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ABSTRACT. — We discuss the asymptotic behavior of weighted empirical processes of
stationary linear random fields i@? with long-range dependence. It is shown that an
appropriately standardized empirical process converges weakly in the uniform-topology to &
degenerated process of the foif@, whereZ is a standard normal random variable afds
the marginal probability density of the underlying random field.
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RESUME. — Nous étudions le comportement asymptotique du processus empirique pondér
pour un champ linéaire stationnaire a longue dépendanc&%ulNous montrons que ce
processus convenablement normalisé converge faiblement pour la topologie uniforme vers u
processus dégénéré de la forffig, ou Z est une variable normale standardfegst la densité
de la marginale du champ considéré.
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1. Introduction and main results

Let {X,,t € Z¢} be a stationary ergodic random field indexed by points ofdhe
dimensional latticeZ?. The random field{X,} is said long-range dependenf its
covariance functiom, = cov(Xo, X,) is not summable}_, _,. |r;| = oo, or if its spectral
density is unbounded. Statistical analysis of long-range dependent random fields i
important to many scientific areas, see lvanov and Leonenko [11], Leonenko [16]. Limit
theorems for sums of nonlinear functionals of long-range dependent Gaussian randol
fields were studied in Dobrushin and Major [5], Ivanov and Leonenko [11], Surgailis
and Woyczynski [19], Leonenko and Woyczynski [17], Leonenko [16]. Marinucci [18]
discussed estimation of the long memory parameter for Gaussian random fields witl
singular spectrum. See also Albeverio, Molchanov and Surgailis [1], Anh, Angulo and
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Ruiz-Medina [2] for other areas and problems related to random fields with long-range
dependence.
The present paper studied the asymptotic behavior ofvitighted empirical process

ﬁ]g/]/f)(x) = N_d Z )/N,Z‘I(Xt gx +§N,t)v X € R’ (11)

teAn

of a long-range dependent random field observed on the “cakez [1, N]¢ N Z¢ and
where the real coefficientgy ;, yn.;; t € Ay} are non-random and uniformly bounded:

supmax(|&y..| + [yx.|) = O(D). (12)

N>0!€AN

Weighted empirical processes arise in many statistical applications, see Koul [12], Kou
and Mukherjee [13], and see also in Section 2. More precisely, we assum& that a
linear random field:

X, =Y by, 1€ (1.3)

ueZzd

where{¢,, u € Z%} is an i.i.d. field with zero mean and variance 1, dbg u € Z?} are
non-random weights which decay pg=#, B € (d/2,d). In the one-dimensional case

d =1, this problem was studied by Dehling and Tagqu [3], Ho and Hsing [9], Giraitis,
Koul and Surgailis [7], Koul and Surgalilis [14] and others. Most of these works assume
that{X,} is causal

X; :Zb,_sgs, t €. (1.4)
s<t

The causality assumption lies at the basis of the martingale difference decompositiol
due to Ho and Hsing [9], which was also used in [10,14,6,8,15] to study asymptotic
properties of nonlinear functionals of long memory moving averages (1.4). While
causality is often assumed in time series, it appears rather artificial in the contex
of random fields(d > 1). Let us remark that the well-known approach via Hermite
expansions (see e.g. [5,20,3]) does not apply to the present situation, as the rando
field (1.3) is not assumed to be Gaussian.

Let us formulate the main result of the paper. We shall assume that the wijgires
of the form

b, = Bo(u/lul)lul™f, ueZ? (1.5)

whered/2 < B < d and whereBy(x), x € S;_1:= {y € R%: |y| =1} is a bounded
piece-wise continuous function. It is easy to verify that, under these assumptions
r, = CoM(Xo, X;) = (Ro(t/]t]) + 0(1))|t|*~%, |t| — oo andEX2 = (c? + o(1))N?~2#,
N — oo, whereXy = N~ > reay Xi is the sample mean, anky(x) andc; is some
continuous function o, _; and a finite constant, respectively. The previous formulation
(1.5) allows anisotropic behaviors of coefficiefitg, u € Z¢}. This form can be made
more general by multiplication by a slowly varying functidrd|«|) as in [5].

Write F(x) = P(Xo < x), G(x) = P(¢ < x) for the marginal distribution functions,
and =, g, for weak convergence of random elements with values in the Skorohod
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space D(R) of cadlag functions onR = [—o0, +00] with the sup-topology. To
compare asymptotic behaviours of the weighted empirical process and the sample mea
introduce:

SVO@ = yn I (X <x+Ey) — Fx +én) + f(x +Ev) X )
teAN
where f (x) = F’'(x) is the marginal density.

