAMS AND W.A. ZHENG

Although our results provide some new information about reflected
Brownian motions in non-smooth domains, a variety of open problems
remain. In particular, the reader should note that we only study the
stationary reflecting Brownian motion as a Markov process on D, and do
not address the question of whether it has an associated strong Markov
process there. This is connected to the problem of whether the Kuramochi
boundary is the same as the Euclidean boundary of D. Another interesting
problem is that of finding necessary and sufficient conditions for existence
and uniqueness of solutions to a suitable submartingale problem for

reflecting Brownian motions in non-smooth domains. Even in the case
of Lipschitz domains this question is unresolved.

II. STEIN’S REGULARIZED DISTANCE FUNCTION

Denote by m the Lebesgue measure on IRd. Throughout this paper we
will assume D is a domain in IRd such that 0  m(D)  oo. Denote by 8(x)
the distance of x from 9D. For our discussion, we shall need a regularized
distance function whose existence is guaranteed by the following lemma.

LEMMA 2.1 : There exists a function ~(~c) == 8 (x, aD) defined for xED
such that

(i) el8(~)  b(x)  for all x E D, and
(ii) 8 is C°° in D for any multi-index j3, the derivative S«}

.satisfies the following inequality :

The constants b,~, ci and c2 are independent of D.

Proof : This lemma is given in Stein [14, p. 171~ . We outline its proof in
the appendix of this paper, because we use some of the details to obtain
Lemma 2.2 below. 0

A refinement of Lemma 2.1, stated as Lemma 2.2 below, is needed in
Section 4. It is proved under the following condition, which involves the
cubes Qj E r introduced in the appendix.

Condition (C.1) : Suppose there is a countable collection n -

~1, 2, ...~ of open sets in satisfying the following two conditions.

and for each n,

Annales de l’Institut Henri Poincare - Probabilités et Statistiques



465REFLECTING BROWNIAN MOTION

where for each integer a, denotes the union of all those cubes Qj of
lengh 2-a that intersect Bn.

Before introducing Lemma 2.2, we give a sufficient condition for 
to hold. For each n and a, let

Now, according to Stein’s construction, the cubes of side lengh 2-a exist
only in the region where the distance to o~D is between c2-a and c2z-a,
where c = Let k > 0 such that 22c  2~. Then, B,~ C for all

a > k, and condition (C.1) will hold if for each n,

If a is allowed to run through all real numbers, rather than just
the integers, the lim sup constituting the left member of (2.3) defines
the (d - I)-dimensional upper Minkowski content of Bn n aD (see [5,
pp. 273-275]). This is known to be finite when D is a Lipschitz domain
[5, p. 274]. Indeed, (2.3) holds for more general domains as we will now
show.

d-1

Suppose h is continuous real-valued function defined on S C

i=l

I~d-~ . For each fixed positive integer m and x E S‘, there are unique indices
j(i) E ~0,1, ... , m - 1 ~, i = 1,..., d - 1, such that

Define upper and lower "step" functions for h as follows

Further define

Vol. 26, n° 3-1990



466 R.J. WILLIAMS AND W.A. ZHENG

where the first sum is over all (d - I)-tuples ( j ( 1 ), ... , j (d - 1)) for j(i)
taking values in {1,...,m - 1~ , i = 1, ... , d - 1; and is a

point in such that its kth coordinate is given by 
and ~~(~)~...~~~2)-I,...,j(d-1) is defined similarly except that its ith coordinate
is ai + ( j(i) - 1)m-1 (b2 - a2). The quantity Hm is the total surface area

d-i

of the vertical faces that lie above ~ (a2, bi) and join the steps of h~.
i=1

Consider the following two conditions on h :

and

where C is a constant independent of m.

Remark : When d = 2, conditions (C.2a)-(C.2b) are satisfied if and
only if h is of bounded variation.

