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ABSTRACT. — We study the problem of existence of a strictly positive
invariant element for a positive operator T on L,, and show its equivalence
with a ratio limit theorem for T*.

THEOREM A. — Let T be a positive operator on L satisfying
(*¥) For 0#f €L} there exists ve L% with 0Sv=T**v and v(f)>0.

0

Then there exists ueL{, >0 a.e. and Tu<u. If ) T*'1=o0, then
n=0
Tu=u, and (*) is also a necessary condition.

THEOREM B. — Let T be a Cesdro-bounded positive operator in L,. Then
(%) is equivalent to I-T*) L, NL}={0}.

ResuME. — Nous étudions le probléme de Iexistence d’un élément
strictement positif et sous-invariant pour un opérateur positif T sur L, et
démontrons 1’équivalence avec un théoréme limite quotient pour T*.

(*) This research was started by the first two authors twenty years ago, but for various
reasons was not completed prior to Shlomo Horowitz’s untimely death in 1978. The other
authors dedicate this paper to his memory.
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106 A. BRUNEL, S. HOROWITZ AND M. LIN

TuitorREME A. — Soit T un opérateur positif sur L,, satisfaisant la
condition

(*¥) Pour toute 0#feLy il existe veL* satisfaisant 0<v=T**v et

v(f)>0.

a0
Alors il existe ue Ly, u>0p.p.et Tusu. Si ), T*"1=00, 0ona Tu=u,
n=0
et la condition (%) est aussi nécessaire.

THEOREME B. — Soit T un opérateur positif Cesaro-borné dans L,. Alors
(%) est équivalente a I-T*) L, NLL={0}.

Birkhoff’s individual ergodic theorem was originally proved for measure
preserving transformations, and the study of necessary and sufficient
conditions for the existence of an equivalent finite invariant measure was
soon started by E. Hopf in 1932. The study continued later as finding
strictly positive functions in L, (), invariant under a given positive con-
traction T, and it turned out that the conditions are in terms of the dual
operator T*. See [K], pp. 142-145, for the results and historical remarks.
One of the necessary and sufficient conditions, introduced by
Brunel [B,], is I—T*)L, N L% ={0}. Horowitz [H] gave a proof of suffi-
ciency without using weakly wandering functions.

Sucheston [S] started the study of power-bounded positive operators in
L,. The ratio limit theorem for such operators was studied in [I-Mo].
Derriennic and Lin[DL] extended Sucheston’s decomposition to Cesaro

n—1
bounded (sup [IM,, (T) || < 00, where M, (T)=1 y T") positive operators
n ng=0
on L, (m), and obtained some necessary and sufficient conditions for the
existence of u>0 a.e., ueL; with Tu=u. Some of these conditions were
extended to Banach lattices; for the latest results and references, see [BS].
Sato [Sa] proved that for a Cesaro bounded positive operator on L, (m),
a.e. convergence of M, (T*) f for every fel_ is equivalent to the
L,-norm convergence of M,(T) v for every vel,. If, in that case,
lim M, (T*)1#£0, we have non-zero positive fixed points (invariant meas-
ures) for T. If there exists ueL; with u>0 a.e. and Tu<u, then M, (T*) f

converges a.e. for every feL_, (or even with J | f|udm< o0)[{DL].

Ornstein [O] studied, for abstract positive operators, the relationship
between invariant measures and the ratio limit theorem, using a method
of “modifications” (see also [B,]).
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SUBINVARIANT MEASURE 107

The following proposition follows from ideas in [O].

ProposiTION 1. — Let T be a positive operator on Ly (X, Z, m). Then
the following are equivalent:
(i) There exists ueLy (m), u>0a.e. and Tu=u.

n

(i) For every f, geL? (m), the ratios Y, T** f (x)/ Y, T**g(x) converge
k=0

k=0

(to a finite limit) a.e. on the set Sg={x:ZT*"g(x)>O}, and

k=0

T* 1 f(x)) Y, T*1(x) >0 a.e.
k=0

Furthermore, if (i) [or ()] is satisfied and Y, T**1=00 a.e., then we
k=0
have Tu=u.

Proof. — (i)=(ii). T* is a contraction of L, (udm), and the Chacon-
Ornstein theorem and lemma apply.