THEOREM 1.1. — Assume, in addition t¢l.2), (1.3), (1.5), that the distribution oty
satisfies the two following conditionthere exists constants, § > 0 such that

IE€*| < C(1+1al)”, acR, (1.6)

and
E|zo*H < oo. (1.7)
Then for any > 0 there exists (e) < oo such that, foranyv > 1

P(supNﬁ—WﬂS}VV’“(xﬂ > s) <CEN*?, k= min{ﬂ - g, ,Bd}. (1.8)
xeR

In the special casgy, = 1,6y, =0, Fy % (x) = Fx(x) = N4, ca, [(X, <x) is
the empirical distribution function, and we obtain

COROLLARY 1.2. —Under the conditions of Theoreinl, for anye >0, N > 1

P(supNﬂ—d/2|ﬁN(x) —F() + f()Xy| > s) < C(e)N™/2,
xeR

The above corollary together with asymptotic normality of the sample igayield
the following

COROLLARY 1.3. —Under the conditions of Theoreinl,
NP=2(Fy(x) — F(x)) = p@ c1f (0 Z,

whereZ ~ N (0, 1) is standard normal variable.

Theorem 1.1 provides theniform reduction principlefor weighted empirical
processes of long-range dependent linear field (1.3), which is similar to the reductior
principle of Dehling and Taqqu [3] and its generalizations [9,7,14,15] in the case
of one-dimensional time. Conditions (1.6) and (1.7) are rather weak restrictions on
the smoothness of the distribution @f and its moments, c.f. [8], Theorem 1.1.
Those conditions can certainly be relaxed, but this would provide additional technical
problems.

The rest of the paper is organized as follows. Section 2 contains some applications c
the above results to rank statistics and regression estimators. The remaining Sections
5 are given to the proof of Theorem 1.1, which follows from the well-known chaining
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argument of Dehling and Tagqu [3] and Lemma 1.4 below. For any fungtion x € R,
and anyx <y, putg(x, y) = g(y) — g(x).

LEMMA 1.4.-There exists a finite measuge on the real line, such that for any
N >1landanyx <y

2 —2B—«
E(SY S (x, )" < ju(x, y) N¥ =26,

Let us explain the main idea of the proof of Lemma 1.4. Its starting point is the
telescoping identity (1.10) originating to Ho and Hsing [9] (a similar identity is also used
in [10,14,8,15]). WriteSy""(x, y) = S yc, ¥, Hi(X,), where the functiond, (z) =
H,(z;x,v), z € R, is defined, forany < y, t € Z, by

H@) =1+, <z<y+én)—Fx+é&ny+énd+ fx+8ny+En02.
With each point € Z¢, we can associate a decreasing filtration
Frs i =0{¢qui u>s}, s>=0, (2.9)

corresponding to a complete order relatieron Z¢. Lets — 1 be the index just before
in the enumeration di‘, and letF, _; = o {¢,: s € Z?} be the basie -field. Then

H(X) =) Up(x,y), (1.10)

s>0
whereU; ;(x, y) = U, (y) — U; ;(x) and

Ups(x) =P(X; <x+&n | Frsm1) —PXs Sx+8n | Fr )
+ f(x +EN0bs s (1.11)

The series (1.10) converges i¥ by orthogonality; however, for different, filtra-

tions (1.9) are not monotone as in the causal case. In particular,far # ¢’ + s,

the termsU, ;(x,y) and Uy ¢ (x,y) are not orthogonal. The problem of the evalu-
ation of the corresponding cross-covariances arises, in particular, of the covariance
cov(U, o(x, y), Uy o(x, y)) involving indicators/(x < X, < y),I(x < Xy < y). This

is achieved by proving some asymptotic bounds for the bivariate probability density of
(X;, X;) as|t — t'| — oo (see Section 5 for details).

2. Some applications
2.1. Rank statistics

Denker [4] considers the rank statistic

-~ _ Ry, )
Ty(h):=N"1 (X, —). 2.1
N (h) t;:NVN,t < t Ni+1 ( )
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Here,Ry; =2 sca, [ (Xs < X)) is the rank ofX, amongX;,s € Ay, h:R x[0,1] - R
is a given kernel, anflyy ;: t € Ay} are deterministic coefficients (weights). In order to
write (2.1) as an integral w.r.t. empirical processes, introduce the weighted empirical
process.

FV ) =N ywa I (X, < x).

teAnN
We shall assume thayy ,} are uniformly bounded and normalized:= >, ., v =
1, implying F?) (x) = EF’(x) = F(x). ThenTy(h) = H(cy Fy, F\)), Wherecy =
N?/(N14+1) =1+ ON~%) andH (u,v) = [p h(x,u(x))dv(x).
We shall assume that the functiondl(x, v) is well-defined on the space of pairs

(u, v) of cadlag functions oR with bounded variation. Pul' (k) := H(F, F?)) =
Jg h(x, F(x))dF(x). By assuming some regularity and differentiability conditions on
the kernelr, the differencel’y (h) — T (h) can be written as