DEFINITION : We say aD is locally summable if there is a covering of D
by a countable collection of balls {Bn, n = l, 2, ... , ~ such that whenever
Bn n ~D ~ 0, there is a Cartesian coordinate system y = (y1,..., yd)
with origin at the center of Bn and a continuous real-valued function hn

d-1

defined on some cell ~ ~a~’~~, b~n~~ such that conditions (C.2a) and (C.2b)
i=1

hold for h = hn and

d-1

where yd = (~1, ... , and Sn ~a~~’}, b~n~).
i=1

Remark : If D is a Lipschitz domain, i.e., D is locally representable
as the region lying on one side of the graph of a Lipschitz function, then
aD is locally summable. For in this case, condition (C.2a) holds because
for each n, sup Hn,m  cl(inmd-1(Sn), where denotes ~m for hn,

m

d-1 d-1 1

ci = 2 E ~(b~n) _ ~~n) )2 2 ~(b(~) _ is the Lipschitz constant
i=1 k=1

for hn, and denotes the (d - I)-dimensional Lebesgue measure
of In addition, (C.2b) holds because

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



467REFLECTING BROWNIAN MOTION

d-1 1
where c2 = ~(b~’~~ - a~’~~)2 2 and are the mth upper and

i=l

lower step functions for the function hn.

PROPOSITION 1.2 : Suppose aD is locally summable ; then condition
(C.1 ) holds.

Proof : Let the sets Bn be as in the definition of locally summability.
By the above discussion, it suffices to verify condition (2.3) for each of
the balls Bn. For the remainder of the proof we will fix n and suppress

. d-i

the index n in the notations Bn, hn, Sn, etc. We define 6 = inf ai I.
~==1

When x E B~D satisfies dist (x, aD)  there are three possibilities.
Letting x = ..., xd) be the local coordinate representation of x in B,
we have at least one of the following.

(i) x~d E S and  xd  

(ii) for Gm - {y E yd E > and =

d-i

{y E aGm : y|d E we have x E Gm and dist(x,  

i=l

(iii) x~d E S and dist(x, aB~  

If we denote by K the surface of the ball B, then

For the last inequality we have used the following estimate.

which is based on the following observation. E ~0,1, ... , m - 1 ~,
z= 1,... ,d2014 1, let

Vol.26,n° 3-1990



468 R.J. WILLIAMS AND W.A. ZHENG

and let denote its closure Then the set

is covered by the union over all (d - I)-tuples ( j ( 1 ), ... , j (d - 1)) of the
following sets

(2.6) {x E B : x E dist(x, n  

Since each ~~~1)~_"~j(d-1) is a column with a base-length of m-1 (bi - a.z)
in the ith coordinate direction, the set (2.6) is contained in a column with
base-length in the ith coordinate direction of i = 1, ... , d-1.
More precisely, for i = 1, ... , d -1, the points in Gm that are distance less
than to the vertical face

are contained 0 in a set with volume

For j(i) = 0, n {x E Q~(1)~,..~j(d-1) ~ ai~ _ ~ by the definition of
The last term in (2.7) is part of the volume

which includes the volume of all points that are distance less than 
from the horizontal face of n Q~(i) ?(d-i)’ The latter is true even

Annales de l’Institut Henri Poinca-re - Probabilités et Statistiques



469REFLECTING BROWNIAN MOTION

for j (i) = 0. Summing over i = 1, ... , d -1, and then over all 
( j(1), ... , j (d - 1 )), we deduce that the Lebesgue measure of the union of
the sets in (2.6) is bounded by

and then (2.5) follows.
To complete the verification of (2.3), let /3 be a positive integer such

that 2-~  E. Then

E B n D :  2a~)

Letting m = 2~a-~> -~ oo in (2.4), we conclude that (2.3) holds. D

LEMMA 2.2 : Suppose condition (~.1~ holds. Then for any fixed Bn,
there is a finite constant C, depending on n, such that for each i E

~1,...,d~, 
, ,

for any monotone function q defined on [0, ~) that is C1 on (o, oo) and
satisfies q(0) = 0 and ?(oo) EE lim q(x) = 1.

Proof : (i) We first recall a fact from real analysis. If 03BE is a C1-function
on some interval I and p is a monotone C1-function on ~(I), then

where N is the Banach indicatrix of ~, i.e. for each s E is

the number of t E I for which ç(t) = s, (see for example, Hewitt and
Stromberg [8, p. 270-271]).

