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ABSTRACT. — We investigate the precise behaviour of a gas of vortices
approximating the vorticity of an incompressible, inviscid, two dimensional
fluid as proposed by Onsager [16]. For such mean field interacting particles
system with positive vortices, the convergence of the empirical measure
was proven in [3]. We improve this result by showing, for more general
values of the vortices, that a large deviation principle holds. We also prove
a central limit theorem for neutral gases. © Elsevier, Paris
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RESUME. — Nous étudions le comportement asymptotique d’un gaz de
tourbillons décrivant un fluide incompressible bidimensionnel. Ce systeme
est modélisé par une interaction de type champ moyen. La convergence
faible des mesures empiriques associées a été prouvée dans [3]. Nous
étendons ce résultat et prouvons un principe de grandes déviations pour
des valeurs quelconques de I’intensité des tourbillons. Dans le cas d’un gaz
neutre, nous établissons aussi le théoréeme de la limite centrale. © Elsevier,
Paris
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1. INTRODUCTION

Recently, methods of approximations by particles systems have been
widely studied. For an incompressible, inviscid, two dimensional fluid a
natural approximating scheme follows the point vortex method. The basic
idea of the point vortex method is to approximate the vorticity of a fluid by
a “gas of vortices” which is represented by a linear combination of Dirac
measures Y R;8,,. The investigation of the 2 dimensional turbulence by
this method has been initiated by Onsager [16].

Onsager notices that the gas of vortices exhibits 3 different regimes.
When the inverse of the temperature [ is positive and large the vortices are
mostly close to the boundary whereas they will be more or less uniformly
distributed for smaller but positive 3. But also, Onsager argued that there
is no reason to consider only positive temperatures: when the energy of
the system is increased the vortices of the same sign are forced to be
close to each other. This can be interpreted as a negative temperature
state. This tendency to create local clusters of the same sign has been
observed in numerical experiments by Joyce and Montgomery [12]. Since
then, many attempts have been made to understand this phenomenon. In
the standard thermodynamic limit, Fréhlich and Ruelle [10] showed that
this negative temperature regime does not exists. Nevertheless, it was then
argued by Caglioti, Lions, Marchioro and Pulvirenti [3] and also by Eyink
and Spohn [8] that the mean field scaling is relevant for the study of this
negative temperature phase. In [3], it was proven that the weak limit of
the Gibbs measures associated to the N-vortex systems converges towards
some measure concentrated on particular stationary solution of the 2-D
Euler equation. They also computed the behavior of these solutions as 3
converges to the critical temperature —8m.

Viewing the vortex method as a way to approximate these solutions, it
is natural to wonder what is the speed of this convergence. Our goal is to
precise it by proving large deviations and central limit results. Also, we
will investigate more precisely the role of the signs of the vortices.

We follow the discretization procedure described in [15]. The vorticity
field in a bounded domain A is approximated by a linear combination of
N Dirac measures concentrated in points z; of A with intensity R;. Then,
the N-vortex system in A is described by the Hamiltonian

N N
1
HY(X,R) = 3 Z RiR;Vi(zi, ;) + ZR,?WA(%),

i#i>1 i=1
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where X = (z1,...,z,) and V, is the Green function of the Laplacian in
A with Dirichlet boundary conditions. More precisely

1
Vz,y € A, Valz,y) = ~ 5 log |z — y| + va(z,y),

where v, is symmetric and harmonic in each variable. Moreover,
Wa(z) = ya(z, z).

In the following, we will assume that the intensities are bounded. Without
loss of generality we can assume that they are bounded by 1. In [3],
Caglioti et al. consider all the vorticities equal to +1 and in [10], Frohlich
and Ruelle consider the neutral case, i.e. the sum of the intensities equal
0. Here, we wish to consider general {—1,1} valued intensities. First, we
shall assume that the R;’s have a fixed ratio of —1 and 1. We will refer
to this setting as quenched. On the other hand we wish to consider as well
the case where the intensities are randomly distributed, we will assume
that they are independent and identically distributed (i.i.d.) with Bernoulli
law QY = Q%N

We denote by

1
fA dy

the product of Lebesgue measures on AV . In the following, ¥ will be either
Aor Q =A®{-1,1}. We denote by M(Z) the space of measures on ¥
and by M7 (X) the space of probability measures on Y. We define

dP(z) = lyeadr and dPN(X) = N, dP(z;)

Mg ={reML(Q) :mov=0Q}

the set of probability measures with intensities marginal Q).

Let 3 be the inverse of the temperature. For a given sequence (R;);en
of intensities, we introduce the canonical quenched Gibbs measures on
M (AY) by

dvg N (X) = Zﬁl(ﬁ) exp{—%Hf\V(X, R)}dPN(X),

where
285(0) = P¥ (exo{ - X (X} ).
We consider as well the averaged Gibbs measures on M7 (Q)

B
N

dvgn(X,R) = ——%)—exp{——

HY (X, R)}dPN ® dQN
ZN
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208 T. BODINEAU AND A. GUIONNET

where

Zn(B) = PN @ QN (exp{——%Hf\v(X, R)}) .
To state our large deviation principles we need to introduce the following
energy functional

Vv € M7 (), Ev) = //RR’VA(az,y) dv(z, R)dv(y, R').

Define

weMbQ),  F)=HWPoQ+ 5w,
where H(v|P ® Q) is the relative entropy of v with respect to the product
measure P ® Q. In section 2, we will see that 5 is lower semi-continuous.

To state in the simplest and more complete way our result, we shall
restrict ourselves in this introduction to the case where A is a disk. Then,

we have the following quenched large deviation result

THEOREM 1.1. — For any (3 in ] — 8w, 00, if (1/N) Y, 6r, converges to
a measure Q, the law of the empirical measure

1N

~N
= — 0z, R, 2
A= ; R (2)

under 1/,(1327 ~ satisfies a large deviation principle with rate function
+00 ifv ¢ Mg,
G,(v) = Fs(v) — }\Bf Fs otherwise.
Q

Moreover, the following averaged large deviation principle holds

THEOREM 1.2. — For any (3 in | — 87, 00|, the law of the empirical measure
i under vg y obeys a large deviation principle with action functional

Ga(n) = Fp(p) — inf Fp.
M (9)

The same results hold for any compact set A provided § € (—8m,87);
for larger values of (3, our controls on the partition function are not good
enough to ensure the exponential tightness in general. For such 3’s, we
need to restrict ourselves to the case of the disk. The range of temperature
B €] — 8x, 00[ is optimal in the case where all the intensities R; = 1 (see
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VORTEX SYSTEMS 209

[3D. On the other hand, for 3 €] — 8, 8|, our proof mainly depends on
the uniform bound on the intensities so that the generalization of our results
to any [—1,1] valued R; is straightforward.