T (h) — T(h) = /hy(x, F)) (By(x) — Fo) dFP(x)
R

+ /h(x, F(x))d(FY (x) = F"(x))
R

+o(IFy — Fll+ | Ey = F|)),
where|| - || is the uniform distance. By applying Corollary 1.2, under suitable conditions
onh(x,y) andh,(x,y) = dh(x,y)/dy, from the above equation one obtains
NP=42(Ty (k) — T(h)) = NP~92(h Xy 4+ hoX ) + 0p (D), (2.2)

where

teAn

)_(](\)I/) =N Z Y. Xi, h1= /h)’(x’ F(x))f2(x) dx, and
R

ho = /h(x, F(x))f(x)dx.
R

Therefore, the limit distribution of y (k) for long-range dependent linear observations
{X;} is the same as the limit distribution of the linear combination of weighted
sample means on the r.h.s. of (2.2). &t be the covariance matrix of the vector
NA=4/2(X . X ) with values inR2. By linearity of {X,} and the uniform boundedness
of {y~.;}, One has the convergence in distribution

NF=2(Xy, X)) = N(O, %), (2.3)

provided the limit limy_. ., Xy = X exists [7, Theorem 2]. Clearly, (2.2) and (2.3) imply
the asymptotic normality of the rank statistic:

Nﬁ—d/Z(fN —T(h))= N(0,'hZh), 'h=(h1,hy),

where we writé i for the transposed vector af
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2.2. Regression estimators

Consider the linear regression model
YN,[:tvN,le—i_Xtv ZEANv

where 6 € R” is an unknown vector parameter andy, is the ith row of the
N4 x p nonsingular design matri¥y. The least squares estimator éfs defined as
é;s =(VyVy)? > reay VN Yn. Koul and Mukherjee [13] (see also [7,15]) discussed
asymptotic behavior of certain classes of robUst and R-estimators ob in the case
d =1 and long-range dependent “errorist,}. The M-estimatord,, is defined, for a
given nondecreasing functiofh onR, byéM =argmin|My@)]: 8 e R4}, My(@®) :=
Y teay N Yy — "vy,0). The Jaeckel's rank estimatdy is defined, for a given
nondecreasing functiog on (0, 1), by 0, := argmin{| 7y (0)]: 0 € R}, In(6) =
D reay v d(Ry . (0)/(NY + 1)), where Ry ,(6) denotes the rank oy, — vy 0
amongYy, — 'vy 0,5 € Ay. The classes of/- and R-estimators are very large,
in particular, theM-estimator corresponding t¢r(x) = sgn(x) is the least absolute
deviation estimator, or the analog of the median in the location case.

As shown in Koul and Mukherjee [13], asymptotic properties of estimaigrand
6, can be derived from asymptotic linearity of empirical processés(0) and 7y (),
whose proof is based on the uniform reduction principle for weighted empirical process
asin Theorem 1.1. L&k be the true value of the regression parameter, Mé&rf/2(6, —
0p) is a minimizer off N =4 My (6 + N%/?~Pu)| with respect ta: € R?, where

N~ My (0o + N> Pu) = / V() dFV (x)
R

is expressedia the weighted empirical process (1.1) correspondingtp = vy, and
En, = N2 Plyy u. Using [13] and Theorem 1.1, exactly as in [7], Corollaries 1 and 3,
one can obtain the representations

NF=2(6y — 60) = Nﬂ_d/z(tVNVN)_l Z vy X +0p(1),
teAnN
NP2, — 65) = Nﬂ_d/z(tVNVN)_l Z Uy X +0p(1),
teAN
where V), is the N4 x p matrix of centered designs, wiilth row 'y, = ‘vy., — "Dy;
Uy =N~ ,ca, vn.- From the above relations, the asymptotic normality of the esti-

matorsé,, andé,, and their equivalence to the least squares estimator follow easily,
see [13,7].

3. Proof of Lemma 1.4

Let us introduce some notation. Ligt = maxic;<q Isil, s = (s1,...,84) € Z¢, be the
sup norm orZ¢. Let 0= s(0), s(1), s(2), ... be a complete enumeration @f starting
from the origin and filling the balls of¢ following an increasing order; that is, if
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precedes in the enumeration, them| < |¢|. From now on, consider that pointsf are
ordered by this enumeration. The notaticgnd > correspond to this order; we write
s <t (respectively,s > 1) if eithers <t or s =t (respectively, eithes >t or s =1t)
hold. With eachr € Z¢ we associate the decreasing filtratigh ,, s > 0} (1.9), with
the property thaf),, o F: s is the trivial o-field. Write X, ; 1= > o<, < bulitu, Yis =

> sy buipu, SOthatX, = X,  + byt + Y, s andy, , is F; -measurable. LeF, (x) :=
P(X; s < x) be the probability distribution function. Writé(x) = F'(x), fs(x) = F](x)
for the corresponding densities provided they exist. Below, we denoté éygeneric
constant which may change from line to line. Byt:=EY? =), b2. Lemma 3.1

u>s-u*

below is completely analogous to Giraitis and Surgailis [8], Lemma 2.1.