(ii) In the following discussion, we will systematically adopt the nota-
tion introduced in the appendix. Thus the regularized distance is given
by

Vol. 26, n° 3-1990



470 R.J. WILLIAMS AND W.A. ZHENG

where the Qj are cubes that divide D in a certain way and the functions
r~~ are approximations to We first estimate

From the appendix, 0 in Qj iff Qk touches Qj. Suppose the length
of Qj is 2-a . Then the cubes which touch Qj are of lengths between
2-a-2 and 2-~+2. So the number of cubes which touch Q j is bounded by
a constant c that depends on the dimension d, but does not depend on
a. Then, by the special form of the function § used to define the ~~, the
Banach indicatrix of ~( ~ ) in Qj will not be bigger than 2c. Therefore, by
(i), we have

Integrating out over the Xk, k ~ i, we obtain

(iii) Now, let Bn be the union of all cubes Qj that interest Bn and are
of length 2-a. The total number of such cubes is Thus,

Since condition (C.I) holds, it follows that

for some constant C’ that depend on n and d. 0

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



471REFLECTING BROWNIAN MOTION

III. EXISTENCE THEOREM

For all x E D, define

and for each fixed n, consider the stochastic differential equation in D :

where W = ~W (t), t > 0~ is a d-dimensional Brownian motion. For each
n, define a probability measure on D by

where

Then we have

Here we used property (ii) of Lemma 2.1 to get the bound on the gradient
of 03B4; and we used the facts that (a) the integrand is bounded in x, because
of the rapid decay of as x -~ aD, and (b) D has
finite area, to conclude that the last integral is finite. It follows from this
"finite energy condition" that for each n there is a unique solution 
of (3.1) with initial measure P~n~, and is a stationary symmetric
Markov process (see Carlen [4] or Zheng [17]). Moreover, x(n) does not
reach aD (see Zheng [18]). Let B(D) denote the Borel a-field on D. It
follows from (3.3), in a similar manner to Lemma 3.3 below, that the
semigroup t > 0~ on L2 (D, B(D), P~n~ ) associated with is

strongly continuous.
Since we will only be concerned with stationary Markov processes,

from hereon we restrict our attention to processes defined on the time
interval [0,1]. Now, x(n) is a stationary symmetric Markov process whose

Vol. 26, n° 3-1990



472 R.J. WILLIAMS AND W.A. ZHENG

infinitesimal generator on smooth functions is given by 14 - 1 ~, fn ~ ~7,
2 2

and so it follows as in Lyons and Zheng [11, p. 251-252] that

where  t  1~ is a Brownian motion martingale
with respect to the forward filtration generated by ~X ~n~ (t), 0  t  1 ~
and = N~’~~ t 0  t  1 is a Brownian motion martingale with
respect to the backward filtration generated by ~X ~n~ (1 - t) ~ 0  t  1 ~.

Notation : For each k > 1, let C(~o,1~, denote the space of
continuous Rk-valued functions defined on [0,1], and, unless indicated
otherwise, consider C( ~0,1~, to be endowed with the topology of
uniform convergence.

Since the individual laws of N(n) and on C(~o, 1], are fixed
as n varies, they are trivially tight. Moreover, the law of

converges weakly to P(dx) = where, = 1/m(D).
It follows from the form of the tightness criterion in Billingsley [3,
p. 55], which can be applied component by component, that the joint

are tight on G’( ~Q,1~, ff$2d) x Suppose
(N, N, X (o)) is a weak limit .point of this sequence. Define

Then it follows that (N~n~ , N~n~ , X ~n~ ) converges weakly along a subse-
quence to (N, N, X ), and consequently N is a martingale with respect to
the forward filtration generated by {X(t) : 0 ~ t  1 ~, N is a martingale
with respect to the backward filtration generated by ~X ( 1-t) : 0  t  1 ~,
and X(0) has the uniform distribution on D. We can verify that, for each
fixed n, X ~n~ has the following; two properties :

By convergence of the finite dimensional distributions, it follows that
these properties also hold for any weak limit point X of the 

Moreover, since the paths of are all in D, it follows that X has

paths in D.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



473REFLECTING BROWNIAN MOTION

Let C°° (D) denote the space of infinitely differentiable functions that
have compact support in D.

LEMMA 3.1. Suppose X is a weak limit point of the sequence ~X ~n~ ~
and g E ergo (D). Then,

is martingale relative to the filtration generated by X.