In section 2, we prove that for 3 > 0 or negative and sufficiently small,
G, and G, admit a unique minimizer. Therefore, Theorems 1.1 and 1.2
imply the almost sure convergence of the empirical measure.

In the last section, we investigate the fluctuations of the empirical
measure. This problem turned out to be difficult because of the logarithmic
singularity of the interaction. This is why we shall restrict ourselves to the
case where A is a disk, 3 is positive and the gas neutral. In this case,
the empirical measure converges towards v* = P ® ). To describe the
fluctuations of the empirical measure around v*, let us first introduce the
operator Z in L?(v*) with kernel V, (z,y)RR’ and I the identity in L?(v*).
In the statement of the following central limit theorem, £ is a subset of
L%(v*) described in section 4.1. Then

THEOREM 1.3. — If A is a circular disk and (3 is positive,
1) If | card{i : R; = +1} — card{i : R; = —1}| = o(N?%), for any function
f ek

\/Lﬁé (f(a:i,Ri)— / f(:z:,R)du*(x,R))

converges in law under Vf; ~ towards a centered Gaussian variable with
covariance

(f) = /( /fdv>1+ﬁ” ( /fdu)du

2)If Q = (641 + 6_1), for any function f € L,

\/”lﬁé( f@o R /f 2, R)dv* (s, R))

converges in law under vg n towards a centered Gaussian variable with
covariance

a‘(f):/< /fdu)I+,B” ( /fdu)du

One can check that = is a non negative operator so that, at positive
temperature, I + S= is always non degenerate.

Q
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210 T. BODINEAU AND A. GUIONNET

As a conclusion, we wish to stress that the main difficulty in this paper
is to deal with the logarithmic singularity of the interaction. In particular,
at high but positive inverse temperature, we have to restrict to the case
where A is a disk (since we wish to consider signed intensities) in order
to control the partition function. Once we consider the fluctuations of the
empirical measure, the problem becomes even deeper and the hypotheses
more numerous. To overcome the problem of the logarithmic singularity of
the interaction, we therefore had to develop new techniques which should
be useful for other models where the interaction is singular.

2. STUDY OF THE RATE FUNCTION

In this section, we study the quenched (resp. averaged) rate function G,
(resp. G,) which is equal, up to a normalizing constant, to Fp defined by
(1). We will show that G, is a good rate function and study its minima.
The generalization of these results to G, is straightforward and stated in
the last subsection.

2.1. G, is a good rate function if 3 is larger than —8

Our purpose here is to show that, in the range of temperature 3 > —8m,
G, is a good rate function or in other words that the sets

KM:{I/GMQifﬂ(V)SM}

are compact subsets of Mg, for any real number M. Since {2 is compact,
Mg is compact so that this is equivalent to prove that the sets K, are
closed, that is that F is lower semi-continuous. The logarithmic singularity
of the energy will be controlled by the relative entropy thanks to entropic
inequalities.

The first step of this study is to show that for any 3 > —8m, there exists
a finite constant Mg so that

Ky € {v: HWIP ® Q) < My}, 3)

this means that F5 is bounded from below in terms of the entropy.

By definition of the Green function V}, if p? is the heat kernel in A with
Dirichlet boundary conditions, the energy functional is given by

Ew) = /O Tt /A dz( / Rpf(x,z)dz/(a:,R))Q. (1)

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
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Therefore, £ is non negative which yields, if 8 > 0,
Fs(v) > Hv|P ® Q). (5)

To establish such a bound in the negative temperature regime, we use the
definition of the relative entropy H. Indeed, by the definition of the relative
entropy and monotone convergence theorem, we have, for any 1 > 0 and
y € A,

77/ |Va(z,y)| dv(z,R) < H(v|P ® Q)
+log / exp{n|Va(z, 1)[}dP(x).  (6)

But the exponent in the second term diverges as (1/2m)log|z — y|™t.
Hence, if n < 4m, the last term is uniformly bounded independently of
y € A. Therefore, we get that, for n < 4w, there exists a finite constant

C(n) = sup,, log [ exp{n|Vi(z,y)|}dP(z) so that

new) <n [ [ WVata) dolo, Rivly, B) < HOIPSQ)+C0). (7
As a consequence, for any n < 4,

Fa(v) > (1 + %)HMP ® Q) + Bg(?") (8)

where 1 + % is positive if 5 €] — 8x,0[ and 7 G]@Aﬂ[. Therefore (5)
and (8) gives (3) for B > —8x.

We are now going to show that the energy functional £ is continuous on
the sets of bounded entropy. This is enough, according to (3), to conclude
that the Kj;’s are closed.

As a consequence of (3), any v in K, is absolutely continuous with
respect to P ® (). Let us denote p, the density of the first marginal of
v with respect to P

/{ |, Ve dR) = pu()P(dz).

Observe as well that, for any continuous function ¢ which vanishes in a
neighborhood of {(z,y) € A? : x = y}, the truncated energy

£,(v) = / / $(z,y)R R'Vi(x, y) dv(z, R)dv(y, R)

Vol. 35, n® 2-1999.



212 T. BODINEAU AND A. GUIONNET

is bounded continuous in M. Thus, in order to prove that £ is continuous,
it is enough to show that

/l— < lVA(l‘,y)|dl/(x,R)dV(y,R,)

vanishes when € goes to zero uniformly on {H < M} for a given M.
In view of the singularity of Vj, this is also equivalent to prove this
property for

/ log |z — y|™*dv(z, R)dv(y, R').
le—y|<e

We can apply the result proved in [4] (Proposition 2.1) which yields, for
any positive €

[ sl =y )P 1))
r—y|<e€
<[ le=ul Mgl ~ul " P Play)
lz—y|<e
b s @nWn ) PP, O
rz—y|<€
The first term goes to zero with e. For the second term we notice that

/| B () )P @) Pl

< H(py-PIP)supv({y : |o = y| < €}).