LEMMA 3.1. —There exisk; > 0 and a constanC < oo such that for any > sy, the
distribution functionsF (x), F;(x) are twice continuously differentiable and, moreover,
foranys > s;,x <y, |x —y| <1,

IF'(x)| + |F/(x)| <C(1+x) 7, (3.1)
[F" G, )|+ F ()] < Cle =yl (1422) 7 (3.2)
|F"(x) — F/(x)| < CB,(1+x) " (3.3)

Fort € Z4 consider the telescoping identity (1.10). By the definition (1.ELY, ;(x) |
Fis1=0, s > 0. Furthermore,

wﬁmzﬂu+&fw&ﬂ—no—/Ru+&fwﬂ—nWMQ>
R

+ f(x + 5N,1)bs§t+s-
Fort + s # 1t + ', introduce
Yt,s;t’,s’ = Yt,s - bt’+s’—t§t’+x’1(t/ + S/ — > S) = Z bu§t+uv (34)
u>s: t+u#t'+s’
and
Ut,s;t’,s’(-x) = IPJ()(t,s;t’,s’ g x+ 5N,t | E,s—l) - IPJ()(t,s;t’,s’ g X+ gN,t | f},s)
+ f(x +8n,0)bs i, (3.5)
where
X . Xt_bt/+s/—t§t/+s/7 if l/+S/—t>S,
LSESTT X, otherwise.
Then

Ut,s;t/,s/(x) =F (x + %_N,t - bs{t—&-s - Yt,s,t/,s/)
- /Fy (x+é&n;—bsu—Y, 5 )dGu) + f(x +E&N1)bsCiys. (3-6)
R

LEMMA 3.2. —Foranyz,s,t',s', t+s#t' +s', U spg(X)iSFrigo(=0{s, u#
t' 4+ s’})-measurable and

E[U g5 (%) | Fris0] =0, E[U,s(x) | Fits,0] = 0. 3.7
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Moreover, for anyr, y € R, U, ., ¢ (x) is orthogonal to bottU, (y) and U, ., (y).

Proof. —F, .y o-measurability of; ;., ¢ (x) follows from (3.5) and the fact that .,
andY, .,y are Fy,y o-measurable. The first relation in (3.7) follows from (3.6) and
from E[§t+s | E+s,0] =0, E[Fs(x +'§N,t - bs§t+s - Yt,s;t/,s/) | E+s,0] = f Fi(x +'§N,t -
bsz — Y, 5.rs)dG(u), and the second one follows similarly. The above facts imply
E[Ut,s;t’,s’(x)Ut’,s’(y)] = E[Ut,s;t’,s’(X)E[Ut’,s’(Y) | —Ft’—H’,O]] =0 and1 Sim”a”y,

E[Ut,s;t’,s’(x)Ut’,s’;t,s(y)] = E[Ut,s;t’,s’(X)E[Ut’,s’;t,s(y) | f}’+s’,0]] =0. a

Proof of Lemma 1.4. By (1.10),

E(SI(\}/’E)(X’ y)>2 = Z VYN.tVN. Z COV(Um(x, ), Up g (x, Y))» (3.8)

t,t'eAN s,8'>0

where U, ;(x,y) = U, ;(y) — U, s(x). In the rest of the proof, we shall drop y to
simplify the notation. According to Lemma 3.2,

COV(Ut,sv Ut/,s/) = COV(Ut,s - Ut,s;t/,s/v Ut/,s/ - Ut/,S/;t,S)v

provided: +s # ¢’ +5'. Therefore, by (1.B)E(S,%)2 < C(Sy.14 Sy2+ Su.3), Where
DIFERY > |eovUrs. Upy)

t,i’€AyN s,5'>=0: t+s=t'+s’

’

2:N,Z = Z E ’COV(UI,S - Ut,s;t’,s’a Ut’,s’ - Ut’,s’;t,s) s
t,t'eAn 5,8 >=51: t+s#t'+s’
EN’3 = Z Z |COV(UI,S - Ut,s;t’,s’y Ut/,s/ —_ Ut’,s’;t,s)’-

t,t'eAy 0=s,s'<s1: t+s#t'+s'

Put|s|7* =|s|™* v 1(A > 0,s € Z%). By Lemma 3.3 below,

Sva< Y Sy (®UE)TAEUZ,)Y?

t,t'eAy s,5'>0: t+s=t'+s’

—a/2 —a/2
<Cue,y) Y S sl P s — 17

t,t'eAy seZd
SCulx,y) Y lt=t* < Culx, y)N¥. (3.9)
t,i’eAN

By Lemma 3.4,

Sve< Y Y BV — Usir ) EY? Uy g — Up g 5)°

t,t'eAn s,s'eZ4

<y Yo 3 s s =i s =1

t,1'eAy s,s'eZ4

<SCux,y) Y. =13 <oplx, y) N4, (3.10)

t,i’'eEAN
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Finally, from Lemma 3.5,

Tna<Culx,y) Y 1=t FP < Culx, y NP, (3.12)

t,t'eAy
From (3.9)—(3.11), Lemma 1.4 follows with=min(28 —d,a — 28, 88) > 0. O

LEMMA 3.3.-There existe > 28 and a finite measurg. on R such that for any
t,seZd x <y

2 _
E(Uys(x, )" < p(x, y)ls|3e. (3.12)
LEMMA 3.4. —There exists a finite measureon R such that for any < y and any
tt,s,s' €l 5,8 =51, t+s#t +5, x<y

2 _ _
E(U, (x,y) = Up iy (. 9))° < pux, Y1521 + 5" — 1177 (3.13)

LEMMA 3.5. —There exists a finite measureon R such that for any < y and any
t,t,s,se€Zd t+s#t' +5,0=<s,5=<5
|COV(U, 5 (x, y) = Uy oy, ¥), Upr 0 (x,y) = Upr 4.5 (x, 9)) |
< plx e — 1P (3.14)

whereé > 0 is the same as iflL.7).