(ii) = (). By (i), lim Y T* f/| ¥ T**1 exists a.e., and for /20 the
k=0

n— o k=0
0
limit must be positive a.e. on S f={ Y T* />0 } we may and do assume
k=0

m finite. Define for f bounded measurable
u(f)=jlim( Y TSy, T* 1>dm=limj( Y T )Y T 1>dm
n k=0 k=0 n k=0 k=0
which exists by the dominated convergence theorem. u=0 is a measure
I T -

by the Vitali-Hahn-Saks theorem. Now |T*"*! f 3" T**1

k=0

For feL],

u(T*f)§u<f)+f1im<T*"“f/ 3 T 1>dm=u(f).

k=0

LemMA 2. — Let X be a compact Hausdorff space, and T the c-algebra
of Baire sets. Let Q be a positive operator on C(X).
(i) There exists a transition measure Q(x, A) on XXX such that

Qf(x)=Jf (» Q(x, dy) extends Q to B(X, ).

(i) If 0SveC(X)* satisfies Q* v=v (v#0), then Q can be extended to
a linear contraction S of L, (X, Z, V).

Vol. 29, n° 1-1993.



108 A. BRUNEL, S. HOROWITZ AND M. LIN

Proof. — (i) is a standard result: Q (x, A)=Q*3, (A) (see[H]).
(ii) For feC(X) we have

fodv=<Qf, VI =LA QVY=( . v>=jfdv

Standard arguments yield the result. Note that the dual of the L, (v)
contraction S is the operator R on L, (v) defined by R f=d(Q* (f v))/dv.

THEOREM 3. — Let T be a positive operator on L, (X, T, m). Assume
(*) For every 0#f €L} there exists ve L* satisfying 0Sv=T**v and
v(f)>0. Then:

(i) There exists ueL{ (m), u>0 a.e. and Tu=<u.

(ii) For every feLj(m), Y T* f(x)/ Y, T*1(x) converges a.e., and

k=0 k=0
©

the limit is positive a.e. on {x: Y T*f (x)>0}. Moreover, the conver-
k=0

gence holds ifffudm< 0.

Proof. — We use for the proof the following reductions, given in [H]:
L, (X, Z, m) is isometrically and order isomorphic to a space C(X) with
X a (extremally disconnected) compact Hausdorff space, the finite measure
m corresponds to a measure meC(X)* peLl¥* (m) is a measure if and
only if its representatlon peC(X)* is absolutely continuous with respect
to m, L, (X, £, m) is isometrically order isomorphic to L (X, Z, m) (&
is the o- algebra of Baire sets), and the isometry induces an isometry of
L, (m) and L, (m).

Let T be the representation of T in L, (m). Then T also satisfies (%),
and if ue L] (m) satisfies Tu<u, Tu<u. Also u~m<>u~m. Furthermore,
T* is represented by a_positive operator Q on C(X). The extension of Q
to B(X, £) satisfies Q /=T* f=m—a.e.

Thus, we may assume X to be a compact Hausdorff space, T* given by
extending a positive operator Q on C(X), and L* (m)=C (X)*. The ideas
now follow [H].

n—1 n—1
CraM 1. — For every feB(X, Z), Y, T* f] Y T**1 converges m—a.e.
k=0 k=0

We may assume f=0. Since T** f=Q* fa.e., we define
E={x: lim M, (Q) f (x)/M, (Q)1(x)exists }.

n— oo

Assume m(E)>0. By the assumption of the theorem, there exists
0=veC(X)* with Q*v=v and v(E°)>0. By lemma 2, Q can be extended

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUBINVARIANT MEASURE 109
to a contraction S of L;(v). By the Chacon-Ornstein theorem,

M, (Q) /M, (Q)1=M,(S) /M, (S)1 (va.e) converges v—a.e. Hence
v (E) =0 which is a contradiction, showing m (E°)=0.

CLamM 2. — For every 0=feB(X, X) with J fdm>0 we have

n—1 n—1
lim Y T*fY T*1>0m—a.e.on {/>0}.
n— o k=0 k=0
Let B={x: lim M,(Q) f(x)/M,(Q1(x)=0} and let A={f>0}.