Moreover, by property of the relative entropy, we know that
H(p,.P|P)+1

el 9= g

so that we deduce
[ soueDn @ Pn)o P
z—y|<e
1
< —H(p,.P|P)(1+ H(p,.P|P)).
< g7y H (e PIP) + Hp,.PIP)
But, by convexity of the relative entropy

H(p,.P|P) < / H(vr|P)IQ(R) = Hw|P ® Q),
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so that we deduce from (9) that there exists §. going to zero with e so that
// _Jogle =yl () P()o ()P () < 8.1+ HWIP © Q)
r—y|<e

This term goes uniformly to zero with € on {H < M} so that & is
continuous on this set. The proof is complete with (3). O

2.2. Existence and uniqueness of the minimum of G,

We first tackle the positive temperature regime where the rate function
satisfies the following

ProperTY 2.1. = If B > 0,
1) G, is strictly convex.
2) G, achieves its minimal value at a unique probability measure on Mg
which is defined by the nonlinear equation
dv*(z, R) 1

where
Zp(v*) = /exp{—ﬁR/VA(ac,y)R’du*(y,R/)}dP(:L').

Proof. — Since the entropy H is strictly convex and the energy & is
convex (see (4)), it follows that G, is strictly convex if £ is non negative.
Hence, it admits a unique minimizer v*.

Moreover, since G, achieves its minimum value, it is not hard to check
that the minima are described, on Mg, by the nonlinear equation

dv* 1 /g, % /
agt B =g ee{-on [epraw.m) o

where

ZR(;*) - / exp{—ﬂR / VA(x,y)R’dV*(y,R’)}dP(:c). 0

Of course, in the negative temperature case, the convexity of the rate
function is not clear. We can nevertheless prove

PrOPERTY 2.2. — There exists a negative temperature B9, —8n < 3y < 0
so that, for any 8 €], 0|, the functionnal G, achieves its minimum value
at a unique probability measure v* so that

dV*(LL',R) _ . ! du* /
g = ] R [V rar )

Vol. 35, n°® 2-1999.



214 T. BODINEAU AND A. GUIONNET

Proof. — The proof now follows a fixed point argument. Namely, let us
assume that there is two minima v and v/. As before, both of them satisfy
the non linear equation (10). We are going to show that, if

U, () = / Vi(z,y)Rdv(y, R)

then
D(v,v") = ||U, = Up|loo = Sg/?i |U.(z) = Uy ()|

is null. According to (10), it implies that v = v/ and therefore gives the
uniqueness of the minima. To prove the existence (which is already known
in view of our construction ), we could also apply a fixed point argument
based on the estimation of D(v,v"). We leave it to the reader.

We begin our argument by finding a bound on ||U, ||« uniform on the
minima of G, and which will be crucial later on.

Indeed, using (6) and (8), we find that, for any 7 e]@, 4r[, forany y € A

[ st vt B < 52 (Fatw) + O

Notice that, since the energy £ is non negative, inf 5 is a non decreasing
function of § and is therefore non positive for # < 0. Hence,

10, ]Joo < / Va(z,9)| dv(x, R) < C(n). (11)

—2n+p

We shall choose in the following n = 73 = max{(2/3)|5],1} so that
c(B) = 2%%50(17;;) is uniformly bounded for g > —6x.

To estimate D(v, 1), note that (10) shows that for any = in A

|U(z) — Uy ()]
= | [ Rvaa (2L ool WO 4 g

Zgr(v) Zr(vV')
(12)

Therefore, it is not hard to check that for all x € A,
0(o) = V)] < 91( [ IVl -4/) ) 2909 D (v,
< (2¢(B)e* PPN |BID(v, ).
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Taking the supremum over the z’s, we conclude that
D(v,v") < (2¢(8)e*P1N|8|D(v, V).

Since (2¢(8)e2™181)| 8] goes to zero with | 3], we find a positive 3 so that
it is smaller than one for all 3 € (— (o, 0). In that range of temperature, we
deduce that D(v,v') = 0 so that v = /. O

2.3. Properties of G,

It is not hard to generalize the preceeding to the average setting and
see that

Lemma 2.3. — G, is a good rate function. There exists a positive [y so
that for 3 € (=0, 0), G, admits a unique minimizer described by the non
linear equation

dv*(z,R)
dP®Q  Zg(v*)

exp{ -BR / Valz,y)R dv*(y, R’)}.

3. LARGE DEVIATIONS

3.1. Existence of the Gibbs measures

First we need to compute the range of temperature for which the Gibbs
measures are defined.

ProPOSITION 3.1. [3] — Let A be any compact set in R?. For any (3 in
| — 8w, 87| and any sequence of intensities with values in {—1,1}, there is
a constant C such that the following holds for all N sufficiently large

ZR(B) < CN.

This lemma is similar to the one proven by Caglioti et al. (see Lemma
2.1 [3]). If A is a disk, a more accurate statement holds for any positive
temperature

PROPOSITION 3.2. — If A is a disk, for any [ in |0, 00| and any sequence
of intensities with values 1, there is a finite real number p such that the
following holds for all N sufficiently large

Z3(B) < N*. (13)

Note that the previous results imply that the same bounds are also valid
for the averaged partition function. The proof of this sharp upper bound

Vol. 35, n°® 2-1999.



216 T. BODINEAU AND A. GUIONNET

relies on the very specific form of V, when A is a disk. For more general
domains, we do not know if such a bound holds and even if one can get
any exponential bounds for 3 > 87 and general {—1, +1}-intensities.

Proof. — In order to study the case of positive (and eventually large)
temperatures, we shall restrict ourselves to the case where A is a disk. To
simplify the notations, we will assume that A is centered at the origin and
with radius one so that V,, has the specific form

1 N . R
Valz,y) = —Z;(logkv—ylﬂog |2 —g|—log |z—7|-log |Z—yl) (14)

where 7 is the reflection of y at the circle JA (see Lemma 3.3 of Frohlich
[9]). Note that, if z = y; + iy is the complex representation of y, § has
complex coordinate (1/Z). In the general case, we do not know how to
control the singularity of v, near the boundary of A.