4. Proofsof Lemmas3.3and 3.4
Fory > 1,x e R, put

hy (x) := (14 1x])7, M(’C):{w, if x| > 1.

Note that bounds (3.1)—(3.3) of Lemma 3.1 are valid with+ x?)~* replaced by
h,(x), for 1 <y < 2. We shall need some properties of functidgns Putu, (x, y) :=
[Jh,(w)dw, x < y.

LEMMA 4.1 (Koul and Surgailis [15, Lemma 5.1]).Fhere exists a constant,
depending only ofy > 1, such that, for any, y € R,

hy(x +y) <h, () (1v y)", (4.1)

<hy (XA (). (4.2)

y
/hy(x 4+ w)dw
0

LEMMA 4.2.—-Let¢(x), x € R, be a real valued function such that for sofhe y <
2, |¢(x)| < Chy,(x) and

() —pWM[ < Clx =yl (x),  x =yl <1 (4.3)
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Thenforany <y, u,v,zeR
y

/(¢(s+v>—¢(s>)ds

X

< Cpy (x, Ay, (v), (4.4)

y

/dw/(d)(é w2 — & —2)dE| < Cu, oWl (LVI)),  (45)
0

X

v y
/dw/(¢(§+w—u—z)—¢(§+w—z))d§‘
0

< Cry (6, YDy )y (0) (1 ]2])7 (4.6)
Proof. —Consider (4.5). Letv| < 1. Then by (4.3), the I.h.s. of (4.5) does not exceed:
] y

c / wdw/hy@ —2)dE < Cy (e VRV [2))T < Cpty (e Il (1 [2)7

—|vl X

according to (4.1). Now lelv| > 1, then the |.h.s. of (4.5) does not exceed:

[v] y
C/dw/(hy(§+w—z)+hy(5—z))d§
—|v] X

[v]

y
<CEVi [dg [ (6 +w)+h, @) du

X —|v]
<C(LV Izl)" 1y e ) (ol + 1ol),
according to (4.2). This proves (4.5). The proof of (4.4) and (4.6) is similar.

Proof of Lemma 3.3. €onsider first the case> s;, wheres; was defined in Lemma
3.1. According to the definitiont/, ;(x, y) = Z?Zl V:, where

hs§t+s )~
Vii= [dGw) | dz |[f/(w+z—Y) — fl(w—Y.,)]dw, (4.7)
Jeow [ ]
y
Vo= bsgtﬂ—x/[f/(z) - f/(Z - YIJ)] dz, (48)
y
V3= bsfH—S/[f/(Z =Y = fi(z— Yf,s)] dz, (4.9)

and wherex :=x + &y, y =y +&n,. Noteu, (x, y) < Cu, (x,y) by (1.5) and (4.1),
where the constar@ does not depend on, y, t, N. Applying Lemma 4.2 (4.5) td/1,
we obtain on the one hand:
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Vi < Crty (7, 5) / AG @) [|bstel” + 165515171 (LV Vs ])

< Cuy (e, )b (L4 1645 (1V Y2 40). (4.10)

On the other hand, the functiof] is bounded by the integrable functiap so that the
integral overw is bounded by a constant. Thus,

Vil < C/dG(u)Ibsl(ls“sl + [ul) < Clbs (1 + (841 (4.11)

Taking 2< 1+ y <2+ 4, from (4.10) and (4.11) we get
EVE < Cpy (6, )b MVE (L4 647 )E(LV 1Y) < Chy (2, 0o H7. (4.12)
ConsiderV,. By Lemmas 3.1 and 4.2,
[Val < ClbgGrislma(X, Y)A2(Yes) < ClbgSipslia(x, y)Aa(Y ).
Combining this with the bounV,| < C|b,¢; 1|, we obtain
EVF < Cua(x, NH?Eel (BIY, ol +EYZ) < Cua(x, y)b?BY?. (4.13)

A similar bound follows forVs. Indeed, by Lemmas 3.1 (3.3) and 4.1,

y
2
|Va| < Clbs&i4] B /hZ(Z - Yt,s)dz < Cuo(x, y)|bgGiys|Bs (1\/ |Yt,s|) . (414)

Combining (4.14) with V3| < C|b;¢,4|, One obtains
EV§ < Cua(x, y)b2By(1V EYZ) < Cua(x, y)bZB;. (4.15)
By the ball filling property of the enumeration @f,

B,<C > b2<C Y |l <Cls|. (4.16)

lul=]s] Ry

From (4.12)—(4.16) we obtain the bound (3.12) §of s1, with @ = min((2+ 8)8, 38 —
d/2) > 2.

