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ABSTRACT. — This paper contains an attempt to carry out for diffusions
corresponding to divergence form operators the sort of approximation via
Markov chains which is familiar in the non-divergence form context. At
the heart of the our procedure are an extension to the discrete setting of
the famous De Giorgi-Moser-Nash theory.

RESUME. — Cet article contient une tentative pour établir dans le cas
ou le générateur donné sous forme de divergence, les approximations par
des chaines de Markov qui sont bien connues pour des diffusions dont
le générateur est donné sous une forme de non-divergence. L’essentiel de
notre méthode repose sur une extension de la célebre théorie de De Giorgi,
Moser, et Nash au cas discret.
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620 D. W. STROOCK AND W. ZHENG
0. INTRODUCTION

Given a continuous, symmetric matrix a : R — R? @ R? satisfying
M < a(x) < A7 for some A € (0,1] and a bounded continuous
b: R — R, the martingale problem for the operator

d 2 d

. 0 , 0
ab __ 1,7 7 oo d.
(0.1) LY = E a (x)(% oz, + E b (X)axi on C°(R% R)

is well-posed (cf. Theorem 7.2.1 in [11]). As a consequence, one can use
any one of a large variety of procedures to approximate the associated
diffusion by Markov chains (cf. Section 11.2 in [11]). Indeed, aside from
checking a uniform infinitesimality condition, all that one has to do is make
sure that the action on f € C°(R%; R) of the approximating generators is
tending, in a reasonable way, to £%°f. If, on the other hand, one replaces
the £4* in (0.1) by the divergence form operator

d d
0 y 0
a_ . — i
(0.2) L* =V (aV) ;ZI oz, ]Ezl a*’(x) 3z,

then, unless a is sufficiently smooth to allow one to re-write L® as £»* with

then the theory alluded to above does not apply. Nonetheless, the
magnificent analytic theory of De Giorgi, Nash, Moser, and Aronson (cf. [9])
tells us that the operator L* not only determines a diffusion, it does so
via transition probability functions which are, in general, better than those
determined by £*°. Thus, one should hope that probability theory should
be able to provide a scheme for approximating these diffusions via Markov
chains, and in the present article we attempt to do just that.

In order to understand the issues involved, it may be helpful to keep in
mind the essential difference between the theories for the non-divergence
form operators £** and the divergence form operators L*. Namely, all
the operators £* share C>°(R%;R) as a large subset of their domain. By
contrast, when a is not smooth, finding non-trivial functions in the domain
of L* becomes a highly delicate matter. In particular, as a changes by even
a little bit, the domains of the corresponding L®’s may undergo radical
change. For this reason, one has to approach L® via the quadratic form
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MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 621

which it determines in L?*(R?;R). Namely, if f € C>(R%R), then one
can interpret L*f as a distribution (in the sense of L. Schwartz) and one
finds that

(0.3) —(g,L*f) = €(f,9) = (V9,aV )y g € CZ(RYR),
where we have introduced the notation ( -, - )o to denote the inner product on
the usual Lebesgue space L?(R¢;R). For historical reasons, the quadratic
form £° is called a Dirichlet form. Clearly, for any a satisfying our
hypotheses, £¢ is well-defined on C°(R4;R). In fact, one finds that
each £¢ | C*(R%R) admits a closure, which we continue to denote
by £7, and that Dom(£®) coincides with the Sobolev space W (R R)
of f € L*(R%R) having one (distributional) derivative in L?(R%;R).
Furthermore (cf. Theorem I1.3.1 in [9]), there is a unique, strongly Feller
continuous, Markov semigroup {P? : ¢ > 0} with the property that,
for each f € C®(R%R), t ~ P2f is the unique continuous map
t € [0,00) — u; € WHR?%R) such that
t

(0.4> (’th,g)0= (fvg)O_/O ga(umg) dr,

t € [0,00) and g € C(R%R).

On the basis of the characterization in (0.4), one might think that
convergence of the semigroups should follow from convergence of the
associated Dirichlet forms. That is, one might hope that P/~ f — P} f
for all f € C.(R%R) should follow from £%(f, f) — E%(f, f) for all
f € C=(R%R). However, this is not the case, not even when d = 1. To
wit, given a measurable a : R — [1, 3], set

a/(, —_ z' 1 R 1
u®(x) _/0 "G d¢ and a= ao ()T
At least when a is differentiable, it is easy to check that
L(fout) = (£*°f) o,
and therefore, if, for A > 0, R$ is the resolvent operator given by
[s° e~ Pg dt, then an elementary ‘application of the Feynman-Kac formula

0
leads to

05) [R3f)(0) =260 | [ a0 ) (wio)
- (—2)\ /Ot a0 (u*)~ (w(r)) dT>
% o (uh) ! (w(®)) dt],

Vol. 33, n® 5-1997.



622 D. W. STROOCK AND W. ZHENG

where (1, denotes the standard Wiener measure for 1-dimensional Brownian
motion starting at y. In fact, (0.5) holds whether or not a is differentiable.
Now suppose that {a,}{° is a sequence of [1,3]-valued measurable
functions. Then £~ (f, f) — E%(f, f) for all f € C°(R;R) is equivalent
to saying that a, — a weakly in the sense that

/ 0 ()(€) dz — / a()p(€)dr forall g € L\ (R:R).
JR R

On the other hand, (0.5) shows that it is weak convergence of the reciprocals
i to % which determines whether the associated semigroups converge.
Indeed, it is clear that i — % implies first that u** — w and therefore
that (u®)~!' — (u*)~! uniformly on compacts. In particular, since
(u*)"X(y) = [ an o (u*)~1(n) dn, this means that a,, o (u®)~! — ao
(u®)~! weakly. Hence, after representing fot ao(u®)~!(w(r)) dr in terms of

the local time of Brownian motion, one sees from (0.5) that RS" f — RS f

follows from - ey 1. Finally, take a,(z) = 2 + sin(2n7z), and observe

that a, — 2nweak1y while

1 weak 1 H 1 1
. wea¥ S — d —=.
an /_% 2 + sin(27¢) ¢ A 1 —4-1sin(27¢)? &> 2

As the preceding discussion indicates, even in the context of diffusions,
identification of limits via Dirichlet forms is a delicate matter. Thus, it
should come as no surprise that the difficulties become only worse when
one is trying to approximate diffusions by Markov chains. In order to handle
these problems, we devote the next section to a derivation of a number of
a priori estimates. These estimates are extensions to the discrete setting of
estimates which are familiar in the diffusion setting, and our proof of them
mimics that of their diffusion analogs. In §2 we use the results in §1 to
find general criteria which tell us when our Markov chains are converging
to a diffusion, and in §3 we construct Markov chain approximations to the
diffusion corresponding to a’s satisfying (0.1), first in the case when a is
continuous (cf. Theorem 3.9) and then in the general (cf. Theorem 3.14).
Finally, in §4 we describe a possible application.