Proof : From Itô’s formula we have each n,

is a martingale relative to the filtration generated by X(n). Since ~fn ~ 0
uniformly on each compact subset of D, the integral

in (3.8) tends to zero uniformly on each
./o
bounded time interval as n ~ oo and so can be neglected as far as
martingale properties of the weak limit are concerned. It is not difficult
to show that the martingale property of the remaining terms is preserved
in the weak limit. D

We will now show that any limit point X of the sequence ~X ~n~ ~
is a Markov process. For this, it suffices to show that the finite di-

mensional distributions of X are determined by a semigroup. To sim-
plify notation, we will assume x(n) converges weakly to X. Since Xo is
uniformly distributed on D, there is one-to-one correspondence between
L2(D) L2(D,,t3(D), 03B3dx) and L2(03A9, 03C3(X0), dP) where is the 03C3-

field generated by Xo, and X is defined on the space Q with probability
measure P. Thus for any t E [0,1], we can define a bounded linear operator
Pt on L2 ( D ) by

Note that although X has paths in D, at any fixed time t, X(t) E D
almost surely, by stationarity. Thus, there is no inconsistency in defining
Pt on L2(D). From (3.5) and (3.6) for X, we deduce Pt is symmetric :

As a first step towards proving that ~Pt, t E [0, l~ ~ is a semigroup, we
prove the following.

Vol. 26, n° 3-1990



474 R.J. WILLIAMS AND W.A. ZHENG

LEMMA 3.2 : For any g E L°° (D) - L~(D, B(D), 03B3dx),
r

Proof : Since m(D)  ~, L°° (D) c L2 (D) and the bounded continuous
functions are dense in L2 (D). Indeed, by the form of the density of 
with respect to Lebesgue measure, for any g E L°° (D) and E > 0, there
is a bounded continuous function f such that the distance between f
and g is less than 6 in the L2-norms of all of the spaces L2 (P{n) ) -
L2 (D, B(D), P~n> ) and L2 (D) simultaneously. In addition we have the
following facts : (i) as operators on their L2-spaces and on L°° (D), 
and Pt have norms equal to one, and (ii) the density of

converges boundedly to 03B3 as ~. Combining the above, we
see that it suffices to prove the lemma for bounded continuous functions.

Suppose g is continuous and bounded. Assume |g|  C, then 
= 1, 2, ... , ~ and Ptg are all bounded by C. Now,

Let h be a bounded continuous function on D and = sup 
~ED

Then,

The first integral in the last line above converges to zero as n - oo since
converges boudedly to 1. The last integral above also converges

to zero because of the weak convergence of to X. Since the bounded
continuous functions are dense in L2 (D), and Ptg are bounded by
C, it then follows from the above that converges weakly in L2 (D)
to Ptg. Hence,

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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It remains to prove that

For this, we first observe that since x(n) is a solution of the stochastic
differential equation (3.1), for fixed x E D and e > 0, by choosing s > 0
sufficiently small we can ensure that

where ~(s, x, .) is the Gaussian density at time s of a Brownian motion
that started from x at time zero, and is a signed measure that satisfies

 ~ for all n. By the Markov property of X ~n~, for t > s we have

The second term in the last line above is bounded by Cc, and since 
converges weakly in L2 (D) to Pt-s g, the first term in that line converges
to

as n -~ oo. Thus, we have shown that

is a Cauchy sequence of real numbers and so has
a limit f (x), say, as n - oo. Since x E D was arbitrary, this proves that
the pointwise limit f(x) of ~(P~n~g)(x)~~ 1 exists for all x E D. But we
already know that ~Pt’~}g~~ 1 converges weakly in L2 (D) to Ptg. Thus,
f = Ptg m-a.e. on D, by the uniqueness of limits. Then, by bounded
convergence, converges to Ptg in L2 (D). Hence,

as required. D

LEMMA 3.3 : {Pt, 0  t  1~ is a strongly continuous symmetric
Markovian semigroup on L2(D).

Vol. 26, n° 3-1990
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Remark : Here the term Markovian is taken in the sense of Fukushima

[7], i.e., for any g ~ L~(D) satisfying 0  ~  1, we have 0  Ptg  1 for
all t.