In order to prove (3.12), it remains to obtain the bol@, ,(x, )2 < u(x,y) (0=
s <51).

We have

E(Upox. )’ SE(PG < X, <5 | Froed) +PE < X, <F | Fr) + | FE 9)bsGs)
C(FE, )+ f&, 7).

Using F (%, 3) < F(x, ) + [ 1<, 42 J7 | f'(z+u)| du together with (1.5), (3.1), (4.1),

one obtains the required bound, witlix, y) = C(F (x, y) + u2(x, y)) a finite measure.

Lemma 3.3 is proved. O

//\ N
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Proof of Lemma 3.4. We only need to consider the case- s’ — ¢ > 5. Write

W .= Ut,s (x7 )’) - Ut,s,t/,s/(x7 )’)

by iy b4y y
- / 4G (u) / dw / (/w41 — byt — Y,) — f1(w+ 1 — byLyss — Yis)) di
R 0 X

Splitting the last difference asf/(w +n —bu — Y, ) — fi(w +n =Y, ) — (f/(w+
n—bslrs—Yis)— fi(w+n—Y,,)) and using Lemma 4.2 (4.6) and Lemma 4.1 (4.1),
one has

|W| < C,uy (f, 5}))\3/ (bt’—t+s’§t’+s’)(1 Vv |Yt,s|)y ()\y(bsgt—l-s) + /)\y (bsu) dG(u))
R

< C,uy (x, y)|bs bt’+s’—t|)\ (§I’+s’)()\ (Grvs) + E)\y(ftﬂ))-
For2< 2y <2+6, EA%(%) < oo and we obtain

EW2 < C(p, (x, ) D22y EA2 (64 ) EAZ (Gry) < Chty (6, 1)D20R 0,

thereby proving (3.13) and the lemmax

5. Proof of Lemma 3.5

We shall discuss the case= s = s’ = 0 only. We have coWo o(x, y) — Uo 01,0(%, ¥),

Uyo(x, ¥) = U 0:00) = Yy P, Where

P11 = EIxoe(o.500 — Ixo,eGo.5ol) Ux el — IXi0eGr i)

P2 :=E((Ixpe(o.50) — Ixoseto.jo) EUx .51 — Ixpoesi | Fi))

par =B (E(Ixge(ro.500 — Ixoreodol | FO Ux e .51 — Ix e i)

Par :=E(E(Ixoe(o,50) — Ixoseo.gol | FOBUx,e.50 — Ixioetn | F1))
and where we put, :=x + &y, Vo :=y+é&n, Fri=Fro=0{¢: s #tyandXq, :=
X0,0:,0 = Dgotr b5 s X1:0:= X1,00,0 = Dogpey DsGrvs- LU por = pur (X1, y13 X2, ¥2), €=
1,...,4, be defined as above, wiffa, yo, X;, y; replaced by, y1, x2, y2, respectively.

With Lemma 4.1 in mind, it suffices to show that for soge- 1 and anyx; < y;, i =
1,2, teZ¢

1pul < Cpay (X1, YD)ty (2, y2) [t CP 0 0=1,..., 4, (5.1)

The proof below is restricted to the cage= 1, as the remaining casés= 2, 3,4
can be treated similarly. Indeed, puc[o = > 20bs ;v,XOt = > 520, Ds & X, =

> 5200581, X;0:= 2520, DsCits, then

par = / / po(x1 — bovr, y1— bovt: x2 — bova, y2 — bova) dG(v) dG (v, (5.2)
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where g, (x1, y1; X2, ¥2) := E(Ier(xuﬂ — XOtE(Xl)l )( ). Exactly

similarly as (5.1) fort = 1, one can show the bound

—_ I~
Xr€(x2,y2] Xr;0€(x2,y2]

N d—(2+6
|5, (x1, y13 X2, y2)| < Cray (1, y)pay Gz, y2) 1 @7 (5.3)

Then from (5.2), (5.3) and Lemma 4.1, formula (4.1), one obtains

parl < ClelY Q””H//h s+ bowe) dit; dG ) < CIHEE P Tty o ),
i= lR Xi i=1

or the bound (5.1) fof = 4; the caseg = 2, 3 can be treated similarly.

Denote foo,(z1, 22), for:(z1,22), f10.(z1,22), fi1.:(z1, 22) the joint probability den-
sities of vectors(Xo, X;), (Xo, X1.0), (Xo.r, X1), (Xo.s, X1:0), respectively. Themp;, =
o 2 Wi(z1, 22) dz1dzo, Where W, (z1, 22) = Z§,k=o(_1)j+kfjk,t(zla 72), 21,22 € R.
Now, according to Lemma 5.1 below, the boufld+ |z1])Y (1 + |z2]) |¥;(z1, 22)| <
Ctd=@+9B with y = 1+ 8 > 1 follows from (5.5) if |z1] < c2, |z2] < ¢z, from (5.7) if
|z1] > c2, |z2] > ¢2, and from (5.6) elsewhere. This entails (5.1) foe 1 and completes
the proof of Lemma 3.5. O

LEMMA 5.1. —There exists a locally bounded functigrx), z € R satisfying
lg@)] = calzl”, 2l > e, (5.4)

wherecy, ¢, > 0,8’ > 0 are some constants, such that for all z, € R?