1. THE BASIC ESTIMATES

Our purpose in this section is to derive the a priori estimates (especially
(1.11) and (1.32)) on which our whole program rests. The general setting in
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MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 623

which we will be working is described as follows. We are given a function
p:I% x 7% —s [0,00) satisfying'

p(k,e) > 1 forall (k,e) € Z¢ x Z¢ with |le]| = 1
(1.1) and sup Z |p(k,e)| < 0.

d
e€L% yegd

For a € (0,00), we set aZ? = {ak : k € 7%}, introduce the spaces
LF(aZ%R) of f : aZ® — R with

[ £llap = (@ > | fak)[)? < oo,

kezd

and define the symmetric quadratic forms (-, -)q and £%” on L?(aZ%;R)
by

(fvg)a = Old Z f(ak)g(ak) and

kezd

(12)  E%(f,9)=a’> Y > plk.e)

keZd e€Zd
x (f(a(k +e)) = f(ak))(g(a(k + e)) — g(ak)).

By the elementary theory of Markov chains, it is an easy matter to
check that, for each a € (0,00), there is a unique symmetric, Markov
semigroup {P;"* : ¢t > 0} on L?(aZ?;R) with the property that, for
each f € L?(aZ%R), t € (0,00) — P*f € L*(aZ?R) is the unique
differentiable ¢ € (0,00) — u; € L?(aZ?%;R) satisfying

lim\ o uy = f pointwise, and

%(g,ut)a = —E(g,u)

for all g € L?(aZ;R). Moreover, if p** : (0, 00) x aZ% x aZ¢ — [0, 00)
is determined by

(1.3)

(1.4) [P f](ak) = a® Y~ f(ad) p™*(t,ak,al),
lezd

then

(1.5) p>P(t,ak,al) = p*P(t,al,ak) and

pip*Pr (6%, apk, apl) = p*#(t, ak, al).

! for v € R4, we use ||v|| = max; <i<d |vil, as distinguished from |v|, which reserved for
the Euclidean length of v.

Vol. 33, n® 5-1997.



624 D. W. STROOCK AND W. ZHENG

The symmetry assertion in (1.5) comes from the symmetry of the operator
PP in L*(aZ%R). To see the second assertion, for f € L (aZ%R),
define f3 € L= (afZ%R) so that fs(afk) = f(ak). Next, take

wi(ok) = [P32" f5] (o).
Then u; — f pointwise as ¢ \, 0 and
d d

E{(g’ut)a = ﬂ-da(gﬂ7pg£ypfﬁ)aﬁ

= "€ (g5, Pgiy” f) = =€ (g, ).

Hence, u; = P* f, and so we are done. Note that, as a consequence of
the symmetry and Jensen’s inequality, we know that

(1.6) ||Pt“*"f||ap <|Iflla,p for all ¢ € (0,00) and p € [1, 00].
We turn next to the derivation of pointwise estimates on p®*(t,z,y),
and for this purpose we will need the following Nash inequality (cf. [1]).

1.7 LEMMA. — There is a constant C € [1,00), depending only on d, with
the property that

(1.8) IFITEE < cevr (s, HIFIEL, fe LY zZ4R).

Proof. — We begin by noticing that, since ||f||12 < ||f||1,1, we may and
will assume that 0 < EM#(f, f) < || f]|3,,. Next, set

f(&) =Y fk)exp(V=12n(€,K)pa), € € [0,1]°.
kezd

By Parseval’s identity, for each r € (0,1]:

2= [ 1A de = 1)+ 700,

where I(r) =/ |f(§)|2d§ and J(r) :/ |f(§)|2d€

I'(r) [0,1]\I(r)

with I'(r) being the set of £ € [0,1]¢ with the property that, for each
1 <i < d either § < 5 oor & > 1 — L. Clearly, I(r) < 7% f|l1.1. At
the same time,

(N 23 S (fk+e) - (k)

kezd i=1

d
B Z/[o (L cos@rea)IF()[ de 2 (),

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 625

where

v = 4sup {——‘—] C(;S(%g) €l <5 } > 0.

Hence, we know that

EVP(£, 1)
”f”1 2 < Td“f”%@ + T2 r € (0,1].
In particular, since we are assuming that 0 < EVP(f, f) < [|f[} ..
can take
_ (L)

/1171

and thereby obtain our result. [J
1.9 LEMMA. — Assume that,
(1.10) K(p) = sup Z p(k, e)||e||2€‘7’”e”2 < 0.
kezd

ecZd

Then there exists a C € [1,00), depending only on d, such that

(1) ) < 0O 1) op (1220,
IVa

where

Vo(r) = adcard({k €z ||ak| < 1}).
Proof. — Observe that

(1.12)

(aVr

> ) < Va(r) < (a V)t

Thus, we need only prove (1.11) with V,,(£2) replaced by aV¢Z. In addition,
by the second part of (1.5), it suffices for us to handle the case when o = 1.

Because of (1.8), we can apply Theorem 3.25 in [1] to see that there is
a C, depending only on d, such that

l '
ph(t,x,y) < Ct% eXp<—D (%;X,Y)>>7

where
D(t;x,y) >sup {(&,y — x),, — tT(€)* : € € R?} with

F(§)2 = sup{ Z p(k, e)(exp(l(ﬁ,e)ﬂdl — 1)2 ke Zd}.

eczd

Vol. 33, n® 5-1997.



626 D. W. STROOCK AND W. ZHENG

Thus, when ¢ > 1, we get (1.11) by considering

and using (e|’7| —1)2 < n%e?l When t € (0,1], we have to argue somewhat
differently. Namely, by (3.19) in [1], we know that, for any ¢ e R,

¢ P17 (e f) 12 < eTE || fllie  where g (z) = e ne,

Hence, since [|gl1,00 < [lgll12 < |lgll1,1,

- P (9 f) 11,00 < €77 || |11,

and so

P (tx,y) < exp(— (&5 — x),, + (0(£)?).