To prove (13), let us first remark that by using Holder’s inequality, we
have

27N
zZR(3) < [/AN dPN(X)exp{-2r Y _ RiRjVA(m,»,xj)}}
1<i<j<N
! 27 N—p
271- 27

X [ /A _dP(x) exp{—-mW(x)}] . (15)

The last term in the above r.h.s. is clearly bounded uniformly in N. Let
us therefore focus on the second term

Z};‘(ﬂ):/ANdPN(X)exp{—zw > R,.RjVA(xi,xj)}.

1<i<i<N

Here, we follow Frohlich [9] who used a representation for the energy
which reads

1 ~ o~ ~ ~
Z RiRjVA(l‘i,ZUj) = —-4— Z R,R] IOg le - X]l

1<i<j<N 1<i<j<2N

1 ~ ~
- > log|X; - Xipnl (16)

1<i<N

where X is the vector in R2Y so that

X, =x; if 1<:<N
=I; it N+1<¢<2N

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



VORTEX SYSTEMS 217

and _
R; = +R; if 1<:<N
= —R; if N+1<:<2N.
The last term in the r.h.s. of (16) comes from the fact that z; does not
interact with its image as noticed by Frohlich (see (3.11) of [9]) whereas
an interaction was included in the first term. Cauchy-Schwartz’s inequality
yields

1

2

ZR((B) < dPYN(X)exp R:R;log|X; — X,
j j
AN 1<i<j<2N

< [/A o — ;i7|dP(x)] ’ (17)

It is not difficult to check that the expectation in the last term of the r.h.s.
of (17) is finite.

Let us now focus on the first term. If we denote I (resp. I_) the indices
for which R; = +1 (resp. R; = —1), we have
exp{ Z RZR] IOg,Xi - le}

1<i<j<2N
_ Hi#jeIJr(Xi - Xj) Hi;;jez_ (Xi - Xj)
Hi€I+,jEI_ (Xi - Xj)

To use this representation, we adapt the argument used by Deutsch and

Lavaud [7] (see also Frohlich [9]). Indeed, let us recall the following
formula from [7] valid for any complex numbers (2;,¥:)i1<i<n

H (2i — %) H (yi —y5) = H (Zi—yj)det[

1<i<j<n 1<i<j<n 1<i,j<n Zi yj]
=Y o) I Gi-w) 19
7 1<i,j<n,j#0 (i)
where the sum is over all the permutation o of {1,..,n} and €(o) is the
signature of o. Therefore, (18) and (15) shows that, since || :iI+| =N,
if we denote (2;(X))1<i<v = (Xi)ier_ and (y:(X))1<icv = (Xi)ier, >

/dPN(X)exp{ Z éiéjlogﬂ?i—)?ﬂ}
AN

1<i<j<2N

1
= [ ot |
<y /A AP X) T 1500 — g (X1

1<i<N

(18)

Vol. 35, n°® 2-1999.



218 T. BODINEAU AND A. GUIONNET

The last term in the above rh.s. is bounded independently of the
permutation o. Therefore, we have shown that for some constant C

ZE(B) < CNN!
This completes the proof of Proposition 3.2 with (15).

3.2. A large deviations principle

To derive the large deviations principle we have to control the singularities
of the Hamiltonian. We define the new functional

Yv € M7 (), é(u)_—.//#yRR'VA(x,y) dv(z, R)dv(y, R)).

We note that for any probability measure v with finite entropy &(v) = £(v).
Therefore, the main point in the proof of theorem 1.1 is to show that the
energy £is quasi-continuous i.e. for any probability measure v in M7 ()
with finite entropy, any ¢ positive and for all R;’s,

. . _1_ N{ N - _&(nN —_
;%lllgnjolileogP (,u € {B(V,e)ﬂ{|€(y) Ep)| > 6}}) = —00,
(20)

where 1V was defined in (2) and B(v,¢) is the ball of radius ¢ around

v for the distance d defined by
[ rau= [ gav,

where C°(A) is the set of continuous functions on the compact A bounded
by 1.

Before going on, we explain briefly how to recover the large deviations
principle from the quasi-continuity (20). Since the space M7 (Q) is
compact, it is enough to prove a weak large deviations principle. We fix v a
probability measure with finite entropy. We first compute the denominator
of vi v (AN € B(v,¢€)) and we will deal with ZF(3) in a second step. As
it has been noticed in the previous section, the term + Zfil W (z;) does
not contribute in the limit, so that we omit it in the computations.

Vu,v € ME(Q),  d(p,v)= sup
FECO(A)

pY (l{ﬁNGB(u,e)} GXP(—ﬂNé(ﬂN)))

<PY (lB("’E) Ligamy-gw)i>s eXP(—Nﬂé(ﬂN)))
+exp(—NBE(v) + NBS)PN (N € B(v,¢)).
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In order to get rid of the first term of the RHS we use Holder inequality
with a coefficient & > 1 such that a3 belongs to | — 8, oo

P <1B(ve) Lig(amy—é(w)>s exP(— NBE(j )))

1—1
.1_ (=3
< Zﬁ(aﬂ)“PN(lB(v,e) 1|é(,1N)—é(u)|>5) :

Propositions 2.1 and 2.2 and inequality (20) tells us that the above quantity
vanishes exponentially fast

hm hmsupﬁlogp (15(,,,6) 1|£‘(ﬁN)—é(u)|>6 exp(—Nﬂé(ﬂN))) = —00.