W, (21, 22)| < CJe|4 @8, (5.5)
|2ig 2V, (21, 22) | < Cle]*~@P i =12, (5.6)
121229 (21)q (22) W, (21, 22)| < CJt[4~EFDE, (5.7)

Proof. —Write W,(z1, z2) = (27) 72 [ [ €111 W, (uy, up) dus duy, where the
Fourier transform, (us, uz) = 34, _o(—17** f , (u1, u2), and

i(u1 Xo+uzX i(u1 Xo+uzX;.
el(l otu2 z)’ Ee'(l otu2 z,o)’

foo(u1, uz) =E fori(u, up) =

fr0.(u1, up) = ErXortuaXo, frns(ug, up) = RgUrXortuzXo

are the corresponding bivariate characteristic functionspPut:= E“%, 4 € R. Then

oo, uz) =[] d(usbs + uzb,_,),

fovi(uz, uz) = ¢ (uabo) [ [ ¢ (uib, + uzb,—,),
s#0

fr0.(u1, uz) = ¢ (uzbo) | [ ¢ (uabs + uzb,_,),
SF#t

firs(uy, uz) = ¢ (urbo)p (uzbo) [] b (uabs + uzb,—y),

s#0,t
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W, (u1, uz) = (¢ (urbo + uzb_,) — ¢ (uabo)) (¢ (u1b, + uzbo) — ¢ (uzbo))

x ] &b, + uzb,_,). (5.8)
s#0,t

Using (1.6), similarly as in Giraitis, Koul and Surgailis [7, p. 323], one can show that for
anyk > 0 there existL > 0 and a constanf’ < oo such that for all«1, u, € R and all
|t] > L

T ¢ uabs +uzbs—)| < C(1+ lual + luzl) ™. (5.9)

s#0,t

By the inequality|¢ (11 + uz) — ¢ (u1)| < lu2lE| o], from (5.8), (5.9) one obtains

W, (1, u2)| < Clbyb_|Juguzl (1+ lua| + Juzl) . (5.10)

AS g luruz| (14 ug] + |luzl) ™ duy duy < oo for k > 5, this proves (5.5).
The proof of (5.6) is similar to that of (5.5) and (5.7) and we shall discuss the latter
one only. Write

2122W¥; (21, 22) = —(277)_2/e_i(zluHZZ”Z)alz‘sz(Ml, uz)duyduy, (5.11)

R2

where 912V, (u1, uz) = 02V, (uy, u)/du1du». Further, let the functiom (z) be defined
by

q(2) = /(1— e )1 gg — /(1 i) e g
0 1
= |2 €O 2 sin(n8') — G (2), (5.12)

where 0< 8’ < 1 andg(z) = [°(1 — e7%)£ 1% d& is bounded orR. Thereforeg(z)
satisfies (5.4). For any smooth, integrable test funcfiotet s be its Fourier transform,
then:

1

4@V () = (2m) / & du / (@) —u—8)& s, (5.13)

R 0
From (5.11) and (5.13), one infers

q(z1)q(z2)z122Y, (21, 22)
= —(27T)_2/e_i("1“+"212) duyduy / Aslszalzlf’z(ul,Mz)él_l_afz_l_a/ d§1dé&,
R2 [0,1]2

whereAg,;, is the double difference operator defined®ye, v (u1, uz) := ¥ (uq, uz) —

Yy — &,uz) — Y(ur,uz — &) + v(uy — &1,u2 — &2), ug,uz € R, &,8 € [0, 1].
Consequently,
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9(21)q (z2)7122¥, (21, 22) |

C/dulduz / Ae1,012%, (ur, up)E7 65170 dEy d&y|. (5.14)
[0,1]2
To evaluate the r.h.s. of (5.14), it is convenient to rewrite the product (5.8) as
W, (ug, uz) =[50 ¥s(u1, uz), where

¢(ulbs + uzbs_;), if s ?éo,s?ét,
Vs (ua, up) i= § ¢ (urbo +uzb_;) — ¢ (uibo), if s =0, (5.15)
@ (u1b; + uzbg) — ¢ (u2bo), if s =1t.
Then
a12\/I}t = Z H ﬁrlrz V/Sv (516)
71,72>0s5>0
where

oYy, s=11="12,

Yy, §=T1# T2

Yy, §=T2# T,

Vs, S # T, S # 12,

and where); ¥ = 8vy/du;, j=1,2, d12% = d%y/du1duy. Introduce also

1}‘[1‘[2 1/fs =

Age, Wy (ua, uz), s =T, =Ty,
Ys(ug, uz) — Yy (ug — &1, u2), s =T > 12,
Ys(uy, ug — &) — Ys(ur — &1, u2 — 82), s=11 <712,
Y (ug, uz) — Y (ug, upz — &2), s =T> 11,
0129 (ug, uz) = § Wo(ur — 1, u2) — Yy (g — €1, uz — &), s =T <11,
Ys(uy — &1, u2 — &2), 5 <T1,8 <12,
Vs (uy — &1, u2), 5 <T1,8 > T2,
Vs (ug, uz — &2), § =T, 8 < T2,
zﬂs(ul, I/lg), S >T1,8 > To.