Thus, we can now complete the proof by taking & = |§ ::I' O

1.13 LEMMA. — There is a C € [1,00), depending only on d, such that
(¢f. (1.10))

(1.14) a® ) " Jlod — ak||*p™ (t, ak, al) < CeK P,
lezd

Proof. — Again, by (1.5), we need only look at & = 1. When ¢ > 1,
(1.14) with a = 1 is an obvious consequence of (1.11) with o = 1. When
¢t € (0,1], we use the description of the right continuous Markov process
X (t) corresponding to {P,”” : t > 0} starting at k. Namely, because this
is a pure jump process, we know that

IX(#) = X < Y [1X(s) = X(s-)]-

s€(0,t]

Thus, if 7, denotes the time of the nth jump and A, = 1X (1a) —
X(12=)1110,4(7), then

E[IX(#) - XO0)I1°] < Y E[AnA,]
= iE[Afn] +2 > E[AnA.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 627

But, by the standard theory of jump Markov processes (cf. Chapter 3 of [5]),
the number of jumps is a Poisson-like process with rate dominated by

sup Z (k,e),

kezd eczd
form which it is easy to estimate the preceding by, respectively,
t sup Z (k,e)|le]* and t*( Sup Z (k,e)|lel)?.
135 gt ozt

Hence, because ¢ < 1, we are done. [
From (1.14) it is immediate that there is an R, depending only on d and
K(p), with the property that

al Z p®P(t, ak, al) >

1
||al—ak||<Rt2

for each k € 7.

DO |

In particular, by the Chapman-Kolmogorov equation, symmetry, and
Schwarz’s inequality:

p™P(2t, ak, ak) = o Z p*P(t, ak,al)?
lezd
>a Z p™r(t, ak, al)?

||al—ak||SRt%

>Vo(ReD) (YD por(t ok, al))?
llal—ak||<Rt®

Vo (Rt?) ™"

»&klr—t

Thus, there is an € € (0,1], depending only on d and K(p), such that
(cf. (1.12))

€

(1.15) “P(t, ak, ak) > " (t2)

Our next goal is to show that the on diagonal estimate in (1.15) extends
to a neighborhood of the diagonal. Namely, we want to show that there is
an ¢ > 0, depending only on d and K(p), such that

p*P(t, ak,al) > .
Va (tﬁ)
(1.16) for a € (0,1] and (£, k,1) € (0,00) x Z¢ x Z¢
with [jak — ol|| < 2t3.

Vol. 33, n® 5-1997.



628 D. W. STROOCK AND W. ZHENG

Our derivation is based on the ideas of Nash, as interpreted in [4]. We
begin with a number of observations.

1.17 LemMA. — (1.16) will follow from the existence of an ¢, depending
only on d and K(p), such that

(1.18) p*?(1,0,al) > € for «a€(0,2]and ||al|| < 2.

Proof. — In the first place, notice that our hypotheses are translation
invariant. Hence, there is no loss in generality when we take k = 0.
Further, if we know (1.18) and ||al|| < 2¢2, then either 1 = 0 and (1.15)
applies, or a < 2tz. In the latter case, take § = t=%, note that af < 2,
and apply the second part of (1.5) and (1.12) to see that (1.16) follows
from (1.18) with « replaced by af. O

The proof of (1.18) depends on the following Poincaré inequality.

119 Lemma. — Let U € C*(R;[0,00)) have the properties that
[V d¢ = 1 and U(€) = || for all sufficiently large |€). For o € (0,2,

define
d « (17, +1

)
ga(l) = Of‘iH/ eV g, 1ezt.

=17k
Then there exists a A > 0 such that

d

(120) M((f = (Ne)") <023 g (1A +e) - FO)’,

9o

lezd =1

where

()9, = a® Y p(al)ga(l)

1€z4

and €' is the element of 7¢ whose jth component is 1 if i = j and 0 otherwise.

Proof. — Because of the product structure, we may and will restrict our
attention to the case when d = 1.
We begin by showing that

“/R(f(éf) — ()7 e 2V g < /R;f’(g)Qe*?U(E) de,
where (f) E/f(5)6—2U(5) d,

for some 1 > 0. To this end, note that (1.21) is equivalent to .

/R(Q/,(g) _ (yj,e—U)Lz(R))ng < /R<¢’(§)2 + V(f)dJ(E)?) dé€,

(1.21)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 629
where V = (U")2-U". Thus, if H = —;6—22+V, then (1.21) is equivalent to
(1.22) spec(H) C {0} U [, ).

But, bc;cause V' — 1 has compact support, H is a compact perturbation
of _3%2_ + 1, and therefore the essential spectrum of H coincides with

[1,00), the essential spectrum of —j—i + 1. On the other hand, eV is
an eigenfunction of H with eigenvalue 0. Hence, 0 must be an isolated
eigenvalue of H, and so (1.22) will follow once we show that it is a simple
eigenvalue. However, because it lies at the bottom of spec(H ), a familiar
argument, based on the variational characterization of the bottom of the
spectrum, shows that O is indeed simple.

Given (1.21), we proceed as follows. For f on aZ, extend f to R by
linear interpolation. Thus,

alk+1)—t t—ak
o o

f) = flak)+

Then (remember that d = 1)

@ (ol + 1) = H@t)aal) = [ €O de

Lez

f(a(k+1)) forte [ak,a(k+1)].

ZM/U@%%ﬁffwmﬁ

— // 22U (&)-2U(n) dédn
R2

> B 2 Z(f(ak) (ae))2ga(k)ga(€)

k,lel

— e 3 | f(ak) = f(ab)]|f(alk +1)) — F(ak)|ga(k)ga(®)

k,Lel

B3 (F(ak) = 1)) galk)ga(0)

k,lel

—4pa )y (f(ak+1)) = f(ak))*ga(k).

kez

Y

Hence,

o™ty (flalk+1)) = f(ak))’ga(k)

kez

S 2o k) = (Dg,Pak). T

> B
2
2(1 + 4pa P

Vol. 33, n® 5-1997.



630 D. W. STROOCK AND W. ZHENG

The proof of the following lemma depends on the inequality

(d—c)?
2c AN d

- (logb —loga)® +

(1.23) (%—E>(b—a)§—6/\d

for all positive numbers a, ,b,c and d. To verify this, first note that, by
homogeneity, it suffices to treat the case when @ = 1 = ¢ A d. In addition,
by using the transformation b ~» %, one can reduce to the case when ¢ < d.
In other words, (1.23) comes down to checking that

(logz)® < 2(% - 1)(1 — )+ (d—1)°

forall z € (0,00) and d > 1. Finally, observe that, by Schwarz’s inequality,

(log:c)2 < (x;1)2’

and so it suffices to see that

@7_-1252(%_1><1—-x>+(d—1)2.

z
When z € (0, 1], this is trivial. When z > 1,

1——9v)2Z (x —1)2

—(d-1)>2

2(%—1>(l—x)=2(d—1)1;x+2(

1.24 LEMMA. — There is an € € (0,1), depending only on d and K (p),
such that

(1.25) a®> " log (pw (% ok, al>) ga(l.)

lez4

1
> 3 loge forall a € (0,2] and ||ak| < 2.