Assume m (A (M B)>0. Then by our assumption, there exists 0 <ve C(X)*
with Q*v=v and v(A N B)>0. Again, by lemma 2, we use the Chacon-
Ornstein theorem to obtain lim M, (Q) f (x)/M, (Q)1(x)>0 v—a.e. on

A={f>0}, since v(A)=V(ANB)>0 implies dev>0. But then
v(A N B)=0, a contradiction. Hence m (A M B)=0.

CLamM 3. — For any 0<f eB(X, X) there exists o such that

T*"f(x)/i T*1(x)Sam—a.e.
k=0
n—1
and T*" f (x)/ ). T*1(x) >0 m—a.e.
k=0

T* f< Y T*(T* )< ¥ T*1([|T* f||.)
k=0 k=0

50 0=||T* f || -

Let F={x: lim Q"f(x)/i Q“1(x)=0}.
k=0

Assume m (F°)>0, so again there exists 0<ve C(X)* with Q* v=v and
v(F9)>0. The Chacon-Ornstein lemma ([K], p. 12) applied to Q as a
n—1

contraction in L, (v) yields Q" f (x)/ ). Q*1(x) -0 v—a.e., so v(F)=0,
k=0
a contradiction. Hence m (F)=0.
Now claims 1, 2 and 3 allow us to deduce, by proposition 1, that there
exists ueL;, u>0 a.e., satisfying Tu=Zu.

Vol. 29, n° 1-1993.



110 A. BRUNEL, S. HOROWITZ AND M. LIN

CoROLLARY 4. — Let T be a positive operator on L, (X, Z, m). Assume

0

that Y. T*"1=c0 a.e. Then the following are equivalent:
n=0
(1) There exists ueL, u>0 a.e. and Tu=u.

n

(il) For every feL}, Y T* fI> T*1 converges a.e., with the limit
=0

k= k=0

positive a.e. on { Y T*"f>0}, and T*"*1 f1 Y T*1 50 a.e.

k=0 k=0
(i) For every 0#feLl there exists veL¥ with 0Sv=T**v and

v(f)>0.

Proof. — (1)< (ii) by proposition 1. (iii) = (ii) by theorem 3, and
(i) = (iii) by taking dv=udm.

Remarks. — 1. The assumption ) T*"l1=oco a.e. is used only for
n=0
proving (i) = (i).
2. If T is a Cesaro bounded positive operator satisfying (i), then

Y T*"1<oo a.e. on Z (of the Sucheston Y+Z decomposition), by
n=0
theorem 3.1 of [DL]. Examples with m(Z)>0 as in [DL] show that the
assumption of corollary 4 is not necessary for (i).

3. The equivalence of the conditions of corollary 4 is still true if, instead

[oo)

of Y T*"1=o0 a.e., we assume that
n=0

for every feL} with f#0, m({ Y T*"f=oo}>>0
n=0

We have to show only (ii)=(i). Let A={ Y T*"1=oo}. By (ii)
n=0

{ Y T*"f=oo}<:A for any feL}. In the proof of proposition 1, we
n=0

define p(f) by integrating over A, and obtain p~m and invariant.
4. If T is Cesaro bounded and has an equivalent finite invariant meas-

0

ure, then m(Y)>0, and ) T*"1=oc0 a.e. on Y. The next example shows

n=0
o

that without any boundedness assumption, we may have Z T* 1< a.e.
n=0

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUBINVARIANT MEASURE 111

ExamMPLE. — On Z we take the counting measure, and for fel,
we define (T f)(n)=f (n+1)w(n), where w(n)=2 for n>0, w(n)=1/2
for n<0, and w(0)=1. Then |T|=2. We easily compute
(T*h)(n) h(n—1)w(n—1) for hel, Define wuel, by u(0)=1,

It is easy to check that Tu=u. T* 1(n)= w(n— 1), and by induction,
T* 1 (n)= ]_[w(n—j) For n<0, T** 1 (n)= k, and Z T*¥1(n)=2. For

ji=1 k=0
©

n—1
n=1, when k>n, T** 1 (n)=2

S i again ) T*1(n)<oco.

k=0
We now study Cesaro bounded operators. The following result was
overlooked in [DL].

LemMA 5. — Let T be a Cesdaro bounded positive operator in L, (X, Z, m).
Then | T"/n|| — 0.