Proof : Symmetry of has already been verified. The Markovian
property is evident from the definition of Pt via conditional expectation.
For the semigroup property, since L°° (D) is dense in L2 (D), it suffices to
show that

for all 0  s, t ~ 1 satisfying s + t  1. Now we have the decomposition

From Lemma 3.2., the second and last integrals in the above equality
approach zero as n - oo. The third integral is zero by the semigroup
property of and the equivalence of the measure to dx on

D. Thus (3.9) follows.
For the proof that ~Pt ~ is strongly continuous, let g E C~(D). By

Lemma 3.1 we have

It follows that g(Xo) ~2~ -~ 0 as t -~ 0. Hence,

Since Cy (D) is dense in L2 (D) and Pt has norm one on L2 (D), it follows
that the above also holds for any g E L2 (D). 0

THEOREM 3.1 : Any weak limit process X of the sequence ~X ~n> ~
is a continuous Markov process with stationary measure -ylD(x)dx and
associated semigroup {Pt, 0  t  l~ on L2(D).

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Proof : To prove that X is a Markov process with semigroup ~Pt, 0 
t  1~ on L2 (D), it suffices to show that

for all g0, g1, ... , that are bounded continuous functions on D, and
s ( 1), ... , s(m) that are positive numbers satisfying s ( 1 ) + ... + s(m)  1.

Indeed, for such and s(i)’s, by the dominated convergence theorem
we have

and so by repeated application of Lemma 3.2,

On the other hand, since is the semigroup of the Markov process
,

Combining the above, yields (3.11 ) and therefore the theorem. jj

We now show that the symmetric Markov process X, with semigroup
 t  1~ on L2(D), is equivalent in law to the stationary reflecting

Brownian motion constructed by Fukushima [6, 7] using the theory of
Dirichlet forms.

By Lemma 3.3, ~Pt~ is a strongly continuous Markovian semigroup. Let
E(~, ~) denote the associated Dirichlet form and D(E) its domain in L2 (D)
(see Fukushima ~7, ~ 1.3~ ) . Denote also by A the infinitesimal generator of
~Pt~ and by D(A) its (strong) domain.

LEMMA 3.4. For any g E C°° (D), we have g E D(A) and

Vol. 26, n° 3-1990
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Proof : By Lemma 3.1, for any g E C°° (D) we have

where the right member tends boundedly, and hence in L2 (S~, o-(.Xo ), P),
to 1 0394q(X0), as t ~ 0. By the correspondence between L2 (D) and

2

P), it follows that t-1 (Ptg - g) converges in L2 (D) to

The desired result then follows the definition of A and its domain
2
[7, ~ 1.3] . 0

By Lemma 3.4, A on D(A) is an extension of the symmetric operator
10 defined from C°° (D) into L2 (D). It follows from [7, Lemma 2.3.4]
2
that D(~) C H1 (D), and

where H1 (D) _ {g E L2 (D) : ~ ~g E L2 (D) ~ is endowed with the norm
given by (1.3).
We shall also need the Dirichlet forms for the approximating processes

X ~n~ . Let (. , .) denote the Dirichlet form associated with the strongly
continuous symmetric Markovian semigroup and let D(~~n> ) de-
note the associated domain in L2 (P~n~ ) . = L2 (D, ,~(D), Let de-

note the infinitesimal generator of and D(A~n~ ) denote its (strong)
domain. By applying Ito’s formula to x(n) given by (3.1), we can deduce
in a similar manner to that for Lemma 3.4 that C°° (D) c D(A~n~ ) and

where

Hence (A~n}, D(A~’~>)) is an extension of the symmetric operator 
defined from C°° (D) into L2 (P~n~ ). Since the coefficients of are in

C°° (D), one can check that the proof of Lemma 3.4 of ~7~, in particular,
the use of Weyl’s lemma, can be applied to conclude that the self-adjoint,
non positive definite operator associated with the Dirichlet form defined
bv
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on

is the maximal self-adjoint, non positive definite Markovian extension of
(S~n>, C°° (D)), and so particular, D(~~n~ ) C H1 (P~n~ ) and

In fact we have the following whose proof was indicated to us by Y. Le
Jan.