N—o00

It remains to control the last term of the RHS. Well known large deviations
results imply

hm lim supﬁlogP (13(,,,5) exp(—Nﬁff(,&N))> < —Fp(v). (21)

N—o00

To prove the lower bound we note that

P (150 exp(~NBE(R™)))
> PN(lB(V,e) Lg(av)—Ew)l < exp(—Nﬂc‘f(ﬂN))),
thus
PY (150, exp(~NBE(™)))
> exp(—NBE(v) — Nj6) PN(lB(u,e) 1|g‘(,zN)—é(u)|<6)’

By using inequality (20), we derive the lower bound

lim lim 1nfj—v—logP (13(,,,6) exp(—Nﬁé’(ﬂN))) > —Fp(v). (22)

e—0 N—oo

Finally, we wil_l check that

| R
l}\r{rg{gf N log Zn(08) = — /1€I}£Q Fs(V'). (23)

Since M () is compact, we cover it with a finite number of open balls
of radius € and we get from (21)

!LnéhmmfﬁlogZN(ﬂ) - ’lel}\f! Fs(V').
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The reverse inequality follows immediately from (22). Combining the
previous results, we have proven a weak large deviation principle

lim lim inf % log vl (BY € B(v,€)) = —G,4(v). (24)

e—0 N—

According to Theorem 4.1.11 of [5] the large deviation principle follows
from (24).

Similarly, Theorem 1.2 can be derived from

ggn lim sup —]1\7 log PN®QN([LNE{B(I/,E)h{lé(u)—é(ﬂN)’ >6}}): —00.

N—o00

This can be proved in the same way as (20) so that in the following we
will focus on the proof of (20). In fact, the quasi-continuity property does
not depend on the intensities R;. Indeed, let us denote

N .
1
N _ R .
w= ;Zl Oz, and Vz € A, pu(x) = /{—171} v(z,dR),

and define an error energy

vYm € MT(A),

Buln) = [ [ 1sysur (O’bg(ﬁ> - 1) dm(e)im(y).

Then (20) can be deduced from the following Lemma

LEMMA 3.3. — For any measure m in M7 (M) with finite entropy with
respect to the Lebesgue measure and for any 6 positive, there is a function
fs with values in [0,00[ such that

igIl limsup]—ir—logPN (uN € {B(m,e)N (Exm(u™) > 6}}) < —fs(M).

N —o0

Furthermore fs satisfies
i Fi00) =

We postpone the proof of Lemma 3.3 and we derive (20).
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In fact the potential V, is singular on {z = y} because of the logarithmic
term but also near the frontier of A because of the logarithmic divergence
of «,. First we control the singularity on the diagonal.

Let us be given § > 0 and a probability measure v in M7 (£2) with finite
entropy. We introduce the functional

v e MT(Q),

1
EW) = //\A12¢yRR' log P dv'(z, R)dv'(y, R').

For any finite M the functional EY, defined on M7 () by
Ey (V) = E(W) = En(V)
= / / R R'inf (M, log —1—>dz/'(x,R)dV'(y,R’)
AJA

lz -yl

is continuous. Therefore, there exists a constant €, small enough such that

Ve < e, ViV € B(vye),  |Ey(v) - Eyn(@™M)| <. (25)

S

Since v has a finite entropy, we know that E(v) is finite (cf (7)). By
dominated convergence Theorem, there is a constant M large enough such

that
1)

|E(v) - By ()] < (26)

Z.
Combining (25) and (26) we get for all ¢ < ey,

PY (i € {B(v,e) n{|E(a") — E(v)| > 6}})

< PN (ﬂ” € {B(V,e) N {EM(,&N) > g}})

As Fj; does not depend on the sign of the vortices, we obtain an upper
bound which depends only on u™

PN (i € {B(v,e) N {Ep(iN) > 6}})
< PY(u" € {B(pv,e) N {Ex(u™) > 6}}).

The measure v has finite entropy, so that p, satisfies also the same
property; this enables us to apply lemma 2.3. Therefore for any M large
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enough there exists a constant €, such for all € less than e, the following
holds

lim sup — logPN(,u € {B(m,e) N {Enm(p My > 61}) < —fs(M)+O0(e).

N—oo

Letting ¢ tends to 0 and M go to infinity, we derive the quasi-continuity
of the logarithmic part of the interaction

lim lim jv_—logPN(u € {B(m,e) N {Exn (™) > 8}}) = —o0. (27)

e—0 N—oo
It remains to control the interaction term which depends on v4
1 N 1 ~N / _
lim lim - log PY(B(v,e) N{|E'(i") - E'(W)| > §}) = —oo, (28)
where the functional v’ — E’(V') is defined by

E'(V’):/A/ARR’WA(x,y) dv'(z, R)dV'(y, R').

Noticing that -y, is harmonic in the interior of A and has a logarithmic
singularity at the boundary of A, there is some constant C' such that

VCU,CU € A7 lOg Z _’YA(Can) Z C.

1
lz -yl

Therefore we can derive (28) by the same arguments as the ones used to
control the logarithmic singularity. Combining (27) and (28), we complete
Theorem 1.1.

3.3. Proof of Lemma 3.3

Let m be a probability measure with finite entropy. To control the
singularity of the logarithm we introduce a coarse graining procedure : we
partition the compact set A into cubes {Q; }i<x with side length exp(—M).
For any ¢ positive, we define the set A.(m) by

For any ¢ sufficiently small B(m,¢’) is included in A.(m), so that by
Chebyshev’s inequality, we have for any positive T'

Ad(m) = {M € MF(A) | Vi < K, ‘/Q dulz) — dm(z)|<

PN (B(m,e') 0 {Ex(s") > 6)
< exp(—NST)PN (L4, (m) exp(TNEpn(p™)))-
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Any empirical measure in A.(m) is associated to configurations such
that the number n; of particles in the cube @); satisfies

- N [ m(dr)

K
< Ne and Zni = N. (29)
Qs i

Therefore, summing over all the K-uplets {n1, ..., ng} which satisfy (29),
we get

PN (B(m,&') N {E (1) > 6})
;exp(—N6T)

N!
= Z n!...n

K-
Ny, NK

/ 115, (0o exp(TN By (). (30)
Q1X..XQk

The number of K-uplets {ni,...,ng} is less than exp(K log N) so that
we have just to compute the upper bound of the RHS for a given uplet

{ni,...,nkx} which satisfies (29).
By using Stirling formula, we get that

W—N'n; < exp< (Z Nl N’>+N0(N)>

Noticing that zlogz > —e™! > —1, we get

o8 e 2 Qi o (o0 ) + e o] > —1il+ 5 gl

where |Q;| denotes the area of the cube ;. Finally, we derive the upper
bound

N K
: ! 5 Sexp<N|A]—Znilog|Qi|+No(N)>. (31)

1 =1

Let us now consider the last term in the RHS of (30). By definition
of E,;, we have

2;21 / / Loty sup (0 log (l |> ~ M) dm(z)dm(y).