<

Proof. — Set u,(1) = p**(t,ak,al) and

G(t) = a® Y log(ui(1)) ga (D),

lezd

and note that, by Jensen’s inequality, G(¢) < 0. Moreover, by (1.2),

5ut ga ga
/ - [ == ZZ = _EXP =
G'(t) < ot’ ut>a (ut’ u )

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 631

Hence,
) = , (I+e) ga(l) ‘
- le%’ éfl (ut 1+e) t(l)>(ut(l+e) —ut(l))p(l,e)
> ol ZZ 9oLt )N 9D (10g (1 4 )~ logua(l))

ol 22 Z |9a(l+e) ()| o(l,e),

1€2¢ ec¢ 2ga(l+e) /\ga(l)

where, in the passage from the first line, we have used (1.23).
Because U’ is bounded and « € (0,2], we can find v € (0,1] such that

1?2(19“ (1+ ei) > v9a(1)

and

921+ €) — ga()|” K(p)
ZZ a(1+e ) A ga(1) pite) < v

1€z4 ec4

Hence, there is an M € [1,00), depending only on d and K(p), such
that (cf. (1.20))

G'(t) > > at? Z Z logus (1+ ') — log ue(1))?ga (1) — M

le€zd i=1

> —ad Z log us(1) — G(t))*ga(l) — M.

lezd

Next, for ¢ > 0, set
Ao)={1€Z%: w(l) > e},
Then, for each ¢ > 0,

oy (logui(1) = G(t))*ga(D)

lez¢

> oty (= log” (1) = G(1)ga(1)
lezd

>at Y (0+G1)00) 2 CW’ T Y g0
le A (o) 1€ A (o)

Vol. 33, n°® 5-1997.



632 D. W. STROOCK AND W. ZHENG

Thus, we now know that

E—LIASE\Z—)'Q" G(t)*=(M+0?), where |Ai(0)]s. = Y ga(D).

€A (o)

a'(t)

Finally, we use (1.14) to find an = € [1,00) such that

for all @ € (0,2], t € (0,1], and |lak| < 2.

>~ w

ol Z pP(t, ak,al) >

llad||<r

In particular, if y is the smallest value e=2Y takes on [—r, 7], then

B~ w

ga '

< ot Z u(l) < e 77 + —”ut”;’oo lAt(a)|
latl[<r o ~

Thus, by taking o = log4r? and using (1.11), we conclude first that
de—K(p)

]At(a)lg > Le— and then that there exists a 6 € (0,1), depending
only on d and K (p), such that

G'(t) > 6G(t)* =6~ for all a € (0,2],

te |-, = nd ||ak]|| < 2.
17 2 , d ” “ =

To complete the proof starting from (1.26), suppose that G(3) < — 2.

By (1.26),

o3)-oms-om ve[1

and so, again by (1.26),

G'(t) > gG(t)Z, te B—ﬂ

But this means that

1\ NN 1\ s
Gl-z) <G(=z] -Gl=] <-=;
(s) =e(3) (i) ==
and therefore G(1) > —857!. In other words, we can take €z =
sexp(—=861). O
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The passage from (1.25) to (1.18), and therefore (1.16), is easy. Namely,
by the Chapman-Kolmogorov equation and symmetry,

1 1
p™*(1,0,a1) > o’ Zp""p (5’ 0, aj) p*’ (5, al, aj) g.(J)-
J

Hence, by Jensen’s inequality, if ||al|| < 2, then (1.25) gives (1.18).

In the following statement, { Py’ : k € 7%} denotes the Markov family
of measures on 2, = D([0,00);aZ?) for which transition probability
function has p®?(t, ak, al) as its density. Also, for each 7 > 0 and k € z4,
Gyt Qo — [0,00] is given by

(o) =inf{t > 0: |lw(t) — ak|| > r}.
Finally, for ' C R?, ||, denotes o’ times the number of k € Z¢ with
ak € T.

1.27 LemMA. — There is a 6 € (0, 3), depending only on d and K(p),
such that
0|«
Va(t?)

(1.28) PP(lt) € T & G, (w) > 1)

for all

a € (0,1], r € (0,00), t € (0,(260r)?],
(k,1) € Z¢ x 7% with |jak — ol|| < t7,

d
andT' C ak + [—t%,t%] Nazd.
Proof. — First suppose that t3 < «. Then 1 = k and either I" is empty,

and there is nothing to do, or |I'|, = V,(t2). In the latter case,

P3P (w(t) € T & ¢ (w) > t) > Pyl (w(s) = k for s € [0,])

> exp (-mmg’;—) > exp (~K(p)).

Thus, we need only worry about t2 > a. But then, for |lak — aj|| < t2:
a PR (w(t) = 0f & G (w) > 1)
= p**(t,al, af) — EP«" [pr (t — G 1 (w), w (G ) 0d), Girlw) < t]

1-260
€ KW sup 578 exp (—(——1—)—7,-)

A t%) 0<s<t §2

€ _d (1-260)0
> — CeXP=% qupodex (——— .
- Va(t%) 0'21;1) b 20
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Hence (cf. (1.12)) we can choose 6 € (0, %) to achieve

ap . o fad
Pal (w(t) =qj & Ck,r(w) > t) Z

and (1.28) follows immediately after summing over aj € I'. [

Our main interest in (1.28) is that it allows us to derive a Nash continuity
estimate (cf. Theorem 1.31 below). However, in order to do so, we will
have to replace (1.10) by the much more stringent condition:

llell > R(p) = p(k,e) =0
(1.29) and Y p(k,e) < R(p) forall k € Z¢,

e€zd

where R(p) € [1,00).
In the following lemma,

Q*((T\k);r) = [T —r%,T] x {al: ||al — ok|| < 7}
for r > 0 and (T, ak) € [r?,00) x aZ*.

Also, given a function u on a set S, define
Osc(u; S) = sup {|u(y) — u(z)| : =,y € S}.

1.30 LEMMA. — Set (cf. Lemma 1.27 and (1.29)) n = (1 + R(p))“lo and
determine o € (0,00) by n° = (1 - 2_d_39). Then, for all a € (0,1] and
bounded functions f on oZ?,

Osc(u®; Q@ ((T,k);nr)) < n°Osc(u®; Q*((T, k); ),
r > 0and (T,k) € [r?, 00) x aZ?,

when u®(t, -) = P>’ f.