LEMMA 3.5 : We have D(~~n~ ) = H1 (P~n> ) and

Proof : By the above remarks, it suffices to show that H1 (P~n~ ) C
D(E~n~ ) and (3.16) holds. For this, let ( f , g) L2 ( p~n~ ) denote

/ for all f, g E L2(P(n)). By (3.13), the Corollary on
page 19 of [7], and integration by parts, we have for each g E Cy (D),

Let denote the closure of C°° (D) in H1 (P~n~ ) with respect to
the norm defined by

Since D(~~n~ ) is complete with respect to the norm defined by

and (3.16) holds on it follows that Ho (P~n> ) c D(~~n~ ) and (3.16)
holds for all g E For if g E Ho (P~n~ ), there is a sequence of
functions in that converges to g in H1 ( p(n) ). Since this sequence
is Cauchy in Hl (P~’~} ) and (3.16) holds on Cy (D), the sequence is also
Cauchy in D(~~n>) with the norm ~~ ’ II D(Wn)), and so by the completeness
of D(~~n~), the sequence converges in D(~~n>). Since converges in
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L2(p(n») to g, it follows that this must also be the limit in D(~(n) ). Hence
g E D(~(’~)).

Note that fn E H1 (P(n)) (c.f. (3.3)) and lim fn(x) = +00. Let
. 

[0, oo) - R be an infinitely differentiable, non-decreasing function on

[0,~) such that = x for x E [0, 1 2], 03C6(x) = 1 for x > 2, and  1

for all x > 0. For each positive integer m, hm defined by hm = cjJ(m-1 f n)
is in H1 (P(n) ), 0 as m ~’ and E Then,

for g E H1 (P(n) ) n L°° (D), g(1 - hm) is in and

As m --~ oo, the first term in the last line above tends zero by the
previously stated properties of hm, and the second term also tends to
zero by bounded convergence, since for each x E D, 1 > 0 as

m ’~ oo. It then follows by the completeness of with respect to
II. and the fact that (3.16) holds on that g E D(~~’~> )
and (3.16) holds for g.

Finally, consider g E Let 03C8 : : R be an infinitely
differentiable, non-decreasing function such that = x for 

 1 for all x ~ R.
Then for each positive integer is in H1 (D),
and H1 (P~n> ) as It then follows from the completeness
of with respect to ~) . and the last paragraph above that
g E D(~~n~ ) and (3.16) holds for g. 0

Remark : Note that the proof of the above lemma did not use anything
particular about the Dirichlet form (~~n~, D(~~n~)) other than the fact
that (3.16) holds on C°° (D) C D(~~n> ). It follows that any Dirichlet form
corresponding to a selfadjoint, non positive definite Markovian extension
of the symmetric operator defined from C(D) into L2 (P~n> ) has
domain equal to H1 (P~n~ ) and (3.16) holds there. It follows that there is
only one such extension, i.e., the minimal extension equals the maximal
extension equals the extension corresponding to the Dirichlet form given
by the right member of (3.16) on the space H1 (P~n>).

COROLLARY 3.1 : We have

Proof : Since the density of is which is bounded uniformly
as n varies, it follows that H1(D) C H1 (P~’~} ) and then (3.18) follows from
Lemma 3.5. 0
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THEOREM 3.2 : We have D(£) = H1 (D) and

It follows that ~Pt~ is the strongly continuous symmetric Markovian semi-
group associated with the Dirichlet form (3.19) on H1 (D). In particular,
it is unique and does not depend on the particular subsequence of 
chosen to converge to X.

Proof : Since there is a one-to-one correspondence ~7 ; Theorem 1.3.1,
Lemma 1.3.2] between Dirichlet forms and strongly continuous symmetric
Markovian semigroups, it suffices to verify the first statement of the
theorem.

Since we have (3.12), it suffices to prove that C D(E) and that
for all g E H1 (D),

Moreover, since ’P(~) is complete with respect to the norm ~~ ~ ~~D(~~ defined
by

and LOO(D) n H1 (D) is dense in H1 (D), it suffices to prove that for any
g E L°° (D) n H1 (D), g E D(~) and (3.20) holds. By Corollary 3.1 and
Lemma 3.5, any g E H1(D) is in and (3.16) holds for g. Then, by
Lemma 1.3.4 of [7], for each t > 0,

Since the density f n ) of converges boundedly to ~y, and

by Lemma 3.2, converges in L2(D) to Ptg, it follows that for g E

the left member above converges to g(g - Pt g)dx
as n ~ oo. The right member, given by (3.16), is easily seen to converge

as n - oo. Hence,
2 D

Invoking Lemma 1.3.4 of [7] again, we conclude that g E D(~) and (3.20)
holds for all g E 0
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Thus, we have given an alternative method of constructing stationary
reflecting Brownian motions in domains that have finite Lebesgue mea-
sure. Our construction is more sample path oriented than the Dirichlet
form approach of [6, 7] and it has the additional advantage that it imme-
diately gives a process with paths in the Euclidean closure D of D.