Then one has the telescoping identity similar to (5.16):

DW= > [[652v,. (5.17)
71,72>=0 s>0
From (5.16), (5.17) we finally obtain
Aegdo¥i= Y > [[652000, 0. (5.18)

71,72>0 01,02>0 5>0

In (5.16)—(5.18), the sums are taken over all indiegsr,, o1, 02 € Z¢, respectively,
which are completely ordered by the relatianand the convergence of these series can
be shown similarly as in [7]. From (5.14), (5.18) we obtain

9(20)9(22)2122¥,(21,22)| K C D> Y. Tuinorens (5.19)

71,7220 01,02>0
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where

Teityo10y 1= / duydu / [11654200,0, v 672 652 d& dts. (5.20)
R2 (0,12 *=0

Write 3. o0 01000 = Zj‘zlzmzi, where the last sum is taken over all subsets

T := {11, 7o, 01, 02} C Z¢ of cardinality |T| =i depending on the number of distinct

indices inT'. Clearly it suffices to show (5.7) for each sOMy_; vy r010,0 i = 1,2, 3, 4.

To avoid tedious computations, we discuss below the extreme casksandi = 4 only.
Similarly to (5.9), one can show that for eath> O there is a constanf < oo

independent of Cc Z4, |T|=1,...,4, and such that

TI 16580,.0,v, ] < C(1+ lual + lu2l) ™, us,uz € R. (5.21)
s¢T, s#0,t

Consider first the “diagonal” suq 7 _;, or the case; = 7, =01 =02 =: 7. Then

0520 e (1, U2) = Agys, O12Yr: (1, U2)
=b.b,; (¢//(u1br +uzb. ;) — ¢//((ul —&1)b, + u2br—t)
— ¢" (urbr + (uz — &2)b,—;) + ¢" ((ur — )b,
+ (uz — E2)bo—,)). (5.22)
This holds fort = 0 or ¢, becaused v, (1, uz) = b b, _1¢” (ur1b, + uzb,_,) for any
7 € Z%. Next,
’d)//(ulbr + qur—t) - ¢N((ul - Sl)br + qur—t)
— ¢ (uaby + (uz — &2)br ) +¢" ((u1 — )by + (u2 — £2)br )|
— |E§2ei(ulbr+u2hr—t)§ (1 _ e—iélbri) (1 _ e_i§2b17t§)|
< E§2| (1 _ e—isleC) (1 _ e_iSZbrftC>|
< E* (LA 1E1b:L]) (1A [E2beiL ). (5.23)

By the inequality 1a |x| < |x|%/2(Vx € R, V8§ € (0, 1), and the moment condition (1.7),
from (5.22) and (5.23) we obtaif631%20 ;. Y, (u1, uz)| < Clbrbe—|*+%/2|61]/?|E5| /2,
C = E|¢|*.

Taking 0< 8’ < 8/2 in (5.20), the inequality’; -, < C|b;b._,|*"/2follows, yielding

—B(1+5/2 —B(1+5/2 _
Z Ffll’z(fltfz g C Z |_L,|+,5( / )|'E _ t|+/3( /2) g C|l|d (2+5)ﬁ‘ (524)
|T|=1 TeZd

Next, consided 7 _y, OF 71, T2, 01, 02 being all different. Let" N {0, ¢} = @. Then

by @' (u1by, + usbg, 1), §=01> 11, T2,

ity = boy—1®' (U1bgy + U2bs,—;), § =02 > T1, T2,
are Tz @ (urbyy +uzbry ;) — d((ur — E1)byy +ushy ), s=11> 1,
¢ (urbe, +usbe,) — p(urby, + (U2 —E2)br,—;), s=T20>11
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(similar expressions fa#:1:219,,,,, 7, hold in the remaining cases). Hence
by | (1] + D[boy | 4 (Juz| + D1boy— ), s =o1,
Do, (1] + Dlbo,| + (luz| + Db, ), s =02,
|&1D2y | ((Jua] + D|bry | 4+ (Juzl + Dby ), s =11,
|&2br, i |((Ju1] + Db, | + (Juz] + Db, ]), s =12,
b1, s=0,
AR s=t.

05tz Vs s| < C

Therefore, forT N {0, ¢t} =@, |T| = 4 we obtain by (5.20), (5.21)

—k
11105529510, | < Cléagal b | (1+ |ua| + |uzl)

s>0
(bz +bc'2fl t)(bz +bc'2fz t)(b2 +b$1 t)(b2 +b$2 t)
and

-2 d— (2468
T rirp0100 < Clbib_(| < Clt]7% = O(J¢|4~#0F)
|T|=4; TN{O0,1}=H

providedss < d. Similar bounds font@fllfgﬁglgzws| hold in the casd” N {0, ¢} # @. This
proves (5.7) and Lemma 5.1, tooO
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