Thus in the above sum, only the terms where (); and Q; have a common
side (including the case Q; = ;) contribute. Let us denote by @, the
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union of the cubes which have a face in common with @; and by n; the
number of particles in @;.

We are going to show that for any T > 0 there exist a finite constant
M(T) and a positive constant e(T') such that for any M > M (T') and
e < ¢(T) the following uniform bound holds

T n; n; n,,
sup/ dry...dz,, exp | — z log ZZ
yeQ; v Qi N I#£k=1 |a:1 x’“' N =1 j=1 |$l yil
< @™, (32)
where the supremum is taken over all the configurations y = {y1,.. 0z}
in éi.

Combining (30), (31) and (32), we get that for any 7' there is M large
enough such that

hm lim sup —N log PN (B(m,e) N {Enp(p™) > 6}) < —6T 4 log2 + |Al.
N—oo
This completes Lemma 2.2.
It remains to prove (32). First we derive a preliminary estimate

LEMMA 3.4. — For any measure m in M{(A) with finite entropy with
respect to the Lebesgue measure the following holds

(O e R

M—oo ;<K

Proof. — For any cube |Q;|, we get from Jensen inequality applied to
x — zlogx

log dz m(z)

@l fa
< | dem(z)logm(z)— ( /Q | dmm(w))log( 5 dmm(m)).

Qi

Noticing that [, dzm(z) and [, dz m(z)logm(z) are finite we deduce
that the RHS goes uniformly to O as M grows. This completes the
Lemma. |
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By using Holder inequality, we split (32) into two terms. The first term
contains the interaction energy of the particles in Q;

dz;...dz,, exp ( Z log ——— ) (34)
/ . BreP i xkl
the second one bounds the interaction energy between (); and @i

suE/ dzy ...dz,, exp N ZZlog |1El . (35)

yeQ: 1=1 j=1

The next step is to estimate (34). From Holder inequality we get

1
dxi...dx,, ex log ——
[ i, p(Nz m_m)

I#k

2Tn; 1 mimt
< / dz; </ dzo exp( N log o = x2|))

A straightforward computation gives for any « in [0, 2]

1
sup / dz exp (a log m) <(1+ C'a)|Qi|1_a/2, (36)

y€eR? i

where ¢’ is a constant. According to (33), we know that when M goes to
infinity and ¢ tends to 0, % goes to O uniformly. Hence for M sufficiently
large and £ small enough we get

/ dejexp<N D log |xl—$k|>

Qi j=1 Ik

Tn \™ Tni(n; —
< (1+e2B) i e (-0 = D1,

N

By definition of n; (see (29)) and Lemma 2.4, we check that for M
sufficiently large and e sufficiently small

1
sup log | Q |
Therefore, we get

1
/ dzy ...dz,, exp ( N > o gm) < exp(n; log |Q;])2™.
i Ik
(37)
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_Let us now consider (35). We recall that n; is the number of vortices in
Q. Since each cell interacts only with its nearest neighbors, the number 7;
is of the same order as n;. By using again Lemma 2.4, if M is sufficiently
large and e sufficiently small such that

()<
sup 0g ——

i Qi

we have

2T 1
sup dzy...dx,, exp | — E log ————
yeQ. /@ ‘ N7 -yl

n;

< sup dzx exp log —— ,
I

By applying Holder inequality we obtain
2T 1
sup dzy...dz,, exp | — log ———
5 ' ( N ; |z — yj|)

yeQ; v @i
1 "
< sup dsc exp 1 ,
yER? |:L' - y|

this leads to

2T 1
. dz,, — — | < (2]Q)™.
sup d-'L'l dx ; €Xp (N lz;log |~Tl — y]|) = ( |Q |) (38)

Y Qi

Finally, combining (37) and (38), we complete the Lemma.

4. CENTRAL LIMIT THEOREM

In this last section, we study the fluctuations of the empirical measure

1 X
= 6ﬂvi, i
N ; R

around v*(dz, dR), the limiting law of the empirical measures. Of course,
the problems due to the logarithmic singularity of the potential become
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even more difficult than for the study of the large deviations. This is
the reason why the strategy followed in [2] seems to fail. We propose
here to follow an approach developed in [11] for strongly interacting
particles. This method allows to study fluctuations as soon as the empirical
measure converges. Its advantage is that it can easily deal with a logarithmic
singularity of the interaction. Its weakness is that it describes the fluctuations
of < f, i —v* > only for f in a subset of L%(v*) even if v* is non
degenerate. Also, this method requires a good control on the partition
function that we only got in Proposition 3.2 for neutral gases at positive
temperature on the disk. However, we believe that central limit theorems
should hold for more general choices of the intensities, small negative
temperatures and more general compact domains. The proof is performed
in two steps : first we apply our strategy to get a biaised central limit
theorem where the fluctuations are shifted by a remaining term. Secondly,
we show that this remaining term goes to zero in probability via controls
on the partition function to obtain the standard central limit result.

4.1. A biaised central limit Theorem

Let = be the operator in L?(v*) with kernel Vj(z,y)RR’ and I be
the identity in L?(v*). We are going to prove biaised fluctuations for test
functions f in a subset £ of L?(v*) where

c={reruisen - (1+2) (TR ) ke 1), kon =0

where
v*(dz,dR)

) = TPwdam)

Then,

Lemma 4.1. — For any function f in L, there exists a random variable
RN (f) so that
1) Under vy and vg n,

\/1——]\7_—2 (f(wi,R) - /f(y,R’)dV*(y, R’)) + Rn(f)

converges in law to a centered Gaussian variable with covariance

o(f) = / ST+ 65) " fdv.
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2) Quenched convergence of Ry : There exists a finite constant Cy so
that, if, for o > (1/2) and for N large enough, we have

L N
d|l — br,, Q| < N™%,
then, for any positive € we have

N
Q) v (IRn () > €) < exp{—CyV'N(e = CsN~*)}.

=1

3) Averaged convergence of the rest : There exists a finite constant Cy
so that for any positive € we have

N
QN @k (BN ()] > €) < exp{—C;VNe}.