IV. SKOROKHOD REPRESENTATION

In Meyer-Zheng [12], it is proved that a sequence of quasi-martingales
which have uniformly bounded conditional variations is tight in law under
the topology of pseudo-paths on C(~~,1~, and any limit process is

a quasi-martingale. We will apply this result to prove that there is a

Skorokhod-like semimartingale representation for our reflecting Brownian
motion under condition (C.1). The following lemma is key to this.

LEMMA 4.1 : Suppose there is a family of open sets E A} such
that

(i) D C and

(ii) the following inequality holds for each A E A,

Then any weak limit X of {X tn~ ~ under the pseudo-path topology (or
the topology of uniform convergence) on C(~0,1~, is a semimartingale,
with decomposition relative to the filtration generated by X of the form

where W is a Brownian motion martingale and V is a continuous adapted
process of bounded variation.

Remark : The pseudo-path topology on C(~0,1~, is weaker than the

topology of uniform convergence.

Proof : If we can prove X is a continuous semimartingale in each Ga,
then X is also a semimartingale on their union (see Zheng [18]). To prove
the former, it suffices to show that u(X.) is a continuous semimartingale
for any twice continuously differentiable function u with compact support
in Gx. Consider u E Since the probability density of is

on D ~ye E (0, oo) as n ~ oo, it follows that (4.1)
is equivalent to
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which implies

From the above inequality and Ito’s formula, we deduce that the con-
ditional variations of the ~u(X~n~.)~°° 1 are uniformly bounded. Apply-
ing the above-mentioned result from Meyer and Zheng [12, Theorem 4],
we deduce that the laws of the ~~c(X~n})~°° 1 are tight under the topol-
ogy of pseudo-paths on C(~0,1~, and any of their limit processes is a

quasi-martingale with conditional variation bounded by the left member
in (4.3). But from the discussion in Section 3, we know that the laws of
the {u(X ~n~ ) ~~ 1 are also tight under the topology of uniform conver-
gence on C(~0,1~, IRd) and any of their limit processes is continuous. Thus,
by taking subsequences twice, we may conclude that for any weak limit
process X of x(n) under the topology on C(~o,1~, of pseudo-paths (or
of uniform convergence) the process u(X) is a continuous semimartingale.

To verify the form of the decomposition of X, we recall that

where is a Brownian motion and is a

continuous process that is of bounded variation (i.e., almost surely the
paths are of bounded variation on [0,1]). By passing to a subsequence
and applying the tightness criterion of Billingsley [3, p. 55] component
by component, we may assume that (X ~n~ , W ~n~ ) converges weakly to
(X, W ), where W is a Brownian motion. Then, converges weakly to
!7 = X -W . Now, for each positive integer m, let Fm = {x E D : Ixl  m~.
Since Fm is compact, there is a finite collection = 1, ... , such
that Fm C Then, by (4.2),

1

By the lower semicontinuity ~12, Lemma 8~ of w --~ / and the
0

continuity of w ~ max |wt| on C([0,1], Rd), we have for each r > Q and
0t1
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positive integer m,

1

Letting r --> oo and then m --> it follows that /  oo almost

surely. Thus, U is a process of bounded variation. Hence,

where W is a Brownian motion and U is a continuous process of bounded
variation. Note that do not know that Wand U are adapted to X.
However, since the mutual variation does not depend on the choice of
filtration, we may deduce that = = where 03B4ij is
the Kronecker delta, equal to one when i = j and equal to zero otherwise.
Finally, let X = Xo + M + V be the semimartingale decomposition of
X relative to the filtration generated by X, where M is a continuous
local martingale and V is a continuous process of bounded variation, and
Mo = Vo = 0. Then (M, M) == (X, X) and it follows that M is a Brownian
motion. Thus, we have desired decomposition of X. 0

THEOREM 4.1 : Suppose condition (C.1) holds. Then any weak limit
process X under topology of pseudo-paths (or of uniform con-
vergence) on C(~0,1~, is a continuous semimartingale, with decompo-
sition relative to the filtration generated by X of the form

where W is a Brownian motion martingale and V is a continuous adapted
process of bounded variation. Moreover, for all v E 
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where C~ denotes the space of twice continuously differentiable
Rd-valued functions defined on IRd that have compact support.