Proof. — The estimate in the proof of theorem 2.1 (v) of [DL] yields,
for any feL,,

=

IT" fimlly [T Sl =KETH A W) 2

where K =sup | M, (T)||.

If condition (%) of theorem 3 holds, there exists a finite subinvariant
measure p equivalent to m. Then T* is a contraction of L, (u), and
M, (T*)f converges a.e. for feL, (u), and, in particular, for any feL
(by [DL], theorem 3.1 and corollary 3.1, where only subinvariance is
needed.) Also, if m(Y)>0 (Where X=Y +Z is the Sucheston decomposi-
tion), Tu=u on Y (u=du/dm). However, the convergence of M, (T*) f
does not seem to yield directly an equivalent invariant measure, even if
m (Y)>0. On the other hand, the existence of an equivalent finite invariant
measure implies m(Y) > 0.

THEOREM 6. — Let T be a Cesaro bounded positive operator on

L, (X, Z, m). Then the following are equivalent:
@) (I THL,NL:={0}.

(ii) lim sup||M, (T*) 1, ||, >0 for any AeX with m(A)>0.

(ili) For every 0#f €L} there exists ve L%, 0<v=T**v, with v(f)>0.

Proof. — (1)<>(ii) by the mean ergodic theorem ([K], p. 73) applied to
T*, since || T*"/n|| - 0 (lemma 5). (iii) = (ii) is obvious.

(i) = (iii): By the separation theorem, there exists neL* with n(f)#0
and T**n=mn. We need a positive functional, so let p=|n| Then

Vol. 29, n° 1-1993.



112 A. BRUNEL, S. HOROWITZ AND M. LIN

T**p2p, and p(f)2|n(f)|>0. Let v=1lim  T**" . Since T** is Cesaro
bounded, || v||<K||p|. T**v=v and v(f)>0 are obvious.

LEMMA 7. — Let T be a linear operator on L,(m), and assume
I-T*L,NLL={0}. Define p(f)=inf{o:fSa+(A—T*) ® for some
®eLl,}. Then:

1. p (A\)=A for every real number \.

2. p(ft®)=p (f)+p(g), and p (A f)=hp(f) for L 20.

3. p(f+A)=p(f)+A for any real \.

4. f2g=p(f)2p(®.

5. p(T*f)=p(f), and p(T* f=f)=p(f=T* /)=0.

6. If ve L* satisfies v(f)<p(f) for every feL, then vZ0, T**v=yv,
and v(1)=1.

7. p()=sup{v(f): T**v=v20, veL¥ withv(1)=1}.

If, in addition, T is positive and Cesaro bounded, then p(f)>0 for
0#feLl.

Proof. — 1. Putting a=A and ®=0 we obtain p (A) <. If p (L) <A, there
exist €>0 and ®eL_ such that ASA—e+(I—T*)®. Then I—-T*)D=¢,
contradicting the assumption I—-T*)L,NL};={0}.

2. For >0, let ®,,®,eL_ such that f<p(f)+e+(I—-T*)D,,
g=p(g)+et+(A—T*)®,. Then

Stesp(NHt+p@+2e+I-T* (0, +D,)

Hence p(f+g)<p (f)+p (g). Similarly, we obtain p(A f)=2Ap (f).
3. Is proved as above, and 4. is easy.
5. The first part follows from

T* fSa+(I-T*)(@—f) < [f<at+(I-T*D
For the second part, a=0 and ®=f yield p(f—T* f)<0, and
p(f—T* f)<O0 yields a contradiction as in (1). Similiarly, p (T* f—f)=0.
6. Let v(f)<p(f) for every feL,. Then v(T*f—f)<0 and
v(f—T* f)<0, so T**v=v. For f=0, we have

—v(f)=v(=f)=p(=f)=p(0)=0
so v=0. Finally, v(1)<1 and —v(1)=v(—=1)Zp(—1) imply v(1)=1.

7. Follows from 6. and a general consequence of the Hahn-Banach
theorem ([M], p. 272). [The inequality v(f)<p(f) for all the norm one
positive invariant functionals is immediate].

The final assertion follows from theorem 6. W

Our next results will first require the following technical lemma.