Let us also notice that

) = g ep{ 6N [ RRVAGN —u )i )
’ ZN(ﬂ) z<y
N
- ﬂ/RZ’WAdﬂN}d® vh
i=1
where

7800 = [en{-s8 [ RRVAdG - )i -0

N
-8 / R2WAdﬂN}d®u§i.
=1

The same formula holds for vg x with the partition function

Zu(9) = [ 28(8)iQ"" (aR).

Thus, we deduce from Lemma 4.1 that
LemMa 4.2. — 1) If, for o in a neighborhood of 3,
1
VN
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then, for any function f in L,

%ﬁ}Nj (f(nR) -/ f(y,R')du*)

converges in law under yg ~ to a centered Gaussian variable with covariance
=1
o(f) = [ #r+p2) pavr

2) If, for « in a neighborhood of (3,

lim sup
N —o00

o [ ‘ﬁ(a)d@@N(R)‘z 0,

then for any function f in L,

—j—ﬁi:j (f(a:i,m - / f(y,R')dv*)

converges in law under vg y to a centered Gaussian variable with covariance

o(f) = [ £+ 62)" fav

Proof. — Indeed, this assumption allows us, by Holder inequality, to
R : N * *
compare vz (resp. vgn) with @), v; (resp. v*) and to conclude,
according to Lemma 4.1.2 (resp. Lemma 4.1.3), that vy (|Rn(f)| > €)
(resp. vg n(|RN(f)] > €)) goes to zero. Therefore, Lemma 4.2 is a direct
consequence of Lemma 4.1. O
We will see in the next subsection that the assumption of Lemma 4.2 are
fulfilled in the setting of Proposition 4.2.

Proof of Lemma 4.1. — Let us first notice that, according to our large
deviations principle, the term in the density of ugf g containing W, is
converging almost surely. Therefore, we can easily approximate it by its
averaged value and neglect it. In the following, we will assume that this
term disappears. We want to prove fluctuations in the scale (1/ VN ) as a
consequence of the sensitivity to perturbations in the scale (1/v/N). To
this end, let us consider a smooth function £ = (k;,k») and the change
of variables z; — y; where

zi = ¢r(y:) = yi + M) (39)

\/N 9
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which is possible as soon as (||Vk||e/VN) < 1. Doing this change of
variables in the partition function, we find that, if k is null at the boundary
of A then ¢, is a bijection of A,

250 = | exp{—f—HA (X + %) R)}
x H (1 + \/—%(divk) + %J(k))(mi)dPN(X), (40)

where, if 0; is the derivative with respect to the ith variable (do not forget
z = (z1,2%) in d = 2),

divk = alkl + 62](72 and J(k) = 81k182k2 - 61k282k1.

Furthermore, expanding the first term in the exponent, it is not hard to
see that, since if k is continuously differentiable,

{(kl(:c) —ki(y) ka(z) - k2(y)>,div(k), J(k)}

- ’ T2 — Y2

are bounded continuous, there exists a function ey going to zero when N
goes to infinity such that

k(X)

(x4 50,

R) —HY(X,R)

S Ry DVaas )k Ky )

2N2 1#j>1

Z R;R; DV, (z;, z;)[k(z:); k()]

2
4 i#j>1

+ en (41)

where all the terms in the expansion are bounded continuous. Here, we
have denoted

_ 1
DV(:I?, y)[v7w] = hn(l) _(V(x + eu,y + ew) — V(z,y))
e—0 €
and D@ = DD. Notice that

DV (z,y)lv, w] = 81V (,y)v: + 83V (z,y)v
+ V(e y)wr + BV (z,yywr  (42)
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where 9% denotes the derivation with respect to the j** coordinate in the
i*" variable. Therefore, (40) gives

ZE(8) = explen) / exp{—AY (k) — AY (k)}

X exp{—%Hf\v (X, R)}dPN(X), (43)

where, we denote

L(k) = (lekI)z - 2(81k182k2 - 81k282k1),

g

SNI > RiR;DVy(zi,z;)[k(z:); k(z;)]

i#§>1

AT (k) =

M=

i i div k(z;), (44)

AV (k) = 75

1

R;R; D®V(z;, z;)[k(z:); k()]

1

M =

i#j

[\

+ L 3 L(k)(z;). (45)
2N
In other words, (40) reads
exp{-ex} = [ exp{-AY(H) — AT (RSN (X, B). (40
Let us interpret (46) in terms of central limit Theorem. We define
f(@.B) = BR [ B DVa(y,)h(0)s Kol (v, ) — div k(z),  (47)
where v* is the limiting law of the empirical measures.

Recalling that DV, (y, z)[k(y); k(x)] is bounded continuous and denoting
s the bounded centered continuous function

r((, R), (v, R)) = (8/2) / RyR, DV (21, 22) [k(21); K(22)]

(6(11R) - dV*)(zQ’ Rl)((g(y,R') - dV*)(ZZa R2)7
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we find
1 & .
AV (k) = Vi ; <f($i,Ri) - /f(f""R)dV (x,R))
+ ]\;% ;Tf((xi,Ri)y («'L'jaR]'))
+VN (‘[2‘3 / RR' DVy\(,y)[k(=); k(y)]dv* (¢, R)dv* (y, R')

+ / f(x,R)dz/*(:v,R)) (48)

We prove in the Appendix, Lemma 5.2 (i) that the last term in (48) is null.
The second term in the r.h.s of (48) corresponds to the remainder and we let

Ru(f) = 3 2 75((ai Ri) (5, R))
i#j

It is well known (see [1] for instance ), that, since 7; is bounded, for &
small enough,

sup/exp{éx/ﬁRN(f)}d(u*)@’N < 00.
N

Chebyshev’s inequality shows that Ry(f) satisfies Lemma 4.1.3). To get
the quenched analogue Lemma 4.1.2) of this result, one needs to replace
v* by the % Ef;l ORr, VR, in 5. Once this is done, the same result holds.

The price is of order ||ry||eod(% Z;N:15RnQ)~ Thus, we find also that
RN (f) verifies Lemma 4.1.2.

Hence, the main contribution in (48) is given by the first term which
is on the scale of the central limit theorem and describes the fluctuations
of < f,pV —v* >.