Proof. — Without loss in generality, we will assume that k = 0. Moreover,
because there is nothing to do when nr < «, we will assume that nr > «a.
For 3 € [0, T%], set

M(B) = max{u®(s,aj) : (s,aj) € Q*((T,0);3)}
and m(f) = min{u‘“(s, aj): (s,aj) € Q“((T,O);ﬁ)}.

Then Osc(u“;Q"((T, 0);6)) = M(B) — m(B). Next, set

,_nr
80  1+R(p)
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and

M
= {aj 2 logl| < nrand w® (T — (20r)?, 0j) > L);ﬁgr—)}

Obviously, either |T'|, > V. (nr) or |T]o < $Va(nr). If |T]s > $Va(nr),
take w = u® —m(r). Given T — (nr)? < s < T, sett = 2nr)> =T+ s €
[(nr)%, (2nr)?], and note that, because w > 0 on Q*((T,0);r) and

> a ’ + 6rR
G () < 00 = ulGg, )| <+ ak(p) s TR <

P?%,? — almost surely when ||al|| < nr,

(1.28) implies that

w(s,al) = =i [lU(S - C&’,rr(w) A t,w((&r, A t))]

> E7 (T - (20 (1)), G () > 1]
, M(r) —mir) 4T,

- 2 Va(th)
S (M(r) — m(r))@ Va(nr) S (M(r) - ’m(r))ﬁ
- 4 Va(t2) ~ 2d+3

for ||| < mr. Thus, m(nr) — m(r) > 27473¢(M(r) — m(r)), which
means that
M(nr) — m(nr) < M(r) — m(nr)

<(1- 274739) (M(r) — m(r)) = n° (M(r) — m(r)).

When |I'|, < 1V, (nr), one takes w = M(r) — u* and proceeds as above
to get first that M(r) — M(nr) < (1 —2793p)(M(r) — m(r)) and then
the same estimate as we just arrived at. [J

1.31 THEOREM. — Assume that (1.29) holds for some R(p) € [1,00), and

define o as in Lemma 1.30. Then there is a B € (0, 00), depending only on
d and R(p), such that, for all o € (0,1] and f € L>=(aZ%;R),

(1.32) I[P f] (o) — [P2* f] (o)

[t — 5|7 V]ak — o] 7
< B“f”aoo( L .
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In particular, there is a C, depending only on d and R(p), such that

(1.33) [p™(t',ak’, al') — p**(t, ak, al)]
< C(It' =t} + [lak — ak/|| + ol — ol'|[)" (¥ A )5

Proof. — Clearly (1.33) follows from (1.32) together with (1.11) and
t
ek ol) = (o) = [ P77 ()| (o,
2
To prove (1.32), set T =t As and r = /(1 —n?)T. If
|t — s|? V|l — ak]|| >,

then (1.32) is easy. Otherwise, determine n > 0 so that

1
— 5|7 V ||al — ak
,r’n+1 S |t ‘9|2 V”OZ o ” Snn

r

Then, by repeated application of (1.30), one finds that
[P f](al) — [P ] (ak))|
< Osc(u®; Q*((T,0);7™r))
< 0" 0se(u®; Q¥((T,0);7))

SQWWﬂMmS2WWVMm< O

It — ]2 V |lak — al”)a
. :

2. PRELIMINARY APPLICATIONS

Throughout this section we will be dealing with the following situation.
For each o € (0,1], we are given p, : Z¢ x Z¢ — [0,00). Our basic
assumption is that the p,’s satisfy (1.1). In addition, we will assume that
there is a R € [1,00) with the properties that

llel] > R = pa(k,e) =0

2.1
(21) and Z pa(k,e) < R forall k € Z¢.

ecz4

2.2 LEMMA. — Set (cf. 1.4)) p* = p™P=, and, for x € RY, use [x], to denote
the element of aZ? obtained by replacing each coordinate x; with « times

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



MARKOV CHAIN APPROXIMATIONS TO SYMMETRIC DIFFUSIONS 637

the integer part of a~'x;. Then, for any sequence {a,}7° C (0,1] which
decreases to 0 there is a decreasing subsequence {a,} and a continuous
q : (0,00) x R x RY — [0,00) such that

(2.3) lim sup sup t%emy'x'[pan' (t, [Xla,, [¥]a ,)—q(t,x,y)| =0,
=% € (0,00) x,y €R? wr s

where [ € (0,00) depends only on d and the number R in (2.1). In
particular,

(2.4)
q(87x7 Y) - q(87y7 x)7 (S,X, y) e (07 OO) X RdXRd?

/ a(5,%,6)dE =1, (5,%) € (0,00) x RY,
R

lim sup / q(s,x,€)dé =0, x € R andr € (0,00),
SNOxeRe Jig—x|>r

a5 +4,%,y) = / a(s,%,E)a(t,€,y) d€, st € (0,00) and x,y € R".
Rd

Proof. — Because of (1.11) and (1.32), there is essentially nothing to do
except comment that the existence of a locally uniform limit is guaranteed
by (1.32) and the Arzela-Ascoli compactness criterion and that the other
statements in (2.3) and (2.4) follows from this combined with (1.11). O

From (2.4), it is clear that if (), is determined by

(25)
Quf( /f(g (t,x,£)d€, (t,x) € (0,00) x R? and f € C. (R%R),

then {Q; : t > 0} determines both a Markov semigroup on Cb(Rd; R) and
a strongly continuous semigroup of self-adjoint contractions on L? (Rd; [R).
Our goal now is to give criteria which will enable us to identify the
semigroup {Q; : t > 0}. Notice that if {Q; : ¢ > 0} is uniquely determined,
in the sense that it is independent of the subsequence selected, then there
will be no need to pass to a subsequence in the statement of (2.3).