LeMMA 8. — Let F be a family of functions in L, 0Sf<1, satisfying:

() iff1, [,€F and fi +1, <1, thenfi +f,€ F.
(ii) For each 0#geL} there exists 0#f<g such that fe ¥.
Then there exists an increasing sequence { f,} =% such that f, 7 1.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUBINVARIANT MEASURE 113

Proof. — & is non-empty by (ii). Let u0=sup{J fdm|feZF } There

exists a function f, e # such that J fo dmg%". Let

m1=sup{ffdm|f§1—fo,feﬁ};
it is clear that 0 <o, g% and there exists a function f; <1—f,, f1 €% and

J fi dmg%. We define by induction a sequence of function { f,}c%

such that ) f,<1,
n=0

n—
%o

1
suprdmlfél—ka,fezi}w,,g— and ff,,dmg n
k=0

a,
2" 2

Assume that we have defined { f; };-, and (if Y # 1> define

k=0
cx‘n+1=Sup{J‘fdrn|f§1_ Z fk,fef}

o ®, o . .
it is clear that 0<oz,,+1§5"§2nf ., and there exists a function

n

fos1S1=Y fio for1€F such that jﬁ+1dm;%ﬂ. It is clear that

k=0
n @

Y fieF, VnIf feF and f<1— ) f, then dem§02(—g, V n, hence f=0.
k=0 k=0

Thus ) f,=1 and the lemma is proved.

k=0

LEMMA 9. — Let T be a linear operator on Li(m) such that
(I-T*L,NLL={0}, and assume that p(f,) = 1 whenever 0= f, <1 satis-
fies f, 7 1 a.e. Then there exists ue Ly with Tu=u, and m{u>0}>0.

Proof. — We will show the existence of a finite measure p#0 such

that deugp(f) for every feL, and obtain that deugp(f) for

every feL, [by lemma 7, 3.], so that p is invariant by lemma 7, 6.
Let # be the set of positive measures which are dominated by

Vol. 29, n° 1-1993.



114 A. BRUNEL, S. HOROWITZ AND M. LIN

p:pe.//vlaj‘fdugp(f), V f=0. Let us define a partial order in .# as

usual: p1§u2¢ffdp1§ffduz, Vfz0. Let {yu,} be a completely

ordered subset of .#, and let y=sup{p, (X)}__<._1. Then there exists a
sequence {p,}<={p,} such that p,(X) 7 p. {p,} is an ordered sequence
and p= lim p, is an upper bound for {y,}. Hence by Zorn’s Lemma,

# has maximal elements. Let p be a maximal element of .Z. If p(X)<1,
define T=p—H and then: (i) (ftozt(f)+1(9),
@ii) £, # 1=1(f,) = t(1), by our assumption.

Ciamm. — If ©(1)>0, there exists a function 0<g<1 and a positive
number r such that for each 0<f<g, rff dm=t(f).
If it is not true, then for every function 0<g=<1 and O0<r<t(1) there

exists a function 0<f<g such that r J fdm=t(f). Fix r, and define

9’={0§f§1|rffdmgt(f)}. If f,, f,eZ and f, +f,<1 then

rj(fl +f)zdm=rff1 dm+rJf2dm_Z.T(fl)—'_t(fZ)gT(fl +/2)
so f; tf,€%. We assumed that VO<g<1,I0<f<g, fe ZF.
Hence by lemma 8, there exists an increasing sequence { f,,}c.?7 such

that £, » 1. But 1= lim Jf,,dmgl/r lim ©(f)="
r

n — o n — o

> 1, a contradiction.

So, the claim is proved.
It is clear that for the set A={g>8}(8>0 small enough) we have

rj fdm=t(f), for each 0<feL,,.
A

For w'=p+rml,, we have p'>p and p'e.#, which contradicts the
maximality of p. Hence p(X)=1.

Let feL_ be any function. It can be found a number A =0 such that
f+A=0; thus:

PN+ A=p(f+MZp(f+V)=p(N+r=p(HZ1(Sf)

Hence p is invariant by lemma 7, 6.

LemMa 10. — Let T be a Cesiro bounded positive operator on
L, (X, Z, m). Assume

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUBINVARIANT MEASURE 115

(xx) If ||d-TH®,||<K and liminf(I—-T*)®,20 a.e, then

lim inf(I—T*)®,=0 a.e.