Let us consider the second term AY in our expansion and denote

F(z,y, B, ) = S RRDOV,(5,)[kz); M) + 5 L))"

If k£ is continuously differentiable, it is not hard to see that F(z,y, R, R')
is bounded continuous. Moreover,

AY (k) = / F(a,y, B, R)di™ (¢, RN (y, RY).
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Thus, the second term in (46) is governed by the law of large numbers
and we almost surely have

lim AN (k) = / F(z,y, R, R)dv*(z, R)dv*(y, B).  (49)

As a consequence of our large deviations result, we have therefore proved
that

Jim_ exp{_%ﬁg (ste) - [ 1o Ry (o, )
- () prfu (X )

= exp{/F(a:,y,R, R’)dz/*(:c,R)du*(y,R')}.

Extending our computation to ak for real numbers «, our result shows that
the moment generating functions of

N
Xn(h) = = 3 (Floin ) - [ flo R B)) + Rv(1)
=1

converge so that Xy(f) converges in law to a centered Gaussian
variable with covariance 2 [ F(z,y, R, R')dv*(z, R)dv*(y, R'). Moreover,
according to Lemma 5.1 in the appendix, the relation between &k and f reads

@ B) ==+ 59)( S ) o, ).

Finally, we prove in Lemma 5.2 (ii) in the appendix that
o(f) = 2/F(m,y,R, R")dv*(z, R)dv*(y, R'),
= /f(1+ﬁ5)‘1fdy*.

which achieves the proof of Lemma 4.1. O

4.2. Control on the remaining terms; the neutral case

Let us assume that the medium is neutral, that is that there are roughly
as many positive vortices as negative vortices. In this case, it is not difficult
to see that

v*(dz,dR) = P(dz) ® Q(dR)
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is a minimum of G,y Therefore, at least when the temperature is not too
negative, the positive and negative vortices are both distributed uniformly
over A and Z}f, = fo].

To check the hypothesis of Lemma 4.2 and complete the proof of
Theorem 1.3, we shall rely on Proposition 3.2 and therefore restrict to the
positive temperature and disk setting. We are going to see that

LEMMA 4.3. — Let A be a disk. If B > 0 and |card{i : R; = +1} —card{; :
R; = —1}| < o(N#%), then

lim sup |—1— log ZR(B)| =0

N—-oo \/N
and

= =1
d(ﬁ ;6Rn (1/2)(6-}-1 + 6_1))2 o(N 1 )
About the averaged setting, we can prove the following

LEMMA 4.4. - Let A be a disk. If 3 > 0 and Q = (1/2) (6,1 + 8_1) then,

1
limsup |—=log Z =0.

These two Lemmas and Lemma 4.2 complete the proof of Theorem 1.3.

Proof. ~ The proof of the above Lemmas follows from Proposition 3.2
and Jensen’s inequality. Indeed, Proposition 3.2 shows that when A is a
disk and £ is positive, the partition function grows at most polynomialy in
N so that the upper bound of Lemma 4.2 is proven. To control the lower
bound, let us apply Jensen’s inequality. For the quenched setting we get

log 28(5) > ~B Y RF; [ Va(o, )dP(a)ap(y).

i<j

If Eil R; = o(N#%), the above rh.s. is clearly of order o(v/N). The
second assertion of Lemma 4.3 is clear.

For the average setting, Jensen’s inequality immediatly shows that the
free energy is non negative and Proposition 3.2 gives the upper bound since
it is uniform on the intensities. O
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5. APPENDIX

LeEMMA 5.1. — If f is defined by (47), then :

F(@,R) = —(I + BE)( )[dzv(/\Rk)

]

Proof. — Indeed, the following algebra due to integration by parts formula
holds :

f(z,R) = BR / R/ DV (y, ) [k(y); k(z)]dv* (3, B') — divk(z)
— BRD ( / R'V(y, 2)dv* (3, R’)) (@) k()]
1 BR / R/ DyVa(y, 2)[k(y)]dv* (3, B') — divk(z)

= 6R [ RDVa,0)k)}dv" (v, B) ~ Dlog An) (0)(o)]
— divk(z)
= ~BR [ RVa(y, a)div(ihn (v, R))dydQ(R) - 5 -div(rab)(a)

= —(I+43) (idiv()\ﬂgk)) (@)

where we have denoted at the second line D and (D;);=1,2 the differential
operators such that

DW (z)[u] = 01 W (z)uy + O W (z)uz
DV (z,y)[u] = @wm+@(%ww
for any differentiable functions W on A and V on A2 a

LEmMMA 5.2.
/f(a;,R)du*(m,R)
-7 [ RE DV, (@); k)l (@, By (3, )
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(ii)

o(f) = 2/F(a:,y, R, R)dv*(z, R)dv*(y,R')
= /f(1+55)‘1fdu*.

Proof. — Again, we could apply integration by parts formula to get our
result. A short cut (but equivalent way) is to do a perturbation x — z+ek(x)
in the partition function of the limit law »*. Expending in € and writing
that the second term in the expansion is null yields (i). Writing down that
the third term is null gives

/ (L(k)(x) + BRR DV, (2, ) [k()]?) dv* (R, )dv* (R, z)

_ / (ﬁ / RR'DyVi(x, y)[k(x)]2dv* (y, R') — div (k)(@) (R, z).
From the definition of D and of f, we get,
o(f)=f / RE' Dy D3V (2, y)[k(2), k(y)|dv* (R, 2)dv* (R, y)

2
+ [ (#t0m) = 5 [ RR DAk (1) ) av*(Rea).
Moreover, by integration by parts, one sees that
| RE DDV (o ) K@)b(w)d 2, R)dv 0, B)

= - [ RRDV @ ke WA ), Ry 4, )

= /E(d“’()\i‘:k) ) (x)d“’g\’:ik) (z)dv*(z, R).

and
[ RE DAk () = -2 S ) @),

Thus, according to Lemma 5.1,

o(f) = ,3/ (dlv()\Rk)>( )dlv()\Rk)( Vv (2, R)

/( (I+ ﬁ:)(dL(/::—k—))(x)+ﬂ5<%@@)(x)>2dy*(]%,x)
= [(2250) (1 + 2 ( L) st (. 0)

=/f(I+[5’E)‘1fdu*.
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