In order to carry out our program, we first impose the regularity condition
that (cf. (2.1)), for each r € [1,00),

(2.6) lim sup  sup |pa(l,e) = pa(k,e)| = 0.
a\O czd llokll<r [1-k[|<R

Second, we define a, : aZ? — R? @ R? by

(2.7) ao(ak) = Z pa(k,e)e®e, kez%
ecz¢
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Finally, we suppose that there exists a Borel measurable a : R — R4 @ R?
with the property that, for each r» > 0:

2.8 lim/ o ([X]a) — a(x)| dz = 0.
(28) fi [ Jaa (i) — o)

As a consequence of (1.1), (2.1), and (2.8), it is an easy matter to check
that, without loss in generality, we may assume that 2/ < a(x) < RI for all
x € R?. In particular, the general theory (cf. either [3] or [8]) of Dirichlet
forms applies and says that there is a unique strongly continuous, Markov
semigroup {P;* : ¢ > 0} self-adjoint contractions on L?(R%;R) with the
properties that, for each f € L*(R%R), ¢t € (0,00) ~ P2 f is the unique
continuous function ¢ € (0, 00) — u, € W3 (R%;R) (the Sobolev space of
square integrable functions with one square integrable derivative) such that

d
—(p,ue), = — /Rd (Veo,aVuy),, dz, ¢ € C2(R4GR),

29)  dt
and wu; — fin L?(R%R).
In fact (cf. [9]) there is a unique p* € C((0,00) x R x R%; (0, 00)) with
the properties that
(2.10)
(s, %,y)=p"(s,y,%), (s,%,¥) € (0,00) xR xR,

/ (5, %,€)dE = 1, (5,%) € (0,00) x RY,
Rd

lim sup / p*(s,%x,€)dé =0, x € R% and r € (0,00),
SNOxere Jig—x|>r

(s, %,y) = / P(5, %, €) p(1,€,y) dE, 5,1 € (0,00), x,y € RY,
Rd
and, for each f € C.(R%R),

(2.11)  PMf=P"f ae. where P/f(x)= /Rd Fy)pt(t,x,y) dy.

What we want to show is that, after the addition of (2.6) and (2.8), we can
show that the ¢ in (2.3) must be p“, and for this purpose we will need a few
preparations. Namely, given 1), : aZ% — R, let 1), denote the function
on R? obtained by baricentric extension. That is, for each k € Z¢, set

d

(2.12) Qa(k) = [ [ak;, alk; + 1)),

j=1
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and define 1), on Q. (k) to be the multilinear extension of 1, restricted
to the extreme points of Q. (k). The crux of our argument is contained
in the following lemma.

2.13 LEMMA. — For each a € (0,1], let 1, : aZ* — R be given, and
assume that

(2.14) sup a2 Z Z (tha ((k + €)) — 1pa (ak)))? < 0.

a€(0,1] Kkezd [lef|=1

If Yo converges to 1 in L*(R%R), then v € W (R%;R) and

(2.15) / (Ve, aV«/))Rd dx = li{[})f“((p, Va), @ €CZRYR),
Rd o

where we have taken (cf. (1.2)) E¢ = E£¥FP=.
Proof. — We begin by observing that, for x € Q4 (k),
[V4a ()|
<a™t max{wa(al’) —ta(ad)| : al,al’ € Qq(k) with [[I' —1|| = 1}.

In particular, this means that

1195l o ey < 2072 3 3 ((exlle t-€)) = g (k)

kez¢ lef|=1

2
)

and so, by (2.14), the L?-norm of |V'¢/3a| is bounded uniformly in « € (0, 1].
Hence, from the elementary functional analysis of the space W3 (R%R),
we know that ¢y € W} (R%R) and that V1), tends weakly in L?(R%;R?)
to V4; and, after combining this observation with (2.8), we see that it
suffices for us to check that

e - |

JRd

lim =0.

a\,0

(Vox), aa([xla) Via(x))_, dx

Moreover, because ¢ € C>°(R?; R), it is clear from (2.14) that the preceding
can be replaced by

o1 Z Z Ca(k,€)8neta

kezZd ecz4

- / (Vo) oK) Via) dx!= 0,

(2.16)

lim
a\,0
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where
ca(k,e) = pa(k, e)(e, Vo(ak)),.,
and we have introduced the notation 6,9 (x) = ¢ (x + v) — 9 (x).

To prove (2.16), we define a rectilinear, nearest-neighbor path from k to
k + e. Namely, for (k,e) € Z9 x Z% and 1 < j < d, let

( ()
if 6]' :07
_ {f: bi=ki+e;fori <y ki <l; <kj+ej,
Pk, e) = and /; _k forz>]} ife; > 1
{E bi=ki+efori<j kj—ej <{l;<kj,
\ andf_kifori>j} if e; <—1.
Then,
aeq/)a ak) ZSgn(eJ Z 6d,jwa(a£)>
LeP;(k,e)
where

604,]"(/)(){) = ’l,b((fljl, sy X51,T5 + Ay Tjq1, .- .,.17d)) — TZJ(X);

and so

adt Z Z Ca(k, e)éaewa<ak)

keZd eczd
d
= ! Z Z co(l,€) Zejéa,jwa(al)
€24 ecz4 j=1
d
a1 3NN " sen(e;)da al(l) > (calkie) = call e)).
1€7¢ ec7¢ j=1 {k:1€ Pj(k,e)}

Thus, because of (2.6), (2.14), and the fact that ¢ € C>°(R%;R), we see
that (2.16) reduces to

- 1ZZ(‘Wle Z(’j a,ja(al)

- ,/Rd (VSO(X)’ o ([X]a) V"Za (X))Rd dx

Finally, to prove (2.17), observe that

/Qa(k) ?;fj (x)dx = (%)d_l Z ba.ja(al),

leQ(klj)

lim |«
a\,0

(2.17)
=0.
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where
Q(klj) ={k: 1 =k;and L; € {ki, k; + 1} for i # j}.

Hence, after elementary manipulation, we see that

ot 1X:anle ZeJ 0o ja(al)

le74 e€z4
=3 Y ke / (€, ViPa(x)) o dx
keZd ecd Qa(k)
( ) Z E Zc] Ou,ja(ad) Z (ca(l e) — calk, e)).
1€2¢ e€2¢ j=1 {k:leQ(k|5)}

Thus, because of (2.6), all that remains is to note that

> callie) (e, Viha(x)) g dx

lezd ec7d Qa(1)

- /R (W(X)’ “a(lxla)V%(xDRd dx

hm

=0. O

By combining Lemma 2.2 and 2.13, we get the our main result.

2.18 THEOREM. — Let a : R — RY®R? be a Borel measurable, symmetric
matrix valued function which satisfies

(2.19) 2I <a(x) < RI, xe€RY,

for some R € [1,00), and determine p* : (0,00) x R¢ x R? — (0, 00)
accordingly, as in (2.11). Also, for each o € (0,1), let p : aZ® x 7% —
[0, 00) be a function which satisfies the conditions in (1.1) and (2.1). If, in
addition, (2.6) and (2.8) hold, then

(2.20) lim sup sup +5 Bly—xl|,

2O te(0,00) €R¢ (f’ [X]a, [y]"‘) - pa(tv X, y) =0,
0 4€(0,00) X,y

where 3 € (0,00) depends only on d and R (cf. (2.1) and (2.6)).