Proof : (i) We first verify the theorem, except for the last sentence.
According to Lemma 4.1, we only need to show (4.1) holds. Taking
q(y) = exp (1 - exp ~(ny)-1 ~) in Lemma 2.2, we see that the hypotheses
of Lemma 4.1 are satisfied with Ga = Bn.

(ii) Now we are going to prove (4.5). We first note that the left member
of (4.5) is finite. Indeed, the conditional variation of V on the compact
support of v is less than or equal to the conditional variation of u(X)
for any u E satisfying ~c(x) - x on the support of v. Since the
compact support of u can be covered by finitely many of the sets Bn , it
follows in a similar manner to that in the first paragraph of the proof of
Lemma 4.1 that the conditional variation of u(X) is finite.

To verify (4.5), note that from (4.4) and the relation between Ito’s
integral and Stratonovich’s integral, we have

where * denotes integration in the Stratonovich sense. From the symmetry

of X, we know the Stratonovich integral v(Xt) * dXt is a difference of
a forward martingale and a backward martingale (see Lyons and Zheng
[11,(4.5)]), both having initial value zero ; and so the expectation of this
integral vanishes. By stationarity of X, the remaining term in (4.6) is just

Since a bounded Lipschitz domain D satisfies the condition m(D)  oo,
for such a D our process X exists and by Theorem 3.2 it is the stationary
symmetric Markov process associated with the Dirichlet form (1.1) on

In this case, by the results of Bass and Hsu [2], X has a
semimartingale decomposition of the Skorokhod form (1.2), where W is
a martingale relative to the filtration generated by X. By uniqueness of
such a decomposition, it follows that for D bounded and Lipschitz, V in
our decomposition (4.4) has the specific form of the last term in (1.2).
One can view (4.5) as a weaker version of this form that applies to more
general domains than those that are bounded and Lipschitz.
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APPENDIX

Here we review several main steps in the construction of the regularized
distance function of Lemma 2.1. See Stein [14, p. 168-171] for more details.

(i) Consider the lattice of points in whose coordinates take integer
values. This lattice determines a mesh ~o, which is a collection of cubes :
namely, all cubes with sides of unit length whose vertices are points of
the above lattice. The mesh yields a doubly infinite chain of meshes
{~}~=-oo? where = 2-a ~o and a runs over all of the integers. Thus
each cube in the mesh gives rise to 2d cubes in the mesh by
bisecting the sides. The diameter of a cube in is 2-a ~.

(ii) Define strips Oe in D by

where c ==2B/dL
(iii) We now make an initial choice of cubes, and denote the resulting

collection by Fo. Our choice is made as follows. For each a, we consider
the cubes of the mesh and include a cube of this mesh in ro if it

intersects ea. Then we have

By the choice of c in (ii) above, we have

(iv) Start now with any cube Q E Fo, and consider the the maximal
cube in Fo which contains it. Let F = Q2, ...~ denote the collection
of maximal cubes of Fo. Then the following four properties can be readily
verified.

(a) UQErQ = D.
(b) The cubes of F are disjoint.
(d) diam(Q)  dist(Q, aD)  4 diam(Q), d Q E r.
(d) If Q, Q’ E r and these cubes touch, then

(1/4)diam(Q’)  diam(Q)  4 diam(Q’).

(v) Fix any ~ : 0  ~  1/4. Denote by Qj the cube which has the same
center as Qj but is expanded by the factor 1 + ~. Then we can prove that
each point in D is contained in at most (12)d of the cubes Q~.

(vi) Fix a C°° real-valued function ~ defined on R that is symmetric
about x = 0 and satisfies 0  1 : = 1,  x  1 ;
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03C8(x) = 0, for Ixl > 1 (1 + E) , and 03C8 is strictly increasing on (-1(1+~), 0)
2 2

and strictly decreasing on (o, 1 ( 1 + ~) ) . Define
2

For each Qj E F, let xj denote the center of Qj and let lj be the common
lenght of its sides. Define

(vii) Finally define

Then 6 has the properties of the regularized distance function described
in Lemma 2.1. D

The reader should note that in the above we have used a more specific
form of the function § than in Stein [14]. The reason for this is that this
form is needed for the proof of Lemma 2.2.
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