Then:

i) I-THL,NLL={0}.

(ii) There exists ueL;, u#0, such that Tu=u.

(iii) m(Y)>0.

Proof. — (i) If /=0 and fe(I—T*)L,, there exist functions ®,eL
with ||I=T*)®,—f|| - 0, so lim inf (I—T*)®,=/=0, hence f=0. Clearly
(ii) = (iii).

(i) By (i), we can use the convex functional p defined in lemma 7, and
p(f)>0 for 0#feL’. Let 0<f,<1 with f,—> 1 a.e. Since p is order
preserving, p(f,)<1. We show that p(f,) — 1. If not, we have, by taking
a suitable subsequence, limp(f,)<a<1. Hence there exists (for n large
enough) ®,e L with f,<a+(I—T*)®,. Since T is positive,

M, (T*) £, Sa M (T*) 1+(@,— T* ®,)/k

. 1
Fix n. By lemma 5, we can choose k such that ||®,—T**®,||/k<— so we
n

obtain
fisatI-M(TH] (f—0)+
n

Now
11— M, (TH](f, — ) | < 1+ sup | M, (T*)],

and [[— M, (TH](f,—0)=(1—T*)¥,. Thus 1—T*)¥,> 70— so that
n

lim inf (1—T*)¥,>1—a>0, contradicting (**). Hence p(f,) — 1, and (ii)
follows from lemma 9.

THEOREM 11. — Let T be a Cesaro bounded positive operator on
L, (X, £, m). Then the following are equivalent:
(i) (w*-closure—T*)L,)NLi={0}.
(ii) T satisfies (x*) of lemma 10.
(iii) There exists ueL,, u>0 a.e., with Tu=u.

Proof. — (iii) = (i) = (ii) is easy. Note that (i) = (iii) can be proved
directly by obtaining (as in theorem 6) that for every 0%/ €L}, there exist
ueL} with Tu=u and (u, f)>0. Taking an invariant function with
maximal support will yield (iii).

(ii) = (iii). We first show that if m (A)>0, then m({ ) T*"1,= o0 })>0.

Vol. 29, n° 1-1993.



116 A. BRUNEL, S. HOROWITZ AND M. LIN

Assume Y T*"l1,<oo a.e, and let B={ZT*"1A>O}. Since

n=0 =0

@= )Y T*'1, is finite a.e. and T*¢ <@, L, (B) is invariant under T*,
n=0

and if we define S=I3 T on L, (B, m), we have that S*=T*|_ 4 ,,. Clearly

S is also Cesaro bounded. By property (ii) for T*, we have that S* also

has the same property. By theorem 3, [which applies, in view of

lemma 10 (i) and theorem 6]

N N N N
Y s,/ Y S*"1=IB<Z T*1,/ Y T*"IB>
0

n=0 n= n=0 n=0

converges a.e. on B to a limit which is positive a.e. on A. Since by

lemma 10, m (Y (S))>0, m<{ Y S*"1g=00 }>>0, and on that subset of
=0

n

B also IB< Y T*1 A>= Y. S*"1, diverges, a contradiction to the assump-
n=0 n=0
tion.

We now complete the proof. By theorem 3, there exists a finite subinvari-
ant measure p~m, i.e. du=udm. By theorem 3.1 of [DL] (where only
subinvariance is needed for the proof), T* can be extended to a contraction
of L, (n), which has as conservative part Y and dissipative part Z. By

lemma 10, m(Y)>0. Let m(A)>0. Then ) T*"1,<oo a.e. on the dissi-
n=0

pative part Z, so { Y T*1,=00 }CY with non zero measure. On that
n=0
N N

set, by the Chacon-Ornstein theorem, My(T*)1,=¢ ¥, T*"1,/ Y T*"e

n=0 n=0
converges a.e. to a positive limit. Hence m {lim infM, (T*)1,>0}>0 if

m(A)>0. By theorem 3.2 of [DL], T has an equivalent finite invariant
measure.

Remarks. — Tt is conjectured that the conditions of theorem 6 not only
imply the existence of an equivalent subinvariant measure, but even the
existence of an invariant one.

For the proof, we need to show that the conditions of theorem 6 imply
m(Y)>0 [or (*x*) of lemma 10], but our attempts have failed.
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