Proof. — In view of Lemma 2.2 and the discussion which follows its
proof, we need only check that (cf. (2.3)) ¢ = p®. Moreover, starting from
the characterization of {P? : ¢ > 0} given in (2.9) and using the continuity
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of p?, one can apply standard soft arguments to see that it suffices for us
to prove that, for each f € C2°(R%;R) and X € (0, ),

uy € W5 (R%R)
and
Aiprua), + /R (VoaVun) g dx = (5. )y ¢ € C(RER)
when

Uy = / e_AtQtf dt.
0

To this end, define uy, : «Z¢ — R by

0o
U\, o = / G—AtPta’pafdt.
0

From the spectral theorem, it is clear that

1
E(Unar tna) < a”f“ga

Hence, because of (1.1), we know that (2.14) holds with v, = Ux,q-
Moreover, from (2.3), it is an easy step to %y , — uy in L?(R%; R). Thus,
by Lemma 2.13, uy, € W}(R%R) and

/\(go,u)\)o +/ (Vgo,aVu,\)Rd dx

= lun [)\ (p, U o, , o + £¥’ (<P"U/A,ozn/)]
= hm (cp ) ( ,f) o

3. CONSTRUCTION OF MARKOV CHAIN APPROXIMATIONS

Theorem 2.18 provides us with a criterion on which to base the
construction of Markov chain approximation schemes. The only ingredient
which is still missing is a procedure for going from a given coefficient
matrix o to a family {p, : « € (0,1]} which satisfies the hypotheses of
that theorem. Thus, let a Borel measurable a : R — R? ® R? symmetric
matrix-valued function satisfying

(3.1) 3l <a(x)<(24+ M)I, xeR
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be given. We want to construct an associated family {p, : « € [0, 1]} which
satisfies (1.1), (2.1), (2.6), (2.8), and therefore, by Theorem 2.18, (2.20).
An important role in our construction will be played by the following
simple application of elementary linear algebra. Here, and elsewhere,
elements of R? will be thought of as column vectors. In particular,
if e,...,e? are given elements of R?, then [e',...,e?] will be the

d x d-matrix whose jth column is e’.

3.2 LEMMA. — Given a symmetric S € R ® RY, there exist linearly
independent €', ..., e € 7% such that maxi<;<q||e’| < 32d%(||S|lop V 1)
(Il - llop Stands for the operator norm), and

. 2

(33 s, S| (5587, | < i [
J#i
when E=1 = [e!,... €.

Proof. — Set R = 32d?(||S]lop V 1). Choose an orthogonal matrix O so
that A = OT SO is diagonal, determine e/ € Z¢ so that, for 1 < i < d,
el is the integer part [RO; ;] of RO, ;, and set B = R™![e!, ... ,ed]. We
must show that B is invertible and

1 12
(3.4) max Z’ )Y], < §VEI%LIL|B v|™.
For this purpose, set A = O — B. Then [|Allo, < 4 < % and
B=(I- AOT)O. Thus, B is invertible and
-1 T T\—1 T 2d
B'=0"(I-AO") =0"+H Where||H||op§E
In particular,

- 84|51}, C1pe1yT 8d
557 -, < e g possyT o), <3
Hence, on the one hand,

8d 3
IBH >(1-=|I>>
B (B™)' > {1 7 /12 41,
while, on the other hand,
8d(d—1)}|Sllop _ 1
< < -.
1rgza<xd Z‘ )iJ - R — 4 =
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At this point it is useful to make a distinction between the cases when
a is assumed to be continuous and when no continuity is assumed. The
next statement is a more or less immediate consequence of Lemma 3.2 plus
elementary point-set topology. Indeed, when a is continuous, Lemma 3.2
makes it clear that each z € R? admits a neighborhood U and a choice of
basis e',...,ed € 79 such that max;<;<q||€’|| < 32d>M and

E=l[e!,....e"] ' > Z’( —2I) ET)”,[ < (E(a(y)—Zf)ET)

1,1

forall 1 <7 < dand y € U. Hence, the following statement comes from
the preceding and the fact that R? is o-compact.

3.5 LEMMA. — If a is continuous, then there is a countable, locally
finite, open cover {U,}3° of R? such that, for each n € N, a | U,
is uniformly continuous and there exists a basis €'™, ..., e*™ such that
maxi<;<q ||| < 32d?M and, for each 1 < i < d and x € U,

(36) 3 |(Balalx) - 20)E), | < (Eu(ax) - 21) B, T)

J#i

i

when E, = [eb",. .. e d"]
Next, choose {7, : n € N} C C>(R%;[0,1]) to be a partition of unity
which is subordinate to {U,}, set

(3.7) En(x) = E; (a(x) - 21)E,,,
and, for each n, define o, : R? x Z? — [0, 00) by
4 1 _ +
57 (%) (En(%):;)
when x € Uy, i # j, and e = (e'™ + &)
1 - _
5’7n(x) (En(x)i5)

when x € U,, i # j, and e = ("™ — e/")
1 (%) (20 (0 = 3 [Za 001,
vy
when x € U, Jand e =e"

on(x,e) = ¢

L when x ¢ U,.
Finally, set

(3-8) Pk, e) = 1{1}(”9”) + Zgn(k’ e).
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3.9 THeoREM. — If a : R* — R® x R? is a continuous, symmetric matrix
valued function which satisfies (3.1) and if {po : @ € (0,1]} is determined
by the prescription in (3.8), then Theorem 2.18 applies and so (2.20) holds.

Proof. — There is nearly nothing to do. Indeed, since each of the o,,( -, €)’s
is continuous and vanishes identically when ||e|| > 64d2M, it suffices to
observe that, by construction, Y, o,(x,e) = a(x) —2I forall x € R, O

The situation when a is not continuous is hardly different. The only
substantive change is that one must begin by doing a little smoothing. For
example, choose some 3 € C2°(R%; [0, 00)) with total integral 1, and set

(3.10) an(x)=a" % / Q/J(a_%(y—x)) a(y)dy, a € (0,1] and x € R%.

|Rd

Then
(3.11) ll2a(y) = da(X)llop < Ca™2|ly —x||, x,y€R"
Hence, by Lemma 3.2, one can find an ao € (0,1] such that, for each
a € (0,a0] and 1 € Z¢, there is a basis {eb(®D .. ed(D} in R? with
(cf. (2.12))

max |le’(D|| < 32d2M and, for each 1 < i < d,

1<5<d
(312) Y| (Baa(0a(®) = 20)EY), | < (Faslax) - 20)E],) |

i "
x€Q 3()),

when E,; = [el’(“’l),...,ed’("*')]_l. Set

Bai(X) = Ean(aa(x) —21)El;,  x € Qa(l).

Next, choose an n € C°((—1,1);[0,1]) so that p = 1 on [—3, 3], take
n(t)

n(t—1) +n(t) +n(t —1)

and define 0, : R? x Z¢ — [0,00) so that, when x € Qa%(l),

d
ﬁ(t) = and na,l(x) = Hﬁ(a_%xj — lj),
7j=1

(22109 (2, 01)"

2
ifitj&e= (ei’(a") + eh(@l)
na,12<x) (Ea,l(x)i,j)_
if 2 # _7 & e = (ei,(a,l) — e]',(oc,l))
a1 (X) (Ea,l(x)i,i - Z'Ea,l(x)i,]‘D
O J#
\ if e = eb (@)

Oa1(X,€) =

Vol. 33, n® 5-1997.
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and oq)(x, ) = 0 when x ¢ Q s (1). Finally, set

(3.13) pak,e) = Ly (llell) + Y oanaa(ak,e).
lezd
3.14 THEOREM. — Given a Borel measurable, symmetric a : R¢ —

R ® R, define {po : o € (0,1]} as in (3.13). Then Theorem 2.18 applies
and so (2.20) holds.

4. CONVERGENCE OF PROCESSES AND AN
APPLICATION TO THE DIRICHLET PROBLEM

As a more or less immediate dividend of Theorems 3.9 or Theorem 3.14,
we get an accompanying statement about the associated stochastic processes.
Namely, for each o € (0,1], let £, denote the Skorohod space
D([0,00); aZ?) of right continuous, aZ¢-valued paths on [0,00) with
left limits, and note that each €, is a closed subspace of D([0,c0); R?).
Next, let {P2 : k € Z} be the Markov family of probability measures
on €2, with transition density p®. Also, let {P,‘f P X E Rd} be the Markov
family of probability measures on C([O,oo);Rd) for which p® is the
transition density. Because of (1.14) and standard compactness criteria
(e.g., Chencov’s in Theorem 8.8 on page 139 of [2]) for the Skorohod
topology, it is clear that, as a subset of probability measures on €2y,

{P3 : @ €(0,1], k € Z% and |lak| < r} is tight for each r € (0, 00).
At the same time, by (2.14), if a,, \, 0 and a,k,, — x € R, then the only
limit {P;‘:k" }c;o can have is P¢. Hence, we have now proved the following.

4.1 CorOLLARY. — Under the conditions described in either Theorem 3.9
or Theorem 3.14, for any bounded F : Q¢ — R which is continuous and
any r € (0,00),

(4.2) lim sup IIEJD[L:‘]cx [F] — E™> [F]| =o.
a\,0 |x[<r
In fact, (4.2) continues to hold for bounded F’s on Qg which, for each

x € RY, are PZ-almost surely continuous with respect to the topology of
uniform convergence on finite intervals.

Proof. — The only point not already covered is the final one. However,
because {Px : |x| < r} is compact as probability measures on
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C ([0, 00); R), it follows from standard facts about the Skorohod topology
that the preceding weak convergence result self-improves to cover functions
which are continuous with respect to the topology of uniform convergence
on finite intervals. [J

We conclude with an application of the preceding to the Dirichlet
problem for L in a bounded, connected region & C R?. That is, given an
f € C(9&;R) we seek a function u} € C(@—; R) with the properties that:

uf [ 08 = f, u} € Wi, (B;R), and

(4.3) /@(Vu‘},ach)Rd =0, ¢€C>(B;R).
Set
((w) = inf{t € [0,00] : w | [0,t] Z B}
and

(z(w) = inf{t € [0,00] : w | [0,t] Z B}.
Because ® is bounded, (1.16) can be applied to check that there are
T € (0,00) and € € (0,1) with the property that
2 (GG <T)>e¢ foralla€(0,1] and ak € &.

Hence, by a familiar argument, there exists another € > 0 such that
sup sup Efex [e“’e‘] < 00.
aE(O,l] akEE
Similarly, from the lower bound in (1.0.10) of [9], one knows that
sup EP * [6643] < o0
xea

for a suitable choice of ¢ > 0.

Obviously (s < (g always. In addition, (s and (g are, respectively,
lower and upper semicontinuous with respect to the topology of uniform

convergence on finite intervals. Finally, the lower bound from (I.1.10) in
[9] leads (cf. part (iii) of Exercise 3.2.38 in [10]) to

(4.4) Pi(¢s =(5) =1, x€RY
whenever 0® is Lebesgue regular in B0 in the sense that

== 18C 0 Ba(x, 1)

4.
(45) ) rd

>0, x€06.
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4.6 THEOREM. — Assume that (4.4) holds. Given f € C(0®;R), choose
[ € CL(R4R) so that f | OB = f. Then (cf. (4.1))

(4.7) () = lim E"Te [f(w(C@)), Co(w) < oo], X € ®.

In fact, the convergence in (4.4) takes place uniformly on compact subsets

of &.

Proof. — In view of Corollary 4.1 and the preceding discussion, the
derivation of (4.4) comes down to checking that

(48)  w(x) =E% [[(w(Ce)), Colw) <], x€®.

Indeed, (4.4) guarantees that f(w((s)) is P2-almost surely continuous in
a topology with respect to which we know that P[‘j“(]a is converging weakly
to PZ. ’

To prove (4.8), one needs to use three facts. First, (4.8) is essentially
trivial when a is smooth. Second, the convergence result in Theorem II.3.1
together with the tightness which comes from the upper bound in (I.1.10)
of [9] and the continuity discussion just given, show that

IEP:n I:f(w(<®))a C@ < OO] - [EP: [f(w(CQﬁ))7 C@ < OO]
uniformly on compacts in &

if {a,,}5° is a sequence of coefficients matrices satisfying (3.1) and tending
to a in measure. Third, one must know that, under the same conditions,
ufr — u$ uniformly on compacts, a conclusion which can be easily
drawn from the facts in [9] and is explicitly contained in results of [7] or
85 of Chapter II in [6]. [

Remark. — For actual computation, it may be useful to observe that
(49)  E"x[F(w(Ge)): Go < 00| = E%x[F(w(Co)), Co < o],

where {Q% : k € Z%} is the discrete-time parameter Markov family on
aZ? with transition probability

°(ak, af) = R(k)! (pa(k,l — k) + pal(lk — z)),

when
Rk)= Y (pa(k,ﬁ — k) + pa(lk — e)).
Lezd

Indeed, one can construct Q%, from P2 by simply recording the size of
the jumps and taking the time between successive jumps to be 1. Hence,
the distribution of unparameterized trajectories is the same under P%_and
Q4. In particular, the distribution of w((e)1(9,c0)(Ce) is the same under
Q¢ as it is under P2.
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